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SOME FURTHER RESULTS ON ENTIRE FUNCTIONS
SHARING A POLYNOMIAL WITH THEIR LINEAR
DIFFERENTIAL POLYNOMIALS

Xiao-Min Li and Hong-Xun Yi

Abstract. In this paper, we study the growth of all solutions of a linear
differential equation. From this we obtain some uniqueness theorems of a
nonconstant entire function and its linear differential polynomials having the
same fixed points. The results in this paper also improve some known results.
Two example are provided to show that the results in this paper are best
possible.

1. INTRODUCTION AND MAIN RESULTS

In this paper, by meromorphic functions we will always mean meromorphic
functions in the complex plane. We adopt the standard notations in the Nevanlinna
theory of meromorphic functions as explained in [5],[7],[9]. It will be convenient to
let E/ denote any set of positive real numbers of finite linear measure, not necessarily
the same at each occurrence. For any nonconstant meromorphic function h(z), we
denote by S(r, h) any quantity satisfying

S(r,h)=o(T(r,h)) (r—oo,r¢FE).

Let h be a nonconstant meromorphic function, and k£ a positive integer. We use
Wk) (r, h) to denote the reduced counting function of poles of h, whose multiplicities
are not greater than k. Likewise, we use N(k(r, h) to denote the reduced counting
function of poles of h, whose multiplicities are not less than k. When multiplicities
are duly counted in the above notations, we use Ny(r, h) and N (r, h) to indicate
them (see [11]).
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Let f and g be two nonconstant meromorphic functions, and let P be a poly-
nomial. We say that f and g share P CM, provided that f — P and g — P have
the same zeros with the same multiplicities. Similarly, we say that f and g share
P IM, provided that f — P and g — P have the same zeros ignoring multiplicities
(see[11]). In this paper, we also need the following two definitions.

Definition 1.1. Let f be a nonconstant entire function, the order of f, denoted
o(f), is defined by

logT’ loglog M
o(f) = lim sup 2L T) _ i g 108108M (/)

oo logr oo logr ’

where and in what follows, M (r, f) = lmlax{\f(z)\}.
z|l=r

Definition 1.2. Let f be a nonconstant meromorphic function, the hyper-order
of f, denoted o5(f), is defined by

loglogT logloglogM
oa(f) = lim sup 128128 (" F) i sup 18108108M (1 /)
r—00 log?“ r—00 10g7“

In 1976, L. A. Rubel and C. C. Yang proved the following theorem.

Theorem A. (sce [8]). Let f be a nonconstant entire function. If f and f'
share two finite distinct values CM, then f = f'.

In 1996, R.Briick proved the following theorems.

Theorem B. (see [1]). Let f be a nonconstant entire function satisfying
oo(f) < 0o, and oo(f) is not a positive integer. If f and f' share the value 0 CM,
then f = cf’ for some constant ¢ # 0.

Theorem C. (sce [1]). Let f be a nonconstant entire function. If f and f'
share 1 CM, and if N(r, %) =S(r,f), then f —1 = c(f' — 1) for some constant

c # 0.

In the same paper, Briick made the following conjecture.

Conjecture 1.1. (see [1]). Let f be a nonconstant entire function satisfying
o9(f) < o0, and o2(f) is not a positive integer. If f and f’ share one finite value
a CM, then f — a = ¢(f’ — a) for some constant ¢ # 0.

Consider the differential equation
(1.1) fl=efBf=1,

where ()(z) is an entire function.
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In 1998, G. G. Gundersen and L. Z. Yang proved that the conjecture is true for
a # 0, provided that f satisfies the additional assumption o(f) < co. In fact, they
proved the following results.

Theorem D. (see [4, Lemma 1]). Let Q(z) be a nonconstant polynomial.
Then every solution of (1.1) is an entire function of infinite order.

Theorem E. (see [4, Theorem 1]). Let f be a nonconstant entire function of
finite order. If f and f' share one finite value a CM, then f —a = ¢(f' — a) for
some constant ¢ # 0.

Let
(1.2) LIf] = f% + ap 1 fE D 4+ arf +aof,

where k is a positive integer, and a, a1, - - -ax—1, ax are k finite complex numbers.

In this paper, we will prove the following results, which improve Theorem D
and Theorem E.

