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ON A CLASS OF VERTEX OPERATOR ALGEBRAS
HAVING A FAITHFUL 5,,+1-ACTION

Ching-Hung Lam and Shinya Sakuma

Abstract. By using the lattice VOA V 5, , we construct a class of vertex

operator algebras {M(")|n =2,3,4, ...} as coset subalgebras. We show that
the VOA M = M (") is generated by its weight 2 subspace and the symmetric
group Sy, 11, which is isomorphic to the Weyl group W (A,,) of the root system
of type A,, acts faithfully on M. Moreover, some irreducible modules of M
are constructed using the coset construction.

1. INTRODUCTION

Let A,, be a rank n root lattice of type A. It was shown in Dong et al. [4]
that the Virasoro element w of the lattice vertex operator algebra (VOA) V 5,
can be decomposed into a sum of n + 1 mutually orthogonal conformal vectors «/,
1 <i<n+1 and the central charge c; of the conformal vector «' is given by

¢;i=1-6/(i+2)(:+3) forl1<i<n and cu41 =2n/(n+3).

In other words, the lattice vertex operator algebra V 5, ~contains a subalgebra
T = T,, which is isomorphic to the tensor product of n + 1 simple Virasoro VOAs
@4 L(c;, 0). Moreover, V. /3, is a direct sum of irreducible T'-submodules.

Note that ¢; =1 —6/(i + 2)(i + 3) for 1 < i < n are members of the unitary
series and ¢y is the central charge of the parafermion algebra. In fact, it was
shown in [20] (see also [1]) that the conformal vector w™ ! actually corresponds
to a coset subalgebra isomorphic to the parafermion algebra W,,11(2n/(n + 3))
inside V 5, . In addition, the complete decomposition of V5, as a direct sum
of irreducible modules of

W = L(¢1,0) ® L(c2,0) ® - - - ® L(cp, 0) @ Wi1(2n/(n + 3))
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is obtained.

For small n dividing 24, namely, n = 1, 2, 3, 4, there are evidences to show that
the parafermion algebra W,,1(2n/(n + 3)) is actually contained in the Moonshine
vertex operator algebra V¥ and the Z, -symmetry of W, 1(2n/(n + 3)) will
induce an automorphism of order n + 1 on V¥ , which should correspond to the
2A,3A,4A and 5A elements of the Monster [13, 15, 16, 21, 24]. On the other
hand, by using pure group theory, Glauberman and Norton [9] observed that there
are some interesting relations between the centralizers of the 24,3A4,4A and 5A
elements of the Monster simple group with the Weyl group of the type Aj, Ao, A3
and A4, respectively.

In this article, we shall study the commutant (or coset) subalgebra

) 2n
M ):{veVﬁAn\ukv:OforallkZOanduGWnH <n+3>}

of Wy1(2n/(n+3)) in V 5, . As our main result, we shall show that the VOA
M = M®™ is generated by its weight 2 subspace and the Weyl group W (A,)
(2 Sp41) acts faithfully on M. Moreover, some irreducible modules of M will be
constructed using the coset construction.

We shall note that for any n dividing 24, the tensor product VOA M®24/" can
be embedded into the orbifold VOA V", where V! is the fixed point subspace
of the Leech lattice VOA V), associated with the automorphism 6 induced by the
isometry o — —a for & € A (cf. [4, 13]). Hence M®2*/™ is also contained in
the famous Moonshine VOA V. With respect to a suitable embedding, we believe
that the S, 1-action on M can actually be lifted to some automorphism subgroup
of V4, which is in fact the main motivation for the present work.

2. CONFORMAL VECTORS IN THE LATTICE VOA V. VIA
n

In this section, we review the construction of certain conformal vectors in V. BA,
from [4]. First we shall consider a chain of root systems

=0, 0P, 1D---D Py

such that ®; is a root system of type 4;. Let <I>Z7L be a set of all positive roots in ®;
and let ¢, = —<I>Z7L be the set of all negative roots in ®;. Then we have

;= UD; = U(-D)).

For any i = 1,2, ..., n, define

"= gy X (et )
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and .
= a(-1)%-1.
21T 2
(n ) aE‘P:
It was shown by Dong et al. [4] that w is the Virasoro element of V 5, and
the elements

(2.1) wl =st, wi=st -5t 2 <i <, Wl = — "

are mutually orthogonal conformal vectors in V, 5, . Moreover, the central charges
c(w?) of w' are given by
~ 6
c(w)y=1— ———++— for 1 <¢ <mn,
(i +2)(i+3)

and
2n

n+3

Note that ¢; = c(w?), 1 < i < n, are members of the unitary series and ¢, 1
is the central charge of the parafermion algebra. In fact, it was shown in [20]
that V 5, ~actually contains a subalgebra isomorphic to the parafermion algebra
Wit1(2n/(n+ 3)). Moreover, we have the following decomposition.

