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CONVERGENCE OF THE FAMILY OF EULER-HALLEY TYPE
METHODS ON RIEMANNIAN MANIFOLDS
UNDER THE ~-CONDITION

Jin-Hua Wang and Chong Li*

Abstract. A convergence criterion of the family of Euler-Halley type methods
for the vector fields on Riemannian manifolds whose covariant derivatives
satisfy the ~-condition is established. The corresponding results due to [12]
are extended. An application to analytic vector fields is provided.

1. INTRODUCTION

Numerical problems posed on manifolds arise in many natural contexts. Clas-
sical examples are given by eigenvalue problems, symmetric eigenvalue problems,
invariant subspace computations, optimization problems with equality constraints,
etc, see for example [8, 10, 21, 22, 23]. For such problems, one often has to
compute solutions of a system of equations or to find zeros of a vector field on
a Riemannian manifold. One of the most famous methods to approximately solve
these problems is Newton’s method. An analogue of the well known Kantorovich
theorem [15, 16] was given in [9] for Newton’s method on Riemannian manifolds
while the extensions of the famous Smale’s a-theory and ~-theory in [20] to analytic
vector fields on Riemannian manifolds were done in [6]. To extend and improve the
Smale’s ~y-theory and a-theory of Newton’s method for operators in Banach spaces,
Wang proposed in [25, 26] the notion of the ~-condition, which is weaker than
the Smale’s assumption in [20] for analytic operators. In the recent paper [19], we
extended the notion of the «-condition to vector fields on Riemannian manifolds and
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then established the v-theory and a-theory of Newton’s method for the vector fields
on Riemannian manifolds satisfying the ~-condition, which consequently extend the
results in [6]. The radii of uniqueness balls of zeroes of vector fields satisfying
the ~-conditions were studied in [24]. Other extensions about local behavior of
Newton’s method on Riemannian manifolds have been studied in paper [18], where
we estimated the radii of convergence balls of Newton’s method and uniqueness
balls of zeroes of vector fields on Riemannian manifolds under the assumption that
the covariant derivatives of the vector fields satisfy some kind of general Lipschitz
condition.

As is well known, there are several kinds of cubic generalizations for Newton’s
method. The most important two are the Euler method and the Halley method, see
e.g. [1, 4, 5, 13, 14, 28]. Another more general family of the cubic extensions is
the family of Euler-Halley type methods in Banach spaces, which includes the Euler
method and the Halley method as its special cases and has been studied extensively
in [11, 12, 27]. In particular, Han established in [12] the cubic convergence of this
family for operators satisfy the ~-condition. The purpose of the present paper is
to extend the family of Euler-Halley type methods to vector fields on Riemannian
manifolds and study the cubic convergence of this family for vector fields whose
covariant derivatives satisfying the ~v-condition. The convergence criterion of the
family of Euler-Halley type methods for the vector fields on Riemannian manifolds
whose covariant derivatives satisfy the ~-condition is established in Section 3, and
an application to analytic vector fields is provided in Section 4.

2. NOTIONS AND PRELIMINARIES

Throughout this paper, M denotes a real complete connected m-dimensional
Riemannian manifold. Let p € M and let 7),A/ denote the tangent space at p to
M. Let (-, -), be the scalar product on 7},M with the associated norm || - ||,. The
subscript p is usually deleted whenever there is no possibility of confusion. For any

two distinct elements ¢, p € M, let ¢ : [0,1] — M be a piecewise smooth curve
1

connecting ¢ and p. Then the arc length of c is defined by i(c) := / | < (t) || d¢,

and the Riemannian distance from ¢ to p by d(q, p) := inf.l(c), whe?e the infimum
is taken over all piecewise smooth curves ¢ : [0, 1] — M connecting ¢ and p. Thus
(M, d) is a complete metric space by the Hopf-Rinow Theorem (cf. [3, 7, 17]).

For a finitely dimensional space or Riemannian manifold Z, let Bz(p, ) and
Bz(p,r) denote respectively the open metric ball and the closed metric ball at p
with radius r, that is,

Bz(p,r) = {q€Z: d(p,q) <r},

Bz(p,r) = {q¢€Z: d(p,q) <r}.
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In particular, we write respectively B(p, r) and B(p, ) for By, (p, ) and Bys(p, 7)
in the case when M is a Riemannian manifold.

Noting that M is complete, the exponential map at p, exp, : T,M — M is
well-defined on 7),M. Recall that a geodesic in M connecting ¢ and p is called a
minimizing geodesic if its arc length equals its Riemannian distance between ¢ and p.
Note that there is at least one minimizing geodesic connecting ¢ and p. In particular,
the curve ¢ : [0,1] — M connecting ¢ and p is a minimizing geodesic if and only
if there exists a vector v € T; M such that ||lv|| = d(q,p) and c(t) = exp,(tv) for
each t € [0, 1].