Theorem 1.1. Let P(z) and Q;(z)(j = 1,2) be polynomials. If f is a
nonconstant solution of the equation

(1.3) LIl Qu=(f — Qo) "O),
where L[f] is defined by (1.2), then one of the following three cases will occur.
(i) If f'is a polynomial or P(z) is a constant, then L[f] — Q1 = c(f — Q2),
where c is a finite nonzero complex number;
(i) If P(z) is not a constant and ji(f) > 1, then o(f) = oo and oo(f) = vp,
where and in what follows, u(f) denotes the lower order of f,~ p denotes
the degree of P(z);
(i) If P(z) is not a constant and u(f) < 1, then u(f) = 1 and P(z) =
P12+ po, where p1(#= 0) and po are two finite complex numbers, moreover,
ag, a1, -ax—o and ap—1(k > 2) are not all equal to zero.

From Theorem 1.1 we get the following three corollaries, of which Corollary
1.1 improves Theorem D, Corollary 1.2 improves Theorem E.

Corollary 1.1. Let P(z) be a nonconstant polynomial such that ~y , > 2. Then
every solution of (1.3) is an entire function of infinite order, and o 5( ) = ~yp, where
vp is the degree of P(z).

Corollary 1.2. Let f be a nonconstant entire function of finite order, and let
Q;(2) (j = 1,2) be two polynomials. If f — Q2 and L[f] — Q1 share 0 CM, then
w(f) = o(f) =1 and one of the following two cases will occur.
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(i) Lif] — Q1 = c(f — Q2), where c is a finite nonzero complex number;

(ii) L{f] — Q1 = (f — Q2) - ePr*TPo, where p(#= 0) and pgy are two finite
complex numbers, ag, ay, - - -ax—o and ax_1(k > 2) are not all equal to zero.

Corollary 1.3. Let P(z) and Q;j(z)(j = 1,2) be polynomials. If f is a
solution of (1.3) such that o5(f) is not a positive integer, then the conclusions (i)
and (ii) of Corollary 1.2 hold.

Proceeding as in the proof of Theorem 1.1 in Section 3 of this paper, we get the
following theorem.

Theorem 1.2. Let P(z) and Q;(2)(j = 1,2) be polynomials. If f is a
nonconstant solution of the equation f ¥) — Q1 = (f — Q3) - eP'®), where k(> 1)
is a positive integer, then oa(f) = p.

Example 1.1. Let f be a solution of the differential equation

(1.4) flez=(f—2)-¢,
where n is a positive integer. Since (1.4) can be rewritten by
(1.5) Jopeet =1,

from (1.5) and Lemma 2.3 in Section 2 of this paper we can see that every solution
of (1.5) is a nonconstant entire function. Moreover, it follows from (1.4) that f — z
and f’ — z share 0 CM. From Lemma 1.1.2 in [7] and in the same manner as in
the proof of (3.16) in the proof of Theorem 1.1 in Section 3 of this paper, we get
w2(f) = n, where and in what follows, pa(f) denotes the lower hyper order of f.
This example shows that the condition “ag, a1, ...ax—2 and ai—1(k > 2) are not all
equal to zero” in (iii) of Theorem 1.1 and (ii) of Corollaries 1.2-1.3 is best possible.

Example 1.2. Let f = (¢* —1)? and L[f] = f®) - 3f" + %f’ — f. Then we
verify that u(f) = o(f) =1 and L[f] —1 = (f — 1) - e *. This example shows
that the conclusion (iii) of Theorem 1.1 and (ii) of Corollaries 1.2-1.3 can occur.

Corollary 1.4. Let P(z) be a polynomial such that yp # 1, and let a (# 0) be
a finite complex number. Suppose that f is a nonconstant solution of the differential
equation

L[f] —Z _ eP(z)

f—= ’
where L[f] is defined as in (1.2), and that o5(f) is not a positive integer. If f and
L[f] share the value a IM, then f = L[f].

(1.6)



Some Further Results on Entire Functions 2409

Proof of Corollary 1.4. First, from Corollary 1.3 and the condition yp # 1 we
get L[f]—z = ¢(f —z). On the other hand, from the condition that f and L[f] share
a IM and Milloux<s inequality (see [5, Theorem 3.2]) we see that there exists one
point zy such that L[f](z09) = f(20) = @ # 2z¢. From this and L[f] — z = ¢(f — 2)
we get the conclusion of Corollary 1.4.

