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Abstract. In this paper, we introduce a new iterative scheme based on the
hybrid method and the extragradient method for finding a common element
of the set of solutions of a generalized mixed equilibrium problem and the
set of fixed points of a nonexpansive mapping and the set of the variational
inequality for a monotone, Lipschitz-continuous mapping. We obtain a strong
convergence theorem for the sequences generated by these processes in Hilbert
spaces. Based on this result, we also get some new and interesting results.
The results in this paper generalize, extend and unify some well-known strong
convergence theorems in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (.,.) and induced norm ||. |
and let C' be a nonempty closed convex subset of H. let B : C' — H be a nonlinear
mapping and let ¢ : C' — R be a function and F' be a bifunction from C' x C to R,
where R is the set of real numbers. Then, we consider the following generalized
mixed equilibrium problem: Finding z € C' such that

(1.1) F(z,y) + ¢(y) — ¢(@) + (Bx,y — ) 2 0,Vy € C.
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The set of solutions of (1.1) is denoted by GM EP(F, ¢, B).
If B = 0, then the generalized mixed equilibrium problem (1.1) becomes the
following mixed equilibrium problem :

(1.2) Finding x € C such that F(z,y) + ¢(y) — ¢(z) > 0,Vy € C.

Problem (1.2) was studied by Ceng and Yao [1]. The set of solutions of (1.2) is
denoted by M EP(F, ).

If ¢ = 0, then the generalized mixed equilibrium problem (1.1) becomes the
following generalized equilibrium problem:

(1.3) Finding z € C such that F(z,y) + (Bz,y —z) > 0,Vy € C.

Problem (1.2) was studied by Takahashi and Takahashi [2]. The set of solutions of
(1.3) is denoted by GEP(F, B).

If ¢ = 0 and B = 0, then the generalized mixed equilibrium problem (1.1)
becomes the following equilibrium problem:

(1.4) Finding z € C such that F(z,y) > 0,Vy € C.

The set of solutions of (1.4) is denoted by EP(F).
If F(x,y) = 0 for all z,y € C, the generalized mixed equilibrium problem
(1.1) becomes the following generalized variational inequality problem:

(1.5)  Finding = € C such that ¢(y) — p(z) + (Bz,y — ) > 0,Vy € C.

The set of solutions of (1.5) is denoted by GVI(C, B, ¢).
If ¢ =0 and F(x,y) = 0 for all z,y € C, the generalized mixed equilibrium
problem (1.1) becomes the following variational inequality problem:

(1.6) Finding =z € C such that (Bx,y —x) > 0,Vy € C.

The set of solutions of (1.6) is denoted by VI(C, B).
If B=0 and F(x,y) = 0 for all z,y € C, the generalized mixed equilibrium
problem (1.1) becomes the following minimize problem:

(1.7) Finding x € C such that ¢(y) — ¢(z) > 0,Vy € C.

The set of solutions of (1.7) is denoted by Argmin(y).

The problem (1.1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilib-
rium problem in noncooperative games and others; see for instance, [1-4].

Recall that a mapping S of a closed convex subset C of H is nonexpansive [5]
if there holds that

[Sz — Sy|| < [|lx —y| for all 2,y € C.
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We denote the set of fixed points of S by Fiz(S). Ceng and Yao [1] introduced
an iterative scheme for finding a common element of the set of solution of problem
(1.2) and the set of common fixed points of a family of infinitely nonexpansive
mappings in a Hilbert space and obtained a strong convergence theorem. Takahashi
and Takahashi [2] introduced an iterative scheme for finding a common element of
the set of solution of problem (1.3) and the set of fixed points of a nonexpansive
mapping in a Hilbert space and proved a strong convergence theorem.

Some methods have been proposed to solve the problem (1.4); see, for instance,
[3, 4, 6-9, 26 and the references therein]. Recently, Combettes and Hirstoaga [6]
introduced an iterative scheme of finding the best approximation to the initial data
when EP(F) is nonempty and proved a strong convergence theorem. Takahashi
and Takahashi [7] introduced an iterative scheme by the viscosity approximation
method for finding a common element of the set of solutions of problem (1.4) and
the set of fixed points of a nonexpansive mapping in a Hilbert space proved a strong
convergence theorem. Su, Shang and Qin [8] introduced the following iterative
scheme by the viscosity approximation method for finding a common element of
the set of solutions of problem (1.4) and the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality problem for an a-
inverse strongly monotone mapping in a Hilbert space. Starting with an arbitrary
x1 € H, define sequences {x,} and {u,} by

1
F(un7y)+—<y—umun—wn>207 VyGC,
(1.8) rn

Tnt1 = Qn f(xy) + (1 — ap)SPo(u, — ApAuy,),¥n € N.

They proved that under certain appropriate conditions imposed on {a,}, {r,,} and
{A\n} , the sequences {z,} and {u,} generated by (1.8) converge strongly to z €
Fiz(S) N EP(F) NVI(C, A), where z = Ppiys)nppr)nvic,a)f(2). Tada and
Takahashi [9] introduced the following iterative scheme by the hybrid method for
finding a common element of the set of solutions of problem (1.4) and the set of
fixed points of a nonexpansive mapping in a Hilbert space. Starting with an arbitrary
x1 € H, define sequences {x,} and {u,} by

1

uneC, F(un,y)+r—<y—un,un—xn>20, vyecv
n

wp, = (1 — ap)xy + apSuy,

(1.9) Co={2€H:|wy— 2| <|l&n— 2|},

Qn={2z€H:{(xy,—z,x—1x,) >0}

Tn4+1 = Pcn m an
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They proved that under certain appropriate conditions imposed on{ v, }and{r,},
the sequences {x, } and {u,, } generated by (1.9) converge strongly to Fri,(s)nzp(F)-
Generally speaking, the algorithm suggested by Tada and Takahashi is based on the
well-known type of method, namely, on the so-called hybrid or ”outer-approximation”
for solving fixed point problem. The idea of hybrid” or “outer-approximation” types
of methods was originally introduced by Haugazeau in 1968 and was successfully
generalized and extended in recent papers of Bauschke and Combettes [10], [11],
Burachik, Lopes and Svaiter [12], Combettes [13], Nakajo and Takahashi [14], and
Solodov and Svaiter [15], Kikkawa and Takahashi [16], liduka and Takahashi [17].

On the other hand, for solving the variational inequality problem in the finite-
dimensional Euclidean R™, Korpelevich [18] introduced the following so-called
extragradient method:

r1=x€C
(1'10) Yn = PC(xn - )\Axn)v
Tnt1 = Po(zn, — NMyy),

foreveryn =0, 1,2, ...,where A € (0, %) He showed that if VI(C, A) is nonempty,
then the sequences {z,} and {y,}, generated by (1.10), converge to the same
point z € VI(C, A). The idea of the extragradient iterative process introduced by
Korpelevich was successfully generalized and extended not only in Euclidean but
also in Hilbert and Banach spaces; see, e. g., the recent papers of He, Yang and
Yuan [19], Garciga Otero and Iuzem [20], Solodov and Svaiter [21], Solodov [22].
Moreover, Zeng and Yao [23] and Nadezhkina and Takahashi [24] introduced an
iterative process based on the extragradient method for finding the common element
of the set of fixed points of nonexpansive mappings and the set of solutions of
variational inequality problem for a monotone, Lipschitz-continuous mapping. Yao
and Yao [25] introduced an iterative process based on the extragradient method for
finding the common element of the set of fixed points of nonexpansive mappings
and the set of solutions of variational inequality problem for an a-inverse strongly
monotone mapping. Plubtieng and Punpaeng [26] introduced an iterative process
based on the extragradient method for finding the common element of the set of
fixed points of nonexpansive mappings, the set of an equilibrium problem and the
set of solutions of variational inequality problem for a-inverse strongly monotone
mappings.
Very recently, by combine a hybrid method with an extragradient method, Nadezhk-

ina and Takahashi [27] introduced an iterative process as follows:
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1 =x € C,
Yn = PC(xn - )\nAxn)v
(1.11) Zn = Bn@n + (1 — Bn)SPo(xn — AAyn),

Cn={z€C:llzn — 2] < [lwn — 2[*},

Qn={z€C:(x,—z,x—x,) >0},
Tn4+1 = Pcannx

for every n = 1,2,.... They proved that under certain appropriate conditions im-
posed on {f3,} and {\,,} , the sequences {z,,} , {y,} and {z,} generated by (1.11)
converge strongly to z € Fiz(S)NVI(C, A). Ceng, Hadjisavvas and Yao [28] in-
troduced the following iterative process by combining hybrid -extragradient method
for finding a common element of the set of fixed points of a nonexpansive map-
ping and the set of solutions of the variational inequality problem for a monotone,
Lipschitz-continuous mapping.