Let V denote the Levi-Civita connection on M. For any two vector fields X
and Y on M, the covariant derivative of X with respect to Y is denoted by Vy X.
Define the linear map DX (p) : T,M — T,,M by

DX (p)(u) = Vy X (p), VueT,M, (2.1)

where Y is a vector field satisfying Y (p) = u. Then the value DX (p)(u) of DX (p)
at « depends only on the tangent vector u = Y (p) € T,M since V is tensorial in
Y. Letc: R — M be a C* curve and let P, .. denote the parallel transport along
¢, which is defined by

Pecv),e(a)(v) = V(c(b)), Va,beRand v € Tyy)M,

where V' is the unique C'>° vector field satisfying V..(y)V = 0 and V(c(a)) = v.
Then, for any a,b € R, F, .4)c(a) IS an isometry from T, M to T, ;M. Note
that, for any a, b, by, by € R,

-1
Peefva).cvr) © Pecvr)eta) = Peea)e) AN Py ) = Peec(a).e(d):

In particular, we write P, , for P, ,, in the case when c is a minimizing geodesic
connecting p and ¢. Moreover, for a positive integer 4, P;;q stands for the map from
(TyM)* to (T,M)* defined by

P]ﬁ,q(vl .. "Ui) = Pp7q’l)1 .. -]31!;7(1’1)1‘7 V(’Ul, s ,’UZ‘) € (TqM)i.

Let k € NU {oo,w}. We use C*(T'M) to denote the set of all the C*-vector
fields of M. In the particular cases when x = oo, or w, a C*-vector field X is
called a smooth vector field or an analytic vector field, respectively.

Let j be a positive integer and let X be a C*-vector field. We now define
inductively the covariant derivative of order j for X (cf. [7, P.102]). Recall that V
is the Levi-Civita connection on M. Definethe map DX : C*(TM) — C*~ (T M)
by

DX(Y)=VyX foreachY € C"(TM),
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and define the map D/ X : (C*(TM))} — C*J(TM) by

DIX (Y, -,Y_1,Y) = Vy (DX (Y1, -+, Y1)

., (2.2)
= DX (Vi VYY)
i=1
for each Yi,---,Y;_1,Y € C*(T'M). Then, one can use mathematical induction
to prove easily that D/ X (Y1, - - -, Y;_1,Y) is tensorial with respect to each compo-

nent, that is, j multi-linear map from (C*(T'M))’ to C*~3 (T M), where the linearity
refers to the structure of C7(M)-module with C7 (M) the set of all C/-mappings
from M to R. This implies that the value of D/ X (Y7, - - - ,Yj_1,Y) atp e M only
depends on the j-tuple of tangent vectors (vy, - - -, v;) = (Yi(p), -+, Yj—1(p), Y(p))
€ (T,M)J. Consequently, for a given p € M, the map DV X (p) : (T,M )} — T, M,
defined by

DIX (p)vy---vj :=DIX(Yy,---,Y;)(p) forany (v,---,v;) € (T,M),

is well-defined, where Y; € C*(T M) satisfy Y;(p) = v; foreachi =1,---,j. Let
po € M be such that DX (pg) ! exists. Thus, for any piecewise geodesic curve ¢
connecting pp and p, DX (po) ~* Pe.p, ,D? X (p) is a j-multilinear map from (7}, M )?
to T,, M. We define the norm of DX (pg) ™! Pe.p, ,D? X (p) by

| DX(pO)_chva,ijX(p) || = sup || DX(pO)_chva,ijX(p)vlvg Ty Hpov

where the supremum is taken over all j-tuple of vectors (vq,---,v;) € (T,M)J
with each ||v;||, = 1. Furthermore, for any geodesic ¢ : R — M on M, since
Vesc(s) =0, it follows from (2.2) that

DFX (¢(s))(¢(s))F = DC/(S)(Dk_lX(c(s))(c’(s))k_l) for each s € R.

Let X be a C? vector field on M and let py € M. The family of Euler-Halley
iterations with parameter A € [0, 2] for solving X (p) = 0 with initial point pg is
defined by

Pn1 = Tx A(pn) = exp,, (ux (pn) +vx2(Pn)), n=0,1,2,---, (2.3
where )
ux(p) = —DX(p)" X (p),

vxA(p) = —5DX () DX (pux ()@ A(P)ux (7).

Qxa(p) = (T + 5DX () 'D’X (pux(p)} ",

and Iz, is the identity on T, M.
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The ~-condition for operators in Banach spaces was first presented by Wang
[25, 26] for the study of Smale’s point estimate theory and extended to vector fields
on Riemannian manifolds in [19]. The following definition gives an analogue of the
~-conditions of order 1 and 2 to the case of vector fields on Riemannian manifolds
M. Throughout the whole paper, we always assume that X is a C* vector field on
M.

Definition 2.3. Let » > 0 and v > 0. Let pg € M be such that DX (pg)~!
exists. Then X is said to satisfy

(i) the 2-piece ~y-condition of order 1 at py in B(po,r), if for any two points
p,q € B(po,r), any geodesic ¢, connecting p, ¢ and minimizing geodesic ¢;
connecting po, p with I(c1) + I(c2) < r,

2y
DX (po) ' P, oP., ,.D?’X(q)| < : 2.4
H (po) €1,P0,P €2,P,q (q)H = (1 — 'Y(l(cl) + Z(Cg)))g ( )

(ii) the 2-piece ~-condition of order 2 at py in B(pg, ), if for any two points
p, q € B(po,r), any geodesic ¢, connecting p, ¢ and minimizing geodesic ¢;
connecting po, p with I(c1) + l(c2) < r,

IDX (po) "' D*X (po) | < 2. (2.5)

and

672

(1 =~(l(er) +Ue)))*

Note that the 2-piece ~-condition of order 1 is also called the 2-piece ~-condition
in [19]. The following lemma will play a key role.

