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SENSITIVITY ANALYSIS OF SOLUTION MAPPINGS OF
PARAMETRIC GENERALIZED QUASI VECTOR
EQUILIBRIUM PROBLEMS

Kenji Kimura and Jen-Chih Yao*

Abstract. In this paper, we study the parametric generalized quasi vector equi-
librium problem (PGQVEP). We investigate existence of solution for PGQVEP
and continuities of the solution mappings of PGQVEP. In particular, resulta
concerning the lower semicontinuity of the solution mapping of PGQVEP are
presented.

1. INTRODUCTION

Let X be nonempty subset of a real topological vector space and Z a real
topological vector space. A set C C Z is said to be a cone if Az € C for any
A > 0 and for any « € C. The cone C is called proper if it is not whole space,
i.e., C # 7Z. A cone C is said to be solid if it has nonempty interior, i.e., int C # ().
Let C' : X — 2% which has proper convex cone values. For any set A C Z, we let
bd A and cl A denote the boundary and closure of A, respectively. Also, we denote
A€ the complement of the set A. For any set A of a real vector space, the convex
hull of A, denoted by co A, is the smallest convex set containing A. Furthermore,
we denote zero vector of Z by 6;.

Let F:Px X x X — 22\ {0} and K : P x X — 2%\ {(}. For fixed p € P,
the parametric generalized quasi vector equilibrium problem (PGQVEP) is to find
x € K(p,z) such that

(PGQVEP) F(p,z,y) ¢ —int C(p, z), for all y € K(p, x).

Let Q: P — 2% be the set-valued mapping such that Q(p) is the solutions set of
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PGQVEP for p € P, i.c.,
Q(p) ={z € K(p,z): F(p,z,y) ¢ —int C(p,z), forall y € K(p,z)}.

For fixed p € P, the parametric extended quasi vector equilibrium problem
(PEQVEDP) is to find = € K (p, x) such that

(PEQVEP) F(p,z,y) N (=int C(p,x)) = 0, for all y € K(p, x).

Let ® : P — 2% be the set-valued mapping such that ®(p) is the solutions set of
PEQVEP for p € P, i.e.,

®(p) ={r € K(p,z): F(p,x,y) N (=int C(p, z)) = 0, Yy € K(p,x)}.

In the literature, existence results for a (generalized) vector quasi equilibrium
problems has been investigated. See, e.g., [3, 9]. If for each fixed p € P, K and C
have constant values for every x € X, respectively, PGQVEP reduce to a parametric
vector equilibrium problem (PVEP). Existence of solution and closedness of solution
mapping for PVEP has been studied in [6]. Continuity of solution mapping for
PVEP has been studied in [7].

We observe that our results in this paper can be employed to study the behavior
of solution maps of parametric vector optimization, parametric vector variational
inequalities, parametric vector equilibrium problems and those generalized problems
and so on.

2. PRELIMINARIES

Definition 2.1. (C-continuity, [8]). Let X be a topological space and Z a
topological vector space with a partial ordering defined by a proper solid convex
cone C. Suppose that f is a vector-valued function from X to Z. Then, f is said to
be C-continuous at v € X, if for any neighbourhood V},, C Z of f(x), there exists
a neighbourhood U, C X of z such that f(u) € V;(,,+C for all u € U,. Moreover
a vector-valued function f is said to be C-continuous in X if f is C-continuous at
every z on X.

Definition 2.2. (Continuity for Set-valued mapping, See also [1]). Let X and
Y be two topological spaces, T : X — 2¥ a set-valued mapping.

(i) T is said to be upper semicontinuous (u.s.c. for short) at x € X if for each
open set V' containing 7'(x), there is an open set U containing = such that
for each z € U, T'(z) C V; T is said to be u.s.c. on X if it is u.s.c. at all
rzeX.
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(if) T is said to be lower semicontinuous (1.s.c. for short) at x € X if for each
open set V with T'(x) NV # (), there is an open set U containing x such that
for each z € U, T(2)NV # (; T is said to be L.s.c. on X if it is L.s.c. at all
z e X.

(iii) T is said to be continuous at v € X if T'(x) is both u.s.c. and l.s.c.; T is said
to be continuous on X if it is both u.s.c. and l.s.c. at each x € X.

Proposition 2.1. Let X be a topological space and 7. a real topological vector
space. Suppose that C : X — 2% has proper solid convex cone values and that
W : X — 2% is defined by Z \ (—int C(x)). Then we have the following two

Statements.:

(i) if C is u.s.c. at x, then there exists a neighborhood U of x such that
clC(z) D C(u), forall u € U,
(ii) if W is u.s.c. at x, then there exists a neighborhood U of x such that

W(z) D W(u), forall ue U.

Proof. First we prove (i). Letz € X and C isu.s.c. at z. Suppose ¢ € int C(z).
Then —c + int C(x) is a neighborhood of C(z). Since C is u.s.c. at x, there exists
a neighborhood U of z such that

C(u) C —c+int C(x), forall u € U.

Suppose cl C(z) 7 C(v) for some v € X. Then there exist z € (c1C(x))* N C(v)
1
and a positive number ¢ > 0 such that z + tc ¢ cl C(z). Hence e ¢ —c+clC(z),

1 1
ie., 77 ¢ —c + int C(z). Thus 77 ¢ C(u) for all u € U. Since C(v) is cone,

1 . .
T4 € C(v). Therefore v ¢ U. Accordingly we have statement (i).

Second we prove (ii). Let z € X and W is u.s.c. at z. Suppose ¢ € int C(x).
Then —c — clC(z) C —int C(x). Hence (—c—clC(x))° = Z \ (—c—clC(x)) is
a neighborhood of W (z). Since W is u.s.c. at x, there exists a neighborhood U of
x such that

W(u) C Z\ (—c—clC(z)), forall u € U.
Let z € W(x)¢, i.e., z € —int C(z). Then there exists a positive number ¢ > 0
1
such that z + tc € —int C(x). Hence 77 € e clC(x). Therefore for some
veX,if W(x) p W(v) then v ¢ U. Accordingly we have statement (ii). |
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Proposition 2.2. Let E be a nonempty subset of a topological space and
7 a real topological vector space. Let C : E — 27 with proper solid convex
cone values and W : E — 2% defined by W(xz) = Z \ (—int C(z)). Suppose
F:E—22\{0}. If W is u.s.c. on E and for each x € E, F is (—C(z))-u.s.c. at
x, then the set © = {x € E: F(x) C —int C(z)} is open.

Proof. Let x € G and ¢ € int C(x). Then for each z € F(z) there exists a
positive number ¢, > 0 such that

z+t,c € —int C(z).

Note that V = (J,cp(,) 2 + tz¢ — int C(2) is a neighborhood of F(x) and that
VN W(z)=0. Since F' is (—C(x))-u.s.c. at z, there exists a neighborhood U; of
x such that

F(u) cV—intC(x) =V, forall u € Uj.

Since W is u.s.c. at x, by statement (ii) of Proposition 2.1, there exists a neighbor-
hood U of x such that

W(z) D W(u), for all u € Us.
Hence Uy N Uy C G. Since = € G is arbitrary, G is open. ]

Proposition 2.3. Let E be a nonempty subset of a topological space and
7 a real topological vector space. Let C : E — 2% with proper solid convex
cone values and W : E — 2% defined by W(z) = Z \ (—int C(z)). Suppose
F:E—22\{0}. If W is us.c. on E and for each x € E, F is (—C(z))-Ls.c. at
x, then the set ¥ = {x € E: F(xz) N (—int C(x)) # 0} is open.

Proof. Letz € . Since F is (—C(z))-l.s.c. at z, there exists a neighborhood
U; of x such that

F(u) N (=int C(z)) # 0, for all u € U;.

Since W is u.s.c. at x, by statement (ii) of Proposition 2.1, there exists a neighbor-
hood U of x such that

W(z) D W(u), for all u € Us.
Hence U N Uy C %. Since x € ¥ is arbitrary, ¥ is open. [

Definition 2.3. Let X and Z be two real vector spaces. Suppose that K is a
nonempty convex set of X and that T : X — 2%\ {(}.
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(i) T is said to be convex on K if for each x1, z9 € K and p € [0, 1]
T(pay + (1= p)wz) O pT(x1) + (1= w)T(22);
(ii) T is said to be concave on K if for each x1, z9 € K and p € [0, 1]
T(pay + (1= p)ag) C pT(x1) + (1= p)T(22);
(iii) T is said to be affine on K if T is convex and concave on K.

