TAIWANESE JOURNAL OF MATHEMATICS
Vol. 13, No. 2A, pp. 467-492, April 2009
This paper is available online at http://www.tjm.nsysu.edu.tw/

THE CHARACTERIZATIONS OF WEIGHTED SOBOLEV SPACES
BY WAVELETS AND SCALING FUNCTIONS

Mitsuo lzuki

Abstract. We prove that suitable wavelets and scaling functions give char-
acterizations and unconditional bases of the weighted Sobolev space I7>*(w)
with A, or A< weights. In the case of w € A, we use only wavelets with
proper regularity. Meanwhile, if we assume w € A;?C, not only compactly
supported C*+1-wavelets but also compactly supported C**'-scaling func-
tions come into play. We also establish that our bases are greedy for I7>*(w)
after normalization.

1. INTRODUCTION

We can characterize the L2-norm of f € L?(R™) in terms of the wavelet coeffi-
cients appearing in the wavelet expansion of f with the wavelet basis. In particular,
if we use the wavelets with proper decay, proper smoothness or compact support,
then they give characterizations and unconditional bases of various function spaces
(cf. [1, 8, 9, 14, 17, 22]).

Now we make a brief view of the study on weighted LP spaces LP(w) :=
LP(R™, w(z)dx) (1 < p < o0). Lemarié-Rieusset showed that the Daubechies
wavelets give a characterization and an unconditional basis of LP(w) with w € A,
Here A,, means the Muckenhoupt A, class. He also considered for the case of Alc,
which is an extension of A,. As a result, he proved that a characterization and an
unconditional basis of L?(w) withw € A};’C were given by means of the Daubechies
wavelets and the Daubechies scaling functions ([14]). After that, Aimar, Bernardis
and Mart'n-Reyes showed that the result similar to [14] was valid for 1-regular
wavelets in the case of A4, ([1]).
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In this paper we study the weighted Sobolev spaces LP»*(w) := LP*5(R"™, w(z)dx)
(1<p<oo seN)ywithwe A, orw e A};’C. We shall need smoother wavelets
and scaling functions in order to get the characterizations and the unconditional
bases of LP*(w). As a consequence, we have the similar results to the studies on
LP(w) shown by [1] and [14].

Additionally we would like to comment on the construction of greedy bases.
As is noted in [9], if we characterize L?(w) by wavelets and scaling functions and
if we obtain unconditional bases in terms of wavelets and scaling functions, then
we can construct the greedy bases in LP(w). The same method is applicable to
LP#(w), that is, we can construct the greedy bases in LP*(w) using wavelets and
scaling functions.

Let us explain the outline of this article. Section 2 consists of preliminaries.
We describe the fundamental theory on wavelets, two classes of weights, some
bases, weighted function spaces, and some known results on L?(w). Our results
are contained in Sections 3, 4 and 5. We characterize L”*(w) with w € A, by
wavelets in Section 3. On the other hand, we characterize LP*(w) with w € Al°
in terms of wavelets and scaling functions in Section 4. Lastly, in Section 5, we
construct the unconditional bases and the greedy bases in LP*(w) by applying the
results in Sections 3 and 4.

Throughout this paper, s means a positive integer. We let 1 < p < oo and
denote by p’ the conjugate exponent of p, i.e., p/ satisfies 1/p + 1/p’ = 1. xr
means the characteristic function of a measurable set F C R™. Z., denotes the
set of all non-negative integers. We shall also note that the Fourier transform of a
function £ is defined by F[f](¢) := / f(x)e ™8 da.

Rn

2. PRELIMINARIES
2.1. Wavelets and scaling functions
First let us recall the definition of wavelet ([17, 22]).

2.1. Notation

1. Given a function f defined on R™ , we denote f; . (x) := 27"/2f(27x — k)
forjeZand k € Z".

2. We define the index set E by F :={1,2,...,2" — 1}.

Definition 2.2. A set of functions {1/ ¢}.cr C L*(R") is called a wavelet set
if {4, : e€ E,j€Z, ke Z"} forms an orthonormal basis in L?(R™). Then
{¢$p 1 e€ E,j €Z, ke Z}is said to be a wavelet basis in L%(R™) and each
¢ is said to be a wavelet.
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By way of multiresolution analysis ([17, 22]), we can construct a wavelet set
{¢°}ecr and a function p € L?(R™) such that the sequence {¢, k }kezn U {v5 -
e € E,j>m,k € 7"} forms an orthonormal basis in L?(R") for each m € Z.
The function ¢ is called a scaling function.

We give remarkable examples of scaling functions and wavelets obtained by
tensor products (cf. [17, 22]).

Example 2.3.

1. The first example introduced here was constructed by Y. Meyer. There exist
a scaling function ¢ and a wavelet set {¢°}.c g such that ¢ and each ¢ are
in the Schwartz class S(R™), real-valued and band-limited with supp F[¢] C
[— %7‘(, %7‘(}” and supp F[¢°] C <[ — %7‘(, —%7‘(} U [%7‘(, %WDR. We call
{1} ecr the Meyer wavelet set (cf. [17, 22]).

2. The next one is |. Daubechies’. For each positive integers N > 2, we can
construct a scaling function ¢ and a wavelet set {1)¢}.c g such that ¢ and each
¥¢ are in C")(R™), real-valued and compactly supported with supp ¢ =
supp ¢ = [0, 2N —1]". In our actual construction, »(IN') > 0 is an increasing
function of N. We say that ¢ is the Daubechies scaling function, {¢¢}.ck is
the Daubechies wavelet set associated with ¢, and each )¢ is the Daubechies
wavelet (cf. [6, 15]).