(2.6)

HDX(pO)_IPq po,p © PCvaqugX(q) | <

Lemma 2.1. Let ¢ : R — M be a geodesic and Y a C* vector field on M
such that V()Y (c(s)) = 0. Then, for each k£ =0, 1,2,

Py ooy DFX (e(8)) Y (e(t))F = DEX (¢(0))Y (¢(0))*
t (2.7)
+ / B0yt (DX (e(5)) (e(5)) ¢ (5))ds.
0

In particular,

Py yDF X (e(t))(1)* = DEX (¢(0))(0)F
t (2.8)
T /0 Py o (DX (c(5)) (€ (5))5+1)) ds.
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Proof. The case when k& = 0 results from [9, p.308]. Below, we will show that
the case when k = 1 is true, that is,

P 0y .o(o DX (e(6) Y (e(t)) = DX (¢(0))Y(¢(0))
t (2.9)
+ / Pr0) (o) (D2X (c(5))Y (e(5))(5))ds,
0

while the proof for the case when & = 2 is similar and so is omitted here. To this
end, let £ = DX(Y). Since (2.7) is true for k£ = 0, it follows that

Pc,c(O),c(t)f(C(t)) - f(C(O)) + /0 Pc,c(O),c(s) (Df(c(s))cl(s))ds' (210)

By (2.2) (with j = 2), one has

thanks to the assumption that V ()Y (c(s)) = 0. This combining with (2.10) yields
(2.9). The proof is complete. ]

The following proposition shows that the 2-piece ~-condition of order 2 implies
the 2-piece ~-condition of order 1.

Proposition 2.2. Let r >0 and v > 0. Let po € M be such that DX (pg) !
exists. Suppose that X satisfies the 2-piece v-condition of order 2 at p o in B(pg, ).
Then X satisfies the 2-piece ~-condition of order 1 at p( in B(pg, 7).

Proof. For any p,q € B(po, ), let ¢; be a minimizing geodesic connecting
po,p and co a geodesic connecting p, g such that I(c1) + I(c2) < r. To complete
the proof, it suffices to show that

2y
(1 =(Ucr) +Ue2)))*

By the assumption that X satisfies the 2-piece ~-condition of order 2 at pq in
B(po, r), we have that

HDX(pO)_IPq,po,p © PCMLQDQX(Q)H < (2.11)

IDX (po)~'D*X (po) || < 2y (2.12)
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and

2

_ 6y
DX (po) 1P01 po,p © PCQ,pqugX(Q) | <

ST Al T lent @)

Below, we claim that

IDX (p0) ™ Pey po.p Pes pdD* X () P2, 4 P2 1 po— DX (p0) DX (po) |

% (2.14)
=Tl + ey "

Granting this, by (2.12), (2.11) is seen to hold because P, ,, and P, ,,, are
isometries.

To verify (2.14), let v € T, M. Let vy € T, M and vy € T,M be such
that c1(t) := exp,,(tv1),t € [0,1], and cz(t) := exp,(tvz),t € [0,1]. Note that
there exist vector fields Y7 and Y such that Y1 (c1(0)) = v, Dy () Yi(c1(t)) = 0,
Ya(c2(0)) = Pey ppov and Dy 4)Ya(c2(t)) = 0. Then we apply Lemma 2.1 (with
k = 2) to conclude that

(DX(pO)_lpq po,p © PCQapqu2X(q)PC22,q7p © Pzipo - DX(pO)_1D2X(pO))U2

= DX (p0) ™" Pey o pl Peo p.aD* X () Ya(e2(1))? = DX (p)Ya(c2(0))?]
+DX (p0) ™" [Pey po.pD* X (p)Y1(c1(1))* = DX (po) Yi(c1(0))?]

1
= DX(0) ™ P | Praeaty DX eals)Valeals) 2 (5)ds
0
1
DX () [ P DX (1(8)) Vi1 (5% ()0,
0

Hence, it follows from (2.13) that

I (DX(pO)_IPcl,pomOPsz,qDQX(q)PcQz,q,popp%po

—DX (po) 'D2X (po))v?||
1

< /HDX(po)_chl,po,pr,p,02<s>D3X(02(5))HHYz(Cz(S))QHHC'z(S)HdS
0

1
DX 00) ™ Pe s DX e ()93 e (925 s 2.15)
1 2
s/ by
s =] 5ol
/1 O o2l
+ — ||V v S
o (1= sflur[])? '
2y

~ (T e) sy ~ )

71l [lv2lds
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where the last equation is because |lvq|| = (c1) and [jva]| = I(c2). As v € T,yM
is arbitrary, (2.14) is seen to hold. ]

Lemma 22. Lety >0and 0 < r < 2‘2;/5. Let po € M be such that
DX (po)~! exists. Suppose that X satisfies the 2-piece ~y-condition of order 2 at
po in B(po, 7). Then,

(i) for each point ¢ € B(po,r), DX (q)~! exists and, for any two points ¢, p €
B(po, ), any geodesic ¢, connecting p, ¢ and minimizing geodesic ¢; con-
necting po, p with I(c1) +1(c2) <,

IDX(q)~ P02 ap © Pey ppoDX(pO)H
(1 —~(I(c1) + 1(c2)))? , (2.16)
= 1—4y(Ucr) + U(e2)) + 292(U(er) + Uca))?