Definition 2.4. (C-compactness [8]). Let C' be a nonempty convex cone in a
Hausdorff topological space Z. We say F C Z is C-compact if any cover of F of
the form

{Uy + C : v € I, U, are open}

admits a finite subcover.

Definition 2.5. (C-semicontinuity, See also (8]). Let X and Z be a topological
space and a real topological vector space, respectively. Let T : X — 2%\ {0} and
C : X — 2%, which has proper convex cone values. Let 2/ € X.

(i) T is said to be C(x)-lower semicontinuous (C(x)-l.s.c.) at x if for each V,
an open set of Z with T'(x) NV # (), there exists a neighborhood U of = such
that

T(u)N (V+int C(x))# 0, for all u € Y.

T is said to be C-lower semicontinuous (C-l.s.c.) on X if T is C'(z)-1.s.c. at
x for every z € Z.

(ii) T is said to be C(x)-upper semicontinuous (C(x)-u.s.c.) at z, if for each
neighborhood Vr ;) of T'(x) there exists a neighborhood U/, of = such that

T'(u) C Vpz) +int C(z), for all u € U, .

T is said to be C-upper semicontinuous (C-u.s.c.) on X if T'is C(z)-u.s.c. at
x for every z € Z.

Definition 2.6. (Generalized C-quasiconvexity). Let X be a vector space, and
Z also a vector space with a proper solid convex cone C. Suppose that K is a
convex subset of X and that T : K — 2%\ {(}. Then T is said to be generalized
C-quasiconvex on K if for each z € Z,

A(z) ={ze K :T(x)Cz—C}

is convex or empty.
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Definition 2.7. (Extended C-quasiconvexity). Let X be a vector space, and
Z also a vector space with a proper solid convex cone C. Suppose that K is a
convex subset of X and that 7' : K — 27\ {0}. Then T is said to be extended
C-quasiconvex on K if for each z € Z,

A(z) ={z e K:T(x)N(z—C) # 0}
is convex or empty.

Definition 2.8. (C-quasiconcavity, [13]). Let X be a nonempty convex subset
of a real topological vector space and Z a real topological vector space. Let T :
X — 27\ {0}. Suppose that C' : X — 27 has proper solid convex cone values.
We say that T is C-quasiconcave on X if for each z1,z9 € X and z € Z,
T(x1) ¢ z—int C(zq) and T'(z2) ¢ 2z — int C(x2) imply

T(x,) ¢ z—int C(z,), for all z, € (z1,z2).

We also say that T is strictly C-quasiconcave on X if for each x1,29 € X and
z€Z,T(x1) ¢ z—int C(z1) and T(x2) ¢ z — int C(z2) imply

T(x,) ¢ z—clC(x,), for all z, € (x1,x2).

Definition 2.9. (C-proper quasiconcavity, [13]). Let X be a nonempty convex
subset of a real topological vector space and Z a real topological vector space. Let
T : X — 2%\ {0}. Suppose that C': X — 27 has proper solid convex cone values.
We say that T" is C-proper quasiconcave on X if for each x1, 22 € X and z € Z,
T(z1) N (z —int C(z1))= 0 and T'(z2) N (z — int C(x2))= 0 imply

T(z,) N (2 —int C(z,))=0, for all z, € (z1, z2).

We also say that T is strictly C-properly quasiconcave on X if for each x1, x5 € X
and z € Z, T(z1) N (2 — int C(z1))= 0 and T'(x2) N (z — int C(z2))= 0 imply

T(x,) N (2 —clC(x,))=0, for all z, € (x1,x2).

Remark 1. If T is single-valued and C has constant values, Definitions 2.8
and 2.9 reduce to the definition of (—C')-proper quasiconvexity.

Definition 2.10. (C-weak quasiconcavity). Let X be a nonempty convex
subset of a real topological vector space, Z a real topological vector space and
C : X — 27 with a proper solid convex cone values. Suppose T : X — 2%\ {0}.
We say that T' is C-weakly quasiconcave on X if for each z1,25 € X, T(x1) ¢
—int C(z1) and T'(z2) ¢ —int C(z2) imply

T(x,) ¢ —int C(z,), for all z, € (x1,x2)
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and also T'(z1) ¢ —int C(z1) and T'(xz2) ¢ —cl C(z2) imply
T(x,) ¢ —clC(z,), for all z, € (z1,z2).

We say that T is strictly C-weakly quasiconcave on X if for each x1,22 € X ,
T(z1) ¢ —int C(x1) and T'(x2) ¢ —int C(x2) imply

T(x,) ¢ —clC(z,), for all z, € (z1,z2).

Example 1. Let X = [0, g] x [0, g] and Z = R?. Let
C(z,y) ={(u,v) €Z :ucosx +vsinz > 0}.
Suppose
T(z,y) = (x — %)(sinx, —cosx) + {(y —x —t)(cosz,sinx) : t € [0, 1]}.
Then T is C-weakly quasiconcave on X.

Definition 2.11. (C-weak proper quasiconcavity). Let X be a nonempty convex
subset of a real topological vector space, Z a real topological vector space and
C : X — 2% with a proper solid convex cone values. Suppose T : X — 2%\ {(}.
We say that T' is C-weakly properly quasiconcave on X if for each x1,x9 € X ,
T(x1) N (2 —int C(x1)) # 0 and T'(x2) N (z — int C(z2)) # O imply

T(z,) N (z—int C(z,)) # 0, for all z, € (1, x2)
and also T'(z1) N (z —int C(z1)) # 0 and T'(z2) N (2 — cl C(x2)) # O imply
T(zy)N(z—clC(xy,)) #0, forall x, € (x1,x2).

We say that T is strictly C-weakly properly quasiconcave on X if for each x1, x5 €
X, T(x1) N (z —int C(x1)) # 0 and T'(z2) N (2 — int C(z2)) # O imply

T(z,)N(z—clC(xy,)) #0, forall x, € (x1,x2).
Example 1. Let X = [0, g] x [0, g] and Z = R2. Let
C(z,y) = {(u,v) €Z :ucosx +vsinz > 0}.
Suppose
T(z,y) = (x — %)(sinx, —cosz) + co{(y — x)(cosz,sinx), (0,0)}.
Then T is C'-weakly properly quasiconcave on X.

Definition 2.12. (C-diagonally quasiconcavity; see also, [5]). Let X be a
nonempty convex subset of a real vector space, Z a real vector space and C' :
X — 2% with proper solid convex cone values. Suppose 7 : X x X — 2%\ {0}.
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(i) T is said to be Type I C-diagonally quasiconcave in its second argument, if
for any finite subset A of X and any x € co A, there exists y € A such that
T(z,y) ¢ —int C(x).

(ii) T is said to be Type II C-diagonally quasiconcave in its second argument, if
for any finite subset A of X and any x € co A, there exists y € A such that
T(xz,y)N (—int C(z)) = 0.

Proposition 2.4. Let X be a nonempty convex subset of a real vector space,
7 a real vector space and C : X — 2% with proper solid convex cone values.
Suppose that T: X x X — 2%\ {0}. We also assume the following two conditions:

(i) for each v € X T(x,x) ¢ —int C(x),
(i) for each x € X T(x,-) is generalized C(x)-quasiconvex on X.

Then T is Type I C-diagonally quasiconcave in its second argument.

Proof. Suppose to the contrary that 7" is not C-diagonally quasiconcave in its
second argument. Then there exist z, z1, ..., 2z, € X suchthatz € co{x1,...,2,}
and T'(x,x;) C —int C(x), for each ¢ = 1,...,n. Therefore by condition (ii), we
have T'(x,z) C —int C'(z). However this contradicts to condition (i). Accordingly
T is Type I C-diagonally quasiconcave in its second argument. ]

Proposition 2.5. Let X be a nonempty convex subset of a real vector space,
7 a real vector space and C : X — 2% with proper solid convex cone values.
Suppose that T : X x X — 2%\ {Q}. We also assume the following two conditions:

(i) for each x € X T(x,z)N (—int C(z)) = 0;
(ii) for each x € X T(x,-) is extended C(x)-quasiconvex on X.

Then T is Type Il C-diagonally quasiconcave in its second argument.