2.2. A, weights and A)°° weights
By “weight” we mean a non-negative and locally integrable function.

2.4. Notation For a weight w and a measurable set F' C R"™, we denote
w(F) := /w(x) dx, while | F| means the Lebesgue measure of F'.
F
We consider the following two classes of weights in this paper.

Definition 2.5. Let w be a weight such that w~/®~1 ¢ L} (R").
1. The class of weights A, consists of all w satisfying

1 1 p-1
Ay(w) := sup —w(Q) <—w_1/(p_1) Q)) < 00,
o) = g 10N\ g (
and each w € A, is called an A, weight.
2. The class of weights A}D"C consists of all w satisfying
A1) 0@ (2 *”ﬂ”‘”(@))p_1 < 01
w) = Sup Tw —w oQ, .
b <1, Q| Q)

Q:cube

and each w € AP° is called an A weight.
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Several helpful remarks may be in order.

Remark 2.6.

1. For example, |z|* € A, for —n < a < n(p — 1) (cf. [21, Section IX. 4]).

2. The class of A};’C weights is independent of the upper bound for the cube size
used in its definitions. Namely we can replace |Q| < 1 by |Q| < in (1) for
any 0 < r < oo. In fact, if we define

p—1

Aloc,r — L <L -1/(p—1) )
» o (w) |51|1£7 ‘Q‘w(Q) o Q)

Q:cube

for each r > 0, then it clearly follows that Ay (w) < A°(w) if 0 <

r < 1. On the other hand, Rychkov gave the estimation that Ay (w) <
r‘PecrAg’C(w) if » > 1, where ¢ > 0 is a constant depending only on n, p
and A°°(w) (cf. [19]).

3. We shall also remark that A, & Al In fact, exp(b|z|) € APc \ A, for
beR\ {0}
4. We have that w € A, if and only if w=/®=1) ¢ A,. In fact, it clearly

follows that A,(w) = A, (w=/®=1)P=1 The same result is true for the
case of A)°°.

The next lemma serves as a tool for reducing the matter to the case when
w € Ap.

Lemma 2.7. ([19, Proof of Lemma 1.1]). Leta € R, r,t >0andw € A};’C.
We define

()'_{ u if welt(m+a),t(m+a+r))
Tm(u) = 2ttm+a+r)—u if wet(m+a+r),t(m+a+2r))

for meZ and uet(m + a), t(m+a+2r)). We also define {w; }z» to fulfill that
wi(x) =w(mn,(z1),...,7,(xn)) if z€ H [t(l, +a),t(l, +a+2r)),
v=1

and that each w; is a 2trZ™-periodic function on R™ for all [ € Z™. Then it follows
that {w; }iezn C A, with A, (w;) < 3P A0 (w) for every [ € Z™.

2.3. Bases

Let X be a Banach space. Let us make a view of Schauder basis and uncondi-
tional basis first.
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Definition 2.8.

1. {xx}g2, C X is said to be a Schauder basis if there exists a unique sequence
{er(z)}p2,  C such that for all z € X,

x = ick(x)xk in X. 0.2)
k=1

2. A Schauder basis {z;}7°, C X is said to be an unconditional basis if the
convergence (2) is always unconditional.

It is known that there are several equivalent definitions of unconditional basis
in Banach spaces ([10, 16, 22]). Next we introduce two kinds of bases defined by
Konyagin and Temlyakov ([12]).

Definition 2.9. Let {x;}7°, be a normalized Schauder basis in X. We call
{xr}32, a greedy basis for X if there exists a constant C' > 0 such that for every
z € X there exists a permutation p of N which satisfies |c,)(2)| > |c,@)(z)] >
.. > |epvy(@)| and

N
=Y oy (@Tm| <C inf |z —yllx,
1 ¥ YyeLN

for every N € N, where ¥y := {Zayxy tay €C, AN, AC N}.
vEA

Definition 2.10. Let {x}}7°, be a normalized Schauder basis in X. We say that
{xr}5—, is a democratic basis for X if there exists a constant D > 0 independent

> ak|| < D> ax|| for any finite subsets P,Q C N
keP X ke@ X
with the same cardinality 4P = $Q.

Theorem 2.11 we describe next becomes the key in Section 5 later.

of P and () such that

Theorem 2.11. [[12, Theorem 1]] Let {x;}?°, be a normalized Schauder
basis in X. Then {x}};, is a greedy basis if and only if it is an unconditional
and democratic basis.

Remark 2.12. [[ 12, Section 3]]. Konyagin and Temlyakov give some ex-
amples of bases, showing that “democratic” and “unconditional” are independent
notions.
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2.4. Weighted L” spaces and weighted Sobolev spaces

Definition 2.13. Let w be a weight.

1. The weighted L? space LP(w) is the space of all measurable functions f with
1/p
Il = ([ @put i) <o

2. Suppose w~/®=1) ¢ Ll (R™). The weighted Sobolev space LP+*(w) is the
space of all measurable functions f satisfying that f € LP(w) and weak
derivatives D f € LP(w) for every o = (o, ..., ay) € Z" with |a] < s.

If a weight w satisfies w1/~ € L (R"), then LP(w) C L}, (R™). We also

loc
remark that Z?* (w) is a Banach space with the norm || f|| po.s(wy == > 1Dl 1o (w)-
loo|<s

Remark 2.14. [cf. [21, Section IX. 4]]. For any w € A,, we have (1 +
|z|)~"Pw(z) € L*(R™). Thus we see that S(R™) C LP*(w).
In the case of w € A, we can replace || - || 1p.s(,) as follows.

Theorem 2.15. Let w € Ap. Then ||+ [|zoqy+ 3 [D?(+)|| Loy is equivalent

|Bl=s
to || - || r.s (w), Where the embedding constants depend only on n, p, A,(w) and s.