Theorem 2.1. ([20]). As a module of L(¢1,0)®- - -® L(cp, 0) @ Wy 11(2n/(n+

c(w”“) =

3)),
Viaa,
(22) 0<k;<j+1,
j=0,...,n
k]-EO mod 2

L(ci, h/1g0+1,k1+1) ® - ® L(cn, th_1+1,kn+1) ® Wit1(0, kn),
where Wy, 11(0, k) are irreducible Wy, +1(2n/(n+ 3))-submodules (see Section 3.2
for the definition) and
[r(m+3)—sm+2)) -1
4(m+2)(m+3)
foranyl1 <r<m+1,1<s<m+42

m __
h‘r,s -

In this article, we are interested in the commutant subalgebra of the parafermion
algebra Wy, 1(2n/(n+3)) in V 5, , that is the commutant subalgebra

n+3
= @ L(Clvhllﬁo-l—l,/ﬂ-l—l)®"'®L(Cn7hzn—1+1,1)'

0<k; <j+1,
Jj=0,....,n—1
k]-EO mod 2

2
M:{veVﬁAn\ukv:OforallkZOandueWn+1< a )}
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Remark 2.2. Note that the Weyl group W (A,) of the root system A, in-
duces a natural action on the lattice VOA V, 5, . By our construction (cf. [20]),
the parafermion algebra W,,11(2n/(n + 3)) is actually fixed under the action of
W(A,)(= Sp+1) and the commutant algebra M is W (A,,)-invariant.

3. CONSTRUCTION OF IRREDUCIBLE MODULES FOR M

In this section, we shall construct some irreducible modules for M using the
lattice VOA V5, . First we shall recall certain arguments used in Lam and Ya-
mada [20].

3.1. GKO construction of unitary Virasoro VOA

We shall first review the famous GKO construction for unitary Virasoro vertex
operator algebras. We shall also study a certain decomposition of the lattice vertex
operator algebra V) »+1 and its relation with the lattice VOA V 5, .

Let g be the Lie algebra slo(C) with generators e, f, a such that [e, f] = «,
[, €] = 2e, [, f] = —2f and g = sl2(C) ® C[t, '] ® Cc® Cd the corresponding
affine Lie algebra of type A(ll). We shall denote § = [g, §] = sl2(C)RC|[t, @ Ce.
For any g-module M, x € g and m € Z, we denote the action of z ® ¢ on M by
x(m) and identify g ® t° with g. Let Ag = d and Ay = d + %a be the fundamental
weights for g. Then the dominant integral weights of g for which d vanishes are
given by

1
P+:{(m—j)Ao+jA1:md+§ja

meZ+,jeZ+U{0},jSm}.

Let £L(m,j) = L((m — j)Ao+ jA1) be the irreducible highest weight module of g
of weight (m — j)Ao + jA1 € Py. By the Sugawara construction, £(m, j) has a
natural Virasoro action given by the operators

1
Lym =—— — cal(—j)alk+7) :
k 4(m+2)z a(—j)a(k+j)
JEZL
1
— re(=g)flk+7):+: f(—=j)e(k+7):
+2(m+2)2( e(=j)f(k+j):+: f(=fe(k+4) 1)
JEZ
with central charge 3m/(m + 2), where : : denotes the normal ordered product.

Let £(A) and L£(A’) be two integrable highest weight representations of g with
level 1 and m respectively. Then § @ § acts on the tensor product L(A) @ L(A) by

(z(m) ®y(n))(v @ w) = (z(m)v) ©w +v & (y(n)w),
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for any z(n), y(m) € g and veow € L(A)@L(A'). Now let L = L' @1+10 L™
be an operator on £(A) ® L£(A’). Then L}, k € Z, form a representation of the
Virasoro algebra with central charge 1+ 3m/(m + 2) on L(A) ® L(A). On the
other hand, g acts on £(A) ® L(A’) by the diagonal action

z(n)(v@w) = (z(n)v) @w +v & (x(n)w),

for any z(n) € gand v@w € L(A)®L(A’). This gives a level m+1 representation
of g and the Sugawara operators Lg’mﬂ form the Virasoro algebra on L(A) @ L(A')
with central charge 3(m + 1)/(m + 3). Let L, = L} — Lg’mﬂ. It is well known
(cf. [8, 11]) that Lg, k € Z, commute with the diagonal Virasoro operators Lgmtt
for all n € Z and they give rise to a representation the Virasoro algebra Vir =
@D.,.cz CL,®Ccon L(A)®L(A") with central charge ¢,,, = 1—6/(m + 2)(m + 3).
Moreover, L(A) ® L(A) is completely reducible as a module of Vir @ g.

By using the theory of character, the explicit decomposition of £(A) @ L(A)
as a Vir @ g-module is known [8, 11, 25]. It is given by

E(m,n)@ﬁ(l,e) = @ L(Cm,h;n+1’s+1)®£(m+1,8)

0<s<n
s=n-+e mod 2

b @ L(Cm7 h%—n—l—l,m—l&—s) ® E(m + 17 3)

(3.1)
n+1<s<m+1
s=n-+e€ mod 2

— @ L(cm, B 641) ® L(m+1,s),

0<s<m+1
s=n-+e mod 2

forany e =0,1,and 0 < n < m.