Proof.  Suppose to the contrary that 7' is not Type II C-diagonally quasi-
concave in its second argument. Then there exist x,x1,...,z, € X such that
x € co{xy,...,xn} and T'(z,x;) N (—int C(x)) # 0, for each i = 1,...,n.
Therefore by condition (ii), we have T'(z,x) N (—int C(z)) = 0. However this
contradicts to condition (i). Accordingly 7" is Type II C-diagonally quasiconcave
in its second argument. u

Definition 2.13. (Intersectional mapping, [13]. Let X be a topological space
and Z a nonempty set. Let T, G : X — 2%\ {0}, respectively. We say G is an
intersectional mapping of T, if for each x € X there exist a neighborhood U, of x
such that

G(x)c () T(w).

UEU
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Proposition 2.6. [13, Proposition 2.2] Let X be a nonempty subset of a
topological space and 7. a real topological vector spaces, respectively. Let C :
X — 22, which has proper solid convex cone values. Supose that W : X — 2%
defined by

W(z) =17\ int C(x)

has closed graph. Then C has at least one intersectional mapping, which has solid
convex cone values.

Proposition 2.7. Let E be a nonempty subset of a topological space and 7. a
real topological vector space. Let C : E — 2% with proper solid convex cone values
and D : E — 2% an intersectional mapping of C with solid convex cone values.

Suppose F : E — 22\ {0} and W : E — 2%, defined by W (z) = Z\ (—int C(z)).
We also assume the following conditions:
(i) W has closed graph;,
(ii) Fis (—D)-u.s.c on X
(iif) F(x) is (—D(x))-compact for each x € X.
Then the set 6 = {x € E: F(z) C —int C(x)} is open.

Proof. Letxz € G and d € int D(x). Then for each z € F(z) there exists a
positive number ¢, > 0 such that

z+t,d e —int C(x).
Note that V = (¢ p(,) # + t-d — int C(2) is a neighborhood of F'(z). Hence by

condition (iii), there exist 21, . .., 2, € F(z) such that

n
U (zi + to;d — int D(x))D F(x).
i=1
By condition (ii), there exists a neighborhood U; of = such that

n
U(ZZ +t,,d € —int D(z))D F(u), for all u € Uj.
i=1

Futhermore by condition (i), there exists a neighborhood Us of = such that
{z1 +tsd,..., 2+ t,,d} C —int C(u), for all u € U,.
Since D is an intersectional mapping of C, there exists a neighborhood Us of z

such that D(z) C C(u) for all u € Us. Hence for each u € Uy N Us we have

n

U (2i + t.;d — int D())C int C(u).
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Therefore we have
3
F(u) C int C(u), for all u € ﬂ Ui.
i=1

Hence ﬂ?zl U; C G. Since x € G is arbitrary, G is open. [

Proposition 2.8. Let E be a nonempty subset of a topological space and 7. a
real topological vector space. Let C : E — 2% with proper solid convex cone values
and D : E — 22 an intersectional mapping of C with solid convex cone values.
Suppose F : E — 2%\ {0} and W : E — 2%, defined by W (z) = Z\ (—int C(z)).
We also assume the following conditions:

(i) W has closed graph;,
(ii) Fis (—D)-ls.c on X.

Then the set € = {x € E : F(z) N (—int C(z)) # 0} is open.
Proof. Let x € T. Then there exists z € —int C'(x) such that
T(z)N(z—int D(x)) # 0.
By condition (ii), there exists a neighborhood U; of = such that
T(u)N(z —int D(z)) # 0, for all u € Uy.
Futhermore by condition (i), there exists a neighborhood Us of = such that
z C —int C(u), for all u € Us.

Since D is an intersectional mapping of C, there exists a neighborhood Us of z
such that D(z) C C(u) for all u € Us. Hence for each u € Uy N Us we have

z —int D(u) C int C(u).
Therefore we have
F(u) U (=int C(u)) # 0, for all u € ﬁ U;.
i=1
Hence ﬂ?zl U; C %. Since x € ¥ is arbitrary, T is open. [
Definition 2.14. Let X be a topological space and Y an nonemptyset. A set-

valued map F : X — 2Y is said to have open lower sections, if the set F ~1(y) =
{re X :ye F(x)}isopenin X for every y € Y.

Lemma 2.1. ([11]). Let X be a topological space and Y a convex set of a
real topological vector space. Let F,G : X — 2Y be two set-valued maps with
open lower sections. Then:
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(i) the set-valued map H : X — 2Y, defined by H(z) = co (F(x)) for all
x € X, has open lower sections,

(ii) the set-valued map J : X — 2Y, defined by J(z) = F(z) N G(x) for all
x € X, has open lower sections.

Lemma 2.2. [10, Fan-Browder fixed-point theorem]. Let X be a nonempty
compact convex subset of a real Hausdorff topological vector space. Suppose that
F : X — 2% is a set-valued map with nonempty convex values and open lower
sections. Then F' has a fixed point.

3. EXISTENCE OF SOLUTION FOR PGQVEP
In this section we drive some existence results for PGQVEP.

Theorem 3.1. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, P an index set and C : P x X — 27 with
proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) for each p € P F(p,-,-) is Type I C-diagonally quasiconcave in the third
argument;

(ii) X is compact and convex;
(iif) K has convex values and has open lower sections;

(iv) for each fixed p € P and x € X, the set
{ye X :F(p,z,y) C —int C(p, x)}

is open.
(v) for each fixed p € P the set {x € X : K(p,z)N{y € X : F(p,x,y) C
—int C(p, x)} # 0}

Then ) is nonempty for each p € P. Moreover, ® is nonempty for each p € P if
conditions (i), (iv), and (v) are replaced by the following (vi), (vii), and (viii):

(vi) for each p € P F(p,-,-) is Type II C-diagonally quasiconcave in the third
argument;
(vii) the set {y € X : F(p,z,y) N (=int C(p,z)) # O} is open, for each p € P
and v € X.
(viii) for each fixed p € P the set {x € X : K(p,x)N{y € X : F(p,z,y) N
—int C(p,z)) # 0} # 0 is cloded.



2244 Kenji Kimura and Jen-Chih Yao

Proof Letp € Pand for x € X,
T(p,x):={ye€ X : F(p,z,y) C —int C(p, z)}.
Then by condition (i), we have
(1) z ¢ co(T(p,x)), for each z € X.

Let G(p, ) = K(p,z)Nco (T(p,x)). By condition (iii), K has convex values and
K has open lower sections. Hence there exists ' € X such that 2’ € K(p, /)
by Lemma 2.2. If for every € X, G(p,z) = 0, then 2/ € Q(p). Thus we may
suppose G(p, x) # () for some = € X. By condition (iv), 7" has open lower sections.
Therefore by Lemma 2.1, G has open lower sections. Clearly G has convex values.
Let H : X — 2% be defined by

G(p,z), if G(p,x)#0,
K(p,x), otherwise.

H(pvx):{

Hence H has convex values and, by condition (v), open lower sections. Accordingly
by Lemma 2.2, there exists & € X such that & € H(&). Because of (1), z € K(p, %)
and G(p, &) = 0. Hence & € S(p). Therefore S(p) # 0. Since p € PP is arbitrary,
we have S(p) # 0 for each p € P.
In above proof, let §2, (i) and (iv) be replaced by &, (v) and (vi), respectively
and let
T(p,x) = {y € X : F(p, z,y) N (—int C(p, ) # 0}

Then we obtain upper semicontinuity of ® on P x X. ]

Next we concider sufficient condition for assumptions (iv) and (vi) of Theo-
rem 3.1.

Proposition 3.1. Let E be a nonempty subset of a real topological vector space
and 7 a real topological vector space with a proper solid convex cone C Suppose
F:E —22\{0}. IfF is (—=C)-u.s.c. on E, then the set {x € E : F(x) C —int C}
is open. If F is (—C)-ls.c. on E, then the set {x € E : F(z)N (—intC) # 0} is
open.

Proof. In Propositions 2.2 and 2.3 assuming C' has constant value, respectively,
we obtain the results. ]

The following result is a consequence of Theorem 3.1 and Propositions 2.4, 2.5
and 3.1.

Corollary 3.1. In Theorem 3.1,
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(i) condition (i) can be replaced by the following conditions:
(a) for eachp € Pand x € X, F(p,x,z) ¢ —int C(p, z);

(b) foreachp € Pandx € X, F(p, z,-) is generalized C(p, x)-quasiconvex
on X;

(ii) condition (vi) can be replaced by the following conditions:

(a) for eachp € P and x € X, F(p,xz,z) N (—int C(p,x)) = 0;
4

(b) for each p € P and x € X, F(p,z,-) is extended C(p, x)-quasiconvex
on X;

(iii) condition (iv) can be replaced by the following condition:
(a) for eachp € Pand x € X, F(p,x,-) is —C(p, x)-u.s.c. on X;
(iv) condition (vii) can be replaced by the following condition:

(a) for eachp € Pand x € X, F(p,x,-) is —C(p, x)-Ls.c. on X.