1 =2x € C,
Yn = (1 = n)n + mPo(zn — Apdzy),
Zn = (1 — On — ﬁn)xn + anyn + ﬁnSPC(xn - )\nAyn)v

B\ Com (o€ 1P < o217 + (3-390 + a2 A2,
Qn=1{2€C:{(xy,—z2z—12,) >0},
Tnt1 = Po,n@.2

for every n = 1,2,.... They proved that under certain appropriate conditions im-

posed on {a,}, {Bn}, {7} and {A\,} , the sequences {z,} , {y,} and {z,}
generated by (1.12) converge strongly to z € Fiz(S)NVI(C, A). If 4, = 1 and
an, = 0 for every n = 1,2, ..., then (1.12) becomes (1.11). Ceng, Hadjisavvas and
Yao pointed up taking more general sequences {c, }, {3, } and {~,} might improve
the rate of convergence to a solution.

In the present paper, by using the well-known KKM technique we derive an
important lemma which is a foundation for studying the generalized mixed equi-
librium problem. Then, we introduce a new iterative scheme based on the extra-
gradient method and the hybrid method for finding a common element of the set
of solutions of a generalized mixed equilibrium problem, the set of fixed points of
a nonexpansive mapping and the set of the variational inequality for a monotone,
Lipschitz-continuous mapping. We obtain a strong convergence theorem for the
sequences generated by these processes. Based on this result, we also get some new
and interesting results. The results in this paper generalize, extend and unify some
well-known strong convergence theorems in the literature.
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2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be
a nonempty closed convex subset of H. Let symbols — and — denote strong and
weak convergence, respectively. In a real Hilbert space H, it is well known that

Az + (1 = Nyll* = Alz[* + (1 = Dlyll* = A1 = 2|z —y?

for all z,y € H and \ € [0, 1].

For any = € H, there exists a unique nearest point in C, denoted by Pr(z),
such that ||z — Po(z)|| < ||z — y|| for all y € C. The mapping Py is called the
metric projection of H onto C. We know that Py is a nonexpansive mapping from
H onto C. It is also known that Pox € C' and

(2.1) (z = Po(x), Po(z) —y) 2 0

forallz € H and y € C.
It is easy to see that (2.1) is equivalent to

(2.2) lz = ylI* > |l = Po(@)I* + lly — Pe ()|

forallz € H and y € C.
A mapping A of C into H is called monotone if

(Az — Ay,x—y) >0

for all x,y € C. A mapping A of C into H is called a-inverse-strongly monotone
if there exists a positive real number o such that

(x —y, Az — Ay) > of Az — Ay|]?

for all z,y € C. A mapping A : C' — H is called k-Lipschitz-continuous if there
exists a positive real number & such that

[ Az — Ay|| < kllz -y

for all z,y € C. It is easy to see that if A is an a-inverse-strongly-monotone
mapping, then A is monotone and Lipschitz-continuous. The converse is not true in
general. The class of a-inverse-strongly-monotone mappings does not contain some
important classes of mappings even in a finite-dimensional case. For example,
if the matrix in the corresponding linear complementarity problem is positively
semidefinite, but not positively definite, then the mapping A will be monotone and
Lipschitz-continuous, but not a-inverse-strongly-monotone (see [27]).

Let A be a monotone mapping of C into H. In the context of the variational
inequality problem the characterization of projection (2.1) implies the following:

ueVI(C,A) = u= Po(u— NAu), A >0,
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and
u = Po(u— NAu) for some A > 0= ue VI(C,A).

It is also known that H satisfies the Opial’s condition [29], i.e., for any sequence
{z,} C H with z,, — z, the inequality

liminf ||z,, — z|| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with z # y.

A set-valued mapping T : H — 2% is called monotone if for all =,y € H,
f €Tz and g € Ty imply (xz —y, f — g) > 0. A monotone mapping T : H — 2/
is maximal if its graph G(T") of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping 7' is maximal if and only
if for (z, f) € Hx H,(x—y, f—g) > 0 for every (y,g) € G(T) implies f € Tz.
Let A be a monotone, k-Lipschitz-continuous mapping of C' into H and let Nowv
be normal cone to C at v € C, i.e, Nov = {w € H : (v —u,w) > 0,Yu € C}.
Define

0 ifv ¢ C.

Then T' is maximal monotone and 0 € T'v if and only if v € VI(C, A) (see [30]).

For each B C H, we denote by conv(B) the convex hull of B. A multival-
ued mapping G : B — 2/ is said to be a KKM map if, for every finite subset
{xlv L2y +ery .’L'n} g B:

{ Av + Ngv ifv e C,
Tv =

o0
conv(x1, X2, ..., Tn) C U G(xz;).
n=1

We shall use the following results in the sequel.

Lemma 2.1. ([31]). Let B be a nonempty subset of a Hausdorff topological
vector space X and let G : B — 2% be a KKM map. If G(z) is closed for all
x € B and is compact for at least one & € B, then () .5 G(z) # 0.

Lemma 2.2. (see Proposition 5.3 in [32]). Let C be a nonempty closed convex
subset of a strictly convex Banach space X and S : C — C a nonexpansive
mapping with Fix(S) # 0. Then Fix(S) is closed and convex.

For solving the generalized mixed equilibrium problem and the mixed equilib-
rium problem, let us give the following assumptions for the bifunction F, ¢ and the
set C-

(Al) F(z,x) =0 forall x € C,

(A2) F is monotone, i.e. F(z,y)+ F(y,z) <0 for any z,y € C,
(A3) for each y € C, x — F(x,y) is weakly upper semicontinuous;
(A4) for each z € C,y — F(z,y) is convex;
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(AS5) for each x € C,y — F(z,y) is lower semicontinuous;

(B1) For each z € H and r > 0, there exist a bounded subset D, C C and y, € C
such that for any z € C'\ D,,

F(2, ) +9(0e) = 9(2) + e — 22— 2) < 0

(B2) C is a bounded set;

(B3) For each z € H and r > 0, there exist a bounded subset D, C C and y, € C
such that for any z € C'\ D,,

o(ye) — p(2) + %<ya: — 2,2 —x) <0;

(B4) For each x € H and r > 0, there exist a bounded subset D, C C and y, € C
such that for any z € C'\ D,,

1
F(z,yz) + ;<yq} —z,z—x) <0,

Lemma 2.3. Let C be a nonempty closed convex subset of H. Let F be a
bifunction from C x C to R satisfying (Al) — (A4) and let ¢ : C — R be a
proper lower semicontinuous and convex function. For r > 0 and x € H, define a
mapping T, : H — C as follows.

1
Ti(x)={z € C: F(z,y) +o(y) — o(2) + ~{y — 2,2~ 2) 2 0,vy € C}
for all x € H. Assume that either (Bl) or (B2) holds. Then, the following results

hold:
(1) For each x € H, T, (z) # 0;
(2) T, is single-valued;
(3) T is firmly nonexpansive, i.e, for any x,y € H,
I (x) = Tr() 1> < (T(2) = To(y), z — )
(4) Fia(T,) = MEF(F, ¢);
(5) MEF(F, ) is closed and convex.