We can obtain Theorem 2.15 above by the same arguments as [8, Theorem 6.4
in Chapter 6] applying the next result given by Kurtz ([13, Theorem 4]).

Proposition 2.16. Let w € A, and m € C"(R™ \ {(0,...,0)}). Suppose that

sup R2|O‘|_”/ |Dm(z)|*dx < oo
R>0 R<|z|<2R

for all « € Z,™ with |«| < n. Then the operator 7" defined by F[T f] = m F|[f]
is bounded on LP(w).

Now we consider two maximal functions and the boundedness on LP(w).

Proposition 2.17. [cf. [2]] Let 1 < ¢ < oo and w € A,,. Then there exists a
constant C' > 0 depending only on n, p, ¢ and A,(w) such that

M L) 7l oy < C I )Z1 liall o o)
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for all (f,)22, with

1/p

00 p/q
IR o = | [ (me) w(e)de | <.
Rn v=1

Here M is the Hardy-Littlewood maximal function defined by
1
M) =swp o [ Ifw)ldy (a € RY),
Q 1QlJg

where the supremum is taken over the cubes @) centered at z.

Next we state for the local case. Rychkov proved the following boundedness for
the local Hardy-Littlewood maximal function ([19]). Remark that he gave the result
for vector-valued case. In this paper we have only to apply it for scalar-valued case.

Proposition 2.18. Letr > 0andw € A}DOC. Then there exists a constant C' > 0
depending only on r, n, p and A}°°(w) such that HMlOC”‘fHLp(w) < Ol b
for all f € LP(w). Here M™% is the local Hardy-Littlewood maximal function
defined by

1
M f(a) i=swp o [ |f)ldy (@ e B,
Q 1QlJq
where the supremum is taken over the cubes () centered at = and satisfying |@Q| < r.
2.5. Density of C>°(R™) in LP*(w)
We will need the following density to obtain characterizations of LP*(w).

Theorem 2.19. C2°(R™) is dense in L?*(w) whenever w € A};’C.

E. Nakai, N. Tomita and K. Yabuta proved Theorem 2.19 for w € A, ([18,
Theorem 1.1]). We can easily prove Theorem 2.19 by the same arguments as the
proof of [18, Theorem 1.1] with the following uniformly boundedness stated in
Lemma 2.20.

Lemma 2.20. Let w € A};’C and n be a function on R™ which is bounded,
compactly supported, non-negative, and radial decreasing as a function on (0, co).
Define ny(x) := t~™n(xz/t) for t > 0. Then there exists a constant C' > 0 depending
on n, p, A*(w) and 7 such that [[n; * fll oy < C Il Lo forall 0 <t <1
and f € LP(w).

Proof of Lemma 2.20. Let us take J € N so that suppn C [—J, J]". Following
the same calculations as [21, Proof of Proposition 2.3 in Chapter 1V], we have

e f(x)] < 22”Hn”Ll(Rn)Mloc’(QtJ)nf(x) < 22””””L1(RH)MIOC’(2J)Hf(w)
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forall0 <t <1land f € LP(w). By Proposition 2.18, there exists a constant C' > 0
depending on J, n, p and Al°(w) such that || MG 1|10 < Ol Fll 1o (u)-
Hence we get [|n: * f| o) < C2%" [0l Lr o) 11 Lo w):

2.6. Wavelets, scaling functions and L?(w)

We recall known results on the characterizations and the constructions of bases
of LP(w).

2.21. Notation For j € Z and k € Z", we define a dyadic cube Q; :=

n
[ 1277k, 277 (ki + 1)) and denote x; = 27"2xq, .

v=1

Definition 2.22. Let r € N. A function f on R"™ is r-regular if for all m € N
there exists a constant C,,, > 0 such that | D f(x)| < Cy,, (1+|x|)~™ forall z € R™
and « € Z" with |a| <.

For example, the Meyer wavelet set consists of r-regular wavelets. Moreover if
we take a large N € N sufficiently, the Daubechies wavelet becomes r-regular.

Lemarié-Rieusset gave a characterization and an unconditional basis of L?(w)
with w € A, by the Daubechies wavelets in the case of one-variable. His proof is
due to the boundedness of Calder6n-Zygmund operators on LP(w). Following the
same method, Aimar, Bernardis and Mart'n-Reyes showed that the result given by
Lemarié-Rieusset was valid for 1-regular wavelets. More precisely, they obtained
the next theorem.

Theorem 2.23. [cf. [1, 14]] Let w € A, and {¢°}.cr be a wavelet set
constructed by a multiresolution analysis such that each ) ¢ is 1-regular. Then
there exist two constants 0 < ¢ < C' < oo depending only on n, p, A,(w) and
{1} eck such that for every f € LP(w),

1/2

Ml < D2 D0 ST [ 050X < Cllf gy -

ecFE j=—o0 keZm
Lr(w)
Additionally the wavelet basis {zpj’k :e€ E,j€eZ, ke Z} forms an uncondi-
tional basis in L?(w).

On the other hand, Lemarié-Rieusset gave the next result. The result shows that
we need not only wavelets but also scaling functions which construct wavelets if we
consider LP(w) with w € A}DOC. Although he proved it in the case of one-variable,
it is true in the case of several-variables with obvious modifications applying tensor
products.
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Theorem 2.24. [cf. [14, Proposition 2 (ii)]] Letw € A, m € Z, ¢ be the
Daubechies scaling function and {1 ¢} .c ¢ be the Daubechies wavelet set associated
with ¢. Define

1/p

Myl f) = (Z [(F, oma) Hsom,kum(w)(”>
kezZm

1/2

+ Z Z Z |(f, wf,k>Xj,k|2

e€eE j=m kezZn
L (w)

Then there exist two constants 0 < ¢ < C' < oo depending only on n, p, A}D"C(w),
m and ¢ such that ¢ f|l zow) < Mpuwm(f) < Clfllr) forall f e LP(w).
Additionally the sequence {¢, ; tkezn U{Y5, + e € B, j > m, k € Z"} forms an
unconditional basis in L?(w).