(ii) for any two points p,q € B(po,r), any geodesic ¢, connecting p,q and

m|n|m|2|Xg geodlesm cl connectlngggo,p wjth I(c %+ lg 3

< 27 1 0, 2 i 2’7 62 q,p (217)
T (T=A(ler) +1(e2)))? (1 =Al(er))®

Proof. (i) This result follows from Proposition 2.2 and [19, Lemma 2.3.].

(i) To verify (2.17), let v € T,M. For any p,q € B(py,r), let ¢; be a
minimizing geodesic connecting pg, p and ¢y a geodesic connecting p, ¢ such that
I(c1)+1(c2) < r. Letv; € T, M be such that c5(t) := exp,(tv1), t € [0,1]. Note
that there exists a vector field Y such that Y'(c2(0)) = v and D, (Y (e2(t)) = 0.
Using Lemma 2.1 with & = 2, one gets that

(DX (p0) ™" Pey.po.p(PpaD* X (0) Py, — DX (p)))0”
= DX (p0) "' Pey o po( PpgD* X (@)Y (e2(1))* = D*X ()Y (e2(0))%) (918
= DX 0 Pa | PP X @)Y (o) 5)s
Thus, it follows from (2.18) and (2.6) that
(DX (p0) ™" ey po.p(PpaD* X (0) P, — D* X (p))) 07|

1
S/O IDX (90) ™" Pey o p Pes.prea( DX (ca(s)) | [0] v [|ds

1 62 12l s (2.19)
< | e i

( & 7 )Hvrr?
0=l T 1@~ a—p) I
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As v € T, M is arbitrary, (2.17) is seen to hold. ]

Finally we introduce the majoring function h used by Wang [25, 26] and some
related properties. Let 3 > 0 and v > 0. Define

vt?

1—~t

1
h(t)y=0—1t+ foreach 0 <t < - (2.20)

Then we have the following lemma, see [25, 26].

Lemma 2.3. Assume that o = v3 < 3 — 2+/2. Then the zeros of h are

1 —/(1 28 1 V(1 28
= +a (1+a) ¢ +a+/(1+a) o (2.21)
4y 4y
and satisfy
1 1.1
B<r<(1+-—=)B<(1-—x)-<1r< —. 2.22)
U=t 2 (

Let {¢,} denote the sequence generated by the Euler-Halley iteration (with pa-
rameter A € [0, 2]) for h(¢) with initial point ¢; = 0, that is,

tht1 = Th7>\(tn) =1, —f—uh(tn) —|—vh7,\(tn), n=0,1,2,---,

where
un(t) = —H ()" h(t)
D) = = () (1 un () Qu () un (1)
\ 1
QuA(t) = (1 + Eh’(t)_lh”(t)uh(t)> :

Then the following lemma holds from [27].

Lemma 2.4. Suppose that o = 3 < 3 — 2+/2. Then, for each ¢ € [0, r1],
(i) 0< Hp(t) =R (t)72h"(t)h(t) < 1;
(it) Th(t) € [0,71] and Ty, A(t) is monotonically increasing on [0, ] for each
A€ 0,2];
(iif) £ < Ty (0):
(iv) {t,} is increasing monotonically and convergent to r;.

3. CoNVERGENCE CRITERION

Recall that & is defined by (2.20) and ¢,,+1 = Th x(tn) = tn+un(tn) +vpr(tn))
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for each n = 0,1,2,---, with ¢, = 0. The following lemma is taken from [11],
see also [27].

Lemma 3.1. Foranyn=20,1,2,---,

h(tnt1) = %h”(tn){@ — Nup(tn) + vpa(tn) bona(tn)
1 T
+/0 /0 (R (tn + $(tns1 — tn)) — B (tn) YdsdT (tni1 — tn)>.

The similar expression for vector fields is described in the following lemma.
Recall that

Pnt1 = exp,, (ux(pn) +vxa(pn)), n=0,1,2,--

Lemma 3.2. Let n be a nonnegative integer and write

W, = ux (pn) + VXA (Pn)- (3.1)
Let c,, be the curve defined by c,(t) := exp,, (twy) for each ¢ € [0, 1]. Then

Pcn »Pn pn+1X(pn+1)

— —DZX (Pn){(2 = Nux(pn) + vxA(Pn) Yox A(Pn) (3.2)

/ / CnyPnsCn(S) D X(en(s )) ensen(T)on D2X(pn))w721dsd7.
Proof. By Lemma 2.1 with k& = 0, we have

1
Pcn,pn,pn+1X(pn+1) - X(pn) = /0 PCn,pn,Cn(T)DX(Cn(T))C;z(T)dT- (3.3)
Since ¢/,(0) = wy,, one has by Lemma 2.1 (with & = 0, 1) that

Pcn,pn,pnﬂX(pn—i—l) — X(pn) — DX (pn)wn
1
(Pey prrcn(r) DX (en(T)) e (7) = DX (pn) i, (0))dr
T (3.4)

F., ,pn,Cn(S)DZX(Cn(S))C%(S)ZdeT

I
S—S—5—
S—

1

1 T

P, ,pn,CH(S)DQX(cn(s))an’CH(T)’pnwidsdT
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Consequently,
Pcn ,Pn pn+1X(pn+1)