Corollary 1.5. Let P(z) be a polynomial, such that vyp # 1, and ay be a
constant. Suppose that f is a nonconstant solution of the differential equation
(1.6), such that oo(f) is not a positive integer, where

(1.7) LIfl= [+ aof.
If f and L[f] share 0 IM, then f = L[f].

Proof. First, from Corollary 1.3 and the assumptions of Corollary 1.5 we get

f'(z) +aof(2) — =
f(z) =2

where c is a nonzero constant. If ¢ = 1, then from (1.8) we can get the conclusion
of Corollary 1.5. Next we assume that ¢ # 1. Since (1.8) can be rewritten as

(1.9) fr+(a—aof =(1-0)

which is a linear OD E of order 1. Suppose that there exists a finite complex number
zo such that f(z9) = 0, then from the condition that f and L[f] share 0 IM we
have L[f](z0) = f'(20) + aof(20) = 0, and so f’(z9) = 0. Combining (1.9) we
deduce zg = 0. That is, f and L[f] have at most one zero z = 0. We discuss the
following two cases.

(1.8)

¢,

Case 1. Suppose that ag = ¢. Then from (1.9) and the condition that f has at
most one zero z = 0, we deduce

1

1) =51 -0

(1.10) .
Lifl=f +cf= 56(1 —e)2+(1-0)z.

Noting that ¢ # 1 and that L[f] has at most one zero z = 0, from (1.10) we get a
contradiction.

Case 2. uppose that ag # c. Then the general solution (1.9) is

1—c¢)z c—1
-0z,

1.11 = ¢pelc7a0)2
( ) f c1e + apg — ¢ (ao _ 6)27
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where ¢y is a finite complex number. Noting that ¢ # 1 and that f has at most one
zero z = 0, from (1.11) we get a contradiction.
In 1995, H. X. Yi and C. C. Yang posed the following question.

Question 1.1. (see [11, pp. 398]). Let f be a nonconstant meromorphic
function, and let a be a nonzero constant. If f, f(™ and f(™ share the value a
CM, where n and m (n < m) are distinct positive integers not all even or odd, then
can we get the result f = f()?

Regarding Question 1.1, G. G. Gundersen and L. Z. Yang proved the following
result in 1998.

Theorem F. (see [4, Theorem 2]). Let f be a nonconstant entire function of
finite order, let a be a nonzero constant, and let n be a positive integer. If the value
a is shared by f, ) and fY IM, and shared by " and f™tY) CM, then

fr=r.

In this paper, we will prove the following result, which supplements Theorem F.

Theorem 1.3. Let f be a nonconstant solution of the differential equation

L'lf]—= P
1.12 — =€,
(142 Lif—=
where L[f] is defined as in (1.7), and P(z) is a polynomial. If oo(f) is not a
positive integer, and if f(z) and L|f] share z IM, then e¥ is a constant, and f is

given by one of the following two expressions.
(i) f =c1z+aoci(l —c1) and a3 — ag + 1 = 0, where c1 (# 0,1,1/ag) is a
finite complex number, and e =1/(1 — apcy).
(ii) f = d1e® and a9 = 0, where dy (# 0) is a finite complex constant, and
P_
el =

2. SOME LEMMAS

Lemma 2.1. (see [6, pp36-37] or [7, Theorem 3.1]). If f is an entire function
of order o(f), then

1
o(f) = limsup 70g1/(r, 1))
r—00 logr

where, and in the sequel, v(r, f) denotes the central-index of f(z).

)

Lemma 2.2. (see [2, Lemma 2] or [3, Lemma 4]). If f is a transcendental
entire function of hyper-order oo(f), then

logl
os(f) = lim sup 281087 )
r—00 logr
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Lemma 2.3. (see[7, Proposition 8.1]). Let
(2.1) F 4+ an g fO) 4t arf +aof = F(2),

where ay (#£0), a1, - -+, an—1 and F (£ 0) are entire functions. Then all solutions
of (2.1) are entire functions.