Applying the characterizations and the constructions of the unconditional bases
above, we can construct the greedy bases for LP(w). Namely the next theorem
follows (cf. [9, Section 6]).

Theorem 2.25.

1. Let we Ay, and {¢°}.cr be a wavelet set constructed by a multiresolution
analysis such that each ¢ is 1-regular. Define ¢, ;. := 95 /[0S || Lo (w) for
ecFE, jeZand k€Z™. Then the sequence {fﬁéjk ree B jelZ, ke Z”}
forms a greedy basis for L?(w).

2. Letw € A};’C, ¢ be the Daubechies scaling function and { ¢}.cr be the
Daubechies wavelet set associated with . Define @ . . := @m i/ | om.kll o (w)
and 9 =S, /|16 [l 1oy fOr e € E, j>m and k€ Z". Then the se-
quence {@m i trezn U {{ﬂ\;j’k ecE,j>m, keZ"} forms a greedy basis
for LP(w).

In Section 5, we will construct the greedy bases for L7-*(w) by means of wavelets
and scaling functions following the similar method.
3. THE CHARACTERIZATION OF LP*(w) WITH w € A, BY WAVELETS

Following statements in [8, Chapter 6], we can obtain the next characterization
of LP*(w) with w € A, by wavelets.
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Theorem 3.1. Let w € A, and {¢°}.cr be a wavelet set constructed from a
multiresolution analysis such that each wavelet ) € is (s + 1)-regular. Then there
exist two constants 0 < ¢ < C < oo depending only on n, p, A,(w), s and
{1} eck such that for all f € LP*(w),

1/2

A floewy < ||| D Do 30 A+2%9) (£, 050Xk ] < Cllfllzrs (-

e€FE j=—o0 keZn
Lr(w)

Remark that we need some improvements on [8] to obtain Theorem 3.1. We use
Theorem 2.15, [18, Theorem 1.1] and Theorem 2.23 described already, in addition,
Lemma 3.3 and Proposition 3.4 as follows. We shall introduce the class of functions
R"™(R™) in order to state them.

Definition 3.2. Letr € Z,. The set R"(R") consists of all f € C"*1(R")
satisfying that there exist constants ¢,y > 0 and C,, > 0 for each a € Z™ with
|a] <7+ 1 such that

1. / x f(z) dx = 0 for every |of <r +1,
2. [f(2)] < Co,..0) (1 + |z])=CFrm,
3. [ Df(z)| < Co(1+ |z[)~0+™ for every 1 < |a| <7+ 1.

For example, if ¢ is an (r + 1)-regular wavelet constructed from a multireso-
lution analysis for some r € Z,, then ¢¢ € R"(R"™) (cf. [17]).

Lemma 3.3. Theorem 1.1. Let r € Z;, {®°}ecr, {¢}ecr € RT(R™) and
w € A,. Define

1/2

W@l (D= (35 3 20 ol

e€FR j=—oc0 keZ™

If {¢°}ccr is a wavelet set, then there exists a constant C' > 0 depending only on
n, p, Ap(w), r, {P}ecr and {1¢}.cp such that for all f € LP(w),

IV [r, {95} e] (Nl oy < C IV [y {4 3] (Dl 2o ) -

Hernandez and Weiss proved Lemma 3.3 for the non-weighted case using the
non-weighted version of Proposition 2.17 ([8, Theorem 4.9 and Theorem 6.21 in
Chapter 6]). Going through the same arguments as [8] with Proposition 2.17, we
can get Lemma 3.3.
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We also have the following proposition.

Proposition 3.4. Let w € A, and {®°}.cp C R*(R™). Then there exists a
constant C' > 0 depending only on n, p, A,(w), s and {®¢}.cx such that for all
fe L (w),

W [s, {2} el ()Nl oy < ClF I Lws ()

The next proposition and Lemma 3.3 are important in order to show Proposition
3.4.

Proposition 3.5. [[4, Theorem 1.2], cf. [3, 11]] Let w € A,, A > n and
{#5biez © S(R™). Define ¢75(f)(x) = sup {|o; + f@ —p)|(1+ 2|y}

yeRm
and assume the following:

1. There exists a constant @ > 0 independent of j such that supp Fl¢ ;] C
{277 < |¢g] < 29} for all j € Z.

2. For each o € Z ", there exists a constant C', > 0 such that |[D*F[¢,] ()| <
C 2791l for all € € R™ and j € Z.

Then there exists a constant C' > 0 depending only on n, p, A,(w), s, A and
{¢;}jez such that for every f € LP*(w),

1/2
{ > (2j5¢3‘5;(f))2} < Ol

= LP(w)

Proof of Proposition 3.4. Let {¢ ¢}.cr be the Meyer wavelet set described in
Example 2.3.1. By Lemma 3.3, there exists a constant Cy > 0 depending only on
n, p, Ap(w), s, {®°}. and {1}, such that for every f € LP5(w),

W[5, {}el (Dl oy < Co W[5, {8 el (Nl o a) -

Denote ¢(y) := 2/"y(—27y) for j € Z and e € E. Take A > n arbitrarily.
Following the same calculations as [8, Proof of Theorem 4.2 in Chapter 6], we
have