Proof. Let x(y be any given point in H. For each y € C, we define

Gly) = (2 € C = Flz,9) + 0y) — 9(2) + 1 ly — 7,2 — 70} > 0}.

Note that for each y € C, G(y) is nonempty since y € G(y). We shall prove that
G is a KKM map. Suppose that there exist a finite subset {y1, ya, ..., yn} of C and
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pi >0 foralli=1,2,...,nwith > |, y; = 1 such that 2 = 7" | iy ¢ G(yi)
for each ¢ = 1,2, ...,n. Then we have

. . 1 .
F(2,y:) +¢(yi) —¢(2) + ;<yz‘ —2,2—120) <0

for each ¢t = 1,2, ...,n. By (A4) and the convexity of (, we have

1
F(2,2) +¢(2) = (2) + (2 = 2,2 — 20)

o
I

<SPG w) + o) — oGN]+ 11D il — 522 )] <0

which is a contradiction. Hence, G is a KKM map. Note that G(y) (the weak
closure of G(y)) is a weakly closed subset of C' for each y € C. Moreover, if (B2)

holds, then G(y) is also weakly compact for each y € C. If (B1) holds, then for
xo € H, there exist a bounded subset D,, C C' and y,, € C such that for any
y € C\ Dy,

1
F(zvyl‘o) + (P(yl‘o) - (P(z) + <y900 — 2% 1‘0> < 0.

r
This shows that

1
G(Ywy) = {2 € C : F(2,Yzy) + (o) — 0(2) + ;<ymo — 2,2 —mg) > 0} C Dy,.

And hence G (ymo)w is weakly compact. Thus, in both cases, we can use Lemma
2.1 and have NyecG(y)" # 0.

Next we shall prove that W = G(y) for each y € C; i.e., G(y) is weakly
closed. Let z € G(y)" and z,, be a sequence in G(y) such that z,, — z. Then,

1
F(zm,y) +o(y) — o(zm) + ;<y — Zms Zm — T0) > 0

Since || - ||? is weakly lower semicontinuous, we have

lim sup(y — 2z, 2m — o)
m—0o0

= limsup[(y — zm, —20) + (¥, 2m) — llzm|’]
m—00

= lim (2 — v, xo) + Lm (y, zp) — Bminfrn— oo || 2m||?
m—00 m—00

< (2 =y, 20) + (y, 2) — |||

:<Z—y,{I)0—Z>.
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It follows from (A3) and the weak lower semicontinuity of ¢ that

. 1
0 < limsup[F (2, y) + ¢ (y) = ¢(2m) + —{y = 2m, 2m — o)

m—00

1
< limsup[F(zm,y) + ¢(y)] — lim inf o(z,) + ~limsup(y — zm, zm — o)

m—o0 T m—oo
1
< Flzy) +o(y) = o(2) + ~{z =y, 20 = 2).

This implies that z € G(y). Hence, G(y) is weakly closed. Hence, T (z¢) =

NyecG(y) = NyecG(y)  # 0. Hence, from the arbitrariness of xo, we know that
T.(z) # 0, Vo € H. We claim that 7, is single-valued. Indeed, for x € H and
r >0, let 21, 29 € T,(x). Then,

1
F(z1,22) + o(22) — p(21) + ;<Z2 —21,21—7) >0

and
1
F(z2,21) + ¢(21) — ¢(22) + ;(zl — 29,29 —x) > 0.

Adding the two inequalities, we have
1
F(Zl, 22) + F(ZQ, 21) + ;<22 — 21,21 — 22> > 0.
From (A2) and r > 0, we have
<22 — Z1,%1 — 22> Z 0.
So, we have z; = 29.

Now we claim that 7} is a firmly nonexpansive-type map. Indeed, for z,y € H,
we have

F(Tr(x)v Tr(y)) + (P(Tr(y)) - (P(Tr(x)) +
and
F(Tr(y)v Tr(x)) + (P(Tr(x)) - (P(Tr(y)) +

Adding the two inequalities, we have

F(T,(2). T,(0)) + F(Ty(y). T, (x)) + +

<Tr(y) _Tr(x)v Tr(x) _Tr(y) —x+y> > 0.
From (A2) and r > 0, we have

(Tr(y) = Tr(2), Tr(x) = To(y) — (x —y)) = 0.
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Therefore, we have

I (x) = Tr()II* < (T(2) = T (), — ).

Next we claim that Fiz(T,) = MEF(F, ). Indeed, we have the following:
u € Fiz(T,) & u =T,(u)

1
<:>F(u,y)+<ﬁ(y)—w(u)+;<y—u,u—u> >0,¥yeC
< F(u,y) > 0,Vy € C
& ue MEF(F, ).

At last, we claim that M EF(F, ¢) is closed convex. Indeed, Since 7, is firmly non-
expansive, 7, is also nonexpansive. By Lemma 2.2, we know that M EF(F, ¢) =
Fiz(T,) is closed and convex.

Remark 2.1.

(i) Lemma 2.3 generalizes and extends Corollary 5 in [4] and Lemma 2.12 in
[6], Lemma 2.1 and 2.2 in [7] which are the foundations for the algorithms of
equilibrium problems. And hence Lemma 2.3 plays a key role in the research
of algorithms for problems (1.1) and (1.2).

(ii) We observed that in Lemma 3.1 in [1], the condition of the sequentially
continuity from the weak topology to the strong topology for the derivative K

_ =l

of the function K : C' — R is a very strong condition. Even if K (z) = "5~

and 7)(x,y) = © —y, then K () =  is not sequentially continuous from the
weak topology to the strong topology.

3. STRONG CONVERGENCE THEOREMS

In this section, we show a strong convergence of an iterative algorithm based
on extragradient method and hybrid method which solves the problem of finding a
common element of the set of solutions of a generalized mixed equilibrium problem,
the set of fixed points of a nonexpansive mapping and the set of the variational
inequality for a monotone, Lipschitz-continuous mapping in a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (Al) — (A5) and
@ : C — R be a lower semicontinuous and convex function. Let A be a monotone
and k-Lipschitz-continuous mapping of C' into H and B be an a-inverse-strongly
monotone mapping of C into H. Let S be a nonexpansive mapping of C into H
such that Q = Fiz(S)NVI(C,A)NGMEP(F,p, B) # (. Assume that either
(B1) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated by
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r1 =x€C,
1

Yn = (1 - Vn)un + VnPC(un - )‘nAun)v
Zn = (1 - OQp — ﬁn)xn + anyYn + ﬁnSPC(un - )\nAyn)v

Cn ={z€Clan = 2[* < lwn — 2I* + (3 = 3y + an)b[| Aun*},

Qn :{2603<$n_27x_xn> Zo}vxn-f—l:PCnﬂan

for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0,5). {rn} C
[d, €] for some d,e € (0,2a), and {cn}, {Bn}, {n} are three sequences in [0, 1]
satisfying the conditions:

(i) an+ Bn <1 foralln e N;
(ii) lim oy, =0;
n—oo
(iii) liminf 3, > 0;
n—oo
eee . _ § .
n ’
(iii) lim v, =1 and ~,, > 5 for alln € N
n—oo

Then, {z,}, {un}, {yn} and {z,} converge strongly to w = Pq(x).

