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EQUIVALENCE OF NON-NEGATIVE RANDOM TRANSLATES
OF AN IID RANDOM SEQUENCE

Aoi Honda, Yoshiaki Okazaki and Hiroshi Sato

Abstract. Let X = {Xj} be an IID random sequence and Y = {Y;}
be an independent random sequence also independent of X. Denote by ux
and pux vy the probability measures on the sequence space induced by X and
X+Y = {X;+Y}}, respectively. The problem is to characterize ux iy ~ px
in terms of py in the case where X is non-negative. Sato and Tamashiro[6]
first discussed this problem assuming the existence of fx (z) = d’;%(x). They
gave several necessary or sufficient conditions for ix iy ~ px under some
additional assumptions on fx or on Y.

The authors precisely improve these results. First they rationalize the
assumption of the existence of fx. Then they prove that the condition (C.6) is
necessary for wider classes of fx with local regularities. They also prove if the
p-integral ID(X) < oo and Y € £ a.s., then (C.6) is necessary and sufficient.
Furthermore, in the typical case where X is exponentially distributed, they
prove an explicit necessary and sufficient condition for ux vy ~ px.

1. INTRODUCTION

For o-finite measures 1 and v on a measurable space, ¢ < v means that
1 is absolutely continuous with respect to v, p L v that they are singular, and
u ~ v that they are equivalent (mutually absolutely continuous). In the sequel, for
a probability measure v on R and some —oo < 6 < oo, we say “v ~ m on [#,00)”
if v is supported by the half line [0, co) and v ~ m there, where m is the Lebesgue
measure. If § = —oo, then [—00, 00) should be read as (—oo, 00).

Throughout this paper X = { X} denotes an independent identically distributed
(IID) random sequence and Y = {Y;} an independent random sequence, which
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is also independent of X, defined on a probability space (€2, F,P). Denote by
ux and px .y the probability measures on the sequence space induced by X and
X +Y = { Xk + Y&}, respectively. Furthermore, we always assume

(CO) HXp+Y, ™~ HX k=1,

where px, +v, and px, are the marginal distributions of Xy + Y, and Xy, respec-
tively (see also (C.3)). Y is said to be admissible (for X) if ux1y ~ pux.

Let 1 <p < ooand —oco < 0 < co. Let f(x) be a probability density function
on R which vanishes on (—o0, ) and f(z) > 0 a.e.(m) on (0,00). Then we say
I0(f) < oo if f(x)/? is absolutely continuous on [f, c0) and the p-integral defined

by N
B = [ (f@?)

In the case where § = —oo, I,;°°(f) is simply denoted by I,(f). In particular
I5(f) coincides with the Shepp’s integral (Shepp[8]). For an IID random sequence
X = {X}, If(X) is defined by I9(X) := If(fx), where fx(x) is the probability
density function of px, if exists.

For sequences of non-negative numbers ax > 0,0 < pr < 1, £ > 1, a Bernoulli
sequence {e(ak, pk)} is an independent random sequence such that e(ay, py) takes
two values ai and 0 with probability p; and 1 — pg, respectively.

Kakutani’s dichotomy theorem implies either ux+vy ~ px or ux+y L pux, and
he also proved

(C.1) i (1 ~E [ M(Xk) D < o0,

k=1 dpx,

P
dr < o0o.

is necessary and sufficient for the admissibility of Y (Kakutani[2]).

d
On the other hand, defining Zj(z) := %(m) — 1,k > 1, Kitada and Sato[3]
125
proved *

o
(C.2) the almost sure convergence of ZZk(Xk)
k=1

is necessary and sufficient for the admissibility of Y.

The problem is to characterize the admissibility of Y only in terms of the distri-
bution of Y. In other words, the problem is to characterize the uniform integrability
of the positive martingale

n

dpix, +y
M, = kTR (X >1
n kl_[l d,uXk ( k)vn_ )
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in terms of the distribution of Y. We shall study the problem by utilizing the criteria
(C.1) and (C.2).