To investigate upper and lower semicontinuities of {2 and ®, we need to require
closedness of K (p, z) for each p € P and x € X. The following theorem is useful.

Theorem 3.2. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, P an index set and C : P x X — 27 with
proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) Q(p) is nonempty for each p € P;

(ii) the set {y € X : F(p,z,y) C —int C(p,x)} is open for each fixed p € P
and x € X.

Then

Q(p) ={z € K(p,x): F(p,z,y) ¢ —int C(p, x), for all y € cl K(p, )}

is nonempty for each p € P.

Proof. Letp € P and x € Q(p). Suppose to the contrary that there exists
y € cl K(p, z) such that F((p,z,y) C —int C(p,z). Then by condition (ii), there
exists a neighborhood U of y such that

F(p,z,y") C —int C(p, ), for all v’ € U.

Clearly U N K (p, ) # (). This contradicts to the fact that x € Q(p). Hence Q(p)

is nonempty. Since p € P is arbitrary, Q(p) is nonempty for each p € P. ]
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Theorem 3.3. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, P an index set and C : P x X — 27 with
proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X xX — 28\ {0}. Also we assume that the following conditions:

(i) Y(p) is nonempty for each p € P;
(ii) the set {y € X : F(p,z,y) N (—int C(p,x)) # 0} is open for each fixed
pEeEPand x € X.

Then

U(p)={x ccK(p,x): F(p,xz,y)N (=int C(p,z)) =0, Yy € cl K(p, z)}
is nonempty for each p € P.

Proof. Letp € Pand z € ¥U(p). Suppose to the contrary that there exists
y € cl K (p, ) such that F(p,z,y) N (—int C(p, x)) # (). Hence by condition (ii),
there exists a neighborhood i/ of ¥ such that

F(p,z,y") N (=int C(p,x)) # 0, for all v’ € U.

Clearly U N K (p, ) # (. This contradicts to the fact that x € W(p). Hence U(p)
is nonempty. Since p € P is arbitrary, ¥(p) is nonempty for each p € P. ]

The following result is a consequence of Theorems 3.1, 3.2 and 3.3.

Theorem 3.4. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, P an index set and C : P x X — 2% with
proper solid convex cone values. Let K, K':P x X — 2%\ {(}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:

(i) for each p € P F(p,-,-) is Type I C-diagonally quasiconcave in the third
argument;

(ii) X is compact and convex;

(iii)

(iv) K(p,z)=clK'(p,x) for each p € P and x € X,

(v) the set {y € X : F(p,z,y) C —int C(p, )} is open, for each fixed p € P
and x € X.

(vi) for each fixed p € P the set {x € X : K(p,x)N{y € X : F(p,z,y) C
—int C(p,x)} # 0} is closed.

K’ has convex values and open lower sections;

Then ) is nonempty for each p € P. Moreover, ® is nonempty for each p € P if
conditions (i), (v), and (vi) are replaced by the following (vii), (viii), and (ix):
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(vii) for each p € P F(p,-,-) is Type Il C-diagonally quasiconcave in the third
argument;

(viii) the set {(p,z,y) € P x X : F(p,z,y) N (—int C(p, x)) # 0} is open.
(ix) for each fixed p € P the set {x € X : K(p,z)N{y € X : F(p,z,y) N
—int C(p, x)) # 0} # 0 is cloded.

Remark 2. Conditions (iii) and (iv) and the condition that K has closed convex
values and open lower sections are quite different. For example let P = {1}, X =
[0,1], A=(0,3) and B = (3, 1). Suppese that K : P x X — 2% is defined by

K(p,z)=cl(zA+ (1 -z)B).

Then K satisfies conditions (iii) and (iv) but K does not have open lower sections.
The following result is a consequence of Theorem 3.4 and Propositions 2.4, 2.5
and 3.1.

Corollary 3.2. In Theorem 3.4,
(i) condition (i) can be replaced by the following conditions:
(a) for eachp € Pand x € X, F(p,x,z) ¢ —int C(p, z);

(b) foreachp € Pandx € X, F(p, z,-) is generalized C(p, x)-quasiconvex
on X;

(ii) condition (vii) can be replaced by the following conditions:
(a) for eachp € P and x € X, F(p,xz,z) N (—int C(p,x)) = 0;
(b) for each p € P and x € X, F(p,z,-) is extended C(p, x)-quasiconvex
on X,
(iii) condition (viii) can be replaced by the following condition:
(a) for eachp € Pand x € X, F(p,x,-) is —C(p, x)-u.s.c. on X;
(iv) condition (iv) can be replaced by the following condition:
(a) for eachp € Pand x € X, F(p,x,-) is —C(p, x)-Ls.c. on X.

Let
Y(p):={x e K(p,x): F(p,x,y) ¢ —1C(p, ), Yy € K(p,x)}

and
'(p):={r € K(p,x): F(p,x,y) N (—clC(p,z)) =0, Yy € K(p,z)}.

Theorem 3.5. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, P an index set and C : P x X — 2% with
proper solid convex cone values. Let K : Px X — 2X\{0} and c : Px X — Z with
c(p,x) € int C(p, x) for each p € P and x € X. Suppose that F : P x X x X —
2%\ {(0}. Also we assume that the following conditions:
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(i) for each p € P, F(p,-,-) — c(p,-) is Type I C-diagonally quasiconcave in
the third argument;
(ii) X is compact and convex;
(iif) K has convex values and open lower sections;

(iv) {ye X : F(p,z,y) — c(p,x) C —int C(p, z)} is open, for each fixed p € P
and r € X.

(v) for each fixed p € P the following set is closed, {x € X : K(p,z)N{y €
X : F(p,l’,y) - C(p7 1’) C —int C(p7 1‘)} 7é @}

Then Q' (p) is nonempty for each p € P. Moreover, ®'(p) is nonempty for each
p € P if conditions (i) and (iv) are replaced by the following (vi) and (vii):

(vi) for each p € P F(p,-,-) — c(p,x) is Type Il C-diagonally quasiconcave in
the third argument;

(vii) the set {y € X : (F(p,z,y) — c¢(p,z)) N (—int C(p, x)) # O} is open, for
eachpePand x € X.

(viii) for each fixed p € P the following set is closed, {x € X : K(p,z)N{y €
X : F(p,z,y) — c(p,x) N (—int C(p, x))} # 0}.

Proof. First, we show nonemptyness of {2/ (p) for each p € I'. Let F'(p, z,y) =
F(p,z,y) —c(p, x). Then by Theorem 3.1, for each p € PP there exists z € X such
that x € K(p, z) and

F'(p,x,y) ¢ —int C(p, z), for all y € K(p, x),
1e.,
() F(p,z,y) — c(p,z) ¢ —int C(p, z), for all y € K(p, x).
Since ¢(p, z) € int C(p, z) for each p € P and = € X, (2) implies
F(p,z,y) ¢ —clC(p,z), forall y € K(p,x).

Hence Q' (p) # () for each p € P.

Next, we show nonemptyness of ®'(p) for each p € T'. Let F'(p,z,y) =
F(p,z,y) —c(p, ). Then by Theorem 3.1, for each p € PP there exists z € X such
that x € K(p, z) and

F'(p,z,y) N (=int C(p,x)) = 0, for all y € K(p, z),
1e.,

3) F(p,xz,y)—c(p,z) N (—int C(p,z)) =0, for all y € K(p, x).
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Since ¢(p, z) € int C(p, z) for each p € P and = € X, (3) implies

F(p,z,y) N (~int C(p, x)) = 0, for all y € K(p, ).
Hence @' (p) # () for each p € P.

Next corollary follows from Theorem 3.5, Propositions 2.4, 2.5 and 3.1.

Corollary 3.3. In Theorem 3.5,

(i) condition (i) can be replaced by the following conditions:
(@) F(p,xz,z)— c(p,z) ¢ —int C(p, ) for each p € P and x € X;

(b) F(p,x,-) — c(p,-) is generalized C(p, x)-quasiconvex on X for each
peEPand x € X;

(ii) condition (vi) can be replaced by the following conditions:

(@) (F(p,x,z)—c(p,z))N(—int C(p,x)) = 0 for each p € P and x € X,

(b) (F(p,x,-) — c(p,-)) is extended C(p,x)-quasiconvex on X for each
pePand x € X;

(iii) condition (iv) can be replaced by the following condition:

(a) F(p,x,-)—c(p,-)is —C(p,z)-u.s.c. on X for eachp € P and x € X;

(iv) condition (vii) can be replaced by the following condition:

(a) F(p,x,-)—c(p,-) is —C(p,x)-Ls.c. on X for eachp € P and x € X.