Proof. 1t is obvious that C,, is closed and @), is closed and convex for every
n=1,2,.... Since

Cn={z€H: |z — an2 + 2(zp — Tp, Ty —2) < (3= 3y + an)b2HAunH2},

we also have that C), is convex for every n = 1,2,.... It is easy to see that
(xn — z,& — xy) > 0 for all z € @, and by (2.1), , = Pg,x. Putt, =
Po(up — A\ Ayy) for every n = 1,2, ... Let u € Q and let {7;,, } be a sequence of
mappings defined as in Lemma 2.3. Then u = Po(u — A\yAu) = T, (u — r,Bu).
From w, = T, (x, — r,Bz,) € C and the a-inverse-strongly monotonicity of B,
we have

[un — uH2 = |73, (zn — rnBxyn) — Tp, (u — rnBu)H2
< ||zn — rnBxy, — (u— ryBu)||?
< |lwn — ul|® = 2ru(xy — u, Bz, — Bu) + r2||Bx, — Bul|?
(31 < ||#n — ul® = 2rpa|| Bz, — Bull® + 72| Bz, — Bu|?
= ||lzn — ul|® + rn(r, — 20)|| Bz, — Bul?

< lzn = ull
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From (2.2), the monotonicity of A, and u € VI(C, A), we have

tn = ull® < llun = AnAyn = ull* = lun — AnAyn = ta?
= llun = ull* = [fun = ta]l* + 20 n(Ayn, u — t)
= llun = ull® = lun = tal* + 20 ({Ays — Au,u = y,)
+(Au, u — ypn) + (AYn, Yn — tn))
< lun = ull? = un = tall* + 220 Ayn, yn — tn)
< fun = ull? = un = yal® = 2(un = Y, Yo — tn)
~[lym = tall® + 2Xa(Ayn, yn — ta)
= llun = ull® = llun = yall® = lyn = tall* + 2(un — A\aAYn = yns ta — ).

)
{

Further, Since y, = (1 — v)un + vnPo(un — A\yAu,) and A is k-Lipschitz-
continuous, we have
(un = AnAYn = Yns tn = Yn)
= (Up — AMAUp — Yn, tn — Yn) + (AnAun — A\ AYn, tn — Yn)
< Aup — ApAuy — (1 = ) tun — Y Po(un — ApAuy), tn — yn)
+An || Aun — Aynl|[tn — ynll
< Y (upn — AnAuy, — Po(un — ApAuy), tn — yn)
—(1 = ) An{Atn; tn = Yn) + Ankl[tn — ynllltn — ynll-

In addition, from the definition of Pr, we have

(U, — ApAuy — Po(up — ApAuy ), ty, — yn)
= (up — ApAuy, — Po(un — ApAuy), tn — (1 — ) tun — v Po(un — ApAuy,))
= (1 — ) {up — \pAuy — Po(up — ApAuy), ty, — up)
Y0 (Un — AMpAuy, — Po(un — AAuy), tn, — Po(uy, — A\ Auy,))
< (1 =) llun — AnAuy — Po(un — AnAug) [[[tn — un|
< (1 =) Anllun = Aun — un|([[tn = ynll + [lyn — uall)
< (=) AnllAun|([[tn = ynll + llyn — unl])-

So, from the assumptions b < 41—k, Y > % and (3.1), we have
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It = ull <l — wl® = lun = yall® = g — tal®
+29n (1 = )bl Atn|| ([tn = ynll + lyn — unll)
+2(1 = vn)bl| Aun| [t = ynll + 20k[un = yalllltn — ynll
<l = ull® = Nun = yall® = llgn = tall® + (1 = ) (26| A *
(3.2) Hlltn = ynll* + llyn = wnll) + (1 = 70) (02| Aug ||
Hltn = ynll*) + bk (llun = gull® + [ltn — yall*)
= [lun = ull* = (v = 0k) lun — yul®
+(1 = 27+ bK) [t =y |* + 3(1 — )% Au ||
<l = ull® + 3(1 = 1) 0% | A
<l = ul® + 3(1 = 70)%|| Aun .

In addition, from u € VI(C, A) and (3.1), we have

g = ull* = 11 = ) (un — ) + v (Pe(n — AnAun) — u)|®
< (1= ) llun = ull® + 7l Po(un — AnAun) — Po(u)|”
< (1 =) lun — ul® +vnllwn — AnAup — ul®
< (L) lun =l +ynlllwn —ull® = 2An (Atn, wn—w) + 37 || Aug||?]
< lun — ull® + 0| Aun|®
<l — ull® + 0| Au %

Therefore from (3.1)- (3.3), z, = (1 — ay, — Bn)@n + Qnyn + BnSt, and u = Su,
we have

Hzn - uH2 - H(l — Qp — ﬁn)xn + QnYn + ﬁnStn - uH2
< (= an = Bu)llzn — uH2 + an|yn — uH2 + BallStn — uH2
< (1= an = Bu)llzn — uH2 + an|yn — uH2 + Balltn — uH2

(3.4)
< (1= an = Ba)llzn — ull® + anfllun — ul|® + %[ Auy |1?]
B [lun — ull® + 3(1 = 72) 0| Aun||’]

< Jlwn = ull® + (3 = 3yn + an)b? || Aun||?],

for every n = 1,2, ... and hence u € C,. So, Q2 C C, for every n = 1,2, .... Next,
let us show by mathematical induction that {x,,} is well defined and Q C C,,NQ,
for every n = 1,2,.... Forn = 1 we have y = z € C and (1 = C. Hence
we obtain  C C7 N Q. Suppose that zy is given and 2 C Cy N @y for some
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k € N. Since 2 is nonempty, C, N Qf is a nonempty closed convex subset of H.
So, there exists a unique element x;11 € Ci N Qj, such that x4 = Po,ng, 2. It
is also obvious that there holds (xj+1 — 2,2 — xg41) > 0 for every z € Ci N Q.
Since © C Cy, N Qg, we have (zg+1 — 2, & — xp41) > 0 for every z € € and hence
Q C Qp+1. Therefore, we obtain 2 C Ci11 N Qp1-

Let lg = Pox. From x,, 11 = Pc,ng,* and lp € 2 C C, N @y, we have

(3.5) [2n1 =zl < Jllo — |

for every n = 1,2,.... Therefore, {z,} is bounded. From (3.1)-(3.4) and the
lipschitz continuity of A, we also obtain that {u,}, {Au,}, {t,} and {z,} are
bounded. Since z,4+1 € C,, NQ, C Cy, and x,, = Py, x, we have

[z = 2| < |#n1 — ]

for every n = 1,2, .... It follows from (3.5) that limy, o ||z, — | exists.
Since x,, = Py, x and x,41 € @y, using (2.2), we have

|Zn+1 = zall? < lzns1 — 2] = [len — 2|
for every n = 1,2, .... This implies that

lim |[zp41 — 2, = 0.
n—oo

Since 7,11 € Cp, we have || 2, — 2y 1]|? < |20 —2n11]|?+ (3= 37 +an ) b?|| Auy, ||?
and hence it follows from lim,, .~ 7, = 1 and lim,,_~ @, = 0 that lim, o ||z, —
Znt1|| = 0. Since

|20 — 2ol < |20 — Zogall + |Tnt1 — 22|

for every n = 1,2, ..., we have ||z, — z,,|| — 0.
For u € §2, from (3.4) we obtain

120 — ull® = |z — ul|®
< (—an — Bn)llen — uH2 + || yn — uH2 + BallStn — uH2
< (3—=3vy,+ an)b2HAunH2.