The case where Y is a deterministic sequence @ = {aj} was first discussed
systematically by [8]. He proved that uxiq ~ px implies a € ¢, and that
ux+a ~ px for every a € 4 if and only if I(X) < oo.

Define ae := {aper} where {ex} is a Rademacher sequence and {aj} is a
deterministic sequence. Then it was proved that the admissibility of ae implies
{ar} € ¢4, and that ux e ~ px for every {a;} € ¢4 if and only if

AW
' —00 fx((L')

(Okazaki[4], Okazaki and Sato[5], Sato and Watari[7]). Furthermore, if Y is sym-
metric and J2(X) < oo, then Y € ¢4 a.s. implies the admissibility of Y ([7]).

Sato and Tamashiro[6] discussed the problem under the assumption of the ex-
istence of the density fx(z) = d’;;(l ().

In Section 2, we shall prove that a Bernoulli sequence Y = {& (ax,1/2)} is
admissible for every {a;} € ¢3 if and only if there exists § > —oo such that
px, ~ mon [#,00), I(X) < oo and fx(+0) := lim,\ g fx(z) = 0 (Theorem
2.2). This shows that the assumption of the existence of fx(z) = d’:l;(l (z) on
[0, 00) in [6] is reasonable.

In Sections 3, 4 and 5, we assume 8 = 0, that is, X7 > 0 a.s. and there exists
fx(x) = d’:l;(l (z) for x > 0. In this case, if Y is admissible for X, then Y is
necessarily non-negative, that is, Y; > 0 a.s., £ > 1, and no deterministic sequence
is admissible unless trivial. On the other hand, if & = 0, the condition (C.0) is
equivalent to

JQ(X) dr < 00

(C.3) P(Yy <) > 0 for every € > 0,k > 1.

In Section 3, we shall study the necessary condition for the admissibility of Y.
It is known that if X and Y are non-negative and Y is admissible, then we have

(C.4) > E[Vi: Yi < 0]’ < o0,
k=1
(C.5) D PV > a)? < oo,
k=1

for some (and any) o > 0 (Hino[1], see also [3], [6]). [6] strengthened the necessary
condition (C.5) to

(C.6) ; /OOO P(Ye > 2)2fx (2)dz < oo,
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in the case where Y is a Bernoulli sequence ([6], Theorem 3.1), or where fx(+0) >
0, fx is absolutely continuous in an interval [0, d] and ess.supg<,<;|f% ()| < o0
([6], Theorem 3.3(B)). We shall prove (C.6) under new assumptions of the local
increase (Theorem 3.1) or the integrability fO(S 272 fx (z)dz < oo (Theorem 3.2) on
fx, which include the case fx(-+0) = 0. These results exhaust most cases of fx
and it is not known any examples of fx where Y is admissible but (C.6) does not
hold. We conjecture that (C.6) is a necessary condition for the admissibility of Y
in general.
Furthermore, we shall strengthen (C.4) to

1) Z/OO E[Yy : Yi <2 2fx(z)dz < oo.
k=170

(C.7) is necessary for admissibility of Y if E[| X1|?] < co (Theorem 3.4). However
there exist examples of X, with E[|X1|?] < oo and admissible Y which do not
satisfy (C.7) (Example 3.5). On the other hand, in general, (C.6) and (C.7) are not
sufficient for the admissibility of Y (Example 5.4).

In Section 4, we shall study X with IS(X) < 00,1 < p < 2. We shall prove
that if IS(X) <ooand Y € 6; a.s., then Y is admissible if and only if (C.6) holds
(Theorem 4.1).

