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MEAN VALUE OF THE CHARACTER SUMS OVER INTERVAL [1, %)

Zhefeng Xu

Abstract. Let ¢ > 8 be an odd integer and p a prime with p < ¢ and p 1 q.
The main purpose of this paper is to study the mean value properties of the
character sums over interval [1, %) by using the mean value theorems of the
Dirichlet L-functions, and give some interesting mean value formulae.

1. INTRODUCTION

Let ¢ > 3 be an integer and x be a Dirichlet character modulo q. Character

sums
N+H

> xla)

a=N+1

was investigated by many scholars, see [1-8]. About the mean value of this kind of
character sums, D.A.Burgess [4] obtained the following estimate:

k| h 2

Z Zx(n—i—m) <k-h,

n=1 [m=1

where h is any positive integer. In fact this inequality was conjectured by Norton [5],
who obtained the weaker upper bound %kh before Burgess. To higher moments,
Burgess [6] specified the problem to the case of ¢ = p, and summed the fourth
power mean over all nonprincipal characters. That is, he proved

p h 4

Z Z Z x(n+m)| <6p*h’.

x#xo n=1Im=1
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For general modulo ¢, he summed the mean value over all primitive characters and
obtained (see [7])

h 4

Z x(n +m)

m=1

DS

x mod gn=1

< 87"(q)¢*h?,

where Z* denotes the summation over all primitive characters modulo ¢ and
x mod g

7(n) is the Dirichlet divisor function. About the 2k-th power mean of the character

sums, H.L.Montgomery and R.C.Vaughan [8] gave an upper estimate about it in

1979 as follows:

> M) < ¢(9)d",

X#X0

> x(n)|.

mean of the character sﬁms over the quarter interval and obtained a sharp asymptotic
formula, see [9].

The present work deals with the higher power mean of the character sums over
interval [1, %). First we transformed the character sums into L-functions. Then
using the mean value theorems of Dirichlet L-functions, we studied the mean value
properties of the character sums, and obtained some sharper asymptotic formulae
for them.

In this paper, we will use the following notations:

Z* denotes the summation over all primitive characters modulo ¢ such that
x(=1)=1
x(=1) =1,
J(q) denotes the number of all primitive characters modulo ¢,

The author and Zhang studied the 2k-th power

where M(x) = max

H denotes the product over all prime divisors p of g,

plg
H denotes the product over all prime p with p f ¢ and p = 3,5 (
plq
p=3,5( mod 8)
mod 8),
Tr(n) denotes the k-th divisor function (i.e., the number of solutions of the
equation ning - - - Nk = N in positive integers ni, nNo, - - - , Nk),

x4 1s the primitive character modulo 4,
Xs is the real primitive character modulo 8 with yg(—1) = —1 and
X5 denotes the real primitive character modulo 8 with x§(—1) = 1.
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Now we give the main conclusions.

Theorem 1. Let g > 8 be an odd integer and k > 2 be a fixed integer. Then
we have the asymptotic formula
2k

S S| =8y (5) a0 (i),

x(=1)=1 |a<{

o0 2
.. ry\n) .
where € is any fixed positive number, (I:) = i!(,fii)!, C; = E L (2) is a
n=1 n
(n,2q)=1

constant related to i, r;(n) = Zn(t))@(t)m_i (

tln

ro(n) = v27,(n), re(n) = 7(n).

From this theorem, we can conclude that Montgomery and Vaughan’s estimate
for the 2k-th power mean of character sums is the best possible.

?)X8<%)for1<i<kand

Theorem 2. Let q > 8 be an odd integer. Then we have the asymptotic formula
4 2
2J(a) 1 2
Z Z x(a)| = 384 H 1- Pt H I+ 5= 1

p
x(—1)=1|a<d plg plq
p=1,7( mod 8)

27 11 (P* = 1)°

32l pip240)
plg

+0(¢*").

Noting that J(q) = @ if ¢ is a square-full number, where ¢(q) is the Euler
function, we have the following:

Corollary 1. Let ¢ > 8 be a square-full number with 2 t q and k > 2 be a
fixed integer. Then we have the asymptotic formula
2k

> v -G () o (),

x(=1)=1 |a<§

Corollary 2. Let p > 8 be a prime. Then we have the asymptotic formula

3 2
p° |27 2 .
> Dox@] =a= 5+ ] I+ —5—) | +0 (™),
384 |32 p;—1
x(—1)=1|a<}k PIFD
p1=1,7( mod 8)



172 Zhefeng Xu

where Z denotes the summation over all non-principal characters modulo p
x(=1)=1

such that x(—1) = 1.
2. SOME LEMMAS

To prove the theorems, we need the following lemmas.