Since limy, 00 v, = 1 and lim,, o0 oy, = 0, {uy,}, {Au,} and {z,} are bounded,
we have
lim 3, (||St, — ul|* = ||z, — ul/?) = 0.
n—oo
By liminf, .o, 3, > 0, we get

lim ||St, — u|® = ||z, — ul/* = 0.
n—oo
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From (3.2) and v = Su, we have
lim Sty —ul® —||lzn — ul? < lim |[t, —u|® — [|lz, — ul®
n—oo n—oo
< lim 3(1 — 7,)0?|| Au,||> = 0.
n—oo

Thus, limy, oo [[tn — ul|? = ||z — u|[?> = 0.
From (3.2) and (3.1), we have

(Y = bk) |t = y* + (27 — 1 = 0k) [t — yu |
< lwn = ull® = [tn —wl® +3(L = 72)b%|| Auy |-
It follows that
Tim (3 — b8) [t — g2+ (230 — 1= Rt — gl = 0.
The assumptions on ~,, and A, imply that ~,, — bk > % and 2+, — 1 — bk > i.
Consequently, lim,, o ||ty — yn|| = limy,— o0 ||tn — yn || = 0. Since A is Lipschitz
continuous, we have lim,,_, ||At, — Ay,|| = 0. It follows from |ju, — t,| <

un — ynll + Itn — yn|l that lim, o |y — t,|| =0
We rewrite the definition of z,, as

Zn — Tp = an(yn - xn) + ﬁn(Stn - xn)

From limy, o ||z, — 2p]| = 0, limy, o0 v, = 0, the boundedness of {x,}, {y,}
and liminf,,_,~ 3, > 0 we infer that lim,, .~ ||St, — x| = 0.
By (3.4) and (3.1), we have

20— ull* < (1= an — Ba)llen — ul|* + anlllun —ul)?
02| Aun||*] + Balllun — ull® + 3(1 = 72)b?[| Aun|?]
< (1= an = Ba)l|zn — ull® + an[llz — ulf?
(3.6) 470 (1 — 20)|| By, — Bul|? + b%|| Auy, ||
+Bnlllen — ull? + ra(ra — 20)||Bey — Bull® + 3(1 — 7,)b*|| Aug |1
< |lzn — uH2 + (an + Bn)rn(rn — 20)|| Bz, — BuH2
+(3 = 375 + )b Auy %]
Hence, we have
(on + Br)d(2a — €)|| Bz, — Bul?
< (an + Bn)rn(20c — 1) || By, — Bul|?
< lwn = ull® = llzn = ull® + (3 = 3vn + )b || Aun||?
< (lzn = ull + 20 = ull)ll2n = zall + (3 = 3yn + cn)b?[| Au |
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Since limy, 00 o, = 0, liminf, oo B, > 0, limy oo v = 1, ||z — 20]] — 0
and the sequences {x,,} and {z,} are bounded, we obtain || Bz,, — Bu|| — 0.
For u € €, we have, from Lemma 2.3,

Jun — uH2 = |13, (zn — rnBay) — Tr, (u — rnBu)H2
<AT,(xy, — rnBxy) — Tp, (u — rpBu), xy, — rnBx, — (u — rpBu))
= S lun =l + 0 — 7By — (u— 7B
—||lzn — rnBxy — (u — roBu) — (un — u)|*}
< %{Hun —ul® + [|lzn — ul|? = lzn — roBay — (u = rBu) = (up —u)||*}
= %{Hun —ul® + |z = ul)? = |z — g
+2r,(Bx, — Bu, x, — u,) — r2||Bx, — Bu|?.
Hence,
lun — ul|? < ||z — ul|? = |20 — un||* + 2rn(Bx, — Bu, z,, — u,)
—r2|| Bz, — Bul|* < ||zn — ull® = |25 — un || + 2rn(Bxn, — Bu, 2, — up).
Then, by (3.4), we have
l2n = ull® < (1 = an = Ba)llzn — ull? + an[llun —ull® + b?|| Aup %]
+Ba[llun = ull® +3(1 — 1) b|| Auy ]
< (1= an = B)llan = ull® + an[(lzn — |l = ll2n — unlf?
+2r(Ban — Bu, &y — p)) + 02| Aup 1] + Ba[(l2n — ul®
—||zn — un||® + 2rn(Bxy, — Bu, x — wy)) + 3(1 — v,)b?|| Auy ||?]
< lwn = ull® + (=an = Ba)llzn — wnl|* + 273 || Ban — Bulll|zn — un|
+(3 = 37 + an)b?|| Auy ||?
Hence,
(o + Bp) |2 — unH2 < lzn — uH2 — l2n — uH2
+2r|| By, — Bul[[2n — gl + (3 = 37n + )% || Aun |2
< ([on —ull + llzn — ul) 20 — 2l
+27 || Bxn, — Bul|||2n — un|| + (3 = 370 + an)b?|| Ay ||

Since lim, o0 o, = 0, liminf, o B > 0, limy o0 v = 1, ||@n — 20| — 0,
|Bx,, — Bul| — 0 and the sequences {z,} and {z,} are bounded, we obtain
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[Zn — unl| — 0. From ||z, — tn|l < |lzn — |l + [[2n — wnll + |lun — ta|| we
have ||z, — t,|| — 0. From ||t, — x| < ||tn — un|| + ||zn — un|| we also have
ltn, — zn| — 0.

Since z, = (1 — ap — Bn)xn + anyn + BnStn, we have (,(St, — t,) =
(1 —ap — Bn)(tn — xn) + an(tn — yn) + (2n — tn). Then

BullStn — tall < (1= an — Bu)lltn — zull + anlltn — yull + |20 — tal]

and hence ||St,, — t,,]| — 0.

As {x,} is bounded, there exists a subsequence {z,;} of {x,} such that x,,; —
w. From |z, — uy,| — 0, we obtain that u,; — w. From |u, — ¢,|| — 0, we
also obtain that ¢,,; — w. Since {u,;} C C and C is closed and convex, we obtain
w e C.

First, we show w € GMEP(F, ¢, B). By u, = T}, (z,, — r,Bxy,), we know
that

1
F(un,y) + o(y) — o(un) + (Bxp, y — up) + r—(y — Up, Uy — Tp) > 0,Vy € C.

n

It follows from (A2) that

1

n
Hence,
Up,; — T,

(3.7) ¢ (y) = (un: )+ (B, y—ting) +(y =iy, ———

ng

) > F(y,un,),Vy € C.

Fort with 0 <t < landy € C, let y, = ty + (1 — t)w. Since y € C and
w € C, we obtain y; € C. So, from (3.7) we have

(Yt — Un;, Bye) > (ys — tng, Bye) — 0(ys) + 0(n,) — (Yt — Un;, Bap,)

Up,, — Tp,;

n;
- <yt_uni7 Byt_Buni>+<yt_uni7 Buni_ani>_(P(yt)+§0(uni)

_<yt - ’U’Tbiv

Uy, — Tp,

ng

_<yt - ’U’Tbiv

Since ||up, — @p,| — 0, we have ||Bu,, — Bzy,| — 0. Further, from the

inverse-strongly monotonicity of B, we have (y — uy,, By — Buy,) > 0. So, from
(A4), (AS), and the weakly lower semicontinuity of ¢, % — 0 and u,, — w,

we have

(3.8) (yr — w, Bys) > —o(yt) + @(w) + F(ys, w),



New Hybrid-extragradient Method for Generalized Mixed Equilibrium Problems 1419

as ¢ — oo. From (A1), (A4) and (3.8), we also have

0 = F(yt, yt) + o(yt) — ()

)
= t[F(yt,y) + o(y) — ()] + (1 = O)[F (g, w) + p(w) — p(y1)]
< t[F(ye,y) + ¢(y) — o(ys)] + (1 = t)(ys — w, Bys)
= t[F(ys,y) + ¢(y) — @(ye)] + (1 = t)t(y — w, Byy)

and hence
0 < F(ys,y) +@(y) — o(ye) + (1 = t){y — w, Byy).

Letting t — 0, we have, for each y € C,
F(w,y) + ¢(y) — o(w) + {y — w, Bw) > 0.