Theorem 3.6. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, P an index set and C : P x X — 2%
with proper solid convex cone values. Let K,K' : P x X — 2%\ {0} and
¢:PxX — Z with ¢(p,x) € int C(p, x) for each p € P and x € X. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) for eachp € P F(p,-,-) —

c(p, ) is Type I C-diagonally quasiconcave in the
third argument;

(ii) X is compact and convex;

(iv) K(p,z)=clK'(p,z) for eachp € P and x € X;

(v) the set {y € X : F(p,z,y) — c¢(p, x)
pePand z € X.

)

(iii) K’ has convex values and open lower sections;
)
)

C —int C(p, x)} is open for each fixed

(vi) for each fixed p € P the following set is closed, {v € X : K(p,x) N {y €
X F(p7 xz, y) - C(p7 J,') C —int C(p7 J,')} 7& @}
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Then Q' is nonempty for each p € P. Moreover, ®' is nonempty for each p € P if

conditions (i) and (iv) are replaced by the following (v) and (vi):

(vii) for each p € P F(p,-,-) — c¢(p,x) is Type Il C-diagonally quasiconcave in
the third argument;

(viii) the set {y € X : (F(p,z,y) — ¢(p,x)) N (—int C(p, x)) # O} is open, for
eachpePand x € X.

(ix) for each fixed p € P the following set is closed, {x € X : K(p,x) N{y €
X : F(p,w,y) = c(p,x) N (~int C(p, x))} # 0}.

Proof. First, we show nonemptyness of {2/ (p) for each p € I'. Let F'(p, z,y) =
F(p,z,y) —c(p, x). Then by Theorem 3.1, for each p € PP there exists z € X such
that x € K'(p, ) and

F'(p,z,y) ¢ —int C(p, ), for all y € K'(p, x),
1e.,
F(p,z,y) — c(p,z) ¢ —int C(p, x), for all y € K'(p, z).
By condition (vii), we have
4) F(p,z,y) — c(p,z) ¢ —int C(p, z), for all y € K(p, x).
Since ¢(p, z) € int C(p, =), (4) implies
F(p,z,y) ¢ —clC(p,z), forall y € K(p,x).

Hence Q' (p) is nonempty for each p € P.

Next, we show nonemptyness of ¥ (p) for each p € I'. Let F'(p,z,y) =
F(p,z,y) —c(p, ). Then by Theorem 3.1, for each p € PP there exists z € X such
that x € K'(p, ) and

F'(p,z,y) N (=int C(p,x)) = 0, for all y € K'(p, x),

1e.,
F(p,x,y) — c(p,z) N (=int C(p,z)) = 0, for all y € K'(p, z).

By condition (vii), we have
Q) F(p,z,y)—c(p,z) N (—int C(p,z)) =0, for all y € K(p, ).
Since ¢(p, z) € int C(p, z), (5) implies

F(p,z,y) N (—int C(p,x)) = 0, for all y € K(p, x).
Hence ®'(p) is nonempty for each p € P. |

The following result follows Theorem 3.6, Propositions 2.4, 2.5 and 3.1.

Corollary 3.4. In Theorem 3.6,
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(i) condition (i) can be replaced by the following conditions:
(a) F(p,x,z)— c(p,z) ¢ —int C(p, z) for each p € P and x € X;

(b) F(p,x,-) — c(p,-) is generalized C(p, x)-quasiconvex on X for each
peEPand x € X;

(ii) condition (vii) can be replaced by the following conditions:
(@) (F(p,z,z)—c(p,z))N(—int C(p,x)) = 0 for each p € P and x € X,

(b) (F(p,x,-) — c(p,-)) is extended C(p,x)-quasiconvex on X for each
peEPand x € X;

(iii) condition (v) can be replaced by the following condition:
(a) F(p,x,)—c(p,-)is —C(p, z)-u.s.c. on X for eachp € P and x € X;
(iv) condition (viii) can be replaced by the following condition:

(a) F(p,x,-)—c(p,-) is —C(p,x)-Ls.c. on X for eachp € P and x € X.

4. UPPER SEMICONTINUITY OF THE SOLUTION MAPPING

In this section we show that the solution mappings 2 of PGQVEP and ¢ of
PEQVEP are upper semicontinuous on P, respectively, under suitable assumptions.

Theorem 4.1. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, C : P x X — 2% with proper solid convex
cone values and P a topological space. Let K : P x X — 2%\ {}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) Q(p) is nonempty for each p € P;

(ii) X is compact;

) K(p,x) is compact for each p € P and x € X;
) K isus.c.onP x X;
)

(v) the set {(p,z,y) € Px X : F(p,x,y) C —int C(p, x)} is open.

(ii

(iv

Then Q2 is u.s.c. on P. Moreover, ® is u.s.c. on P if condition (v) is replaced by the
following one:

(vi) the set {(p,xz,y) € Px X : F(p,z,y) N (—int C(p, x)) # O} is open.

Proof. Since X is compact, it suffices to show that 2 has closed graph. Let
p € P. Suppose {p,} C P is a net with p, — p and {z,} C X is a net with
x, € Q(p,) for all p € M. Then z,, € K(p,, x,). By condition (ii), there exists a
subnet {x,} C {z,} such that x, — 2 € X. Hence we may assume, without loss
of generality, p, — p and =, — x with z, € Q(p,). Because of conditions (ii),
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(iii) and (iv), K has closed graph. Note that x,, € Q(p,) implies x, € K (p,,x,).
Therefore we have x € K (p, z). Suppose to the contrary that ¢ 2(p). Then there
exists y € K(p, z) such that

(6) F(p,z,y) C —int C(p, z).
Then by condition (v), there exists a neighborhood U of (p, x,y) such that
(7) f, 2 y) e —int C(p, 2'), forall (p/, 2’ y) eU.

This contradicts to the fact that p, — p, z, —  and z, € Q(p,) for all p € M.
Hence x € Q(p). Therefore (2 is u.s.c. on P.

Let € and (v) be replaced by ® and (vi), respectively. Let (6) and (7) be replaced
by the following (8) and (9), respectively in above proof:

(8) F(p, z,y) N (=int C(p, x)) # 0

and

) f 2 )N (=int C(p', 2)) # 0, for all (p',2',y") e U.
Consequently, ® is u.s.c. on P. ]

Theorem 4.2. Let X be a nonempty subset of a real topological vector space
and 7. a real topological vector space, C : P x X — 2% with proper solid convex
cone values and P a topological space. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:

(i

(p) is nonempty for each p € P;

(ii) X is compact;

(iv) K isu.s.c.onPx X;

(v) W : P x X — 27 defined by W(p,z) = Z\ (—int C(p, z)) is u.s.c. on
Px X,

(vi) Fis (=C)-us.c. on P x X x X.

) @
)
(iif) K(p,x) is compact for each p € P and x € X;
)
)

Then QQ is u.s.c. on P. Moreover, ® is u.s.c. on P if condition (vi) is replaced by
the following one:

(vii) Fis (—C)-Ls.c. on P x X x X.
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Proof. Upper semicontinuity of 2 follows from Theorem 4.1 and Proposition 2.2.
Upper semicontinuity of ® follows from Theorem 4.1 and Proposition 2.3. ]

Example 3. LetP =[0,1], X =R, X = [0, g], Z=R% A= (07%) and

s

T
B=(— . L
D). Let
20 2(1-1)
K(p.a)=cl (p—ea+ 2 2—2p),
T T
1
{(u,v) € Z:u >0}, re0,5) andpe0,3),
T 1
C(p,x) = {(u,v)EZ:uZOandeO},xe[g,g]orpe[?l]’
1
{(u,v) € Z :v >0}, x € (g,l]) and p € [0,5).

Suppose that

co{<:£>,<_01>}, if e <y e(0,5) andpe0,)
)G} e
(16—
[E /A

Then by Theorem 3.4 and Corollary 3.2, for each p € P, Q(p) # (. We also
observe that every condition of Theorem 4.2 is satisfied. Accordingly €2 is u.s.c. on
P. Indeed,

1
glorpe 5,
F(p,z,y) =

1
71] andp € [07 5)7

w|y o3

Qp) = {g}, p€(0,1),

CON =, = 1.
63/ p

The following result is a consequence of Theorem 4.1 and Proposition 2.7.