Lemma 1. Let x be a primitive Dirichlet character modulo q with x(—1) = 1.
Then for any real number X € [0, 1) with X\ # g, we have

[Ad]

- A
(@) = _X sm 2mn sIn2mnA

q
where [x] denotes the greatest integer less than or equal to x, T(x) = Z x(a)e < 2)
q
a=1
is the Gauss sum and e(y) = e*™¥.
Proof. See Section 3.1 of [10]. [

Lemma 2. Let q > 8 be an odd integer and x be a primitive Dirichlet
character modulo q such that x(—1) = 1. Then we have

4
3 () = " [x@)001, o) + VAL, Xx)

where x4 is the nonprincipal Dirichlet character modulo 4, x s denotes the real
primitive character modulo 8 such that x(—1) = —1 and L(s, x) denotes the
Dirichlet L-function corresponding to x.

Proof. 1t is clear that % # 5 if ¢ is an odd number. So from Lemma 1, we can
write

H

2 x(®) = il nf)l»z(m i
- T(;C) :X;Q);X(n)ZiHT > x(2n _22 S_m;(%i 1)]
zy —2(2 L(1, Yxa) ifc?n—lns_ml m(2n- >]
zy :’Z(QQ)L(LXX4 \/T—ii ( 1)[%]]7
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where X9 denotes the principal character modulo 4. It is easily to deduce that
(—1)[%] is a multiplicative function and its least period is 8. Hence, Xg(n)(—l)[%] =

X2(n)(—1) (%] is a real primitive character modulo 8, denoted it by xg(n). It is clear
that yg(—1) = —1. So we have

3 x(@ = 29 @)L ou) + VaL(L )]

This proves Lemma 2. u

Lemma 3. Let g and r be integers with ¢ > 2 and (r,q) = 1, x be a Dirichlet
character modulo q. Then we have the identities

S o= n()e

x mod g d|(q,r—1)

= u(d)e (%) ,

dlq

and

*

where Z denotes the summation over all primitive characters modulo q, and
x mod ¢

J(q) denotes the number of all primitive characters modulo q.

Proof. (See Lemma 4 of reference [11]). ]

Lemma 4. Let q be any odd integer with q > 2, x be the Dirichlet character
modulo q and x 4 be the primitive character modulo 4. Then we have the asymptotic
formula:

6)7

Mg

> e = 29
x(=1)=1

uw:

(n )

*
where Z denotes the summation over all even primitive characters modulo q.
x(=1)=1
Proof. For convenience, we put
Ay, x) = Y, x(n)m(n),
N<n<ly

where N is a parameter with ¢ < N < ¢2*+1. Then from Abel’s identity we have

7' 7' * Ay, x
E(1, ) ZXX4 k(N Z xXxa(n)7i( )+/ (y ;(X‘l)dy.

1<n<N N Yy
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Hence, we can write

Do 1L )

x(=1)=1

_ * Xxa(n1)me(n1) > Ay, Xxa)
= 2 ) I /N —p W

x(=1)=1 \1<n1 <N y

T, A
% Z XX4(n2) k(n2) / (y7;(X4) Zy
1<no <N "2 N Y
Sne s

_ Z* Z xXxa(n1)Tr(n1) Z xx4(n2) 7 (n2)
(1 (—1)=1 \1<n <N m 1<na<N "2
N Z Z xXxa(n1) (1) (/OO A(Z/,XXAL)dy)
x(—1)=1 \1<n <N m N y?
n Z Z xx4(n2)T(n2) (/OO A(Z/,)_(le)dy)
2
x(—1)= 1<n2<N "2 N Y

(y, Xx4) ) </°° Ay, xxa) )
+ DA g LD AX 4
Z (/ y? Y N y? Y
= M1 +M2+M3+M4-

We shall calculate each term in the expression (1).