Lemma 2.4. (see [11, Theorem 1.49)]). Suppose that fi, fa, -, fn are
linearly independent meromorphic functions satisfying the following identity

i=1

If
ZN(T, fz) = S(?“),
i=1
where
S(r) = o(T(r)) (r — oo,r ¢ E), T(r) = max {T(r, f)},
then
= 1
T(r) <Y N(r, ?) +S(r).
i=1 v
Lemma 2.5. Let f; (j =1,2,---,n) be nonconstant meromorphic functions
satisfying
1 — .
(2.2) N(rv?)‘f’N(rvfj):S(ﬁfj) (J=12,---,n),
J
and let
(2.3) FEa—i—ij,
j=1

where a is a meromorphic function satisfying a #Z 0. If F is not constant, and
T(r,a) = S(r, F), then

(2.4) T(r, F) = N(r, ) + S(r, ).

n
Proof. Obviously, Y f; # 0. Without loss of generality, let
j=1

n k
(2.5) =D ek
j=1 j=1
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where f1, fo,-- -, fr are linearly independent, and cq, co, - - - , ¢ are nonzero con-
stants. Let

Cifa . F
(2.6) gj:—JTfj (j=1,2,---,k) and 41 = -

From (2.3), (2.5) and (2.6) we have
k+1

(2.7) Zgj =1.

It is easy to see that g1, go, - - - , gr+1 are linearly independent. By Lemma 2.4, (2.2),
(2.3), (2.6) and (2.7) we obtain

k+1
28) T <3N )+ 5() < N(r, ) + S0) < T, F) + S(0),

where

T(r) = 1§I}(1§2115<+1{T(r, gj)} and S(r)=o(T(r)) (r — oco,r ¢ E).

From (2.8) we can obtain (2.4).

Lemma 2.6. (see [11, Theorem 1.57]). Suppose that f1, fo, f3 are meromor-
phic functions satisfying
h+f+fi=1

If f1 is not a constant and

3

3
SN fi) +23 N0, £) < AT(r, f2) + S(r, f2),

i=1 v i=1
where A\ < 1, then fo =1 or f3 = 1.
Lemma 2.7. Suppose that o and (3 are nonconstant entire functions, and
that ay, ay, by and be are meromorphic functions satisfying T (r,a1) + T (r, as) =

S(r,e®), T(r,b1) + T(r,ba) = S(r,€’) and ajasbiby # 0. If are® — ag and
bieB — by share 0 IM, then one of the following relations holds:

(i) aibse® = asbiel,

(ii) albleo“w Eagbg.
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Proof. By the second fundamental theorem, we have

— 1 1
29) T NY=N@{r,—)+ S N=N —)+S o
( ) (r,e ) (’I", aLe® — a2) + (’I“,e ) 1)(7", aLe® — a2) + (r,e )
and

— 1 1

BY — - By — - - B
(2.10) T(r,e”) = N(r, b = b2) + S(r, e”) = Nyy(r, b = b2) + S(r, ).
Let
are® — ag

2.11 H=—1—=.
( ) bleﬂ—bg

Noting that aje® — ag and bje” — by share 0 IM, from (2.9)-(2.11) we obtain
1
(2.12) N(r,H)=S(r,e*) and N(r, E) = S(r, e%).

By (2.11) we get

b b
(2.13) Bea _LHel 4 2H=1.
a9 a9 as

From (2.12) and (2.13), by Lemma 2.6 we obtain Z—iH =1or —Z—iHeﬂ =1.
If Z—QgH = 1, from (2.13) we have {le® = %Heﬂ. From this we have the
relation (i) of Lemma 2.7.

If —Z—;Heﬁ = 1, from (2.13) we have {le® = —Z—iH. From this we have the
relation (ii) of Lemma 2.7.

Lemma 2.8. Suppose that R and Ro are rational functions, and that a1 and
ay are two constants satisfying 0 < |a1| < |az| and a1 # ag. Then there exists a
constant A (> 1) such that

(2.14) AT (r,e"*) < T(r, R1e"** 4+ R9e"?*) + O(logr).

Proof. 1t is easy to see that

(2.15) T(r,e?) = M7 T(r,e") = ‘a2‘7“'
0 ™

Let a; = |a;|e% (j =1,2), where 0 < §; < 27 (j = 1,2). We have
T(r, R1€"** + Rge"??)