Let A" =Za ®Za' @ - - - & Za™ be the orthogonal sum of n+ 1 copies of
Ay and V)4 n+1 the lattice vertex operator algebra associated with the lattice AL
Then we have

VA1n+1 2V Q- @V 2L(1,00®---®L(1,0)
as a vertex operator algebra and
Va2 L(1,00) @+ L(1,00)

as a module of £(1,0)®---® L(1,0), where a = (ag, a1, . . .,a,) € {0,1}"*! and
Ya = 5 Do Gict'.

For each 0 < j < n+1, let HI = (1)1 + --- + of(=1)1, BJ = ¢’ +
oot e and FV = e +... 4 e Then spanc{H7, B4 FJ} forms a simple
Lie algebra slz(C) inside the weight one space of V m+1 under the 0-th product,
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ie., [z,y] = woy for z,y € (V m+1)1. Moreover, { H/, B9, F7} generates a simple
VOA L(j + 1,0) of level j + 1 and the Virasoro elements of £(j + 1,0) is given
by
, 1
U = 7< Hj_lHj—i—Ej FI 4+ F7 Ej>
2(j +3)

= 31+3 gz 1+l > aP(-1)a(-1)1

O<p, q<j
PF#q

+2 Z e’ o

0<p, q<j
PF#q

and the central charges of €/ is 3(j +1)/(j + 3) [2, 6]. On the other hand, the
Virasoro element of the lattice SubVOA Vs (= Vg, ) is given by a7 (—1)%1. By
using the GKO construction, @/ = 2a/(—1)%- 14 Q=1 — () generates a Virasoro
subVOA L(c;, 0) with central charge ¢; =1—6/(j+2)(j+3). Thus by induction,
we have the following theorem.

Lemma 3.1. [cf. [11, 18, 25]] The lattice VOA V 4 n+1 contains a subVOA
isomorphic to U = L(c1,0) ® L(c2,0) ® - - - ® L(cp,0) @ L(n + 1,0). Moreover,

V’Ya +A;n !

- @

0<k; <j+1,
Jj=0,...,n
k]-Eb]- mod 2

L(Clv h‘/lﬁo—l—l,kl—f—l) Q- ® L(CTM hzn_1+1,kn+1) ® ‘C(n + 17 kn)
as a U-module for any a = (ag, ay, . ..,an) € {0,1}"*L, where b; = Z?:o a;.
3.2. A construction of parafermion algebras and their modules

Now let us recall a construction of parafermion algebras from [2]. We shall
then use this construction to obtain decompositions for irreducible V. 5, -modules
with respect to the subalgebra

W = L(c1,0) ® L(c2,0) ® - - - @ L(¢p, 0) @ W41 (2n/(n + 3)).

Recall that H" = a®(=1)1 4 --- + a™(=1)1, E" = ¢®" 4+ ...+ ¢, and F" =
e e generate a subVOA isomorphic to a level n + 1 representation
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L(n+1,0) (cf. [2]). Lety =a®+---+a" Then y(—1)1 = H" and it is easy

to check that .

V= —— (E")"E".
€ (n n 1)'( —1)
Thus £(n + 1, 0) contains a subalgebra isomorphic to the lattice VOA V7.
Let W41 = {v € L(n+1,0)| upv = 0 for all u € V7, and n > 0} be the
commutant subalgebra of Vz, in L(n 4+ 1,0). Then, for any 1 < j < n+ 1,
L(n+1,j)is a Vz, ® W,41-module.

Now let
2n—+1

Lin+1,5)= P Vayryory @ Waia (4, )
s=0

be the decomposition of £(n + 1, j) as Vz, ® W, 1-modules. It is shown in [2]
that

Wit1(j,s) =0 ifj+s=1 mod?2

and

sy ® Wo1(7, 29) if j is even,

n
@ Viy+
s=0

32 Ln+1,5)=3
P Ve s 2o @ Wi (25 +1) if j is odd.
s=0

2(nt1) |

Proposition 3.2. [cf. Dong-Lepowsky [2]] Al W,11(j,s), 0 < j<n+1,
0<s<2n+1, j=s mod 2, are irreducible W, 1-modules.

Let N = spang{—a’ + o', —a! + a?,..., ="t +a"} C A", v =
a4+ +a"and n = 47(—a® — - —a""! +na™). Then N is isomorphic to
V/2A,, and the dual lattice of N is

N ={x € Q®z N|(z,y) € Z forally € N}
1

—(4}).

)

Note that (N,~) =0, |[N*/N| =2"-(n+ 1) and n + N is a generator of the
quotient group 2N*/N. In addition, we have the following lemma.