(i) From Lemma 3 we have

ST oxa@= Y vl

x(—=1)=1 xxa(—1)=—1
1 *
=3 > (1= xxa(=D)xxa(a)
@ Xxa4 mod 4q
1 * 1 *
=5 > xul@-35 > xxul-a)
Xxa4 mod 4q Xxa4 mod 4q
1 4 1 4q
-5 ¥ w(W)oa-5 ¥ u(Y)ew.
d|(4¢,a—1) d|(4¢,a+1)

Hence, from (2) we can write
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_ o\ Xxa(n)7i(n1) xxa(n2)7r(ng)
M= ) > T > B e—
X(—l): 1<n1<N 1<ny<N

T (1) (N2 4q
DM ST E P
ning = d
1<n1 <N 1<ns<N d|(4¢,mna—1)
Ti(n1) Tk ng) 4q
DY >, nlyg )o@
(3) n1n2 — d
1<n1 <N 1<ns<N d|(4g,mna+1)
1 q Ti(11) Tk (n2)
=52 H (g) > e
d|4q 1<ni <N 1<na <N
nze=n1( mod d)

1 4q (1) Te(n2)

s n()o ¥y mn),
d|4q 1<n1 <N 1<no <N
ne=—ni1( mod d)

where Z/ denotes the summation over n from 1 to N such that (n,2¢) = 1.
1<n<N
For convenience, we split the sum over n; or ny into four cases: i) d < ny, ng <
N;i)d<ni<Nand1<ny <d—1;ii) 1 <ny; <d—1and d < nyg < N;iv)
1 <nq,ne <d-1. So we have

S ( ) Z Z Th n;lz.;m)

d|4q d<ni <N d<no<N
na= 7’L1( modd)
iy 4+ 1) 7(rad + 1)
k(1 1)TE\T2 2
“Yun Y Y YY) mndehnlals
d|4q 1<7’1<— 1<r2<N 11=1 lx=1

12 11( mod d)

7“1d+l1 ng—l—ll)]
<<Z¢ Z Z Z 7“1d+l1 ng—f—ll)

d|4q 1<r1<— 1<r< i hi=
¢ Tld—f— 1 ng—l—l)]E e

<& <q,

OLCED SIS SIS ;

dl4q 1<r <& 1<

4q 7 (n1) 7i(n2)
Su(F)ow) 3 5 e
dl4q d<ni <N 1<np<d—1

nge=n1( mod d)

<Y dld) > S (rmad) Tt < g

dl4q 1§7’1§N 1<ng<d-1

and
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d|4q 1<n; <d—1d<na<N

nze=ni1( mod d)

<Y odd) D > (mred) T < o

d|4q 1<n;<d-1 1§r2§%

where we have used the estimate 74 (n) < n.

For the case 1 < nj,ny < d — 1, the solution of the congruence ny = n4(

mod d) is ng = n;. Hence,

Su(M)ow ¥y mmni

Su(¥)ow Yy nnes

dldq 1<ny<d—11<np<d—1
nze=ni1( mod d)

= u <4d—q> old) Y 7’3:;)

djaq 1<np<d—1
4q > 72 n9 .
:ZM<E> o(d) Y ’“152 )+0(q )-
dl4q na=1 2
(n2,2q)=1

Since (¢,2) =1,

dl4q dlq dj4
q
=> u(2) ot = ()
dlq
So we have
1 4q / 1 1(n1)T(n2)
son (o 3 5
dl4q 1<n1 <N 1<na <N
nze=ni1( mod d)
(4) o g =
J(q 77 (n .
n=1
(n,2¢q)=1

Similarly, we can also get the estimate

1 4q / 1 1e(ny)TR(N2)
3o (ot 3 5 mmlmn)
d|4q 1<n; <N 1<na <N
ne=—n1( mod d) ( ) ( )
1 4q / 1 Tp(ny)Tr(ne
(Mot 3 5T mmmn)
d|4q 1<n; <N 1<na <N
no+ni=d
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1 4q Ti(n1) Tk ng)
s n(F)ol ¥ 3
d|4q 1<n1 <N 1<na <N
no+ni=Ild, [>2

<Y ood) > —Tk(zzkﬁdn_) n)

d|4q 1<n<d—1
2]
/ k(1)1 (ld — nq
e XY M
d|4q 1<n1§Nl:[%1]+2 1 1
®) ¢(d) k(1) 73(d — n)
<Y 0 3 e
d|4q 1<n<d-1
N+n1
o(d n§(ld = n1)* nl)
DI DD SR
dl4q 1<n1<Nl [ L]+2 Iny —
p(d n§le
gy Z Z o
dl4q ni=11=1
< ¢°.
Then from (3), (4) and (5), we have
J(q) = T(n) .
(6) Mlzg > A0
n=1
(n,2¢q)=1

