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RAMSEY NUMBERS OF A CYCLE

Yusheng Li

Dedicated to Professor Ko-Wei Lih on the occasion of his 60th birthday.

Abstract. We sketch the ideas in the proofs of results on Ramsey numbers
of a cycle, particularly in many colors, in which one is due to professor Ko-
Wei Lih and the author for the right order of magnitude of Ramsey number
r%(Cam) as k — oo for m = 2,3, 5.

1. INTRODUCTION

Let G be a graph. The Ramsey Number r(G) is defined to be the smallest
positive integer N such that if the edge set of K is colored by k colors, then
there exists a monochromatic copy of G.

We shall concentrate on Ramsey numbers r(C),) in this article, where C), is a
cycle of length n.

It is trivial to see that r1(C),) = n. All the exact values of ro(C),) are known,
which will be given in the next section. For r3(C,,), only asymptotical formulas are
known as n — oo. For general £ > 4, even the asymptotical formulas are open.

2. Fixep NUMBER OF COLORS

In Ramsey theory, it is a folklore that 7 (C3) = ro(Cy) = 6. However, all other
exact values of ro(C),) have been found. The corect lower bound of 72(C,,) with
n > 5 is a special case of the following general bound.

Lemma 1. Let m be a positive integer. Then

ri(Comi1) > 28m + 1,
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and
r6(Com) > (K 4+ 1)m — k + 1.

Proof. 1t is easy to see that
r(G) = (x = D(re—1(G) = 1) + 1,

where x = x(G) is the chromatic number of G, and the first lower bound follows
immediately. The second is also easy. Let Ny = r;(Cay,,) — 1. Then there is an
edge-coloring of the complete graph of order /N by k colors such that there is no
monochromatic Cs,,. Consider such a colored complete graph and a new complete
graph of order m — 1. Color all the edges of new graph and those between the
two complete graphs by a new color. Clearly, there is no monochromatic G,,,,, thus
Nit+1 > Ni+m—1, which together with the fact that Ny = r1(Coy,) —1 =2m—1
implies the second assertion. ]

Rosta [17], and Faudree and Schelp [8] independently obtained the following
result, which together with r5(C3) and r2(Cy) gives all the exact values of ro(C),).

Theorem 1.

2n —1 for odd n > 5,
r2(Cn =
3n/2—1 for even n > 6.

For three colors, it was shown that the lower bounds in Lemma 1 are asymptot-
ically equal to the exact values as n — oc.

Theorem 2.
(44 o(1))n  for odd n,
Tg(C =
(24 o(1))n  for even n,
where o(1) is a small term tending to zero as n — .

The result for the odd length case was obtained by Luczak [16], and Gyarfas,
Ruszink6, Sarkozy and Szemerédi [11], and the other by Figaj and Luczak [9]. They
used the Regularity Lemma of Szemerédi, a powerful tool in modern graph theory,
which can be found in some standard textbooks, see, e.g., Bollobas [2]. For four

or more colors, we believe that the lower bounds in Lemma 1 are asymptotically
sharp.

Problem 1. Prove or disprove the asymptotical equalities
re(Cong1) ~ 280 and  7(Cop) ~ (k+ 1)n

for k fixed and n — oo.
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3. AN ODpD CYCLE IN MANY COLORS

For n > 3 fixed and k — oo, it seems to be very hard to estimate r(C,,).
From the definition, we know that N = r(G) — 1 is the largest integer for which
Kpn has a k-edge coloring so that there is no monochromatic (; such an edge
coloring of K is called a Ramsey coloring for r1(G). In a Ramsey coloring, any
graph induced by monochromatic edges is called a Ramsey graph. It was shown
[1, 6, 7, 18] that

61321k/5 S Tk(Cg) S Co k!,

where ¢ and co are positive constants with co < e. For general odd cycles, Bondy
and Erdds [3] obtained

(1) re(Com+1) < (2m +1)(k + 2)L.
The upper bound was refined by Graham, Rothschild, and Spencer [10] as
() re(Comt1) < 2m(k+ 2)!.

Recently we [13] improved the above upper bounds as follows.

Theorem 3. Let k > 2 be an integer. Then

re(Cs) <V 18%E!.