This implies that w € GM EP(F, ¢, B).
We next show that w € Fiz(S). Assume w ¢ Fiz(S). Since t,, — w and
w # Sw, from the Opial theorem [29] we have

liminf ||¢,, —w|| < liminf||¢,, — Sw||
1—00 1—00
< lim inf{[[tn, — Stp,[| + [[Stn;, — Swl[}
1—00

< liminf ||¢,, — w||
1— 00

This is a contradiction. So, we get w € Fiz(S).
Finally we show w € VI(C, A). Let

Av+ Ngv ifv e C,
Tv =
0 ifvé¢ C.

where N¢w is the normal cone to C at v € C. We have already mentioned that in this
case the mapping 7" is maximal monotone, and 0 € Tv if and only if v € VI(C, A).
Let (v,g) € G(T). Then Tv = Av + N¢v and hence g — Av € N¢cw. So, we have
(v—t,g— Av) > 0 for all t € C. On the other hand, from ¢, = Pc(u, — A Ayy)
and v € C' we have

<un - )\nAyn - tnvtn - 'U> Z 0

and hence
tn — Up
(v —tp, S + Ay,) > 0.
n
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Therefore, we have

(v —tn;,9) > (vV—tp,, Av)

tn, — Up,
> <’U_tni7A’U> - <’U - tniv m}\ium +Ayni>
n;
tn, — Up,
= (v—ty,, Av — Ayp, — miunw
An;
tp;, — Un,
= (v—ty,, Av — At,, + At,, — Ayp, — ——)
An;
tn, — Uy,
= (Ut Av = Atn,) + (0 = b, At — Ay, ) (0 — b, L")
n;
tn, — Un,
> <’U - tnivAtni - Ayni> - <’U - tniv %>
"

7

Hence we obtain (v —w, g) > 0 as i« — oo. Since 7' is maximal monotone, we
have w € T—'0 and hence w € VI(C, A). This implies w € Q.
From |y = Pox, w € € and (3.5), we have

lto =z} < [lw — =]} < lim inf {2, — [} < limsup [Jan, — || < [llo —z]-
=00 1—00

So, we obtain
lim ||z, — | = |Jw—2z|.
11—

From z,, —x — w — x we have z,,, — ¢ — w — x and hence z,, — w. Since
z, = Pg,r and lg € Q C C, N Qy C Qp, we have

_HZO - xnzH2 = <l0 — Tngy Lny — 1‘> + <l0 — Tpgy X l0> > <l0 = Ty X l0>'

As i — oo, we obtain —||lg —w|* > (lg —w, x — o) > 0 by lg = Pox and w € (.
Hence we have w = [y. This implies that z,, — [g. It is easy to see u, — g,
Yn — lp and z,, — lg. The proof is now complete.

By Theorem 3.1, we can obtain some new and interesting strong convergence
theorems for some algorithms of finding the solution of generalized mixed equilib-
rium problem as follows.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F be a bifunction from C x C' to R satisfying (A1) — (A5)and ¢ : C' — R
be a lower semicontinuous and convex function. Let B be an a-inverse-strongly
monotone mapping of C into H. Let S be a nonexpansive mapping of C into H
such that Fix(S)NGMEP(F, ¢, B) # (). Assume that either (B1) or (B2) holds.
Let {xy}, {un} and {z,} be sequences generated by
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r1=x € C,

F(un, y) +¢(y) = (un) +(Bon, y—ttn) + 7 (y =t =) 20, VyeC,
zn = (1 — ap — Bp)xn + antn + BnSunp,

Cn={2€C:|zn—z| <|l2n — 2},

Qn=12€C:{xy,—z,2x—1,) >0},

Tnt1 = Fo,nQn®
Sorevery n = 1,2, .... where {r,} C [d, €] for some d,e € (0,2c), and {c,}, {6}
are two sequences in [0, 1] satisfying the conditions:
(i) an+ Bn <1 foralln e N;
(ii) lim a,, =0;
n—oo
(iii) liminf 3, > 0.
n—oo

Then, {zn}, {un} and{z,} converge strongly to w = Priy(s\naM EP(F,p,B)(T)-

Proof. Putting A = 0, by Theorem 3.1 we obtain the desired result.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F be a bifunction from C x C' to R satisfying (A1)-(45) and ¢ : C — R
be a lower semicontinuous and convex function. Let B be an a-inverse-strongly
monotone mapping of C into H. Let S be a nonexpansive mapping of C into H
such that Fix(S)NGMEP(F, ¢, B) # 0. Assume that either (B1) or (B2) holds.
Let {x}, {un} and {z,} be sequences generated by

r1=x € C,
Zn = (1 - ﬁn)xn + /anunv

Cn={2€C:|zn— 2| < |lzn — 2I},
Qn=12€C:{xy,—z,x—1,) >0},

Tn4+1 = Pcanan)

Jor every n = 1,2, .... where {r,} C [d,e] for some d,e € (0,2a), and {3} is a

sequence in [0, 1] satisfying the condition liminf 3, > 0. Then, {x,}, {u,} and
n—oo

{20} converge strongly to w = Ppiy(s\naMEP(F.p,B)(T)-

Proof. Putting A = 0 and «,, = 0 for every n = 1, 2, ..., by Theorem 3.1 we
obtain the desired result.
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A mapping T of a closed convex subset C' into itself is pseudocontractive if

there holds that
(Tz —Ty,z —y) < |lz -yl

for all z,y € C; see [33]. Obviously, the class of pseudocontractive mappings
is more general than the class of nonexpansive mappings. Now we prove a strong
convergence theorem of a new iterative process for finding a common element of the
set of solutions of a generalized mixed equilibrium problem, the set of fixed points of
a nonexpansive mapping and the set of fixed points of a Lipschitz pseudocontractive

mapping.

Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F be a bifunction from C x C' to R satisfying (A1) — (A5)and ¢ : C — R
be a lower semicontinuous and convex function. Let T be a pseudocontrative and
m-Lipschitz-continuous mapping of C' into itself and B be an a-inverse-strongly
monotone mapping of C into H. Let S be a nonexpansive mapping of C into H
such that Fix(S) NNFiz(T) NGMEP(F, ¢, B) # 0. Assume that either (B1)
or (B2) holds. Let {x,}, {un}, {yn} and {z,} be sequences generated by

r1=x € C,

F(un, y)+0(y) = o (un) + (B, y—tn) + 7y —tin, un—2,) >0, VyeC,
Yn = (1 = Yn)un + Ynlun — An(tn — Tun)l,

zn = (1 — an — Bn)xn + anyn + BnSPo(tn — An(yn — Tyn)),
Chn={2€C:|zn—2|I? < |lzn — 2||? + (3 = 3y + an)V?||un — Tun||?},
Qn=1{2€C:{(xy,—z,x—1x,) >0},

Tn4+1 = Pcn m an

Jor every n = 1,2, .... where {\,} C [a,b] for some [a,b] C (0, m) {rn} C
[d, €] for some d,e € (0,2a), and {cn}, {Bn}, {n} are three sequences in [0, 1]
satisfying the conditions:
(i) an+ Bn <1 foralln e N;
(ii) lim ap, =0;
n—oo
(iii) liminf 3, > 0;
n—oo
(iv) lim v, =1 and v, > %for alln € N ;
n—oo

Then, {z,}, {un}, {yn} and {z,} converge strongly to
w = PFz‘ac(S)ﬁﬁFz‘m(T)ﬂGMEP(F,go,B)(x)'

Proof. Let A = I—T. From the proof of Theorem 4.5 in [27], we know that the
mapping A is monotone and (m+1)-Lipschitz-continuous and Fliz(T) = VI(C, A).
By Theorem 3.1 we obtain the desired result.
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Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F be a bifunction from C'xC' to R satisfying (Al) — (A5) and ¢ : C— R
be a lower semicontinuous and convex function. Let B be an «-inverse-strongly
monotone mapping of C into H and A be a monotone and k-Lipschitz-continuous
mapping of C into H. Let S be a nonexpansive mapping of C into H such that
Q=Fiz(S)NVI(C,A)\NGMEP(F, p, B) #(. Assume that either (B1) or (B2)
holds. Let {xy}, {un}, {yn}and {z,} be sequences generated by

r1=x € C,
F(unvy)+‘P(y)_‘P(un)+<B$nvy_un>+%<y_unvun_wn>207 Vyed,
Yn = Po(un, — A\Auy,),

zn = (1 = Bp)xn + BnSPo(un — AMAyn),

Co={2€C 1 |lzn—2|* < 2n — 2%},

Qn=12€C:{(xy,—z,2z—12,) >0},

Tnt1 = P, N

for every n = 1,2, .... where {\,} C [a,b] for some [a,b] C (0, 1), {rn} C [d. €]
Sfor some d, e € (0,2«), and {(,} is a sequence in [0, 1] satisfying lim inf (3,, > 0.