(i) From Lemma 4 of [12], we have the estimate
_ k
S A 0P <y P (g),
X#X0

where x( denotes the principal character modulo g. Then from the Cauchy inequality
we can easily get

_ookie B
> AW < Y AW )| <y TP e
x(—1)=-1 X#X0

Using this estimate we have

My = Z* Z )ZX4(”;)IT/§(”1) </NOO A(Z/;/;(le)dy)

x(—1)=—1 \1<nmi <N
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1 [T
< X o TSl X Aol | d

(7) 1§n1§N XX4(—1):—1
3 k 3
0o 5 1—2/2 +€1 5

< NE/ gy« 1

N Y N2k~ €

(iii) Similar to (ii), we can also get

(8) M3 < 2

(iv) By the same argument in (ii), and noting that the absolute convergent prop-
erties of the integral we can write
>

/ A(y,;‘m)dy) (/ A(y,;om)dy)
x(~D=-1 ¥ 4 N Y

o o 1 *
< —— Ay, xxa)||A(z, xxa)|dydz
/N/NW(;) A, 20 A2, 00)|

My

=1
1
2 2

9 <1 [>1 -
©) <</N ?/N S| 2 Aol > AG xxa)l? | dydz

X47X0 X47X0
1
<[5 X Awowr) a
Ny XX47X0
> ¢(q) SR L)
< <A y1+2/2k—5dy> < N4/2k—5'

Now taking N = q2k and € < 2%, combining (1) and (6)-(9) we obtain the asymp-
totic formula

S L )P = @) i T’g(f) +O(¢f).

x(=1=1 n=1

This proves Lemma 4.

Lemma 5. Let q be any odd integer with q > 2, x be the Dirichlet character
modulo q and xg be the real primitive character modulo 8 with x(—1) = —1. Then
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we have the asymptotic formula:

* > T2 n
> Lo =a@ Y E o).
(—1)=1 n=1
=D (n,2q)=1

Proof. By using the same method as proving Lemma 4, we can also get this

Lemma. u

Lemma 6. Let q be any odd integer with q > 2, x be the Dirichlet character
modulo q, x4 be the primitive character modulo 4, x g be the real primitive character
modulo 8 with x(—1) = —1 and k > 2 be any positive integer. Then for any fixed
nonnegative integer a,b < k such that if a = 0 then b # 0 and if a = k, then
b #£ k, we have

> XH@X@)LAA, xxa) L (1, xxa) LF (1, xxs) L0 (1, xxs)
x(=1)=1

:{ 1C(a)J(q) + O(q), ifa=Db;
O(¢"), ifa#b,

— 7a(n) . n
where C(a)= Z 3 is a constant and r o ( ZTQ )xa(t)Th— a( )ng( )
n=1 tln
(n,q)=1

Proof. During the procedure of proving this lemma, we put

Aly,x) = D x(m)ra(n) and Bly,x)= > x(n)ry(n),

N<n<ly N<n<ly
where N is a parameter with ¢ < N < ¢2*+1. Then from Abel’s identity we have

L*(1, xxa) LF (1, xxs)

Z Xxa(n1)7a(ny) Z Xxs(n2)Tr—a(n2)

ny= 1 nl ng= 1 n2
=y My X [T Ay
n=1 1<n<N N Yy

Similarly, we can write

x(n)rp(n) * By, x
Lo(1 o) L0 (Loxxs) = ) / B Xy,
1<n<N N Yy
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Hence, we have

S R @X@) LA, vea) L1, ) EP (L, ) LF (1, xvs)

x(=1)=1
. Y(n1)re(n < Ay, x
qo = X vewe | Y M, [TALY,,
x(—1)=1 1<n <N ! N Y
s x(n2)ry(n2) +/ B(y;X)dy
1<ng<N ny N Yy

From the proof of Lemma 4, we know that only the term which does not contain
the infinite integral will make contribution to the main term of (10). That is,

S XX LA, vea) L1, ) LP (L, ) EF (1, xvs)

x(=1)=1

(1) ) -
- Y voe ¥y Ml o
x(1)=1 1<m <N 1<y <N 1

Then from Lemma 3, we can write

Yoo Yy X(mnz):;(if;?)rb(m)

x(=1)=1 1<n1 <N 1<n2<N
1 / 1 re(ni)rp(ng q
-5 Xy S e (§)
2 ning _ ~ d
1<n1 <N 1<ns<N d|(¢,292%m1ny—1)