In Section 5, we shall study the case where X is exponentially distributed, that
is, fx(z) = )\6_’\&31[0,00) (z) for some A > 0 as the most typical and simplest case.
[6] gave a necessary and sufficient condition of this case for the admissibility of Y
under the additional assumption

(C.8) iIP’(Yk > a) < oo,
k=1

for some o > 0 ([6], Theorem 4.1). We shall give a necessary and sufficient condi-
tion for the admissibility of Y without any additional assumptions on Y (Theorem
5.1).

2. NON-NEGATIVE RANDOM TRANSLATES

To begin with, we shall prove the following lemma.

Lemma 2.1. For a probability v on (R, B), define vs(A) = v(A —s), A€
B, s € Ry. Then vy < v for every s € Ry if and only if v ~ m on [0, 00) for
some —oo < 0 < o0.

Proof. Assume v, < v for every s € Ry. Then for every open interval (a, b)
such that v((a,b)) = 0, we have v((a,b) — s) = us((a,b)) = 0 for every s > 0.
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Consequently there exists —oo < 6 < oo such that v is supported by the half line
[0, 00).
Next we show v < m. Assume m(A) = 0 for A € B. Then we have

ozm(A+1):/dy(x)/011A+1(s+x)ds:/Oly(Aﬂ—s)ds.

R

Hence there exists an s € [0,1) such that v (A +1—s) = 0. Since v(;_,) < v,
we have v(A4) = v_o(A+1-s)=0.

Finally we show m < v on [f, c0). For every Borel set A C [0, c0) such that
v(A) =0, we have

0:/000 VS(A)ds:/OOO ds/[e’oo) IA_S(x)du(x):/[e’oo) m((A—2) R, )du(x),

so that F'(z) := m((A — x) NR;) = 0 a.s.(dv). Then by the minimality of the
support [f, 00), we can find a sequence 6,, | 0 such that F(6,,) = 0 and have

m(A) =limm((A—-#6,) NR;) =0.
n
The converse statement of the lemma is evident. []

Theorem 2.2. Let X = {X}} be an IID random sequence of real (not nec-
essarily non-negative) random variables and Y = {e (a,1/2)} be a Bernoulli
sequence. Then we have

(A) The admissibility of Y implies {a} € (5.

(B) Y is admissible for every {ay} € £ if and only if there exits 0 > —oo such
that pix, ~m on [0,00), I§(X) < oo and fx(+6) = 0.

Proof.

(A) is due to [6, Theorem 3.1], [1, Theorem 1.8].
(B) Since a; > 0 is arbitrary, Lemma 1 is applicable to v = px, and we have
tx, ~ m on [0,00) for some > —oo.

On the other hand, Kakutani’s criterion (C.1) implies that Y is admissible for
every {a;} € ¢ if and only if

i/oo ‘\/fx(x — ak) - \/fx(x)‘2dx < 00
k=1"Y"°

for every {a;} € ¢§. Consequently we have /fx(z) is absolutely continuous on
R and I¢(X) < oo by applying the arguments similar to [8]. [ ]
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The condition fx(+6) = 0 is crucial since 1§(X) < oo implies the absolute
continuity of \/ fx(x) on the whole real line R. In fact, if X is exponentially
distributed, where fx(+0) > 0 and I9(X) < oo, then the Bernoulli sequence
{e (ax,1/2)} is admissible if and only if {a} € ¢ (Example 5.5).

3. NECESSARY CONDITIONS FOR ADMISSIBILITY

We shall discuss the necessity of (C.6) and show that (C.6) is necessary for the
admissibility of Y under the various assumptions on fx.

By Kolmogorov’s three series theorem, (C.2) is equivalent to the following two
conditions.

(3.1) > E[1Zk(Xk)| 1 1Zk(Xk)| > a] < oo,
k=1

(32) D E[Zk(Xk)? | Zk(Xk)| < @] < o0,
k=1

for some (and any) a > 0.
In the following two theorems, we shall prove the necessity of (C.6) under the
assumption of local regularities on fx. These results include the case fx(+0) = 0.