7A@ P < (1+ V) 685 () ()2
kezn

Namely we obtain that

1/2
Wis, {0} (f) < (1+vn) {Z{ > (2j8¢§,"§‘(f))2}] -

eeE | j=—o0
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Now remark that {¢¢};cz C S(R") satisfies the assumptions of Proposition 3.5 .
Hence there exists a constant C; > 0 depending only on n, p, A,(w), s, A and
{1} ecr such that

IW s, {0l ()l oy < (1 V) 2" = DO oy -
Therefore we et [ W [s. {2°}] () 1oy < (L+ Vi) (2" = GG [l

Proof of Theorem 3.1. Theorem 2.23 and Proposition 3.4 prove the right-hand
side inequality. We will prove the left-hand side inequality. By Theorems 2.15 and
2.23, we have only to estimate HDﬂfHLp(w) for all 8 € Z,™ with |3| = s and

f € LP*(w). By the duality, it follows that

= su
! LP(w) 9p{

where v := w1/~ As a result of [18, Theorem 1.1] and the right-hand side
inequality, it suffices to prove that

D f(x)g(x) dx

|2 5

Mgllr ey < 1},

D f(x)g(x) dx

< CIW s, {9 Ye] (Nl Loy

Rn

for all f,g € S(R™) with HgHLp/(v) < 1, where C' > 0 is a constant independent of
08, f and g. Because the wavelet basis {zpj’k ce€FE,jeZ, keZ"} forms an
orthonormal basis in L?(R™), we obtain that

D’ f(x)g(x) dz| =

| f@D’g(a)de

{zz S (st }

e€FE j=—o0 keZ"

Rn

{£ £ sovmize}

e€EFE j=—o0 keZn

SN N (Rt (Dg, 0y

e€EFE j=—o0 keZn

Yy POYIERTH %W\/m 2 o

e€FR j=—o0 keZn

- [ 3 P s b DR et de

e€FE j=—o0 keZ"
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Therefore by the Cauchy-Schwartz inequality and Holder’s inequality, we have that

D f(x)g(x) dx

< [ W@ w o, {57} ] ()@ do
< IWIs, (bl Dll oy W [0, D757} | (9)

Rn

¥ (v)

Now let {¥°}.c be a wavelet set constructed from a multiresolution analysis such
that each W€ is 1-regular. In view of Lemma 3.3 and Theorem 2.23, we get

w0 {D5) J @), < CoIwi0. 19 (0) sy < Cllgllrgy < C,

LY (v)

where Cy, C; > 0 are constants depending only on n, p, A,(w), s, {¢}.cr and
{\Pe}eeE-

4. THE CHARACTERIZATION OF LP*(w) WITH w € A}DOC BY WAVELETS AND SCALING
FUNCTIONS

In this section, we characterize LP*(w) with w € A}D"C by wavelets and scaling
functions with proper smoothness and compact support. We have the next main
result.

Theorem 4.1. Let w € A};’C, © be the Daubechies scaling function and
{4} cc £ be the Daubechies wavelet set associated with . Suppose ¢ € C 5T1(R™)
and {¢¢}cep C CTL(R™). Define

1/2
1% [37 {we}e] (f) = (Z Z Z |2j8<f7 w;,k>Xj,k|2)

ecE j=0 keZn

1/p
Npw(f) = <Z (£, p0.0) 10 k]l Lo (w) !p> + [V [s: v el (Nl Lo -

kezZm

Then there exist two constants ¢, C' > 0 depending only on n, p, A}D"C(w), s and ¢
such that c|| f[| 1r.s(w) < Ny (f) < Cllfl|rs ) for all f e LP*(w).

We need the following proposition in order to prove the characterization above.

Proposition 4.2. Let w € A};’C and {¥°¢}.cr be a set of functions in R *(R"™)
with compact support. Then there exists a constant C' > 0 depending only on n, p,
A};’C(w), s and {U¢}cep such that [V [s, {¥}e] ()l o) < Cllf Lo () for all
f e LPs(w).
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Proof of Proposition 4.2. Let ¢ be the Daubechies scaling function in C' ¢(R"™)
with supp ¢ = [0,2N — 1]™ for some positive integer N > 2 and write fj(z) :=
f(z)e(x —1) for each [ € Z™. Then we have Z o(z — 1) =1 by [8, Proposition

lezm
3.14 in Chapter 5] or [22, Proposition 2.17]. Thus we get the decomposition that

f= Z fi. Let us choose m € N so that supp ¥ C [—m, m]™. Then we see that
lezm

supp V [s, {¥}e] (f1) € [l — m. L + 2N + m] =: D, for each I € Z". On the

v=1
other hand, for all x € R", there existsa unique L = L(x) € Z" suchthat z € Qo r.

Denoting A(L) := {l eZ" : L,+1-2N-m <[, < L,+miforalll <v < n},
we get that
P
Vs, AT (@) < ) Vs, {T)] = > Vs, {%] (f)(x)
lezn leA(L)
< D0 DI AT () (@) - AL
leA(L)
< (2m+2N)"PTD N Vs, {0 ] (f) (@)

lezn

Therefore it follows that

IV [s: { %Y (P 1oy

< 2m+2N)"D [N Vs, {9 (f) (@) w(z) da
R lezn

= em 2N 30 ST (¥ (@) () de

kezn Ok lezmn

@mquj ST Vs {0 () (@) w(e) da

kezn Y Qok le A(k)

WHW“ZZ/WW}MMU

keZn 1 A(k)

If we invoke Lemma 2.7, we get {w;};cz» C A, such that A, (w;) < 3" A %" (m+N)"