/ / Cn,Pn, Cn( D X(Cn( )) Cn,Cn (7-) - D2X(pn))wid$d7_

Below, we will show that

X (pn) + DX (pp)wn, + %DZX(pn)wi 56)

= %D2X(pn){(2 — MNux (pn) + vx () Jrx a(pn)-

Granting this, (3.2) results from (3.5) and (3.6). Since w;,, = ux(pn) + vx x(pn)
and ux (pn) = —DX (p,) "' X (py,), to prove (3.6), it’s sufficient to verify that

DX (pn)vxa(pn) + %D2X(pn)ux(pn)2 = _%D2X(pn)uX(pn)vX,>\(pn)' (3.7)

Recalling that vx \(pn) = —%DX(pn)_1D2X(pn)ux(pn)Qx,,\(pn)uX(pn) and
Qx\(pn) = {Ir,, M + 3DX (p) ' D2X (p,)ux (p)} 1, one has

DX (pa)oxca(n) + 5D?X (b )ux (o)’
= DX (pa) (~3 DX (pn) " D*X (pn)ux () Qx AP ()
+2D2X (p)ux(pa)?
= SDAX () (00 (T, 1 = Qua(po)ix ()
= SD2X () (pa) DX ()~ DX (b () Q. (pm)x ()
= 2D (p)ux () ()

Hence, (3.7) is seen to hold and the proof is completed. ]

In the remainder of this paper, we always assume that X is a C*® vector field
and that pg € M such that DX (po) ' exists. Furthermore, we define

B=IDX(po) " X(po) [l  a=p

Then the main theorem of the present paper is stated as follows.
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Theorem 3.1. Suppose that
a=pBy<3-2V2

and X satisfies the 2-piece ~-condition of order 2 at p in B(po,r1), where r;
is given by (2.21). Then the sequence {p,} generated by (2.3) with initial point
po is well-defined for all A € [0, 2] and converges to a singular point p * of X in
B(po, r1). Moreover,

d(p*,pn) <11 -ty

Proof. It’s sufficient to show that the sequence {p,,} generated by (2.3) with
initial point p is well-defined for all A\ € [0, 2] and satisfies

d(pn, Pug1) < Jlux ()|l + lvxa(Po)l] <t =ty

foreachn =0, 1,---. To do this, we will use mathematical induction to prove that
the generated sequence {p,,} is well-defined and the following statements hold for
eachn=0,1,---:
(@) [Jux(p)ll < un(tn);
(b) Qx(pn) exitsand [[Qx A (pn)|l < Qn(tn);
(@) llvxa(pn)ll < vna(tn);
(d)

d) d(pn;Pny1) < lwall < lux (@)l + lvx ()|l < tagr — tn, Where wy, is
defined by (3.1).

Indeed, in the case when n = 0, (a) results from

lux (po) | = IIDX (po) ™" X (po) || = 8 = un(to)- (3.8)

By (2.5), (3.8) and Lemma 2.4 (i), we have

| = DX (p0) DX (po)uux (po)l| < 2 (t0) (0 )unlty) < 1.

Then, using the Banach Lemma, Qx x(po) exits and

1
1+ 3K/ (to)th" (to)un(to)

[Q@x.A(po)ll < = Qn(to)- (3.9)

Thus, (b) and (c) follow. As |fwo| < |lux(po)|l + |luxa(po)| < t1 —to < 4 and
p1 = exp,, (wo),

d(po, p1) < [Jwoll < |lux (po)ll + lvxa(po)l < t1 —to. (3.10)
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Therefore, (d) holds for n = 0. Now assume that pq, - - -, pr+1 are well-defined
and that (a)-(d) are true for n =0,1,---, k. Then,
d(prs pr+1) < llwill < [lux (pe) | + [[vxa(Pe) | < tera — te (3.11)
and
d(po, Pr+1) < tir1 <71 (3.12)

Below, we will show that (a)-(d) are true for n = k + 1. Let ¢ be a minimizing
geodesic connecting py and pi. Define the curve ci by cx(t) := exp,, (twy),t €
[0,1]. By (3.12) and Lemma 2.2 (i), DX (px11)~" exists and

IDX (pr1) ™' P,

CksPk+1,Pk

© Peppo DX (po)|| < =1 (tr1) ™" (3.13)
By Lemma 3.2, one has
IDX (P0) ™" Pepop. © Per i X (i) |
< %HDX(po)‘ch,po,pkWX(pk)H{(2 — Nllux(pp)ll
Fllvxa(pr) [IHlox (o) | (3.14)
t [ DX G P (P DX kD 1,
—DgX(pk))w,%dsdT.
By Propositions 2.2 and (2.4), one has

HDX(pO)_IPcvpo,pk © Pck,pk,pk+1D2X(pk+1) ”
2y (3.15)

S T=00 T ity =M ter)

and

2 1!
IDX (p0) ™ Pepope DX (p1) | < ﬁ <H'(ty)  (3.16)

By induction assumptions, we have

lux (pr)ll < un(te),  [loxa(e)ll < vea(te) and - [lwgl] < tepr — e (3.17)
Moreover, it follows from Lemma 2.2 (ii) that
IDX (P0) ™" Pepo o (Pey g cn (1) D*X(c(T)) Py () 5y DX (08)) |
< h”(tk + T(t/H_l — tk)) — h//(tk).
Thus, combining (3.14), (3.15-3.17) and Lemma 3.1 yields that