Theorem 4. Let € > 0 be a constant. If each Ramsey graph G of 7 1,(Capm1)
satisfies 6(G) > ed(G), where d(G) is the average degree of G, then there is a
constant ¢ = c(e,m) > 0 such that

Te(Comt1) < (ckk!> Hm .

The background for the assumption in Theorem 4 is a widespread belief that
the Ramsey graphs for r(G) are nearly regular. Various known Ramsey colorings
and random graphs can serve as supporting evidence.

The proofs of Theorem 3 and 4, which we shall sketch, are similar. The idea
in the proofs of upper bounds (1) and (2) is as follows. Let G; be a Ramsey graph
for r;(Capm41) in color 4, and let v be a vertex of G;. Then the neighborhood of v
contains contains no path of length 2m — 1, thus it contains an independent set of
size at least d;(v)/(2m — 1) + 1, where d;(v) is the degree of v in G;. However,
the edges of the complete subgraph induced by this independent set are colored by
k — 1 colors other than 4, thus its size is at most r;_1(G). Our idea is to get a
global independent set of GG; instead of that in a neighborhood. Our proof relies
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heavily on the following lower bound for the independence number of a graph with
a certain forbidden cycle, which is proved by probabilistic method [15].

Lemma 2. Let m > 2 be an integer and let G = (V, E') be a graph of order
N that contains no Cop,11. Then

(m=1)/m
oG) > ¢ <Z d(v)l/(m—1)> 7

veV

where ¢ = c¢(m) > 0 is a constant. In particular, ¢(2) = \/2/6. So if G contains
no Cs, then a(G) > \/Nd/18, where d is the average degree of G.

Problem 2. Prove or disprove that 75,(Capy1) = o((k!)Y/™) for m fixed and
k — oo.

4. AN EVEN CYCLE IN MANY COLORS

If G is a bipartite graph, then ri(G) is closely related to its Turdn number
ex(n; G), which is the maximum number of edges in an n-vertex graph that does
not contain GG. It was shown by Bondy and Simonovits [4] that

(3) ex(n; Com) < enttt/m,

where here and henceforth ¢ is a constant depending on m only. However the
constants may vary in different contexts.

Lemma 3. Let m > 2 be an integer. Then
ri(Com) < ¢ K™/ (M1,

Furthermore, if the order of 11, (Cap,) is Em/(m=1) gs k — oo, then the order of

ex(n; Cop) is n* Y™ as n — oo.

Proof. Let N = ry(Cay,)—1. Then there is an edge-coloring of K in k colors
containing no monochromatic Cs,,. So each monochromatic subgraph of K has
at most ex(N; Co,,) edges. Thus from (3), we have

N
<2> < kex(N;Cayp) < key NTH/™,

yielding 7 (Cap ) = N+ < ck™/ (m=1) for some constant ¢ = ¢(m). Similarly, it can
be proved that, if ri(Ca,y,) > c1k™/(m=1) for some constant ¢y, then ex(n; Cop) >
con /™ for some constant co. n
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From the above result, we know that it is harder to obtain the exact order of
magnitude of r;(Cy,,) than that of ex(n; Coy,). The asymptotic formula (so the
order) of rx(Cy) is k2, obtained by Chung and Graham [5], by by Irving [12].

Recently, professor Ko-Wei Lih and the author [14] obtained the right order of
ri(Cop,) for m = 2,3, 5.

Theorem 5. Fix m = 2,3, or 5. As k — oo, we have
ri(Com) > ck™/(m=1),

The key step of our proof is an edge coloring of Ky n by k colors such that
there is no monochromatic Cs,,,, which is a generalization of Wenger’s constructions
[19]. In order to show our main result, let us define brj(G) for a bipartite graph G
as the minimum integer N such that, in any edge-coloring of the complete bipartite
graph Ky n by k colors, there is a monochromatic . Using the dichotomy method,
we can prove the following result easily.

Lemma 4. If bry(Cop) > ¢ k™™= as k — oo, then
7(Cam) > k™ (Mm=1)

where c1 and co are positive constants.