~

Lemma 3.3. Let a = (ag,...,a,) € {0,1}"! be a binary word. We shall

denote
n

1< A 1 A
Ya =5 E a;o  and B, = 5 E a;(a' —am).
i=0

=0
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Then we have

7a+A1n+1
U{(ﬁa+sn+N)+<jv+Zv>} if |l is even,
s=0
" 25+ 1 25+ 1
5 N T N+ Z ' s odd,
Uo{@ Ertren )+ (gt m)| vl

where |a| = > 7" a; is the weight of the binary word a.

Proof. First we shall show that

n+1
A= U{sn+N <?w+zy>}:A1 +1

Clearly, A is closed under addition and it forms a sublattice of A;""!. Note
also that

n

1 n—s A
n5:n+1<—32a’+(n+1—3) Z a’)esn—i—N

i=0 i=n+l—s
and
n+ Z o'
i=n+1—s
Hence, A contains all o for i =0, ...,n and thus A = A;" L.

Now let a = (ag, . . .,a,) € {0,1}""1. Then
- |

1 - i 1 % n ‘a’ n
5280404 25204‘(06 -« )—1—704
i=

=0

:ﬁa"f";i‘an

|‘1| n+1

If |a| is even, then F'a”™ is in A;""" and thus we have

n

Yo+ A" = {(ﬁa+sn+N)+ (—%LZv)}

s=0 +1

If |a| is odd, then v, + A" "' = (8, + &) + A", On the other hand,

o™ 1 1

on+1)
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and thus
n
25s+1 25s+1
At = N 7+ 7Z
Yo + Al on{<ﬁa+ 5+ >+<2(n+1)7+ v)}
when |al is odd. |

As a corollary of Lemma 3.3, we have the following proposition.

Proposition 3.4. Let 6 = (8o, 01,...,0n—1) € Z5 and denote

1
Bs = 5 Z(Si(a’ —a")
=0
Then, for any s =0,...,n, we have the following decompositions:
Vis+sn+N

(3.3) 0<k; <j+1,

j=0,...,.n

k]- Eb]' mod 2

L(et, gyt g 41) @ == @ Leny B 41 g 41) © Wit (K, 25),
where b; = Zgzoéjforj =0,1,,....,n—1 and

) 0] if 6| is even,
"L 161 +1 if10] is odd.

and
Vﬂa—l—%’—ln—kN
(3.4 - 0<l§<9j+1,
K)=d, med
Lct, Phg 1 gy 1) © - @ L(en, B 1 pi1) © Wt (o, 25+ 1),
where dj = b; = Zgzoéjforj =0,1,,...,n—1 and
|0 +1 if |0] is even,
" { 161 if 16] is odd.

Proof. For § = (dg,...,0n—1) € Z, denote

5 (60y .-y 0p—1,0) if |J] is even,
| B0,y 801, 1) if]0] is odd.
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Then 4 is always even and § = § + (0,...,0,1) is always odd. Thus, by Lemma
3.3, we have

n

vi+ A = 3 Bs+ s+ N) + [ vy + 2y
n+1

s=0
and
n
2s+1 2s+1
s+ A = N N4+ 7
L SUO{(@; N )+ (g ) )
Note that 35 = 8; = 3; and we have

n

Vigran = @ (Vﬂs-l—sn-i—N V. +1'y+Z'y>

s=0
and
n
VW;+A1"+1 - @ (Vﬁa-l-%'—ln-l—]\f ® V;2?2+11)7+ZW> )
s=0
Now by Lemma 3.1 and (3.2), we immediately have the desired results. ]

Let1=(1,1,...,1) € Z3™. Then

and we have

ﬁl—i—a‘f’N:ﬁa‘f’ﬁl‘f’N:ﬁa

for any a = (ag,...,a,) € Z’;H. Hence we have

Yay1 + A"

n
25s—n—1 . .
(3.5) U{(ﬁa—i—Tn—i—N)—f—(?fy—i—ny)} if |a+1]is even,

s=0

U{(ﬁa n+N>+<2?ZE)y+Zy>} if |a+1] is odd.

s=0

Proposition 3.5. Let0<j<n+1and0<s<2n+ 1. Then we have

Wit1(j, 8) = Wopa(n+1—14,5)
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as a W, 41-module, where s' = s +n+1 mod 2(n+ 1).

Proof. For 0 < j <n+1, define a = (ag, ..., a,) € Z3™ by

1 ifi <y,
a; =
0 otherwise.