Theorem 3.1. Assume that there exists some § > 0 such that fx(zx) is non-
decreasing on the interval [0,0]. Then the admissibility of Y implies (C.6).

Proof. Since fx(z) is non-decreasing in [0, ] and fx(z) = 0 for x < 0, we
have for any y > 0,
0<1- fx(@—y)

and (3.2) implies

k=1
o [l fx(@ =Y .
S;/O E[l (@) ] fx(z)d
[ E[fx(x — V)]
X, (- ) e
< ZE [Zk(Xk) Zk(Xk) < 1] < o0 u
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Theorem 3.2. Assume that fO(S 172 fx(x)dx < oo for some § > 0. Then the
admissibility of Y implies (C.6).

Proof. By Chebyshev’s inequality, we have P(z < Y, < 0) < E[Yy; Y < 0]/,
and

oo 5 )
;/0 P(Yy > x)* fx(z)dz

00 F) o §

_ Z/ Plz < Yi < 5)2fx(x)dx+2/ Plz < Yi, Vi > 0)2fx () da
k=170 k=170

= : A+ B.

Then we have by using (C.4) and (C.5)

o 9 o 9
A< Z/ x_QE[Yk;Yk§5]2fx(x)dx:ZE[Yk;Ykgé]Q/ 272 fx (x)dx < oo,
k=10 k=1 0
o 9 o 9
B < Z/ P(Yi > 0)% fx(x)dz = S P(V; > 5)2/ Fx(@)dz < oo, .
0 0

i

1 k=1
The following theorem reformulates [6, Theorem 3.3(B)].
Theorem 3.3. Assume that fx(40) > 0 and there exist 6 > 0 and K > 0

satisfying
|fx(y) — fx(@)| < Kly — x| for x,y €[0,4].

Then the admissibility of Y implies (C.6).

Proof. Taking ¢ sufficiently small, we may assume K¢ < fx(+0)/2. Then
for z € [0, 0] we have 0 < fx(+0)/2 < fx(z) < 3fx(+0)/2 and

\Zu(w)| = 'E[fx(w— Vi)l 1'

fx(x)
B E[lfx(z—Yy) — fx(z): Vi < z] B .
- 1 Fx(2) Pt 22)
= Ix(x) =z

Consequently by (3.2) and (C.4) we have
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oo 5 )
;/0 P(Yy > x)* fx(z)dx

N §/6[< [f);(x(x) )]_1)fX( )—E[fx(x — Yi)— fx(z) : Y <z] ! da

0

K% &
322/ Zn(2)* fx (@ dx—|—4 0 ZEYk Y < 6)2
SQZEZka) | Z1(Xp)| < 2] +2KZE .Y, < 02 n
k=1 k=1

On the other hand, we have strengthen (C.4) to (C.7) as follows.

Theorem 3.4. Assume E[|X1]?] < oo and Y is admissible. Then we have
(C.7).

Proof. We have
Z/ E[Yk . Yk < x]2fx(1‘)d$
k=10
o § o 00
< Z/ E[Y} : Vi gx]ZfX(x)dx+22/ E[Y : Vi, < 0] fx(z)d
k=170 k=179
—1—22/ E[Yy: 0 < Vi < 2’ fx(z)dx =2 A+ 2B +2C.
— /o
y (C.4) and (C.5), we have
o0 s
A:ZE[Yk 1Y < 5]2/ fx(x)dx < o0,
B<ZEYk Y, < 4] / fx(z)dx < oo,
C= Z/ E[Y; : 6 <Yy <z]?fx(x dx<Z/ P(Y;, >0)%fx (z)dz<oc. m

The integrability E[X?] < oo is crucial in the above theorem. For instance, we
have the following example.