2w

(2.16) = % max{|aj| cos(0 + 01), |az| cos(f + 02),0}d0 + O(logr)
0

2w

=5 max{|aj| cos(f + 01 — 02), |az| cos B, 0}d + O(logr).
T Jo
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Suppose that |a;| < |ag|. From (2.16) we have

27
T(r, Rie™? + Roe™?) > . max{|az| cosf,0}dd + O(logr)
(2.17) 27 Jo

=T(r,e"*) + O(logr).

From (2.15) and (2.17) we can obtain (2.14).

Suppose that |a1| = |az|. Noting a; # az, we may assume, without loss of
generality, 0 < 6h < 01 < 27. If 01 — 0 < 7, then § < 37” — 01+ 065 < 37” From
(2.16) we have

T(r, efiaz 4 R9e®??)

21
— ‘C;l‘?“ / max{cos(f + 61 — 02),cosf,0}dd + O(logr)
™ Jo
|aq|r 3 T
1
> — _
(2.18) Z o {/0 cos 0df + S cos(f + 01 — 02)do
21
—|—f3 cos 0df » + O(logr)
vl
= ‘C;ﬂ(?) —cos(01 — 63)) + O(logr).
T

From (2.15) and (2.18) we can obtain (2.14). If 7 < 6 —0s, then § < 57”—01 +0; <
37”. From (2.16) we have

T(r, R1€"** + Roe"??)

27

= —‘C;l‘r max{cos(f + 61 — 02), cost, 0}df + O(logr)

T Jo
> lai|r z 0do K 0 +0; —0,)do

(2.19) = ox 1, costdl T | cos(6 + 01— 62)
3
27
—|—ﬁ cos 0dO » + O(logr)

?7\'

_ |aq|r

o (3 —cos(0; — 62)) + O(logr).

From (2.15) and (2.19) we can obtain (2.14).

This completes the proof of Lemma 2.8.
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3. PROOF OF THEOREMS

Proof of Theorem 1.1. Suppose that f is a polynomial, then from (1.3) we see
that there exists a nonzero constant ¢ such that e”’(?) = ¢. So a3(f) = vp = 0,
thus the conclusion (i) of Theorem 1.1 is valid. Next we suppose that f is a
transcendental entire function. We discuss the following two cases.

Case 1. Suppose that

(3.1) o(f) = oc.
From (3.1) and Lemma 2.1 we see that

1
(32) o(f) = liggp% = 00,

where v(r, f) denotes the central-index of f(z). If P(z) is a constant, by (1.3) and
Theorem 4.1 in [7] we deduce that all solutions of

P +ap fED 4 taof” +arf + (ag — €F) f = Q1 — Qae”

have finite order, this is a contradiction. Thus, P(z) is a nonconstant polynomial.
Let

(3:3) P(2) = ppz" 4 pn—12" '+ 4 p12 + po,
where p,,(# 0),pn—1,- -+ ,p1 and py are complex constants. It follows from (3.3)
that
P
(3.4) [P(2)] _

|z| =400 \pnz”\ -
From (3.4) we see that there exists a sufficiently large positive number rg, such that

P(:)| 1
> = > .
o e 17T

From (1.3) and (3.5) we deduce

(3.5)

nlogr +log|pn| — 1

n
(36) — 1og P27 < 106 | P(2)] = log | log ] < | loglog )]
e
L _
— loglog 2191115 1y,

f—Q2
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On the other hand, since f is a nonconstant entire function, thus
(3.7) M(r, f) — +o0,

as r — +oo, where M (r, f) = max|f(z)|. Again let

|2|=r

(3.8) M(r, f) = |f(z)];

where 2z, = re’(") and 6(r) € [0,2x). From (3.8) and the Wiman-Valiron theory
(see [7, Theorem 3.2]), we see that there exists asubset ££; C (1,00) (1< j < n)

with finite logarithmic measure, i.c., | E, t < 00, such that for some point z, =

re?) (0(r) € [0,2n)) satisfying |z.| = r ¢ E; and M (r, f) = | f(2,)|, we have

f9(z)

(3.9) Fe .