D I e DF TAE W)X ¢ )

1 q ! 1 ra(ny)re(ng)
3T winin

32 1@ (g) D > p——

dlq 1<ni <N 1<na<N

2025131 ny=1( mod d)

1 q ! / ra(n1)rp(n2)
e (F) Y Y R

2 d ning

dlq 1<n1 <N 1<ne <N
2a2bnyny=—1( mod d)

(12)

where Z/ denotes the summation over all integers n with (n,q) =1 and 1 <
1<n<N
n < N. Now we study the first summation in (12).
() If b > a, we split the sum over n; or ny into following four cases:

(i) d<ni <N and 5 <ny < N;
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(ii) d<n1<Nand1<n2<L—1;
(111)1<n1<d—1and — < ng < N;

(iv) lgnlgd—landlgnggy)—_a—l.

dapn If b < a, we split the sum over n; or ng into following cases:
(i) d <ng < N and 2a 2. <n; <N,

(if) d<n2<Nand1<n1<%—1;

(iii) 1 <my <d-—1 and 2a 2+ <n; <N;

(iv) 1<mpy<d—1land1<n <55 — 1.

By using the same method as proving Lemma 4, we know that the main term
of (12) will be
sxn@e(d) X% 1 relnle)

dlq 1<n1 <d—11<n,< 24—
=2 =5

Qa2bﬁ1n251( mod d)

& b—a
= %dz“ @9 (3) nzl e Qb?jig”(”) +O(g), if b>a
“ (nzz,q) 1
or
1 q a(n1)rp(ng
5 M(d)¢ (E) Z Z ning )
d|q 13”13211— _11<ne<d-1
(13) szbﬁlngfl( mod d)
I @ (l) Yo T oy, i <
2 dlq n1=1 2°~bnf 7
(n1,9)=1

In fact, noting that r,(n;) < n{ we have the estimates, for case I) b > a,

q / 1 re(ng)ry(ne)
Z H (d) ¢(d) Z Z ning
d|q d<n; < <N L <no<N
2b—ap,= n1( mod d)
In~' ra(rid+1)ry(rad + lo)
d
<2 9(d) (rd+11)(ra2d + o)

— [(r1d + 1) (rad + 1))
<Y ¢(d) (rid + 1) (rod + 1)
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< Z ¢(d Z 3 [(rd + 1)1(:22d +1)|°

dlq 1<m< S 1<, <2y
<,
q / 1 re(ni)re(ng)
donly)e@ > > oo
ning
dlq dSmSngngngi -1

2b=any=ny( mod d)

< Z ¢(d) Z Z (Tlngd)E_I

dlq 1<m < B 1<ny <t -1
<,
q ' 1 ra(ni)re(ng)
2omlg)o@ > . T
ning
dlq 1Smi<d—1 —do<ny <N

2b=any=ny( mod d)

<Y dla) N ST (rd) T < ¢f

dlq 1<n;<d-1 1<ro< ob—apn
- = d
and 1
q / / ra(ny)rp(ng
Tuas(y) Y MO e
ning
dlq 1<ni <N 1<na<N

202533 n9=—1( mod d)
which can be deduced by same argument in (5). For case II) b < a, the same
estimations can be obtained similarly.
Noting that 7,(n) = r3(n) = 0 if 2|n, we can conclude that

oo (f) Xy o i s

<n;<d— d
dlq 1<n; <d-1 1<na< % —

Qa2bﬁ1n251( mod d)

Ie(t) XY sy,

d|q 13”13211— _11<ne<d-1
Qa2bﬁ1n251( mod d)

Hence, from (10), (11), (12), (13) and (14) we have

or

Z* X)X (2) L1, xxa) L (L, xxa) LF (1, xxs) LF (1, xxs)
x(—1)=1

Z ra O(¢9), if a=b;

(n‘J) 1

L\:)I»—A

O(q%), if a #b.
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© 2
. ra(n) . .
Since r4(n) < nf, Z % is convergent. This proves Lemma 6.
n=1
(n,q)=1

Lemma 7. Let r(n) = ZX4(1§)X8 (?) then we have

tln
= r2(n)  wt 1 2 2
= — 1 —_— — 1 .
Z: n? 96H< p4> 11 ( +p2—1>
n=1 plg g
(n,q)=1 p=1,7( mod 8)