Example 3.5. Let fx(z) =2/{n(1+2?)} and Y = {e(k*,1/k*)}, k > 1 be
a Bernoulli sequence. Then Y is admissible but (C.7) does not hold.
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Proof. Let fx(z) = 2/{n(14 2?)} and Y = {ak, pr}, where a, = k* and
pr = 1/k?. By estimating Kakutani’s criterion (C.1), we have

00 > i/ooo ‘\/E[fx(x—Yk)] . \/fx(x)‘de

= i (M— 1)2/0% fx(x)dx

+ OO‘\/fX( )+ pi(fx(z — ag) — —Vfx(z) ‘dx:11+12.

k=1"%k

Since 1 < (vI—pr + 1)2 < 4, we have

o0

= [T B > ) i)y < 41
= (\/1_—+1 | st < 3 [T ROG > 02 iy < 4
which shows I} < oo if and only if (C.6) holds. We have

S x (fx (o — ar) — fx())’

I = Z(pk) dx
k=1 / (\/fx + pr(fx(z —ax) — (x))+\/fx($)>2
S 7 (27 — ap)® fx () fx (z — ag)?

= Z / pefx(r — ax) da

= (ak)2pk /00(21‘ — ak)2fx(x)2fx(x —ag)dz

k=1 Ak

2 2
( ) Zpk/ 1+a2 1ix2fx($—ak)dx

ag
16
< sz ; fX($)d$:PZpk-
k=1 k=1

Consequently, if Y77 | pr < oo then I < >°7, p% < oo and Y is admissible.
On the other hand, for a; > 1,

IN

o0

00 ) e 00 1
kZ/O E[Y; : Yi < 2]*fx(z)de = ;;(akpky /ak (1+x2)dx

1 & 1 —
> — Z (akpr) / 2dw = Zak(pk)27
g Ak g k=1

=1
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which implies that (C.7) is equivalent to Zk 1a;.c(p;.c) < oo if a > 1. But

S Pk = Doy 7z <00 and Y02 ak(pr)? = D32, § = 00, so that (C.7) does
not hold. u

Conversely, even if both (C.6) and (C.7) hold, Y is not necessarily admissible
in general (Example 5.4).
4. THE p-INTEGRAL
In this section, we shall prove that (C.6) is necessary and sufficient condition
for the admissibility of Y if IS(X) <ooand Y € 6; a.s. forsome 1 <p <2 In
the case p = 2, [6] proved the sufficiency of (C.6), and the necessity of (C.6) under

the condition ess.supgy<,<s|fx (7)| < oo.

Theorem 4.1.  Assume I)(X) < oo and Y = {Y3} € £} as. for some
1<p<2 ThenY is admissible if and only if (C.6) holds.

Proof. Assume Y € K; a.s. Then Kolmogorov’s three series theorem implies
Yo P(Yy > 6) <ooand Y o2 E[|Y|P: Yy < §] < oco. We have

i;/ (Vi > )2 fx (x
S;/O ‘\/fx —V fx(x) Ykﬁx)‘ dx

)P(Yk > 1‘)
+¢k P(Yy <)

<3 [ (VR - VETRG )

+ (VEIxG -~ W] - V@B <)) |da.

The first term is finite by Kakutani’s criterion (C.1).

T S
On the other hand by inequality ‘a% b > et b, ab>0,0<r <5,

we have for ¢ > 1 such that 1/p+1/¢ =1,

00 k) 2
Z/O VETx(r Y)Y < o] — V@BV < 7)| d
k=1

1|p

[ee] 6 1
<y / [ELfx(e — i) : Yi < 27 — (P (a)B(Ye < 2)3
k=10
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:i/j

k=1

/1 E[fx(x — sY) Yy : ¥y < x]
0 pE[fx(z—sYy): Y < x]%

= 1
[l

]; 0 Efxx—sYk) Yk<x]§

! (2 — sYp) |V 1 ?