Then, {xy}, {un}, {yn} and {z,} converge strongly to w = Pq(x).
Proof. Puttingvy,, =1 and «,, =0, by Theorem 3.1 we obtain the desired result.
It is easy to see that Theorem 3.1-3.5 generalize and extend Theorem 3.1 in [9].

Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F be a bifunction from C x C' to R satisfying (A1) — (A5) and ¢ : C — R
be a lower semicontinuous and convex function. Let B be an a-inverse-strongly
monotone mapping of C into H and A be a monotone and k-Lipschitz-continuous
mapping of C into H . Let S be a nonexpansive mapping of C into H such that
Q= Fiz(S)NVI(C,A)N GMEP(F, ¢, B) # (. Assume that either (B1) or
(B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated by

r1=x € C,
F(unvy)+‘P(y)_‘P(un)+<B$nvy_un>+%<y_unvun_wn>207 Vyed,
Yn = Po(un, — A\Auy,),

zn = Po(up — MAyn),

Crn={2€C: |z - 2H2 < [|zy — 2H2}7

Qn=12€C:{(xy,—z2z—1z,) >0},

Tn4+1 = Pcn m an
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for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0, ), {rn} C [d, €]
Sfor some d,e € (0,2a). Then, {z,}, {un}, {yn} and {z,} converge strongly to
w = Po(z).

Proof. Putting Putting S =1, v, = 6, =1and o, =0 forevery n = 1,2, ...,
by Theorem 3.1 we obtain the desired result.

Theorem 3.7 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C' to R satisfying (A1)-(A5) and ¢ :
C — R be a lower semicontinuous and convex function. Let A be a monotone
and k-Lipschitz-continuous mapping of C' into H and B be an a-inverse-strongly
monotone mapping of C' into H. Let S be a nonexpansive mapping of C' into H
such that Q = Fiz(S)NVI(C,A)N GMEP(F, ¢, B) # (. Assume that either
(B1) or (B2) holds. Let {xy}, {un},{yn} and {z,} be sequences generated by

r1=x € C,

F(un, y)+¢(y) = ¢(un) + (B, y=tn) + 7 (y—tn, un—2,) >0, VyeC,
Yn = (1 = yp)un + ¥ Po(un — ApAuy,),

zn = Po(up — MAyn),

Co={2 € C: |z —2|* < llzn — 2l + (3 = 3ym + an)b?[| Aun |1},
Qn=12€C:{ry,—z,x—1x,) >0},

Tn4+1 = Pcn m an

for every n = 1,2, .... where {\,} C [a, b] for some [a,b] C (0, 7¢), {rn} C [d, ]
for some d,e € (0,2a), and {7,} is a sequence in [0, 1] such that lim ~, =1
n—oo

and vy, > 2 forall n € N. Then, {z,}, {u,}, {yn} and {2, } converge strongly to
w = Po(x).

Proof. Putting S =1, a, =0 and G, =1 for every n = 1,2, ..., by Theorem
3.1 we obtain the desired result.

4. APPLICATIONS

By the above results, we can obtain many new and interesting strong convergence
theorems for some algorithms of finding the solution of the problems (1.2)-(1.7).
Now we give some examples as follows:

Let B = 0, by Theorem 3.1 and 3.5, we obtain the following two strong
convergence theorems for the algorithms of finding solutions of problem (1.2):

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (A1) — (A5) and
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@ : C — R be a lower semicontinuous and convex function. Let A be a monotone
and k-Lipschitz-continuous mapping of C into H. Let S be a nonexpansive mapping
of C into H such that Fiz(S)NVI(C,A)NMEP(F, ) # 0. Assume that either
(B1) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated by
r1=x € C,

F(un, y) + ¢(y) = o(un) + 7y = tn, un —22) 20, Yy €C,

Yn = (1 - Vn)un + VnPC(un - )‘nAun)v

Zn = (1 — Qp — ﬁn)xn + AnYn + ﬁnSPC(un - )\nAyn)v
Co={2€C:lzn— 2> < |l — 2| + (3 = 3yn + an)0?|| Aun [},
Qn={z€C:(xy—z,2—x,) >0},

Tn4+1 = Pcn m an

for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0,7%), {rn} C
[d, +00) for some d > 0, and {au, }, {Bn}, {n} are three sequences in [0, 1] satis-
fying the conditions:

(i) an+ Bn <1 foralln e N;

(ii) lim a,, =0;
n—oo

(iii) liminf 3, > 0;
n—oo

(iv) lim v, =1 and ~, > %for alln € N ;
n—oo

Then, {x,}, {un}, {yn} and {z,} converge strongly to

w = PFim(S)ﬁVI(C,A)ﬁMEP(F,go)(x)'

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (Al) — (A5) and
@ : C — R be a lower semicontinuous and convex function. Let A be a monotone
and k-Lipschitz-continuous mapping of C into H. Let S be a nonexpansive mapping

of C into H such that Fiz(S)NVI(C,A)NMEP(F, ) # 0. Assume that either
(B1) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated by

r1=x € C,

F(un,y) + ¢(y) = o(un) + 7y — un, up — ) >0, ¥y € C,
Yn = Po(un, — A\Auy,),

zn = (1 = Bp)xn + BnSPo(un — AAyn),

Cn={z€C:|lzn — 2| < llzn — 2/},
Qn=12€C:{(xy,—z2—12,) >0},

Tny1 = Fo, Q.2
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for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0,5%). {rn} C
[d, +00) for some d > 0, and {3,,} is a sequence in [0, 1] satisfying lim inf /3, > 0.
Then, {z,}, {un}, {yn} and {z,} converge strongly to
w = PFz‘a:(S)ﬁVI(C,A)ﬁMEP(F,go)(x)'

Let ¢ = 0, by Theorem 3.1 and 3.5, we obtain the following two strong con-
vergence theorems for the algorithms of finding solutions of problem (1.3):

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (A1) — (A5). Let A
be a monotone and k-Lipschitz-continuous mapping of C into H and B be an «-
inverse-strongly monotone mapping of C into H. Let S be a nonexpansive mapping
of C into H such that Fiz(S)NVI(C,A)NGEP(F,B) # 0. Assume that either
(B4) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated by

r1=x € C,

F(un,y)—l—<an,y—un>+%<y—un,un—xn> >0, Yy e C,
Yn = (1 = vp)upn + Po(un — AAuy,),

zn = (1= ap = Bn)Tn + anyn + BnSPc(un — AnAyn),

Cn={2 € C |z —2|* < llwn — 2l + (3 = 39m + an)b?[| Aun |1},

Qn=12€C:{xy,—z,x—12,) >0},

Tn4+1 = Pcn m an

for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0,5%), {rn} C
[d, €] for some d,e € (0,2a), and {cn}, {Bn}, {n} are three sequences in [0, 1]
satisfying the conditions:

(i) an+ Bn <1 forallne N;
(i) lim a,, =0;
n—oo
(iii) liminf 3, > 0;
n—oo
(zii) lim v, =1 and v, > %for alln € N ;
n—oo

Then, {z,}, {un}, {yn} and {z,} converge strongly to
w = Ppiys)nvi(c,AncEPF,B)(T)-

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (A1) — (A5). Let A
be a monotone and k-Lipschitz-continuous mapping of C into H and B be an a-
inverse-strongly monotone mapping of C into H. Let S be a nonexpansive mapping
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of C into H such that Fix(S)NVI(C,A)NGEP(F,B) # 0. Assume that either
(B4) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated by

r1=x € C,

F(un,y)—i—<an,y—un>+%<y—un,un—xn> >0, vy € C,
Yn = Po(un — ApAuy,),

zn = (1 = Bn)xn + BnSPo(un — A\Ayy),

Co={2€C:|zn—z|* < 2n — 2%},
Qn=12€C:(x,—zx—1z,) >0},

Tn4+1 = Pcanan)

for every n = 1,2, .... where {\,} C [a,b] for some [a,b] C (0, 7%), {rn} C [d, €]
for some d, e € (0,2«), and {(,} is a sequence in [0, 1] satisfying lim inf (3,, > 0.
Then, {z,}, {un}, {yn} and {z,} converge strongly to
w = Ppiy(s)nvi(c,AnGEP(F,B)(T).