Theorem 4.3. Let X be a nonempty subset of a real topological vector space
X and 7 a real topological vector space, C : P x X — 2% with proper solid convex
cone values and P a topological space. Let K : P x X — 2%\ {(}. Suppose that
F:Px X x X — 22\ {0} is a vector-valued function and that D : P x X — 2%
is an intersectional mapping of C with solid convex cone values. Also we assume
that the following conditions:
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) Q(p) is nonempty for each p € P;

(ii) X is compact;

(iif) K(p,x) is compact for each p € P and x € X;

(iv) K isu.s.c.onPx X;

(v) W : Px X — 27 defined by W(p,z) = Z \ (—int C(p,z)) has closed
graph;

(vi) Fis (—D)—u.s.c onPxXxX;

(vii) F(p,z,y) is (—D(p, x))—compactfor eachp eP, x € X and y € X.

Then  is u.s.c. on P.

The following result is a consequence of Theorem 4.1 and Proposition 2.8.

Theorem 4.4. Let X be a nonempty subset of a real topological vector space
X and 7. a real topological vector space, C : P x X — 2% with proper solid convex
cone values and P a topological space. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 22\ {0} is a vector-valued function and that D : P x X — 2%
is an intersectional mapping of C with solid convex cone values. Also we assume
that the following conditions:

(i) ®(p) is nonempty for each p € P;

(ii) X is compact;
(iif) K(p,x) is compact for each p € P and x € X;
(iv) K isu.s.c.onPx X;
(v) W Px X — 27 defined by W(p,z) = Z\ (—int C(p, z)) has closed

graph;
(vi) Fis (=D)-Ls.con P x X x X.

Then ® is u.s.c. on P.

Example 4. Let P, X, X, Z and K be the same as those in Exmaple 3. Let

(wo) e 2: (). () =0},

C(p,x) = ;e
(7. 2) D(p,z)= {(u,v)e€Z: (527, 507,)(Y) € Ri},

cosz'’ sinx

Whereac’:ac—i—p—?)1 x’ —x—|—p+3—2 Suppose

{() w>>(2?§§§i£§)}v

F ) m? -
) — cos(w +p) otherwise
—sin(x + p) '
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Then by Theorem 3.4 and Corollary 3.2, for each p € P, ®(p) # (. We also
observe that every condition of Theorem 4.4 is satisfied. Accordingly S is u.s.c. on

P. Indeed -
— 0,1],
o(p) = {f}ﬂ petd
53] »-o

5. LOWER SEMICONTINUITY OF THE SOLUTION MAPPING

We next establish that the solution mappings 2 of PGQVEP and ¢ of PEQVEP
are lower semicontinuous on P under suitable assumptions.

Theorem 5.1. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 27
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) Y(p) is nonempty for each p € P;
(ii) K(p,x) is convex and compact for each p € P and x € X;
(iii) for each p € P K(p, ") is affine on X;
(iv) K isu.s.c.onPx X;
(v) F:P — 2%, defined by F(p) = {zx € X : 2 € K(p,x)}, is Ls.c. on P;
(vi) the set {(p,x,y) EPx X x X : F(p,x,y) ¢ —clC(p,x) = 0} is open;
(vii) F is C-weakly quasiconcave on P x X x X.
Then 2 is ls.c. on P. Moreover, ® is Ls.c. on P if conditions (vi) and (vii) are
replaced by the following (viii) and (ix)
(viii) the set {(p,z,y) € P x X : F(p,x,y) N (—clC(p,x)) # 0} is open;
(ix) F is C-weakly properly quasiconcave on P x X x X.

Proof.  Suppose p € P. Let V be an open set of X with VN Q(p) # 0 and
xz1 € VNQ(p). If 1 ¢ Q/(p), we can choose z2 € Q' (p). Letz, = pai+(1—p)xs,
€ (0,1). Then by condition (vii) for each p € (0,1), we have

F(p,zu,y) ¢ —clC(p, ), forally € uK(p, 1) + (1 — p) K (p, x2).

Since K (p,-) is convex for each p € P, z, € K(p,x,). Also since K(p,-) is
concave for each p € P,

K(p,z,) C pK(p, 1) + (1 — p) K (p, 72).
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Hence we have z, € Q/(p) for all © € (0,1). Thus there exists z € V N Q' (p) N
co{x1,z2}. If 21 € Q/(p), then let x = ;.

By condition (vi) for each y € K (p, ) there exist corredponding neighborhoods
P, of p, U, of u, and V;, of y such that

(10) F(q,u,v) ¢ —clC(q,u), forall ¢ € P;, ue U, and v € V,.

Since K (p, ) is compact, there exist {y1, ..., yn} C K(p,z) such that | J_, V}, D
K (p, z). Therefore we have

n n n
F(q,u,v) ¢ —clC(q,u), forall g € ﬂ P, ue ﬂ Uy, and v € U Vs -
i=1 i=1 i=1

By condition (iv) there exist neighborhoods P of p and U of x such that

n
K(q,u) C U Vy;, forall ¢ € P and u € U.
i=1

Because of condition (v) there exists a neighborhood P’ of p such that for each
g € P’ we have

n
u' € K(q,u'), for some u € ﬂ Uy, NV.
i=1

Let P = (., P, N PN P For each p € P, there exists corresponding =’ €
Nizy Uy, NV such that ' € K(p', z") and
(11) F(p', 2, y) ¢ =1 C(p',2"), forall y € K(p',2').

Therefore for each p € P, Q(p') NV # (. Thus Q is Ls.c. at p. Since p € P is
arbitrary, €2 is l.s.c. on P.

Let €2, (vi) and (vii) be replaced by @, (viii) and (ix), respectively. Let (10) and
(11) be replaced by the following (12) and (13), respectively in the above proof:

(12) F(p,z,y) N (=clC(p,x)) # 0

and

(13) F@p', 2",y )n(=cdCp,z")) #0, forall (p/,2',y) eU.

Then we can obtain lower semicontinuity of & on P. ]

Next we investigate condition (vi) and (viii).

Proposition 5.1. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:
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(i) Fis C(p,x)-Ls.c. at (p,x,y) foreveryp € P, x € X and y € X;
(ii) Cisus.c.onPx X.

Then the set U = {(p,x,y) e Px X x X : F(p,z,y) ¢ —clC(p, )} is open.

Proof.  Let (p,z,y) € 4, ie, F(p,x,y) ¢ —clC(p,z). Then there exists
z € F(p,x,y) such that z ¢ —clC(p,z) and F(p,z,y) N (z + int C(p, x)) # 0.
Therefore by condition (i), there exists a neighborhood U of (p, x,y) such that

F(q,u,v)N(z+intC(p,x)) # 0, for all (¢, u,v) € U.

By condition (ii) and Proposition 2.1, there exists a neighborhood V of (p, x) such
that
(z + clC(p, m))ﬂ( —clC(q, u)): 0, for all (¢, u) € V.

Accordingly for each (¢, u,v) €U N (V x X) we have
F(Qv u, ’U) gZ —cl C(Qv U)
Hence U N (V x X)C 4. Since (p, z,y) € 4 is arbitrary, 4 is open. n

Proposition 5.2. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 27
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) Fis C(p,x)-us.c. at (p,x,y) foreveryp e P, z € X andy € X,
(ii) Cisus.c.onPx X.

Then the set ' = {(p,z,y) € Px X x X : F(p,z,y) N (—clC(p,x)) = 0} is
open.

Proof. Let (p,x,y) € &, ie., F(p,x,y) N (—clC(p,x)) = (). Therefore by
condition (i), there exists a neighborhood U of (p, x,y) such that

F(g,u,v) N (=clC(p, z)) = 0, for all (¢, u,v) €U.

By condition (ii) and Proposition 2.1, there exists a neighborhood V of (p, x) such
that
(z + clC(p, x))ﬂ( —clC(q, u)): 0, for all (¢, u) € V.

Accordingly for each (¢, u,v) €U N (V x X) we have

F(q,u,v) N (—clC(q,u)) = 0.
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Hence U N (V x X)C Y. Since (p,x,y) € W is arbitrary, &' is open. n

Proposition 5.3. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {(}. Suppose that
F:PxX x X —2%2\ {0} and that D : P x X — 2% is a intersectional mapping of
C with solid convex cone values. Also we assume that the following conditions:

(i) Fis D(p,xz)-Ls.c. at (p,z,y) for every pe P, x € X andy € X,
(ii) C has closed graph.