[‘fx(x Vi)Yo o (o= Vi)t Vi < | ds
fX x—sYk)
— sV IR P
fX x—sYk)

\&(Mx )
swﬂbd)d;Emwm<ﬂ

Next we prove the converse. Since Y € Z; a.s., by Kolmogorov’s three series
theorem, ) 7 P(Y; > 1) < oo and > 7 E[|Yi|P : Vi < 1] < oo, so that we
have 3 := inf P(Y; < 1) > 0 (see also (C.3)). In order to prove the theorem, we
shall show Kakutani’s criterion (C.1). Decompose

V(e Vil — Vx|

< |VEx G =¥ %> 1] - VAP > 1)‘2

2

+2 ‘\/E[fx(x — Yk) Y <2,V < 1] — \/fx(x)]P’(Yk <z Y < 1)

2|V @PW <2.% < 1] - V@B <1
= Uk(x) + 2Vk($) + 2Wk(x)

Then we have > 7%, [(¥ Up(x)de < 2372, P(Yy > 1) < oo. For ¢ > 1
defined by 1/p+ 1/q = 1 we have

Z/ Vi(x dx<pp/ [fx(@ )‘pdeE\Yk\p Ve <1] <

fX(x)q k=1

by the same way as the last part of the necessity, and finally

o

2
_ s PV <z, <1)—P(Y; <1)
= I;/O \/]P’(Yk <z, Vi <1)+ \/P(Yk <1 fx(x)dx
= %i/ooo P(z < Yi)*fx (z)dz < oco. .
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5. EXPONENTIAL DISTRIBUTION

In the case where X is exponentially distributed, we prove a necessary and
sufficient condition for the admissibility of Y without any additional assumptions
onY.

Theorem 5.1. Let X be exponentially distributed and Y be non-negative.
Then Y is admissible if and only if

o0 o0 o0 Y

ZIP’(fyk <Y+ Z e Mk 4 Z/ MNPy < Yy < yi)2dy < oo,
k=1 k=1 k=1"0

where 7y, 1= sup {x >0 UE [e’\Yk 1Y, < x] < 2}.

Fact 5.2.

(i) If the distribution of Y}, is continuous, then
Zi(z) =E[eM* Y, <a] -1

is also continuous in z, and ~y; < oo implies Zx (i) = 1.

(ii) By definition we have E[e*’* : Y}, < ;] < 2, and in particular, if 75 = oo
then we have E[e**] < 2.

(iii) If % < oo, then we have 2 < E[e’\yk (Y < i) < .

Proof of Theorem 5.1. We shall first prove the case where A\ = 1. We use
(C.2) for the admissibility of Y. We show that (3.1) is equivalent to

o o
(5.1) D P <YVi)+ Y e <oo
k=1 k=1
and that under (3.1), (3.2) is equivalent to
O [k )
(5.2) Z/ Py < Yi < v1)2dy < 0.
k=10

In order to prove that (3.1) implies (5.1), we have only to consider k£ with
vk < co. By Fubini’s theorem and Fact 5.2 (iii), we have

E[Zk(Xk) : Zk(Xk) > 1] = / e " (E[GY’“ 1Y < 1‘] — 1) dx
Tk
(5.3) = e WE[e¥* : Yy < ] + P(Vi > ) — e

>P(Yy > y,) +e F
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which implies (5.1). On the other hand, since Y} > 0 a.s. we have
E[Zu(Xk) : Zi(Xg) > 1] = e % E[e™ 1 Y}, < v + P(Ys > 1) — e *
> e_WkIP’(Yk < ’Yk) + ]P’(’yk < Yk) —e Tk = (1 — 6_%)]?(’)% < Yk)

Since (5.1) implies v, — oo as k — oo, (3.1) implies (5.1).
Conversely, we have by Fact 5.2 (ii),