Y (1+0(1)) (1<j<n),

as r — +oo. Noting that f is a transcendental entire function, and Q; (i = 1, 2)
are polynomials, from (3.1) and (3.8) we deduce

Qi) _ . Q)] _

(10 ATl G 0 T
Since
Lifl @
Lifl - _ 7 —°F
(3.11) i
from (1.2), (1.3), (3.2) and (3.6)-(3.11) we deduce
(312)  nloglz| +lozlp| 1 < | logloa((X2L)(1 1 o(1)))
and
((”“ ))
log 1 + of
2
_ 10(r)
(3.13) =k <log v(r, f) — logre® ) + of
=k (logv(r, f) logr —i6(r)) + o(

© (1 ~logr if(r)

logv(r, f) loguv(r, f) ) logw(r, f) + o(1),
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as r — +oo. Noting that 6(r) € [0,27), from (3.2), (3.13) and Lemma 2.2 we
deduce

| loglog((“2)H(1 + o(1)))]

lim sup

r—00 10g T
__logr _if(r)
< lim sup M + lim sup [ log(1 logv(r,f)  logu(r.f) )l
(3.14) oo logr r—00 log 7

log 2 2k
+ lim o8 lim 2"
r—oo logr = r—oo logr

log 1
= lim sup g0 AL 1) v(r, f) = o9(f),
r—o00 logr

where k; is some nonnegative integer. Noting that |z,.| = r, from (3.12) and (3.14)
we deduce

(3.15) nglimsupM = oa(f).

r—0c0 logr
From (3.3) we obtain
(3.16) o(ef) = Yp(z) = N
From (3.15) and (3.16) we get

(3.17) o(e”) < oa(f).
If lirm_)ci)glf(log v(r, f))/(logr) > 1, from (1.3), (3.2) and (3.9)-(3.11) we deduce
(3.18) I 4 o)) = ),

as 7 — 00, and so it follows from (3.18) that

log1 loo1 v(r,f)\k
lim sup g0 L 1) v(r, f) = lim sup 0808 T ) os( 2r )
(3.19) r—o0 ogr r—o0 logr
loglog M P
< lim sup oglog M(r, e )
r—00 logr

From (3.19) and Lemma 2.2 we get
(3.20) oo(f) < a(eh).

From (3.16), (3.17) and (3.20) we get the conclusion (ii) of Theorem 1.1.
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Case 2. Suppose that
(3.21) o(f) < 0.
First, from (3.21) we can deduce

(3.22) oo(f) =0.
On the other hand, from (1.2), (1.3), (3.7)-(3.11), (3.21) and Lemma 2.1 we deduce

L[f(z)] — Q1(2r) 2

o ot
— (lo L 2r)] — &1 2r
= (o8 ) — Qe

(3.23) < (log((y(:’ f)

|P(2)|* = |log

)?+0(1)

ol 2Dy

Haal(CE e 4 (A2 1oy
< O((1ogr)?).

as r — +oo. Since P(z) is a polynomial, from (3.23) we deduce that P(z) is a
constant, and so rp = 0. From this and (3.22) we see that the conclusion of Theorem
1.1 is valid. If liminf, . (logv(r, f))/(logr) < 1, then from u(f) = liminf,
(logv(r, f))/(logr) which can be verified in the same manner as in the proof
of Lemma 2.2 in [2], we have p(f) < 1. On the other hand, from (1.2) and
(1.3) we get T(r,el) < O(T(r, f) + logT(r, f) + logr)(r ¢ E). From this
and Lemma 1.1.1 in [7] we see that for sufficiently large positive number ¢, we
have T'(r,ef’) < O(T(2r, f) + logT(2r, f) + logr + log2)(r > rg). From this
we get 1 < n =1rp = o(el) = pe?) < u(f). Combining u(f) < 1, we
get u(f) = n = 1. Combining (1.3) and (3.3) we get P(z) = p1z + po. If
a; =0(0 < j < k—1), then (1.3) can be rewritten by fB—Qy = (f—Qq)-ePr#tPo,
From this, Lemma 1.1.2 in [7] and in the same manner as in the proof of (3.16) we
get us(f) = rp = 1. This contradicts u(f) = 1. Thus ag,ay, - - -ak—2 and ap—;
are not all equal to zero. From the above analysis we get (iii) of Theorem 1.1.