Then the set 4 = {(p,z,y) e Px X x X : F(p,z,y) ¢ —clC(p, x)} is open.

Proof. Let (p,z,y) € 4. Then there exists z € F(p, x,y) such that
z ¢ —clC(p,x).

Let d € (—c1C(p,z))°N(z — int D(p, x)). By condition (i), there exists a neigh-
borhood U of (p, z,y) such that

F(q,u,v)N (d+int D(p,x)) # 0, for all (g, u,v) € U.

Since C has closed graph and D is an intersectional mapping of C, there exists a
neighborhood V of (p, x) such that

(d+clD(p,z))N(—cl C(g,u))= 0, for all (q,u) € V.
Accordingly for each (¢, u,v) € U N (V x X) we have
F(q,u,v) ¢ —clC(q,u), for all (q,u,v) €UN (V X X).
Hence U N (V x X)C 4. Since (p, z,y) € 4 is arbitrary, 4 is open. n

Proposition 5.4. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:PxX xX — 22\ {0} and that D : Px X —27% is a intersectional mapping of
C with solid convex cone values. Also we assume that the following conditions:

(i) Fis D(p,z)-us.c. at (p,x,y) foreveryp € P, v € X and y € X;
(ii) F(p,z,y) is D(p,xz)-comapct for each p € P, x € X and y € X;

(iif) C has closed graph.
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Then the set W' = {(p,z,y) € Px X x X : F(p,z,y) N (—clC(p,x)) = 0} is
open.

Proof.  Let (p,x,y) € U, ie.,, F(p,z,y) N (—clC(p,z)) = 0 and let d €
int D(p, ). Then for each z € F(p, x,y) there exists corresponding positive num-
ber ¢, > 0 such that

z—t,d¢ —clC(p,x).

Note that UzeF(p,a:,y) z—t,d+int D(p,x) D F(p,z,y). By condition (ii), there
exists z1, ..., 2z, € F(p,x,y) such that

n
U zi —t,d+int D(p,z) D F(p,z,y).
i=1

By condition (i), there exists a neighborhood U of (p, z,y) such that

n
F(q,u,v) C U zi —t,,d+int D(p, x), for all (¢, u,v) € U.
i=1

Since D is an intersectional mapping of C' and C' has closed graph, there exists a
neighborhood V of (p, x) such that

(U %~ tod +int D(p, x>> N (=l Clg,u) =0, for all (¢,u) € V.

i=1
Accordingly for each (¢, u,v) €U N (V x X) we have
F(q,u,v)N (=clC(q,w)) =0, forall (q,u,v) eUN (VxX).
Hence U N (V x X)C Y. Since (p, z,y) € W is arbitrary, LI’ is open. n

Theorem 5.2. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 27
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) Y(p) is nonempty for each p € P;
(ii
(iii) for each p € P K(p, ") is affine on X;

) K(p,z) is convex and compact for each p € P and x € X;

)
(iv) K isu.s.c.onPx X;

)

)

(v) F:P — 2%, defined by F(p) = {zx € X : 2 € K(p,x)}, is Ls.c. on P;
(vi) F is C(p,x)-Ls.c. at (p,z,y) forevery p e P, x € X andy € X,
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(vii) Cisus.c.onP x X;

(viii) F is C-weakly quasiconcave on P x X x X.

Then Q) is Ls.c. on P.
Proof. The result follows from Theorem 5.1 and Proposition 5.1. ]

Theorem 5.3. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X xX — 28\ {0}. Also we assume that the following conditions:

(i) Y(p) is nonempty for each p € P;
(ii) K(p,x) is convex and compact for each p € P and x € X;

(iii) for each p € P K(p, ") is affine on X;

(iv) K isu.s.c.onPx X;

(v) F:P— 2%, defined by F(p) ={x € X : 2 € K(p,2)}, is Ls.c. on P;
(vi) Fis C(p,x)-u.s.c. at (p,z,y) foreverype P, x € X and y € X,
(vii) Cisus.c.onP x X;

)

(viii) F is C-weakly properly quasiconcave on P x X x X.

Then ® is Ls.c. on P.
Proof. The result follows from Theorem 5.1 and Proposition 5.2. ]

Theorem 5.4. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 27
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:PxX xX — 22\ {0} and that D : Px X — 2% is a intersectional mapping of
C with solid convex cone values. Also we assume that the following conditions:

(i) Y(p) is nonempty for each p € P;
(ii) K(p,x) is convex and compact for each p € P and x € X;

(iii) for each p € P K(p, ") is affine on X;

(iv) K isu.s.c.onPx X;

(v) F:P — 2%, defined by F(p) ={x € X : 2 € K(p,2)}, is Ls.c. on P;
(vi) Fis D(p,x)-Ls.c. at (p,x,y) forevery pe P, x € X and y € X;
(vii) C has closed graph;

)

(viii) F is C-weakly quasiconcave on P x X x X.
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Then Q) is Ls.c. on P.
Proof. The result follows from Theorem 5.1 and Proposition 5.3. ]

Example 5. LetP, X, X, K, Z, C and D be the same as those in Exmaple 4.

Suppose
=D <00 (T D)

and
cos(x +p .
F(p,a,y) =3 {M(p)’ Fpey) = plp=2) (Singw +p))>} r<t
{F'(p,z,y)} otherwise,
where

we) = {p(00) - (1) sac b},

Then by Corollary 3.3, we have

V(p)={re K(p,x): Fp,z,y) ¢ —clC(p,x), forally € K(p,xz)} #0

for each p € P. Hence by Theorem , €2 is l.s.c. on P. Indeed,

2 .
+ gp(Q _p)}v lfp € [07 1)7

=—1, otherwise.

Theorem 5.5. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:PxX xX — 22\ {0} and that D : Px X —27% is a intersectional mapping of
C with solid convex cone values. Also we assume that the following conditions:

(i) ®'(p) is nonempty for each p € IP;
(ii) K(p,x) is convex and compact for each p € P and x € X;
(iii) for each p € P K(p, ") is affine on X;
(iv) K isu.s.c.onPx X;

(v) F:P— 2%, defined by F(p) = {x € X : 2 € K(p,x)}, is Ls.c. on P;
(vi) Fis D(p,x)-u.s.c. at (p,z,y) foreveryp € P, x € X andy € X,

)

(vii) F(p,x,y) is D(p,x)-compact for each p € P, x € X and y € X;
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(viii) C has closed graph;
(ix) F is C-weakly properly quasiconcave on P x X x X.

Then ® is Ls.c. on P.
Proof. The result follows from Theorem 5.1 and Proposition 5.4. ]

Example 6. Let P, X, X, K, Z, C, D and F’ be the same as those in
Exmaple 5. Suppose

p(2—-p)}, ifpel0,1),

}, otherwise.

Theorem 5.6. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {(}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:

(i) Q(p) has at least two elements for each p € IP;
(ii) K(p,x) is convex and compact for each p € P and x € X;
(iii) for each p € P, K(p, ") is affine on X,
(iv) K isu.s.c.onPx X;

(v) F:P — 2%, defined by F(p)={x € X : x € K(p,x)}, is Ls.c. on P;
(vi) the set {(p,z,y) e Px X x X : F(p,x,y) ¢ —clC(p, x)} is open;

)

(vii) F is strictly C-weakly quasiconcave on P x X x X.

Then QU is Ls.c. on P.

Proof:  Suppose p € P. Let V be an open set of X with VN Q(p) # 0
and 21 € VN Q(p). Let xz9 € Q(p) \ {z1}. By condition (vii), we can choose
x € VN Q(p). Therefore by Theorem 5.1, Then €2 is l.s.c. on P. |

Theorem 5.7. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:
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(i
(ii
(iii) for each p € P, K(p,-) is affine on X,

) ®(p) has at least two elements for each p € P;
)
)

(iv) K isus.c.onPx X;
)
/)
)

K(p,x) is convex and compact for each p € P and x € X;

(v) F:P — 2%, defined by F(p) ={r € X :x € K(p,x)}, is I.s.c. on P;
(vi) the set {(p,xz,y) e Px X x X : F(p,z,y) N (—clC(p,z)) = 0} is open;
(vii) F is strictly C-weakly properly quasiconcave on P x X x X

Then ® is l.s.c. on P.