Then by Lemma 3.3 and (3.5), we have

Viutgn+n
= @ L(Clv hllco-f—l,kl—f—l) O L(Cm hzn_1+1,kn+1) ® Wht (kn, 8),

0<ky<l+1,
£=0,...,n
kp=by mod 2

and

Voarsip=tysn

~ 1 n / /

= D Ll ©© Llen bl ) © W (),
OSRZSZ-&-L

£=0,...,n
k!’ =b/ mod 2

=L
for any 0 < 5,58 < 2n + 1, where by = Zf:oaz‘ for £ =0,1,,...,n and b, =
£+ 1— by
Now suppose s = s' —n —1 mod 2(n+ 1). Then we have

Viutgn+n

@ L(Clv h/1€o+1,k1+1) Q- & L(C”’ hzn—l-f-l,kn-f—l) ® W”‘H(k”’ 8)’

0<ky<fl+1,
£=0,...,n
ky=by mod 2

I

~ 1 n / /
= @ Ley, hk6+1,kg+1) ® - @ L(cy, hk;l_1+1,k;l+1) ® Whaa(ky, 8).
OSRZSZ-&-L

£=0,...,n

kézb% mod 2

Note that h;""s = Ay o 45 for any m,r and s and we have

hé/ / - hz ’ / .
ARES NS (0K, )+1,(6+1—k))+1

Recall that
ky=by=0+1—-0b;, mod 2.
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Hence, we have
C+1—ky=(L+1)—(+1)+b=b; mod 2
and

Vﬂa‘f’ %77+N

@ L(Clv h/1€o+1,k1+1) Q- L(C”’ hzn—l-f-l,kn-l—l) ® W”‘H (k”’ 8)’

0<ky<l+1,
£=0,...,n
ky=by mod 2

I

= (D Lier, My 1) © 4 Llens B,y 01) © Wanpa (41— b, ).

0<ky<l+1,
£=0,...,n
ky=by mod 2

Therefore, Wy, 11(j, 8) & Wyi1(n+ 1 —j,s") as desired. |

Next we shall construct some irreducible modules for the coset algebra

2n
M:M(n):{veVﬁAn‘unv:OforalanOanduGWn+1 <n+3)}'

Note that M is also contained in the lattice VOA V4 n+1 and we have
M ={v eV, Qytte =0}

= B Ll b)) © - ® Llca, b1,

where Q"1 is the Virasoro element of the VOA L(n +1,0).
Definition 3.6. For any 0 = (dp,...,0,—1) € Z5 and 0 < k < n + 1, denote

5 — (60y -y 0p—1,0) if || =k mod 2,
(507---7571—171) lf‘é‘Ek‘—l-l mod 2.

We define

(QF1)u =0 for all > 2, (E™)ou =0 }

and (Q"1)u = igﬁig%u

M(S(k) — {u c V’Y§/+A1n+1
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In other words, M?(k) corresponds to the multiplicity of £(n+ 1, k) in VoA
and hence we have

M (k)

D

L(Clv h/1c0+1,k1+1) Q- ® L(Cnv hzn_1+1,k+1)v

Wherebj:Zgzoéj,jzo,...,n—l.

By using the similar argument as Proposition 3.5, we also have the following
theorem.

Theorem 3.7. Let 1 = (1,...,1) € Z5. For any § = (d¢,...,0n—1) € Z§
and 0 <k <n+ 1, we have M°(k) = Mt (n + 1 — k).

Proof. By using Lemma 3.1, (3.2) and Lemma 3.3, it is clear that

Vistznin = 6D MO(k) @ Wi (k, 9),

0<k<n+1
k=smod 2

for any 0 < s < 2n + 1, where 35 = % Z;ZOI di(a; — a). On the other hand,

Vﬂé+1+%77+N :Vﬂﬁ_—s—g_l n+N

> P M(k)@Wnia(k,s")
0<k<n+1
k=s' mod 2

where 0 < 5" <2n+1and s" =s—n—1 mod 2(n+ 1). Thus

Vﬂé+1+%¢7+N = @ M6+1(k/) ® Wn+1(k/7 8)7
0<k/<n+1
k’=smod 2

B M(k) @ Whialk,s").

0<k<n+1
k=s' mod 2

I

Since Wy, 11 (K, 8) = Wyy1(n+ 1 — K, "), we have MO+L(K') = MO(k) if k =
n+1—k and thus M%(k) = Mot (n 4+ 1 — k) as desired. ]

3.3. Inequivalence of Irreducible modules

In this section, we shall show that M?°(k) and M (¢) are inequivalent except
for the cases:
Md=candk=¢ and R)d=c+1landk=n+1-"1
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First we shall recall that for any 0 € Z5 and 1 <k <n +1,

M°(k) = {u €Vt

Q)0 =0 for all i > 2, (E™)ou =0
k(k+2 )
and (Q"+1)ju = 4En13%u

where ¢’ is defined by

. (00, .--,0n—1,0) if |0| =k mod 2,
(507---7571—171) lf‘é‘Ek‘—l-l mod 2,

and v, = 3 Y1, a;a for any a = (ap, ..., a,) € /SRS
Lemma 3.8. For any § = (0¢,...,0n—1) € Z5 and 0 < k < n+ 1, we have

(3.2) M(k)= @ M°(K)® Licn, hjsyy ),
0<k/<n
k’=bmod 2

where b= """ 6; and & = (dp, - . ., Op_2).
Proof. First we shall note that
Vigtarmtt = Vaspam @ Vig ona,-
By the definition of M?(k), we also have