HDX(pO)_lpcvpo,pk © Pckapkapk+1X(pk+1) H < h(tk+1)- (3-19)

(3.18)
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Since

ux (pr41) | = || = DX (prs1) ™ X (prgr) |
HDX(pkH)_lPCk,thpk 0 Pe pypo DX (po) |

'”DX(pO)_IPc,po,pk © Pck,pk,pk+1X(pk+1) |
wp(thg1)

IN

(3.20)

IN

thanks to (3.13) and (3.19), (a) is true for k& + 1, that is,

lux (prr1)l] < wn (i) (3.21)

Note that

A _
| — §DX(pk+1) "D2X (pry1)ux (pre1)||

© Py po DX (po) (3.22)

CksPk+1-Pk

A _
< §HDX(pk+1) 'p,
DX (0) ™ Pepo.pr. © Peresprpress D° X (Pt l| - lux (prsn) |-
It follows from (3.13), (3.15) and (3.21) that

A _
| — 51))((pk+1) 1D2X(pk+1)uX(pk+1)H
(3.23)

A _
< —Eh/(tlﬁ_l) lh//(tk+1)uh(ttk+1) < 17

where the last inequality is because of Lemma 2.4 (i). Thus, by the Banach Lemma,
(3.23) implies that Q x (pk+1) exists and

A _ _
Qxa(Pr+1) = |7y 1 + SDX (prs1) 'D2X (prg1)ux (prs1)) |
1

IN

3 (3.24)
1+ §h/(tk+1)_1h”(tk+1 )’U,h(tk+1)

Qn(trs1)-

Hence, pi.o is well-defined and (b) is true for n = k£ + 1. Since

[ox A(PE+1) ]

1 _
= - §DX(pk+1) 'D2X (prs1)ux (k1) Qx A (Prs1 )ux (Prs1)|

IN

1 _
§HDX(1%+1) "D2X (prt1)ux (P4 ) 1 Qx A (Prs1) | wx (Prsr) |,
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it follows from (3.23), (3.24) and (3.21) that (c) holds for k& + 1. Consequently,

[l <llux (Pr+0) [+ lox A rr) | < lun(Era) [+ lonx ) | = tez —tera

This implies that (d) is true for n = k + 1. The proof is complete. ]

4. APPLICATION TO ANALYTIC VECTOR FIELDS

Throughout this section, we always assume that M is an analytic complete m-
dimensional Riemannian Manifold and X is analytic on M. Let po € M be such
that DX (po) ! exists. Following [6], we define

1 DEX (po) | 75
(X, o) = sup | DX () 2 5T (4.1)

Also we adopt the convention that (X, pg) = oo if DX (pg) is not invertible.
Note that this definition is justified and in the case when DX (p) is invertible, by
analyticity, v(X, pp) is finite. The following Taylor formula for vector fields will
play a key role in the remainder of the present paper.

Lemma 4.1. Letr = m. Let p € B(po,r) and v € T),, M be such that

p = exp,, (v) and [[v]| < 7. Then, for each j=0,1,2,--+,

o0
. 1 . .
DX (p) = Peppo (Y 170" X (00)0*) Py, (42)
k=0 "

where c is the geodesic defined by c(t) := exp, (tv) for each ¢ € [0,1] and
c(l) =p.

Proof. We first verify (4.2) for the case when j = 0:

X(p) = Pep.po <Z %DkX(pO)vk> . (4.3)
k=0

Let {e;} be a basis of T,,,M such that {DX (po) 'e;} is an orthonormal basis of
T,,M. Since X is an analytic vector field, there exist m analytic functions X?(¢),
1=1,2,---,m, such that

X(c(t) = Z X' ()P ety poti (4.4)
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(cf [17, p.19]). Then by (2.2) and mathematical induction, one has

sz
DFX (e(t Zd e; foreachk=0,1,---.

dtk cc(t ,P0

In particular, as ¢/(0) = v, we get

sz
D*X (po)v* —Zd ()\tzoei for each £ =0,1,---

dtk
Letj=1,2,---,m. It follows that

(DX (po) "' D* X (po)v*, DX (po) te;)
d*Xi(t)
=g =

foreach k =0,1,---,

because {DX (p) ~te;} is an orthonormal basis of T,, M. Note that
1

lim
k—oo

(HDX(po) 1D"“X(po)H>
!

< sup = (X, po).

k>2

( IDX (po) "' D* X (po) | ) k—1
k!

This together with (4.7) yields that

%
lim i

— (1 -
< Tim (= |DX (po) 'D*X (o)l ) vl <1

d* X7 (t)
dtk

lt=0

Rl

since [jv]| <7 = Hence

_ 1
v(X,po)*

=~ 1d
Z k_ t’f \tzo t* for each t € [0, 1].
k=0

Combining this with (4.4) and the fact that p = ¢(1) gives that

1 dE Xt
X(p) = Z X Peppoei = Z Z dtk ‘tZO Pep,po€i-

i=1 zlkO

(4.5)

(4.6)

(4.7)

(4.9)

(4.10)
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Noting that P, ,, is a linear isomorphism from 7}, M to T,,M, one has that

21 & dREX(t) dk Xt
p) = Z Kl Z dik lt=0 FPep.po€i = Peppo <Z %l Z dt’f \t:O & |-

k=0 " i=1
This, together with (4.6), implies (4.3).
Below we will show that (4.2) holds. To do this, letj =1,2,---and vy, -+ ,v; €
T, M. It’s sufficient to prove that
DIX (p) (v, -+, vj)