(w) and w; = w on D; for all [ € Z™. Thus we obtain that

Vs A0S (DB < @m+ 2800 5™ S [0, {0 () 2y -

keZr 1 A(k)



Sobolev Spaces by Wavelets 481

n

Denote G := [[[lv, 1 + 2N — 1] = supp p(x — ). Then we see that w; = w

v=1
on G; for every [ € Z*. Additionally by Proposition 3.4, there exists a constant
Co > 0 depending only on n, p, A°°(w), s and {¥¢}. such that for each k € Z"
and | € A(k),

Vs A2 By < IV A7) ()2

< Cy Hfl”ipﬁs(wz)

where C7 > 0 is a constant depending only on n, p, s, Cy and . Thus we obtain
that

V1 A% Ye] (Nl 2o

1/p
< {(2m—|—2N)”(p1) LCr- (2N = 1)"@m+2N)" > [ DSIE, }

la|<s

< CZHf”L@S(w)v
where Cy > 0 is a constant depending only on n, p, A};’C(w), s, {¥°}. and .

Proof of Theorem 4.1.  First we show the right-hand side inequality of the
characterization. The estimate of ||V [s, {1/°}] ()l r() 1S shown by Proposition
4.2. We estimate the first term of A, (f). Let N > 2 be the positive integer
such that supp ¢ = supp® = [0,2N — 1]™ for every e € E. Denote Gy :=

n

H[ky, k, +2N — 1] = supp @o x and v := w1, By Holder’s inequality, we
v=1
obtain that

> 1 eor okl o) "

keZm

= ) [{fr 006 - [0, kI )

kezZm

> [ w@pewar (] k\goo,m)\p/v(w)dw)p_l 1y (G

kezZm

IN
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: H(PHLOO(W Z/ ) dx - w(G)v(Gy)?P !
keznr
< H‘PHLoo(Rn)(QN— 1)”PA10C J(2N—-1)™ Z / .
kezn

< ol e gy (2N = 1)PHDARCCN=D" ()| 717,

Next we prove the left-hand side inequality. By the duality, we see that

D f(x)g(x) dx

Rn

1D Fll oy = sUP gl <1¢s
g

for all f € LP*(w) and o € Z4™ with |a| < s. Thus, in view of Theorem 2.19
and the right-hand side inequality, it suffices to show that

D f(x)g(x) dz| < CN;,(f)

Rn

for all f,g € C>°(R™) with HgHLp/(v) <1, where C' > 0 is a constant independent
of a, f and g. Because {wox}rezn U{V§; : e € E,j € Zy, k € Z"} forms an
orthonormal basis in L?(R™), we obtain that

5 D f(2)g(z) dz| = nf(w)Do‘g(w) dx
— / {Z(f@o;ﬂpo;c +ZZZ (s 5 )5 (2 )}
R™ | pezn ecE j=0 keZn

X{Z<D9<P0k<ﬁ0k +ZZZ (x)}dx

kezZ™ eckE j=0 kezZn

D (Freord (D or) + DD Y (F 5D, 5] -

kezZm eeFE j=0 kezm

We estimate first. By Holder’s inequality, we see that

> {f,por) (DG, po.k)

kezZm

1= [ Teor(@)lde < ol ol
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for every k € Z"". We shall also remark that [(Dg, vo.1)| = [{g, (D%0)o.x)|. Using
Holder’s inequality again, we are led to

> {f, vor) (DY, po.k)

keZm
< 3 [t comlivorli o) - (9 (Do ookl
keZm
y 1/p'
< (Z (200 [0kl Lo ()| > (Z‘ @)ool Lo () > :
keZm lezn

Note that supp ¢o1, supp(D*¢)o,; C G; for each [ € Z™. The same calculation as
the proof of the right-hand side inequality works and we obtain

p
> (g, (D*)oMlpoull o)

lezn

/

< gl

L7’ (v)

where C} := |m|axHD°‘<pH%oo(Rn)(2N — 1)) 400N DT () Hence we
al<s

get

> {f,pok) (DG, po.k)

kezZm

1/p
<o (Z (£ 2o lleoil o) yp> 190l 1 oy

kezZm

o0
Next we estimate |> >~ " (f,45,)(D%, v$,)|. By straightforward calcula-

e€E j=0 keZm
tions and Holder’s inequality, we obtain that

Z Z Z <f7 w;,k><Dagv w;ﬂ

ecE j=0 kezZn

szf}21<f,w;k> 21Dy, (/xjk dz

ecl j=0 kezZn"

= [ XSS st 2 g, (0% )| de

eeFE j=0 keZm

/ ZZZ‘QJSf%kXJk() (9, (DY) j k) x5k (T |dm

ecE j=0 keZn

< [ VB (@) V0D Y] (9)(a) da
<9 (5 £653e) (Dot 1V 0, (D6°)e] @)
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n
Now remark that supp V' [0, { D*%°}] (9-Xq,,) C H[ly—2N+1, l,+2] =: E; for
v=1
each [ € Z™. On the other hand, for all z € R™, there exists a unique L = L(z) €
Z"™ such that z € Qo . Denote B(L) :=={leZ":L,—-1<1,<L,+2N -1
for all 1 <wv <mn}. Then we get

/

p

V10, {D* L] () @) < | > V(0,406 Y] (9 x@u,) ()

lezn

/

p

= > V[0.{D*}] (9 Xxqu,) ()

leB(L)
< 3 VI0,AD Y] (9 xo,) (@) - 4B(L)P/P
leB(L)
< @N + 10 ST V10, {DYe] (9 xqo,) (@)|

lezn

Therefore it follows that
V[0, {D*Y }e] (g )HLP ()
<N [ 007 o xau @ o) de

" lezn

=N+ S [ S (0 (9 xa) @) o) ds

kezn QO k lezn

=N+ Y [ (DM (0 xan )@ (o) de

kezn ok 1 B(k)