E[Zu(Xk) : Zip(Xp) > 1] = e % E[e™ 1 Y}, < yi] + P(Ys > 1) —e "
<2 "+ PYpZz) —e ™ = e F+P(Ye 2 m),

so that (5.1) implies (3.1). Therefore (3.1) is equivalent to (5.1).
Next, assume (3.1) and denote by {Y]'} an independent copy of {Y;}. Then by
Fubini’s theorem, we have

E(Z1(X1)? : Z1(Xy) < 1]

Tk ,
= / e (E[eYHYk Ve, V) < 2] - 2E[e** 1 V) < a] + 1) da
0
, Tk
=E eYk+Yk/ e dx : Vi, Y <
Y, VY{

Vi Vi
—QIE[eY’C / e dr : Vi < i) +/ e *dx
Y;, 0

= B[k — e w5 v Y] <
—2P(Vy, < i) + 2¢ B[ 1 Yy, < ] A1 — e

= E[ey’“/\yé Ve, Vi < i) — e Rl 1 Yy < ]2+ P(Yi > )
—P(Yy <) + Qe_WkE[eY’“ (Y <y — e

= E[e"""Y% : Y3, Y] < 7] = P(Yi < ) — € "E[e™ : Vi, < vi)?
+P(Yy, > yi) + 2w E[e¥* 1 Vi < ] — e,

where a V b := max{a,b}. By Fact 5.2 (ii) and by (5.1), the last four terms in
the final expression are summable. Therefore, under (3.1), (3.2) is equivalent to the
convergence of the series:

o0

> B Vi, V< ] - P(Y < ’yk)} .
k=1
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Since P(Yi < ) = P(Yr < W, Y <) + P(Ye <, Y > &), we have

WE

{E[eYMYé Y, Y] < k] — B(Y;, < ’yk)}

i
L

ol

o
E[eYk/\Yk/ —1: Yk‘vyk{ < ’Yk‘ ZIP’ Yk < ’)’k‘ Yk > "Y/i‘)v
k=1

i
L

where the second sum in the right expression is finite by (5.1). Thus under (3.1),
(3.2) is equivalent to

Yk Yk/\yk/
/ Py < Yy < v)%dy = E / eVdy : Vi, Y < Yk
0 0

E[e¥s "% —1: YV, Y] <y <

tnqg

i

1

Therefore, (3.2) is equivalent to (5.2) under (3.1).
Combining (5.1) and (5.2), we obtain a necessary and sufficient condition for
HUX+Y ~ KX as

(5.4) ZPWQ@ +Ze %+Z/ Py < Vi < y)2dy < oo.

k=1 k=1

Finally We shall prove the case where A # 1. In this case we have v, =
sup {x >0|E [e/\% 1Y < x] < 2}. We have pux+y ~ px if and only if pyx 1Ay ~
pax. Since duxx, () = eI o) (z)dx, replacing Y with \Y in (5.4), we have
the conclusion. ]

As a corollary of Theorem , we obtain a necessary and sufficient condition in
the case where X is exponentially distributed and Y is a Bernoulli sequence.

Corollary 5.3. Let X be exponentially distributed and Y = {c(a,px)} be a
Bernoulli sequence. Then Y is admissible if and only if

>\ak_1

o0
Z e()\\/O'k ap _ 1)(60—]“(”“ _ 1)

k:l

< 00,

where oy, := (1/ag) log {(1 + px)/pr}-

Example 5.4. Let fx(z) = e "Ij o)(2) and Y = {e(ax, px)}, where a; =
log(k + 2),pr = 1/(k+1),k > 1. Then (C.6) and (C.7) hold but Y is not
admissible.
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Proof. We have
0 00 © ag >
Z/ P(Yy > z)%fx(x)dz = Z/ pre %dr = Zp%(l — e %)
k=10 k=10 k=1
o