Theorem 1.1 is thus completely proved.

Proof of Theorem 1.3. Suppose that f is a nonconstant polynomial. If ag = 0,
it follows by (1.7) and (1.12) that f is a polynomial of degree 2. Let

(3.24) f(z) = 6222 + b1z + by,
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where by (# 0), by and by are three finite complex numbers. From (1.7), (1.12) and
(3.24) we deduce

A B

(1 — 2[)2)2 — bl

where €P is a constant. From this we deduce

(3.25) 200 —1#£0
and
(3.26) by = 2bo(1 — 2b9).

Noting that

(3.27) f(z) —z=1by2? + (by — 1)z + by
and
(3.28) Lifl—z2=f —2z=(2bo— 1)z + by,

from (3.27), (3.28) and the condition that f(z) — z and L[f](z) — z share 0 IM we
can get
(by — 1)? — 4bgby = 0

and

(3.29) b1 + 2by = 1.

From (3.25), (3.26) and (3.29) we get a contradiction. Thus,

(3.30) ap # 0.

Then it follows from (1.7), (1.12) and (3.30) that f is a polynomial of degree 1. Let
(3.31) f(z) =ci1z+ co,

where ¢; (# 0) and ¢ are two finite complex numbers. From (1.7), (1.12) and
(3.31) we deduce

(3.32) L'[f](z) — z = apc1 — 2

and
apgCy — = P

(apc1 — 1)z + ageg + 1




2420 Xiao-Min Li and Hong-Xun Yi

which implies that 1 — agcy # 0,

1
3.33 P_—_ -
( ) ¢ 1-— apcy
and
apco + C1
3.34 =
( ) 1-— apcCi o1

Noting that f(z) —z and L'[f](z) — z share 0 IM, from (3.31) and (3.32) we deduce

(3.35) c1—1#0
and
(3.36) Cco = a061(1 — Cl).

Substituting (3.36) into (3.34) we deduce
(3.37) ag —apg+1=0.

From (3.31), (3.33) and (3.35)-(3.37) we can get the conclusion (i) of Theorem 1.3.

Next we suppose that f is a transcendental entire function. First, by Milloux’s
inequality (see [5, Theorem 3.2]) we have

1 — 1
) [ N TSV —
-2 TN T -
Let zg be a zero of f(z)— z with multiplicity> 2. Then f(z¢) = 2o and f'(z) = 1.

Since f and L[f] share z IM, we have L[f](2) = zo. Thus 1+ agzp = 2o, and
hence f(z) — z has at most one zero with multiplicity> 2. From this we obtain

(3.38) T(r, f) < N(r, )+ S(r, f).

— 1
(3.39) N(r, W) = N(r, W) + O(logr)
(3.40) = N(r, m) + O(logr).
From (1.12) we have
— 1 — 1

(3.41)

~—

M me = N e =

From (3.38), (3.40) and (3.41) we obtain

(3.42) Lifl(z) — 2
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From (3.42) we deduce

(3.43) oa2(f) = oa(L[f]).

From (3.43) and the condition that oo(f) is not a positive integer we know that
o9 (L[f]) is not a positive integer, and so it follows from (1.12) and Theorem 1.2
that there exists a finite nonzero complex number d such that

Lfl—=
L[f] - =

We discuss the following three cases.

(3.44) = d.

Case 1. Suppose that ag = 0. Then it follows from (1.7) that (3.44) can be
rewritten by

(3.45) o df = (1 —d)z.

From (3.45) we deduce

d-—1, d-1
25+

4 = de”?
(3 6) f=die*” + od P2

z + do,

where d;(# 0) and dy are constants. Thus,

d—1 2+d—l—d2
2~ &2

d—1

az -
Assume that d # 1. Since f(z) — z and L[f] — z share 0 IM, by Lemma 2.7,
(3.47) and (3.48) we get a contradiction. Thus d = 1, and so it follows from (3.47)
and (3.48) that f — z = d1e* — z + dy and L[f] — z = d1e* — z. Combining the
condition that f — z and L[f] — z share 0 IM we deduce dy = 0, and so it follows
that f = dye®, which reveals the conclusion (ii) of Theorem 1.3.