Proof:  Suppose p € P. Let V be an open set of X with V N ®(p) # 0
and z1 € VN ®(p). Let 9 € ®(p) \ {z1}. By condition (vii), we can choose
x € VN ®'(p). Therefore by Theorem 5.1, Then ® is l.s.c. on PP. |

Theorem 5.8. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 27
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 28\ {0}. Also we assume that the following conditions:

(i) Q(p) has at least two elements for each p € P;
(ii) K(p,x) is convex and compact for each p € P and x € X;

(iii) for each p € P, K(p,-) is affine on X,

(iv) K isu.s.c.onPx X;

(v) F:P— 2%, defined by F(p) = {zx € X : 2 € K(p,x)}, is Ls.c. on P;
(vi) F is C(p,x)-Ls.c. at (p,z,y) forevery p e P, x € X andy € X,
(vii) Cisus.c.on P x X.

)

(viii) F is strictly C-weakly quasiconcave on P x X x X.

Then Q) is Ls.c. on P.
Proof. The result follows from Theorem 5.6 and Proposition 5.1. ]

Theorem 5.9. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:

(i) ®(p) has at least two elements for each p € P;

(ii) K(p,x) is convex and compact for each p € P and x € X;
(iii) for each p € P, K(p,-) is affine on X,
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(iv) K isu.s.c.onPx X;
(v) F:P — 2%, defined by F(p) = {x € X : x € K(p,x)}, is Ls.c. on P;
(vi) Fis C(p,x)-u.s.c. at (p,z,y) forevery pe P, x € X and y € X,

(viii) Cis u.s.c. on P x X.

(i

Then ® is l.s.c. on P.

)
)
/)
(vii) F(p,x,y) is D(p,x)-compact for each p € P, x € X and y € X,
)
x)

F is strictly C-weakly properly quasiconcave on P x X x X.

Proof. The result follows from Theorem 5.7 and Proposition 5.2. ]

Theorem 5.10. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {(}. Suppose that
F:PxX xX — 22\ {0} and that D : Px X — 2% is a intersectional mapping of

C with solid convex cone values. Also we assume that the following conditions:

(i) Q(p) has at least two elements for each p € P;
(ii) K(p,x) is convex and compact for each p € P and x € X;

(iii) for each p € P K(p, ") is affine on X;

(iv) K isu.s.c.onPx X;

(v) F:P — 2%, defined by F(p)={rx € X : x € K(p,x)}, is Ls.c. on P;
(vi) Fis D(p,x)-Ls.c. at (p,x,y) forevery pe P, x € X and y € X;
(vii) C has closed graph.

)

(viii) F is C-weakly quasiconcave on P x X x X.

Then Q) is Ls.c. on P.
Proof. The result follows from Theorem 5.6 and Proposition 5.3. ]

Theorem 5.11. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:PxX xX — 22\ {0} and that D : Px X — 2% is a intersectional mapping of
C with solid convex cone values. Also we assume that the following conditions:

(i) ®(p) has at least two elements for each p € P;

(ii) K(p,x) is convex and compact for each p € P and x € X;
(iii) for each p € P K(p, ") is affine on X;
(iv) K isu.s.c.onPx X;
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(v) F:P — 2%, defined by F(p) = {x € X : 2 € K(p,x)}, is Ls.c. on P;
(vi) Fis D(p,x)-u.s.c. at (p,z,y) foreveryp € P, x € X andy € X,

)
)
(vii) F(p,x,y) is D(p,x)-compact for each p € P, x € X and y € X;
(viit) C has closed graph.

x)

(i

Then QU is Ls.c. on P.

F is C-weakly properly quasiconcave on P x X x X.

Proof. The result follows from Theorem 5.7 and Proposition 5.4. ]

6. CONTINUITY OF THE SOLUTION MAPPING

By combining results established in Sections 4 and 5, we have the following
results concering continuity of the solution mappings €2 and &, respectively.

Theorem 6.1. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 2%
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X x X — 22\ {0}. Also we assume that the following conditions:

(i) Y(p) is nonempty for each p € P;
(ii) X is compact;
(iif) K(p,x) is convex and compact for each p € P and x € X;
(iv) for each p € P K(p, ) is affine on X;
(v) Kisusc onPxX;
(vi) F:P — 2%, defined by F(p) ={x € X :x € K(p, )}, is Ls.c. on P;
(vii) F' is C-weakly quasiconcave on P x X x X;
)
x)

(viii) the set {(p,z,y) EPx X x X : F(p,x,y) ¢ —clC(p,x) = 0} is open;

(i

Then ) is continuous on P. Moreover, ® is continuous on P if conditions (vii),
(viii) and (ix) are replaced by the following (x), (xi) and (xii)

the set {(p,z,y) € Px X : F(p,x,y) C —int C(p, z)} is open.

(x) F is C-weakly properly quasiconcave on P x X x X,
(xi) the set {(p,x,y) € P x X : F(p,z,y) N (—clC(p,x)) # 0} is open;
(xii) the set {(p,xz,y) € P x X : F(p,z,y) N (—int C(p, x)) # 0} is open.
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Proof. The result follows from Theorems 4.1 and 5.1. ]

Theorem 6.2. Let X and P be two nonempty subsets of two real topological
vector spaces, respectively, 7. a real topological vector space and C : P x X — 27
with proper solid convex cone values. Let K : P x X — 2%\ {0}. Suppose that
F:Px X xX — 28\ {0}. Also we assume that the following conditions:

(i) Q(p) is nonempty for each p € P;

(ii) X is compact;

(iii) K(p,x) is convex and compact for each p € P and x € X;

(iv) for each p € P K(p, ) is affine on X;

(v) K isus.c.onPx X;

(vi) F:P — 2%, defined by F(p)={x € X : v € K(p,x)}, is L.s.c. on P,
(vii) F is strictly C-weakly quasiconcave on P x X x X;
(viii) the set {(p,z,y) EPx X x X : F(p,x,y) ¢ —clC(p,x) = 0} is open;

(ix) the set {(p,z,y) e Px X : F(p,z,y) C —int C(p, z)} is open.
Then ) is continuous on P. Moreover, ® is continuous on P if conditions (vii),
(viii) and (ix) are replaced by the following (x), (xi) and (xii)

(x) F is strictly C-weakly properly quasiconcave on P x X x X;
(xi) the set {(p,x,y) € P x X : F(p,z,y) N (—clC(p,x)) # 0} is open;
(xii) the set {(p,x,y) € P x X : F(p,z,y) N (—int C(p, x)) # O} is open.

Proof. The result follows from Theorems 4.1, 5.6 and 5.7. ]

The following result is a consequence of Theorems 6.1, 6.2 and Propositions
3.1, 5.3 and 5.4.

Corollary 6.1. In Theorems 6.1 and 6.2,

(i) condition (viii) can be replaced by the following conditions:

(a) F is D(p,x)-Ls.c. at (p,x,y) forevery pe P, x € X and y € X;
(b) C has closed graph;

(ii) condition (xi) can be replaced by the following conditions:
(a) Fis D(p,x)-us.c. at (p,z,y) forevery p e P, x € X andy € X,
(b) F(p,x,y) is D(p, x)-comapct for eachp € P, v € X and y € X;
(c) C has closed graph;

(iii) condition(ix) can be replaced by the following conditions:
(@ W :Px X — 27 defined by W (p,z) = Z\ (—int C(p,z)) has closed

graph;
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(b) Fis (=D)-usconPx X x X;

(¢) F(p,x,y)is (—D(p, x))-compact for each p € P, x € X and y € X;
(iv) condition (xii) can be replaced by the following conditions:

(@ W :PxX — 27 defined by W (p,z) = Z\ (—int C(p, z)) has closed

graph;
(b) Fis (—D)—l.s.c onPx X xX.

Example 7. Let P, X, X, K, Z, C, D and F’ be the same as those in
Exmaple 5. Suppose

s ={(( Lt}

F(p,z,y) = co{F'(p,z, ), G(p,z,y)}.
Then by Corollaries 3.2 and 6.1, €2 is continuous on P. Indeed,

and

T 2
Q(p):{xeX: g+§p(2—p)}.
Example 8. Let P, X, X, K, Z, C, D and G be the same as those in
Exmaple 7. Suppose

+p)

7 _ I (4 cos(z '
(p,x,y) = co { (p,z,y), —(p )<sin(x )
Then by Corollaries 3.2 and 6.1, €2 is continuous on P. Indeed,

d(p)={reX: <x§%+

%_ p(2—p)}.

[SVEN V]
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