Proof. Noting that xs(n) = x4(n)xs(n), where x5(n) is another real primitive
character modulo 8 such that x5(—1) = 1, we can write

rn) =Y vl () %6 (5) = at) S xko).
tin tin

Since

) 1 if n=1,7( mod 8);
xs(n) =

-1 if n=3,5( mod 8),

from Euler product formula we can write

(9 = (1 -
4

Let

It is clear that
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That is,

So from (15), we have

oo r2(n 1 1+ Lz
anl(n,q)il n(Q) = H 1— L H (1 _ 5)3
plq p! plq p?
p=3,5( mod 8) p=1,7( mod 8)
2
(1 + #)
- H _ L H (1—L)2
p@q pt f p?

p=1,7( mod 8)

() I ()

g
p=1,7( mod 8)

H(5) I ()

g
p=1,7( mod 8)

where we have used the fact ((4) = 90 This proves Lemma 7. ]

3. PROOFS OF THE THEOREMS
In this section, we will complete the proofs of the theorems.

Proof of Theorem 1. Note that |7(x)| = /g if X is a primitive character modulo
q. So from Lemma 2, we can write

2k
> x@
X(—l)fl a<i
4k 2%k Z ‘ 1 )_(X4) + \/§L(17)_(X8) 3

x(=1)=

4k 2k Z

=1

-y () ()

i=0 j=0

2
( )-Z‘<2>LZ‘<1,>-<X4>ﬁ’”L’f-f<1,>zx8>
1

=
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< 3 x L', xxa) L7 (1, xoa) L7 (1, xoxs) L7 (1, xxs)
x(—1)=1
k
q * _ * _
= o Z |L(1, xxa)|?* + 2° Z |L(1, xxs)|**
x(—1)=1 xX(—1)=1
k—1k—1 ke
—i—j
PHNE ( )()
=1 j=1
1 (1 L1 L1
X Z LH(1, xxa) L7 (1, xoxa) L7 (1, xxs) LF 77 (1, xxs)
x(—1)=1
(16) k ok—i [k * . . .
+y V2 J() > X @L (1, xxa) L (1, xxs) L (1, xxs)
i=1 I (D=1
SN il @)L (L 00 I k—j
+y V2 ; (2)L7(1, xxa) L7 (1, xxa) L™ 7 (1, xxs)
j=0
- 2k—i (k i k k—ifq o
+y V2 ; 2)L*(1, xxa) L™ (1, xxs) L™ (1, Xxs)

k—1 ) . . . .
+Z\/§k"‘ (f) Z X1(2)Xk(2)[’1(15XX4)Lk(1aXX4)Lk_IL(1aXX8)> .
i=0 x(—1)=1

From Lemma 6 and (16), we can easily get

2k

S S -8y e i),

x(=1)=1 |a<$

o0 2
re(n) . .
where C; = Z # is a constant related to 7,
n=1 n
(n,2q)=1

ri(n) = mi(t)xa ()7 (9 Xs @)

tln
for 1 <4 < k and ro(n) = v27(n), 7x(n) = 7x(n). This proves Theorem 1.

Proof of Theorem 2. Putting k = 2, combining Lemma 4, Lemma 5, Lemma 6
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and Lemma 7, after some simple calculation we have
4
> |2 x@
x(=1)=1 |a<$

2

q * _ * _
T oLl +4 > 1L, )l

x(—1)=1 x(—1)=1
+8 Z L(1, xxa)L(1, xxa)L(1, Xxs)L(1, xxs)
x(—1)=
+2 Z 2)L(1, xx4)L*(1, Xxs)
x(—1)=
+4v/2 Z X(2)L(1, xxa) L (1, Xxs) L(1, xxs)
x(— 1)
+2 377 @)L xxa) L1, xxs)
x(—1)=
+2v/2 Z L(1, xxa)L(L, xxa)L(1, xxs)
x(—1)=1
+4v2 ) T R(2)L(L, xxa) L1, Xxs) L2 (1, xxs)
x(—1)=1
+2v2 ) T x(2)L(L, xxa) L (1, xxa) L(L, Xxs)
x(=1)=1
+4 Z 2(1, xxa) L*(1, xxs)
x(—1)=
2 2
_q*J(9) 1 2
T 384 H(l pt H 1+p2—1
plg g

p=1,7( mod 8)

27 11 (* —1)°

<7 ) O 2+4€ .
32 | pr(p? +1) +0(@™)
plg

This proves Theorem 2.
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