Our edge coloring of Ky n is as follows. Let m > 2 be an integer and let
g > m be a prime power. Let F'(q) be the Galois field of ¢ elements, and let both
X and Y be copies of the Cartesian product F"*(q). Denote by N the number
q¢™ = | X| = |Y|. We shall use vectors in F™~!(q) as colors to color the complete
bipartite graph Ky n on partite sets X and Y such that there is no monochromatic
Cyy, for m = 2,3, 5. For vertices A € X and B € Y with

aq b1

a9 b2
A= . and B = . )

am bm

color the edge AB with color S € F™~1(q) where

a1 + by a
az + by as

S = - by
Am—1 + bm—1 A,

Let us denote by Hg(m, q) the subgraph induced by all edges in color S, whose
edge sets form a partition of K . Our main task is to show that Hg(m,q)
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contains no Co,,. The definition of Hg(m, ¢) implies that for any vertex x, the last
coordinates of neighbors of x are pairwise distinct hence form F'(g). In particular,
Hg(m, q) is g-regular. Then we can show that if Hg(m, g) contains a cycle Ca,,, =

(A17
Bj,

By, ..., An, By) with A; € X and B; € Y, then for each B; there exists a
1 # j, such that they have the same mth (last) coordinates. This implies that

Hg(m, q) contains no Cy,, for m = 2,3, 5 immediately.

Problem 3. Prove or disprove that the order of magnitude of r4(Coy,) is
Em/(m=1) for m > 2 fixed and n — oo.

ACKNOWLEDGMENT

The author is grateful to referees for valuable suggestions.

10.

11.

12.

REFERENCES
. H. Abbott and D. Hanson, A problem of Schur and its generalizations, Acta Arith.,
20 (1972), 175-187.
B. Bollobas, Modern Graph Theory, Springer-Verlag, 1998.

J. Bondy and P. Erdds, Ramsey numbers for cycles in graphs, J. Combin. Theory
Ser. B, 14 (1973), 46-54.

J. Bondy and M. Simonovits, Cycles of even length in graphs, J. Combin. Theory
Ser. B, 16 (1974), 97-105.

. F. Chung and R. Graham, On multicolor Ramsey numbers for complete bipartite
graphs, J. Combin. Theory Ser. B, 18 (1975), 164—169.

F. Chung and R. Graham, Erdds on Graphs, His Legacy of Unsolved Problems, A
K Peters, Wellesley, 1999.

G. Exo00, A lower bound for Schur numbers and multicolor Ramsey numbers, Elec-
tron. J. Combin. 1 (1994), # R8.

R. Faudree and R. Schelp, All Ramsey numbers for cycles in graphs, Discrete Math.,
8 (1974), 313-329.

A. Figaj and T. Luczak, The Ramsey numbres for a triple of long even cycles, J.
Combin. Theory Ser. B, 97 (2007), 584-596.

R. Graham, B. Rothschild, and J. Spencer, Ramsey Theory, John Wiley & Sons,
1980.

A. Gyarfas, M. Ruszinko6, G. Sarkozy and E. Szemerédi, Three-color Ramsey numbres
for paths, Combinatorica, 27 (2007), 35-69.

R. Irving, Generalized Ramsey numbers for small graphs, Discrete Math., 9 (1974),
251-264.



Ramsey Numbers of a Cycle 1013

13. Y. Li, The multi-color Ramsey number of an odd cycle, submitted.

14. Y. Li and K. Lih, Multi-color Ramsey numbers of even cycles, European J. Combin.,
to appear.

15. Y. Li and W. Zang, The independence number of graphs with a forbidden cycle and
Ramsey numbers, J. Comb. Optim., 7 (2003), 353-359.

16. T. Luczak, R(Cy,Cy,Cy) < (4 + o(1))n, J. Combin. Theory Ser: B, 75 (1999),
174-187.

17. V. Rosta, On a Ramsey type problem of J.A. Bondy and P. Erdis, I & II, J. Combin.
Theory Ser. B, 15 (1973), 94-120.

18. H. Wan, Upper bounds for Ramsey numbers R(3,3,...,3) and Schur Numbers, J.
Graph Theory, 26 (1997), 119-122.

19. R. Wenger, Extremal graphs with no C*’s, C%’s, or C'9’s J. Combin. Theory Ser.
B, 52 (1991), 113-116.

Yusheng Li

Department of Mathematics,

Tongji University,

Shanghai 200092,

P. R. China

E-mail: li_yusheng@mail.tongji.edu.cn