Voar® @ M) LK)
0<k/<n
k’=b mod 2
Moreover, we have
L, K)@L(1,8)= @ Llcn by o) @ L(n+1,5).
0<s<n+1

s=k’+6’ mod 2

Hence,

V’Y§/+A1 n+l

= @ @ M(S(k/) ® L(Cnv hz/+1,3+1) & E(n + 1, 8)

0<s<n+1 0<k/<n
s=k/+5’ mod 2 k/’=b mod 2

and we have
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M°(k) = @ M°(K') @ L(cp, hjyq jyr),
0<k/<n
k’22b mod 2

as required. ]

Theorem 3.9. Let §,0 € Z§ and 0 < k,¢ < n + 1. Suppose that MO(k) =
M?(¢). Then we have either (1) k = { and 6 = o or (2) k =n+1— /¢ and
0=0c+1.

Proof.  We shall prove the theorem by induction on n. For n = 1, M) =
L(1/2,0). The theorem clearly holds. The case for n = 2 has also been proved in
[19].

Now let n > 2 and denote b = 7"/ §; and ¢ = 31" ;. Since M (k) =
M?(¢), by the previous lemma, for any 0 < ¥ < n with ¥’ = b mod 2, there is
0 < ¢ <n with ¢ = ¢ mod 2 such that

MO(K) = MO(¢)  and  hjjyq gt = hpor e

~ Since n > 3, there is &’ such that k" # n —&’. For such a k', we have either (1)
d=cand V' =k #n—kK or(2)d =5+ 1 and £ = n — k' # k' by the induction
hypothesis.

Casel. d=cand V' =k #n—k.
In this case, b = k' = ¢/ = ¢ mod 2 and thus § = 0. Moreover,hy,
hp 1041 and k' = £ implies k = £.

+1,k+1 —

Case2. 0=c+1and V' =n—k #Fk.
In this case, we have hyy, g vy = hyy_pyq oy and thus £ = n+1—k. Moreover,
k' =n—/¢=n-+c mod 2. Thus,

n—1 n—1
b:Z(Si En—I—ZJZ‘ mod 2
i=0 i=0
—2

and we have 0,1 = 0p,—1 + 1 mod 2 and 6 = o + 1. Note that Yoty O
Z?;gai—i—n—l mod 2as 0 =0 + 1.

We believe that M?(k)’s are all the irreducible modules for M and end this
section with the following conjecture.

Conjecture 3.10. When n is an even integer,

{(M°(2k)| 6 € 25,0 <2k <n+1}
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is a complete set of all inequivalent irreducible modules for M. On the other hand,
if n is odd, then

{M°(k)|0< k <n+1,6 € Z} with |§| = k mod 2}

is a complete set of all inequivalent irreducible modules for M.

4. THE SYMMETRIC GROUP S, 41 AND AUTOMORPHISMS OF M

In this section, we shall discuss the automorphisms of M. We shall show that
the Weyl group W (A, )(2 S,,+1) acts faithfully on M and the VOA M is generated
by its weight 2 subspace.

4.1. The action of W (A,) on M

Let A;"" = Za® @ Za! @ - - @ Za™ be the orthogonal sum of n + 1 copies
of A;. Denote

N =spang{—a’+al, —a' + a2, ..., —a" ' +a"}
and A ,
(o — o
@:{M 0§’i<j§n}.
V2

Then N is isomorphic to the lattice v/2A4,, and ® is a root system of type A,.

Let S,.1 be the symmetry group on the set {a°, al,...,a"}. Then S,
acts naturally on & and N. Actually, S, is exactly the Weyl group of ¢ and
Sp41 = W(®) = W(A,). Note that the action of S, 41 on N also induces an
action on the lattice VOA V) by defining

o (B1(—i1)Ba(—iz) - - - Br(—ix) ® €°)
=(0B1)(—i1)(052)(—ia) - - (0 Br) (—ir) @ 7

for any o € Sn+1 and ﬁl(—’il)ﬁg(—’ig) .- ﬁk(—lk) & = V.

Lemma 4.1. For any o € S,41 and uw € M, we have ou € M. Hence M is
Spt1-invariant and S, +1 acts on M.

Proof. Recall that

n+3

2
M:{vevﬁAn ukv:OforallchOandueWnH( " )}

:{v € VﬁAn\w?Hu:O},



VOA Having a Faithful S,,41-action 2481

where

1
nt+l _ -1 2_1_2 V2a —2a
w w 72(12 +3) aegq>+ (a( ) (e +e ))

e 2w+ Z (eﬁo‘ —|—e_\/§°‘)

n+3 o

Note that w"*! is fixed by S,,;1 and thus for any o € S,,;1 and u € M, we have
W (ou) = (ow™ ™)1 (ou) = o (W) = 0.
Hence, ou € M. [ |
Next we shall consider certain conformal vectors of central charge 1/2 in M.