(3.47) f—z= die® + z+ds,

(3.48) L[f] — z = dide® — %z +

Case 2. Suppose that ag # 0 and a9 = —d. Then it follows from (1.7) and
(3.44) that

(3.49) ' =2df + d*f = (1 —d)z.
From (3.49) we deduce

1—-d 2(1—4d)
2 Z+ B

f(2) = (dsz + dy)e® +
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where ds and d4 are constants satisfying dsz 4+ d4 # 0. Thus,

1—d—d? 2(1—4d)
2 Z+ B

(350)  J(2) - 2 = (daz + da)e® +

1 d—1
(3.51) L[f] — z = dze® — 2+
By Lemma 2.7, (3.50) and (3.51) we get a contradiction.

Case 3. Suppose that ag # 0 and ag # —d. Then it follows from (1.7) and
(3.44) that

(3.52) "+ (ap — d) f' — aodf = (1 — d)z.
From (3.52) we deduce

) d—1  (ag—d)(d—1)
=d a0z 4 g dz
f 5€ + dge”™” + aodz—i— 2P ;

where d5 and dg are constants satisfying dse 0% + dge® % 0. Thus,

(3.53) [ —z=dse %% + dge® + Py(2),
(3.54) L[f] — z = dg(d + ag)e® + Py(2),
where d—1—apd (ap—d)d—1)
P =
1(2) aod z+ agd2 ?
1 d—1
P =—g+—g

If ds = 0, then dg # 0. By Lemma 2.7, (3.53) and (3.54) we get a contradiction.
If dg = 0, then d5 # 0. From (3.53) and (3.54) we obtain a contradiction. Next,
we suppose that ds # 0 and dg # 0.

Let 2o be a zero of L[f] — z. From (3.54) we obtain

(3.55) de(d + ag)e® + Py(z0) = 0.
Since f — z and L[f] — z share 0 IM, from (3.53) we deduce
(3.56) dse™ %0 4 dged™ + Py(z) = 0.
From (3.55) and (3.56) we have

(3.57) d5(d + ao)e_aozo + (d + ao)Pl(ZQ) — PQ(ZQ) = 0.



Some Further Results on Entire Functions 2423

Noting that zg is a zero of L[f] — z, from (3.55) and (3.57) we obtain
— 1
N(r,
( d6(d + ao)edz + PQ(Z))
1 )
’ d5(d + ao)e_‘loz + (d + ao)Pl(Z) — PQ(Z) '

(3.58)

< N(r

It is easy to see that

1
’ d6(d + ao)edz + PQ(Z)

(3.59) T(r, edz) = N(r )+ O(logr),

T(r,e %)
3.60 _
(3.60) N 1
d5(d + ao)e_aoz + (d + ao)Pl(Z) — PQ(Z)
From (3.58)-(3.60) we deduce

)+ O(logr).

(3.61) T(r,e®) < T(r,e=%%) + O(logr).

Since
_ Jaolr

)

d
T(r,e?) = ldJr and T'(r,e %)
7T 7T

from (3.61) we get |d| < |ag|. Noting that d # —ap, by Lemma 2.8, (3.53) and
(3.54) we know that there exists a constant A (> 1) such that

(3.62) AT (r, L[f]) < T(r, f) + O(logr).

On the other hand, from (3.54) we have

(3.63) T(r, L[f]) = N(r, z) + O(log 7).

L[f]-

By Lemma 2.7 and the condition that f — z and L[f] — z share 0 IM, we deduce
Py (z) # 0. Combining (3.53), (3.54) and Lemma 2.5 we deduce

(3.64) T(r, f)= N(r,

1
7o z) + O(logr).
Again from (3.39) and (3.64) we obtain

(3.65) T(r, f) = N( )+ O(logr).

1
r
Y f — 2
Since f — z and L[f] — z share 0 IM, we have

1 — 1
) =N

(3.66) N(r, ).



2424 Xiao-Min Li and Hong-Xun Yi

From (3.63), (3.65) and (3.66) we obtain
(3.67) T(r,L[f])=T(r, f)+ O(logr).

Noting that f is a transcendental entire function, from (3.62) and (3.67) we get a
contradiction.

Theorem 1.3 is thus completely proved. ]
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