SN T S S 0D 0 e @) vle) b

keZ™ 1€B(k)

By Lemma 2.7, we can construct {v};ez» C A, such that v; = v on E; and
Ay (v) < 3 AIOC @N+1)" (v) for every [ € Z". In addition, let {¥¢}.cr be a
wavelet set constructed from a multiresolution analysis such that each ¥€ is 1-
regular. By virtue of Lemma 3.3 and Theorem 2.23, we have that

HV [07 {D%e}e] (9 : XQO,Z)HI;,/P/(UZ) < HW [07 {Dawe}e] (g ’ XQOJ)HII):‘?/(UL)
< Oy HW [0, {\I/e}e] (g : XQO,Z)H];,/P/(UZ)

< (s Hg XQOZHLP (1) =3 Hg " XQo, Hip/(v) )
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where C5, C3 > 0 are constants depending only on n, p, A};’C(w), s, {}eck and
{U€}ecp. Now write Cy := (2N + 1)”/1’(3’31/”/. Then it follows that

V[0, {D*¢°}e] (g )HLp ()

< (2N + 1)1 Z Z Cslg- XQozHLp (v) Cp HgHLP ()’
keZr leB(k)

Namely we get

Y3 < e >< D5 > < CalV s, A0 el (Do) 1911 -

ecl j=0 kezZ"

Consequently we have

D f(x)g(x) dx

Rn

<max{C, Ca}Np, (N)lgll () Smax{Cy, Ca}Np,(f). =

5. THE GREeDY BASes oF [P*(w)

As is mentioned in [9], in the case of weighted L? spaces LP(w), if we have
the characterization and the unconditional basis of LP(w) by wavelets and scaling
functions, then we can establish the greedy basis given by them following the same
statements as [5]. In this section, we show the similar arguments are applicable to
LPs(w).

Theorem 5.1.

1. Letw € A, and {¢)°}.cr be a wavelet set constructed from a multiresolution
analysis such that each ¢ is (s + 1)-regular. Then the following (a) and (b)
hold:

(a) The wavelet basis {¢$, : e € E, j € Z, k € Z"} forms an uncondi-
tional basis for L?*(w).
(b) Define ¢ := % /105 k|l Los(w) fOre € E, j € Zand k € Z". Then

the sequence {@E]k ree B jeZ, ke Z”} forms a greedy basis
for LP*(w).
2. Letw € Aloc, ¢ be the Daubechies scaling function and {« ¢}.cr be the

Daubechles wavelet set associated with ¢ such that ¢ € C**1(R") and
{4} e C C*F1(R™). Then the following (a) and (b) hold:
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(a) The sequence {@ox}rezn U{Y5, : e € B, j € Zy, k € Z"} forms an
unconditional basis for L?*(w).

(b) Define ok := @or/ll 0kl Lrs(w) and ;= 954 /1195 1| oo () For
e € E, j €Zy and k € Z". Then the sequence {Go x}rezn U {14 :
e € E,j€Zy, k ez} forms a greedy basis for LP*(w).

Proof of Theorem 5.1. We shall concentrate on 2, 1 being proved similarly.
To begin with, we shall prove (a). It suffices to check the following two con-
ditions:
(I) There exists a constant C' >0 independent of f, Aand B such that HTA,BfHLp’S(w)
< C |l fll gos (uy For all f € LP*(w) and all finite subsets A C Z" and B C
E X Zy x Z", where Ta gf := > {(f,p0k) Cor+ D (fu5p) v
keA (e,3,k)eB

(I1) The set span{¢o i } kezn USpan{'Lﬂ;’k ce€E, j€Zi, keZ} is densein
LPS(w).

We show the condition (1) first. By the orthonormality and Theorem 4.1, we
obtain

N TaBf s wy < Npw(Tasf) SN w(f) < Cllflesw),

where 0 < ¢ < C' < oo are the constants appearing in Theorem 4.1.
Next we check (I). We give an outline of the proof. It suffices to prove that
for all f € LP%(w),

A/Zn,Bl}Ing+XZn Np,w(f - TA,Bf) = 07
since ¢ [|f = Ta B fll o uy < Nyww(f—Ta,pf) by Theorem 4.1. We split N7, (f —
TA,Bf) by J\/];S,w(f - TA,Bf) - Nl(f - TA,Bf) _|__/\[2(f _ TA,Bf) with

1/p
Ni(f) = <Z ‘(ﬂ ©o,k) H<Po,/~cHLp(w)‘p>

kezZr

and  No(f) := ||V [s, {¢°}] (f)HLP(w) :

The orthonormality of the system {¢y x}iezn U{¥y5, : e € E,j € Zy, k € Z"}
with regard to the L2-inner product, the boundedness of N, (f — Ta pf) for each
v = 1,2 and Lebesgue’s dominated convergence theorem give us the desired result.

Next we prove (b). The proof we give here is essentially the same as [9, Section
5.3], and based on [5, the proof of Lemma 4.1]. We prepare the following two
lemmas.
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Lemma 5.2. Let w € A};’C. Then w satisfies the dyadic reverse doubling
condition, i.e., there exists a constant d > 1 independent of I and I’ such that
dw(I") < w(I) for all dyadic cubes I, I" with I' G I.

The proof of Lemma 5.2 is found in [7, p. 141] or [20, Proof of Corollary 1.1].
We also have the next estimate.