Let F(z,y) = 0 for z,y € C, by Theorem 3.1 we obtain the following strong
convergence theorem for an algorithm of finding solutions of problem (1.5):

Theorem 4.5. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let ¢ : C' — R be a lower semicontinuous and convex function. Let A
be a monotone and k-Lipschitz-continuous mapping of C into H and B be an «-
inverse-strongly monotone mapping of C into H. Let S be a nonexpansive mapping
of C into H such that Fiz(S) N VI(C,A) N GVI(C, ¢, B) # 0. Assume that

either (B3) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences generated
by

r1=x € C,

P(y) = p(un) + (B, y = un) + (Y = tn, up — 20) >0, Yy e,
Yn = (1 = yp)un + ¥ Po(un — ApAuy,),

zn = (1 = an = Bn)Tn + anyn + BnSPo(un — AnAyn),

Co={2 € C: |lzn— 2|* < llzn — 2l + (3 = 3ym + an)b?[| Aun |1},
Qn={z€C:(xy,— 22—, >0},

Tnt1 = Po, 0@,

for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0,7), {rn} C

[d, €] for some d,e € (0,2a), and {can}, {Bn}, {1} are three sequences in [0, 1]
satisfying the conditions:

(i) an+ Bn <1 foralln e N;



1428 Jian-Wen Peng and Jen-Chih Yao

(ii) lim a,, =0;
n—oo

(iii) liminf 3, > 0;
n—oo
(iv) nh_)rglofyn =1 and v, > %for alln € N ;
Then, {z,}, {un}, {yn} and {z,} converge strongly to
W = Ppig(s)nvI(C,AnGVI(Cyp,B)(T)-

Let B =0 and F(z,y) = 0 for z,y € C, by Theorem 3.1 we obtain the fol-
lowing strong convergence theorem for an algorithm of finding solutions of problem
(1.7):

Theorem 4.6. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let ¢ : C — R be a lower semicontinuous and convex function. Let
A be a monotone and k-Lipschitz-continuous mapping of C into H. Let S be a
nonexpansive mapping of C into H such that Fiz(S)NVI(C, A)NArgmin(p) # 0.
Assume that either (B3) or (B2) holds. Let {xy}, {un}, {yn} and {z,} be sequences
generated by

r1=x € C,

P(y) = p(un) + 7-(y — tn, up — x0) >0, Yy e,

Yn = (1 = vp)upn + Po(un — AAuy),

zn = (1 = apn — Bn)xn + anyn + BnSPo(un — A Ayn),
Cn={2€C:llzn— 2l” < [lan — 2] + (3 = 37n + ) b?[| Aun |1},
Qn=12€C:{xy,—z,2x—12,) >0},

Tn4+1 = Pcn m an

Sfor every n = 1,2,.... where {\,} C [a,b] for some [a,b] C (O,ﬁ), {rn} C
[d, +00) for some d > 0, and {a,},{Bn}, {n} are three sequences in [0, 1] satis-
fying the conditions:
(i) an+ Bn <1 foralln e N;
(ii) lim a,, =0;
n—oo
(iii) liminf 3, > 0;
n—oo
(iv) lim v, =1 and v, > %for alln € N ;
n—oo

Then, {z,}, {un}, {yn} and {z,} converge strongly to
W = Ppiy($)nvI(C,A)N Argmin(y) ().

Let B =0 and ¢ = 0, by Theorem 3.1, we obtain the following strong conver-
gence theorem for an algorithm of finding solutions of problem (1.4):
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Theorem 4.7. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C to R satisfying (Al) — (A5). Let
A be a monotone and k-Lipschitz-continuous mapping of C into H. Let S be a
nonexpansive mapping of C into H such that Fixz(S)NVI(C,A)\NMEP(F, p) #
(0. Assume that either (B4) or (B2) holds. Let {x,}, {un}, {yn} and {z,} be
sequences generated by

r1=x € C,

F(tn, y) + 75(y = tn, un — 25) >0, Vy € C,

Yn = (1 = yn)un + Y Po(un — A\pAuy,),

zn = (1= an = Bn)Tn + anyn + BnSPo(un — \nAyn),

Cn={z € C:llzn — 2]* < llzn — 2]1* + (3 = 370 + )| Aun|?},
Qn=1{2€C:{(ry,—2z,x—x,) >0},

Tn4+1 = Pcn m an

for every n = 1,2, ... where {\,} C [a,b] for some [a,b] C (0,7)., {rn} C
[d, +00) for some d > 0, and {au, }, {Bn}, {n} are three sequences in [0, 1] satis-
fying the conditions:

(i) an+ Bn <1 foralln e N;

(if)

(iii) liminf 3, > 0;
)

lim a, =0,
n—oo

(iv Jirgovnzland’yn> 3 foralln € N ;

Then, {z,}, {un}, {yn} and {z,} converge strongly to
w = Ppiy(s)nvic,Anep(F)(T).

Theorem 4.8. (see Theorem 5 in [28]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz-continuous
mapping of C into H. Let S be a nonexpansive mapping of C into H such that
Fiz(S)NVI(C,A) # 0. Let {x,}, {yn} and {z,} be sequences generated by
(1.12), where {\,} C [a,b] for some [a,b] C (0, 3) and {a}, {Bn}, {70} are
three sequences in [0, 1] satisfying the conditions:

(i) an+ Bn <1 foralln e N;

(ii) lim a,, =0;
n—oo

(iii) liminf 3, > 0;
n—oo

(iv) lim v, =1 and ~, > %for alln € N ;
n—oo
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Then, {xn}, {yn} and {2y} converge strongly to w = Ppiyg)nvi(c,a)(T)-

Proof. Putting ¢ = 0, B = 0 and F(z,y) = 0 for z,y € C in Theorem
3.1, then w,, = Pgx, = x, for every n = 1,2, .... By Theorem 3.1 we obtain the
desired result.

Theorem 4.9. (see Theorem 3.1 in [27]). Let C' be a nonempty closed convex
subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz-continuous
mapping of C into H. Let S be a nonexpansive mapping of C into H such that
Fiz(S)NVI(C,A) # 0. Let {x,}, {yn} and {z,} be sequences generated by
(1.11), where {)\,} C [a,b] for some [a,b] C (0, 1) and {B,} is a sequence in
[0, 1] satisfying h??i)io%f Bn > 0. Then, {x,}, {yn} and {z,} converge strongly to

w = Ppig(s)nvic,a)(T).

Proof. Putting ¢ = 0, B =0 and F(z,y) = 0 for z,y € C, o, = 0 and
v, = 1 for every n = 1,2, ... in Theorem 3.1, then w, = Poz, = x, for every
n =1,2,.... By Theorem 3.1 we obtain the desired result.

Theorem 4.8 and 4.9 generalize and extend Theorem 3.4 in [14].
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