SN (4.11)
= Pc,p,po Z k'D jX(pO)(Pc,po,p’Ulv ) PC,po,p’Ujv Uyrr0 U
k=0 k

because, by the analyticity of X,

bt
D +jX(p0)(’U7 e, U, PC,po,p’Ulv Ty PC,po,p’Uj)
) k
= Dk+jX(p0)(Pc,po,pv17 R PC,po,p’Ujv R 7’0)
k

holds for each k.
To show (4.11), for each ¢ = 1,---,7, let Y; be the vector field such that

Y;(p) = Vj, vc/(s)Y; =0 and Y;‘(p()) = P67p07pvi' Letn = DjX(Yl, s j) Then
n is a vector field. Thus, applying (4.3) with X replaced by »n, we have
n(p) = Peppo (Z k'Dk n(po)v k) _ (4.12)
k=0

In view of the definitions of  and D*5, one can use mathematical induction to
verify that

DFn(d(s), -+, (s))=D* X (Y1, -+, Y, d(s),- -+, (s)) for each k=0,1,---.
— —
k k

Since DI X (p)(vy, -+ ,vj) = n(p) and Y;(po) = Pep,pvi foreach i =1, j, it
follows that

D¥ oo 0) =D X (po) (Vi (po), - - - Yi(po), v, - - -, v) for each k=0,1, - - -.
n(po) (v ) (po) (Ya(po) 3 (po) k )
k

Combining this with (4.12), (4.11) is seen to hold and the proof is complete. ]



602 Jin-Hua Wang and Chong Li

The following two lemmas will be used. The first one was given in [2] while
the proof for the second one is almost the same as that of [6, Lemma 4.3]. Let
po € M be such that DX (po)~' exists. For convenience, we use the function 1

defined by
V2

Y(u) :=1—4du+2u? wel0,1- 7).

Note that ¢ is strictly monotonically decreasing on [0, 1 — @).

Lemma 4.2. Let |r| <1 and let k be a positive integer. Then

Lemma 4.3. Letp € M and let ¢ be a geodesic connecting po and p such that
u:=vl(c)<1— @, where [(c) is the arc length of c. Then DX (p) ! exists and

(X, p) < %. (4.13)

Recall that po € M such that DX (po) ! exists. The following lemma shows
that an analytic vector field satisfies the 2-piece ~-condition of order 2 at pg in

2—V2
B(po, W\,/;O))

Lemma 4.4. Lety = v(X,pp) and 0 < r < % Then X satisfies the
2-piece ~-condition of order 2 at pq in B(pg, 7).

Proof. Note that

1 D*X(po) | 1
3= (X, po) = sup [ DX (po) DAY ()
k>2 :
Then
DX ()~ D2 )] < 2. (1.15)

For any p,q € B(m,r), let ¢; be a minimizing geodesic connecting po, p and co
a geodesic connecting p, g such that I(c1) + I(c2) < r. To complete the proof, it
remains to verify that

62

IDX (20)™ P o © PeopaD* X @Il < (7= ey T o))

(4.16)
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Since
2 -2
=7(X,po)l(c1) <r < 27\/—, (4.17)
Lemma 4.3 is applicable. It follows that
v(X, po)
X, p) < ——12 4.18
7(X, p) =)o (0 (4.18)
Since (1 —w)Y(u) > 1 — @ — u, we obtain that
(1 — UW(U) > 2 - \/5 o Z(Cl).
Y(X,po)  — 2v(X,po)
This, together with (4.18), implies that
23 (- wi(u) 1
l < ———1 < < , 4.19
)= &V E S E Sy

thanks to the fact that I(cq1) +1(c2) <r < 27(X\/p_) Let vy € Tp, M and vy € T,M

such that c;(t) = exp,,(tvo) for each t € [0,1] and c(t) = exp,(tv1) for each
€ [0,1]. As (c1) = |jvo]l and I(c2) = ||v1]|, by (4.17) and (4.19), Lemma 4.1 is
applicable to concluding that

DX (pO)_IPpo,p © Pp,qDBX(q)

= DX( ) OPZ Z'DH—BX( )’Ulpg,q

(4.20)
> 1 E 1
~1 Dit+i+3 143, p3
ZZ_Z]_ 77X (po)u Ppop qu'
=0 j=0
Noting that
DX (po) " 'DHIH3 X ,
H (pO) : (p)H < 7(X7p0)1+j+27
(I+j+3)!
one has from (4.20) that
HDX(pO)_IPpo,p © Pp,qDBX(Q) |
o0 (4.21)

z+3 (I+j5+3)! Iit2 , i
§ j § j X It J )
£ ~ (l+3) ( 7p0) H’UOH Hle
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Using Lemma 4.2 to calculate the quantity on the right-hand side of inequality
(4.21), we get that

67(X7p0)2
(1 =(X, po)([lvoll + [[oa [)*

Since ||vol| = I(c1), [Jv1]| = l(e2) and v = v(X, po), (4.16) follows from (4.22).
The proof is complete. ]

IDX (p0) ™ Ppo.p © PpgD* X (9)]| < (4.22)

Recall that pg € M is such that DX (po)~! exists and that

A=l DX(po) " X(po) [l  a=18,

where v = (X, pg). Then, by Theorem 3.1, Lemma 4.4 and (2.22), we have the
following corollary.