Lemmas3. Letw e A}f’c, ¢ be the Daubechies scaling function and {¢) ¢}.c g
be the Daubechies wavelet set associated with ¢ such that » € C'*T1(R") and
{¢}ecp C C5TL(R™). Define

. 1/2
g [37 {we}e] (f) = (Z Z Z ‘w(Qj,k)_l/p Hw;,kHLp,s(w) <f7 w;,k>XQj,k 2) :
eeE j=0 kezn

Then we have

e [Vis Y (D], 0 < IV 1o 0] Doy < €[V I, (03] (1)

Lr(w Lr(w)

for all f € LP*(w), where 0 < ¢ < C < oo are the constants appearing in
Theorem 4.1.

Proof of Lemma 5.3. Foreach e € E, j € Z, and k € Z", we have that
N5 = 1275k oy = 2772 0(Q1) 7.
On the other hand, by Theorem 4.1, we obtain
—1Ars e e —1Ars e
C Np,w( j,k) < ijakHLnS(w) sc Np,w( Jk)

Namely it follows that C~127% < w(Q;;)~4/? ‘ Ukl ( )2—j”/2 < ¢7127%, This
K| Lo

estimate shows the desired result. ]

Now let us return to the proof of Theorem 5.1 (b). In view of Theorem 5.1 (a)
and Theorem 2.12, it is enough to prove that {@o }rezn U {9¥¢ ) : e € E, j €
Zy, k € 2"} is democratic. We see that {,o i trezn U{¢§, : e € B, j €Z1, k €
Z™} forms an unconditional basis for LP>*(w) by (a). Thus for all f € LP%(w) we
can write

f= Z ak(f)Pok + ZZ Z b5 1 ()% ks

kezZm ecE j=0 kezn
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where ai(f) := (f, 0ok ll0kllLrs @y and 05 (f) == (f 5 )05 kll Los (). Now
define

1/p
Nps : <Z ’ I %0k H‘POkHLPs(w > + HV A0 (f) '
LP(w)
kezn
By Theorem 4.1, we see that c|l¢ollrrs@w) < Njw(wok) loosl o) <

0.kl Lrs (w)- Thus Lemma 5.3 gives us ¢'|| f|| zr.s () < J\vaw(f) < O fllzes w)s
where 0 < ¢/ < €’ < oo are constants depending only on n, p, Alpoc(w), s and .
Then we have

1/p
Nl zes (wy < (Z \ak(f)\p>

kezZn

1/2
3
(ZZZ\ w(@) kD ) o
ecE j=0 kezZn

Lr(w)

< Ol e -

Let us denote @¢ := ¢;x and 17 = fﬁ . for a dyadic cube Q@ = Q; . Now we

take finite subsets A C {Qo, k}kezn and A C {(e,Qjx) : e€ E,jE€Zy, ke Z},

and write g == > G+ Y ;. We also denote B := {Qjx : (¢,Q;) €
IeA (e,J)EA

A for some e € E}. Note that §B < A < (2" — 1)#B. Using (3), we obtain

llgll Los(w)

1/2
< (t4)" + (Z w<J>1/pr‘2>
(e,J)EA Lo (w) (4)
1/p
p/2

< ($A)/P 4 (27 —1)2 ( )7y <w>> w(z) de

Jy Ao

J'eB

For each = € U J, Ji(z) denotes the minimal dyadic cube in B with regard to

JeB
the inclusion relation that contains z. Then we get

ZJeBw(J)_2/pXJ(x) < Z?iow(Jr)_wpv 5)
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where Jy := Ji(z), J, is a dyadic cube satisfying J,_1 C J, and 2" |J,_1| = |J;|
for every r € N. By Lemma 5.2, there exists a constant d > 1 such that w (.J.) >
dw(Jy—1) > ...>d" w(Jp) =d" w(Ji(z)) for all r € N. Thus we have

S ()2 < S (@ w( ()27 = Cow( ()2, ©
r=0 r=0

where Cj := (1 — d~2/P)~1, Following (5) and (6), we obtain

JeB
J'eB
_a/p\P/?

< /U p (Cowln (@) )" w(z) do )

J'eB
_ (P/? w z)) w(z) dx
e AJJ<1U> (2)d

J'eB

Now we set .J := {x € U J o Ji(z) = J} for each .J € B. Then, since J C J
J'eB
and | J J'= | J, it follows that
J'eB JeB

Following (4)-(8), we have c||g | r.su) < ($4)"/7+Cy/* (27 ~1)1/2 (4B)"/. Hence
there exists a constant C7 > 0 independent of g, A and A such that

9/l sy < C1{8A + ﬁA}l/p. (9)
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On the other hand, applying (3) to f = g again, we have

Cllgllrs(w)

1/2
> (24)7 + (Z {w<J>1/pXJ‘2)

Lr(w) (10)

p/2
> (44)'/7 + (S w2 w)de
U

For each z € U J, we have
JeB

p/2
(Z w<J>—2/pr<x>> > w(y(x) (1)

JeB

Now going through the same argument as (5)-(6), we get
> w() () < Cow (L), (12)
JeB

where C{, > 0 is a constant depending only on p and d. Following (10)-(12), we
obtain

1/p
C'Nlgll Loy > (347 + ,Co Y w(ld) g (@)w(x) da
(w) /U T ;
J'€B
1/p
= (1A)VP + (Cé_l Z w(J)_l/w(x) dw)
JeB J

= A"+ By
Namely there exists a constant C5 > 0 independent of g, A and A such that
Collgllirsw) = {84+ EA}. (13)

Following (9) and (13), we get Cy ' {#A + §A}/? < |||l ooy < C1 {#A + tA}P.
Consequently we have proved that the sequence {(Po x }kezn U {9, 1 e € E, j €
Zy, ke€Z"} is democratic. ]
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