1
= E —_—= < 0
2
k:lk + 3k + 2

and

00 00 00 00 00
Z/ E[Yi; Yi < 2]* fx (x)da = Z/ (akpr)’e "dz = ajpie ™
k=170 k=1"ak k=1

xD

(log(k + 2))?
(k+1)2(k+2)

k=1
We show Y is not admissible. Since o := é log 1;% =1, Y is admissible
if and only if
- | = 1
e
= <
Z (eak _ 1)(eak _ 1) Z ek — 1 o0

But

Example 5.5. Let fx(z) = e "I o) (z) and Y = {e(ax,1/2)},k > 1 be a
Bernoulli sequence. Then Y is admissible if and only if @ = {as} € ¢].

log 3

Proof. We may assume ay, < log3. Then oj, = a and
> e —1 e —1
P (e(l\/O'k)ak _ 1)(60—]“(”“ _ 1) - = 4
S0, “E= < oo if and only if @ = {a;} € ¢ [

In the case where the distributions of all Y;’s are continuous, Theorem 5.1 is
simplified as follows.

Theorem 5.6. Let X be exponentially distributed and the distributions of Y, ’s
be continuous. Then we have pux vy ~ px if and only if

e i Vi
ZP(’% <Y+ Z/ P(y < Vi < yi)2dy < oo.
k=1 k=170
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Proof. Let the distributions of Y}’s be continuous. Then by Fact 5.2 (i), we
have E [e’\yk 1Y, < ’yk} — 1 =1 and it follows that

Vi
)\/ Py <Yy <y)dy =E [e’\y’“ —1:Ye <
0
) [eWk Yy S’yk} —14+PY >~;) =14+ P(Yr > V),
which implies
N7 A
E[e** —1: Yk < v :)\/ eVP(y < Yi < yp)dy =1+ P(Yy > ).
0

If 4 < oo, then by the Schwarz inequality

2
1 < [14+P(Y; > ’yk)]2 = \?

Yk
/ Py < Yi < ) dy
0
Yk Yk
< )\2/ ek“du/ MP(y < Yi < ) dy
0 0

Yk
< AeM / MNPy < Vi < yi)dy,
0

which implies e % < X [ eWP(y < Y}, < y%)2dy. Therefore we have

s N S 7"
et = N e < Z/ NPy < Vi < yi)’dy
k=1 kryg <oo k=170

and if the distributions of Y}’s are continuous, then P(y < Y3 < v;) = P(y < Vi <
vk ), and Theorem 5.1 implies the assertion. [

Example 5.7. Let fx(7) = e™"I|g o) (7) and Y}, obey to the uniform distribu-
tion )
d:uk‘(y) - a_kI[O,ak](y)dyv k > 17

where ax > 0. Then we have ux vy ~ px if and only if 220:1 ap < Q.

Proof. Let k > 0 be the unique positive solution of e? = 1 + 2t.
For aj with a, > 7, we have v, = log(1 + 2ay) and

1 [% log(1 + 2ay
P(YkZ’Yk):a_k/ dy:l—%v
Tk

and, by Theorem 5.6, .~ P(Y; > ;) < oo implies limy a;, = £ > 0.
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On the other hand, we have

o y 2 _2 Vk 7/%
e'Ply <Yy <y)’dy=— |e™ — 14+ + 2}
0 ak 2

S |log(1 + 2ax) |3 _ |log(1 + 2x) 3
- 3a; 3K

> 0,

S 7"
which contradicts to Z / e'Ply < Y < ’yk)2dy < o0. Therefore, but for finite
k=1"0

number of a’s, we may assume ax < K.
For aj such that ar < k, we have v, = oo and

Tk ) 2
/ eVP(y < Yy < yi)2dy = — [ea’“ - <1 +ar + %>] > %7
0 ak 2 3

and Theorem 5.6 implies Y, ; ax < oo.

Conversely, 220:1 ap, < oo implies limg a, = 0 so that, without loss of gener-
ality, we may assume that a; < k and v = co. Then we have fow“ Py < Yy <
Yk)?dy < ape”/3 < oo and Theorem 5.6 proves the example. ]
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