Lemma 4.2. For any o € ®, define

1 1
w(a) = ga(—1)2 -1 - Z(eﬁo‘ + eﬁo‘).

Then w(«) is a conformal vector of central charge 1/2 in M.

Proof. Since (v2a, v/2a) = 4, it is well known (cf. [5, 23]) that

1 1
wla) = ga(-1)*-1 - Z(eﬂa +eV2)

is a conformal vector of central charge 1/2. In addition,

wiTlw(a) = (W, w(a))

:m@w £ (@ 1) a1 1 (@2 4 )
Bedt
11,

Hence w"*! and w(a) are mutually orthogonal. Thus w!*'w(a) = 0 and w(a) €
M. |

Proposition 4.3. For n > 2, the action of S,+1 on M is faithful and hence
Aut M contains a subgroup isomorphic to S 1.

Proof. By the previous lemma, the set {w(a)|a € ®T} is contained in M.
Moreover, it is clear that o(w(a)) = w(oa) for any o € &' and o € S, 1. Note
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that w(a) = w(—a) and we shall identify oo with —o« if ca € @~ Since Sy, 11
acts faithfully on ®, using the above identification, the action of S, ;1 on ® is
still faithful for n > 2. Hence the action of S, 11 on M is also faithful. [ |

Next we shall show that M is generated by {w(a)|a € &}
Lemma 4.4. For any n > 1, dim My = n(n+1)/2.

Proof. First we shall recall that

M = M(n) = @ L(Cl7 h/%:o-f—l,/ﬁ-f—l) @ ® L(CTH hzn_l—f—l,l)'

0<k; <j+1,
j=0,...,n—1
k]-EOmon
Note that )
o _ [m+3) = sm+ 2P -1
ne 4(m+2)(m+3)
and thus we have
m _k(k(m+3)+1)_k2+k(k+1)
2k+1,1 m+ 2 - m+ 2
and
kE(k+1) 2

J = (k—1)? — .
2k+1,3 ( ) + m + 2 m—+3

First, we shall show that

1 n
Pokg+12k 41+ T hog, 411 2 2

if there exists any k; > 1.

Suppose k; > 1 for some 1 < i < n — 1. Let £ be the largest integer such that
k = k¢ > 1 and let j > £ be the smallest integer such that k; = 0. Then k; = 1 for
all £ < i < j. In this case,

0+1 J
h2k5+1,2k5+1+1 toet h2k]-_1+1,2k]-+1

_ 3 l+1 J
= hopy1 g+t hy,

E(k+1) 2 2 2 2

—((k —1)2 — — e (14—

e B N s s Sl e U Sl )
E(k+1)

=(k—1>2+—"" 2 4+1=2

(k=1)"+ (+3 =

1 n
and hence hoy 4y op, o1+ Ry g 22
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Similarly, if there exists 0 < ¢ < 5 < n — 1 such that k,_; = 0, k; = --- =
kj—1 =1, and k; = 0, then

L Y X
2 2 2
:1— _— .« ..
( i—|—3)+(i—|—1+2 z’+1+3)Jr
+ ( 2 2 )+ (1+ 2 ) =2
j—14+2 j—1+3 j+27

Therefore,
1
P11 2041+ RSy, 1110 =2
if and only if there exists 0 < ¢ < 5 < n — 1 such that

kO:"':ki—lz()? kz::kj—lzlv and kj::kn—lzo

Hence, there are exactly n(n — 1)/2 highest weight vectors of weight 2 in M and
we have
dim M, = M=, nlet D)
2 2
as desired. |
Proposition 4.5. The Griess algebra M is spanned by {w(a)| a € 7}

Proof. By definition, it is clear that {w(a)| o € ®T} is linearly independent
over C. Note that |®*| = (n + 1)n/2 = dim M, and hence we have M, =
spanc{w(a)|a € ®T}. |

Proposition 4.6. The VOA M is generated by its weight 2 subspace Mo and
hence the VOA M is generated by {w(a)| o€ ®T}.

We shall divide the proof into several steps. First we shall review the notion of
Neveu-Schwarz vertex operator superalgebras (SVOAs).

Let NS = Vir @ (@me%+ZCGm) be the Neveu-Schwarz N = 1 conformal
algebra which has commutation relations:

n
[Grm Ln] = (m - 5) Gm—f—nv
1 1 1
G Gl =2+ (m+3) (=5 ) e

[c, NS] =0,

for n € Z and m,m’ € 1 +Z. For complex numbers ¢ and h, let N(c, h) be
the irreducible highest weight NS-module with the central charge ¢ and the highest
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weight h. Then, N(c,0) has a SVOA structure and is generated by the Virasoro
element and G_3/51 € N(c,0)3/2 (cf. [22]).
We consider the tensor product of £(m, k) and £(2,0) & £(2,2). It is known
[12] that £(m, k) ® (L£(2,0) ® L(2,2)) is a NS-module with the central charge
3
c ==

m 2(1‘<m+2>8<m+4>>

such that the action of NS commutes with the diagonal action of sly. The decom-
position of L(m, k) @ (L£(2,0) ® L(2,2)) as a sly & NS-module is determined in
[12]. It is given by