Corollary 4.1. Suppose that
a=py<3-— 2v/2.

Then the sequence {p,,} generated by (2.3) with initial point p is well-defined for
all X € [0, 2] and converges to a singular point p* of X in B(pg,r1), where r; is
given by (2.21).

REFERENCES

1. I. K. Argyros and D. Chen, Results on the Chebyshev method in Banach spaces,
Proyecciones, 12 (1993), 119-128.

2. L. Blum, F. Cucker, M. Shub and S. Smale, Complexity and Real Computation, New
York: Springer-Verlag, 1997.

3. W. M. Boothby, An Introduction to Differentiable Manifolds and Riemannian Geom-
etry, (Second Edition), New York: Academic Press, Inc., 1986.

4. V. Candela and A. Marquina, Recurrence relations for rational cubic methods I: The
Halley method, Computing, 44 (1990), 169-184.

5. V. Candela and A. Marquina, Recurrence relations for rational cubic methods Il: The
Chebyshev method, Computing, 45 (1990), 355-367.

6. J. P. Dedieu, P. Priouret and G. Malajovich, Newton's method on Riemannian mani-
folds: covariant alpha theory, IMA J. Numer. Anal., 23 (2003), 395-419.

7. M. P. DoCarmo, Riemannian Geometry, Boston: Birkhauser, 1992,



10.

11.

12.

13.
14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

Euler-Halley Type Methods on Riemannian Manifolds 605

A. Edelman, T. A. Arias and T. Smith, The geometry of algorithms with orthogonality
constraints, SIAM J. Matrix Anal. Appl., 20 (1998), 303-353.

O. P. Ferreira and B. F. Svaiter, Kantorovich’s theorem on Newton's method in
Riemannian manifolds, J. Complexity, 18 (2002), 304-329.

D. Gabay, Minimizing a differentiable function over a differential manifold, J. Optim.
Theory Appl., 37 (1982), 177-2109.

J. M. Gutierrez and M. A. Hernandez, A family of Chebyshev-Halley type methods
in Banach spaces, Bull. Aust. Math. Soc., 55 (1997), 113-130.

D. F. Han, The convergence on a family of iterations with cubic order, J. Comput.
Math., 19 (2001), 467-474.

M. A. Hernandez, A note on Halley’s method, Numer. Math., 59 (1991), 273-276.

M. A. Hernandez and M. A. Salanova, A family of Chebyshev-Halley type methods,
Intern. J. Comput. Math., 47 (1993), 59-63.

L. V. Kantorovich, On Newton method for functional equations, Dokl. Acad. Nauk.,
59(7) (1948), 1237-1240.

L. V. Kantorovich and G. P. Akilov, Functional Analysis, Oxford: Pergamon, 1982.

J. M. Lee, Riemannian Manifolds: an introduction to curvature, GTM 176, New
York: Springer-verlag, 1997.

C. Li and J. H. Wang, Convergence of the Newton method and uniqueness of zeros
of vector fields on Riemannian manifolds, Sci. China Ser. A, 48(2005), 1465-1478.

C. Li and J. H. Wang, The Newton method on Riemannian manifolds: Smal€e’s point
estimate theory under the ~-condition, IMA J. Numer. Anal., 26 (2006), 228-251.

S. Smale, Newton’s method estimates from data at one point, The Merging of Disci-
plines: New Directions in Pure, Applied and Computational Mathematics (R.Ewing,
K.Gross and C. Martin, eds), New York: Springer, 1986, 185-196.

S. T. Smith, Optimization Techniques on Riemannian Manifolds, in: Fields Institute
Communications, Vol. 3, pp. 113-146, American Mathematical Society, Providence,
RI, 1994.

S. T. Smith, Geometric Optimization Method for Adaptive Filtering, Ph. D. thesis,
Harvard University, Cambridge, MA, 1993.

C. Udriste, Convex Functions and Optimization Methods on Riemannian Manifolds,
Mathematics and Its Applications, Vol. 297, Kluwer Academic, Dordrecht, 1994.

J. H. Wang and C. Li, Uniqueness of the singular points of vector fields on Rieman-
nian manifolds under the v-condition, J. Complexity, 22 (2006), 533-548.

X. H. Wang, Convergence on the iteration of Halley family in weak conditions,
Chinese Sci. Bull., 42 (1997), 552-555.



606 Jin-Hua Wang and Chong Li

26. X. H. Wang and D. F. Han, Criterion o and Newton’s method in weak condition,
Chinese J. Numer. and Appl. Math., 19 (1997), 96-105.

27. X. H. Wang and C. Li, On the united theory of the family of Euler-Halley type
methods with cubical convergence in Banach spaces, J. Comput. Math., 21 (2003),
195-200.

28. X. H. Wang, S. M. Zheng and D. F. Han, Convergence on Euler series, the iterations
Euler’s and Helley’s families, Acta Math. Sinica (in Chinese), 33 (1990), 721-738.

Jin-Hua Wang

Department of Mathematics,
Zhejiang University of Technology,
Hangzhou 310032,

P. R. China

E-mail: wjh@zjut.edu.cn

Chong Li

Department of Mathematics,
Zhejiang University,
Hangzhou 310027,

P. R. China

E-mail: cli@zju.edu.cn