(41) ‘C(mu k)®(£(270)@£(272>) = @ ‘C(m+27k/)®N(C;’m lzn—l—l,k/—f—l)v
0<k’/<m+2
k/=k mod 2

where
{r(m+4) —s(m+2)}? -
8(m+2)(m+4)

The SVOA N(c},,0) is the commutant subalgebra of £(m + 2,0) in the SVOA
L(m,0)®(L(2,0)®L(2,2)). We shall denote the even (resp. odd) part of N(c},,0)
by N9 (resp. N, ). Note that

mo__
h‘r,s_

Ny, = N(€y, 000 (£(m, 0) @ £(2,20))

m?

for i =0, 1.
Now, let

X = {u € M‘wku:() for all w € M(On_Q)(O),kZ 0}

be the commutant subalgebra of M (0" ) (0) in M = M (") (0), where (0™) denotes
the codeword (0, .. .,0) € Z3". By the definition of M and VA?H = VA?-1 V4, ®
V4,, X is also the commutant subalgebra of £(n+1,0) in L(n—1,0)® £L(1,0)®
L£(1,0). By using the GKO construction, we have

L(n—1,0)® L£(1,0)® £L(1,0)
@ (o1, 5L ) ® L(n, k) £(1,0)

IH O

- @ @ L(cn-1,h341) @ L(cn, By i) | © L(n+1,K)

0<k’<n+1 0<k<n
k=0mod 2 k=0mod 2
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and hence
X = @ (CTL 1 h‘? k-1|_1) ® L(CTL7 h7]~§+1,1)-

0<k<n
k=0mod 2

Note that A} '\ ) + hpt ; ; = k?/2 and so dim X = 3.

Lemma 4.7.
(1) The VOA X contains a subalgebra isomorphic to the tensor product N 0 » ®
L(1/2,0) and
(4.2) X=Ny ©L(1/2,006N;  ®L(1/2,1/2).

(2) X is generated by the weight 2 subspace X o.

Proof. (1) By using the GKO construction,
L£(1,0)® L(1,0) = L(2,0) ® L(1/2,0)® L£(2,2) ® L(1/2,1/2)
and so
L(n—1,00® L(1,0)® L(1,0)
=L(n—-1,00®L(2,0)® L(1/2,0)® L(n —1,0) ® L£(2,2) ® L(1/2,1/2)
For i = 0,1, by (4.1), L(n—1,0)® L(2, 27) is a direct sum of L(n+1,0) ®Nc0/n_1'
modules:

Lin—-1,000L(2,21))= P Lin+LkeN, (k)

0<k<n+1
k=0mod 2

where NO  (k)®N} (k)= N(c,_i, 13 1) and N’ (k)isan N -module.

'Then’ n 1 n 1 —1 n 1
L(n—1,0)® £(1,0)® L(1,0)
D Ln+Lke (Ngn_l (k) ® L(1/2,0)® N\ (k)@ L(1/2, 1/2)) .

0<k<n+1
k=0mod 2

Hence,
X=Ny ©®L(1/2,006N;  ®L(1/2,1/2).

Cp—1s

(2) First, we shall note that N (¢}, ,,0) = N @& N} is generated by its
n—1 n—1
Virasoro element and the element G_3/51 as a SVOA. By (1), we have

X =Ny @L(1/2,000 Ny  ©L(1/2,1/2).
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and hence X is generated by the Virasoro element of NCO/ » 4 ®G_3),1 and the
n—1

Virasoro of L(1/2,0), where ¢ is a highest weight vector of weight 1/2 in L(3, 1).
As they are all of weight 2, X is generated by Xo.

Proof of Proposition 4.6. Finally, we shall show that A = M (©") is generated
by the weight 2 subspace M5 by induction on n.
Since

1
M (O)(O) = L(§7 0)7
1 7 11 7 3
- L(— L(=, = L(—, =
270)® (1070)@ (272)® (1072)7

M 1is generated by Ms for n = 1,2. Assume that n > 3, by (3.2), we have

MO (0) = I(

M0 = @ MOI(k) @ Lica, hityyy)-

0<k<n
k=0mod 2

Since M©" (k) contains M©" ) (0) @ L(cn_1, hi%4y) for each k, we have
MO (k) @ L(cn, hii,1 1) is generated by L(c 1, h{41) ® Lica, hity ;) C X
as an M©" ") (0)® L(cy, 0)-module. Hence, M(©")(0) is generated by M©" ) (0)
and X.

Now, by induction on n, we know that M (") (0) is generated by its weight 2
subspace [M (") (0)],. On the other hand, X is generated by X5 by Lemma 4.7.
Therefore, M = M(™)(0) is generated by the weight 2 subspace M. [ ]
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