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WEIGHTED LP BOUNDEDNESS FOR PARAMETRIZED
LITTLEWOOD-PALEY OPERATORS

Qingying Xue and Yong Ding
Abstract. In this paper the authors established some sharp estimates for a
class of the parametrized Littlewood-Paley operators. Using the result the

authors give the weighted LP bounds of the parametrized area integral and
Littlewood-Paley g5 function.

1. INTRODUCTION
Let Q(z) be homogeneous of degree zero on R with Q € L'(S"~1), where

S7—1 denotes the unit sphere of R™(n > 2) equipped with Lebesgue measure
do = do(2'). Moreover,  satisfies

(1.1) /Sn_l Q(a')do(z') = 0.

Then for p > 0 the parametrized Marcinkiewicz integral 1), area integral 1, ¢ and
the Littlewood-Paley function 1., are defined respectively by

%0 Qa - dt \'*
B 1 Qy — 2) 2 dydt\ /2
Mg’s(f)(x) - <//F(m) t /Iy—z|<t ly — z‘n_pf(z)dz W)
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and

Qdydt 1/2
tn—f—l )

<//R"+1 (t—i—\x—y\)/\n tlp /y A<t \y(—z\n )pf( Ydz

where ['(z) = {(y,t) € R : [ —y| < t}. We will denote simply 1f,, 11
and /f;\’l by po, s and py, respectively. On the other hand, we will show that
the parametrized Littlewood-Paley operators above are essentially the vector valued
Calderon-Zygmund singular operators. In fact, we define the Hilbert spaces as

follows.
=g = ([T ) dt)m},
= {u: HuHm=<// (s )X (v >@)W<oo},
and

1 An dydt 1/2
Hy =S u: = — AP—=— ) <oo, A>1p,
2 {u w7, <//R1+1 <1+ M) lu(y, t)] 7 ) ) }

where h(t) and wu(y,t) are measurable functions on R and RTl, respectively.
Denote B the unit ball in R™ and take ¢(z) = Q(z)|z| " Pxp(z), if let

a0 = [ mo(155 - u) s, and

t
6w = [ ()

then we have

() po(N)(@) =G (@, )l

(i) pgs(N)@) =IFF) )by
(iii) p3?(N)(@) = 1P ()@, e

respectively.
The Marcinkiewicz integral 11 was defined first by Stein [6]. Stein proved that
o is of weak type (1,1) and type (p,p) (1 < p < 2) for Q €Lip,(S" H (0 < a <
1). In 1960, Hormander [H] defined and gave the LP (1 < p < o0) bounds of
the parametrized Marcinkiewicz integral 1, (p > 0) for Q eLipa(S”—l) 0<a<
1). The parametrized Littlewood-Paley operators ;" and p,Q g were discussed by
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Sakamoto and Yabuta [7] in 1999. In [7], the authors studied L? (1 < p < o0)
boundedness for Q2 satisfies the Lip,, condition.

On the other hand, Torchinsky and Wang [8] first considered the weighted L?
boundedness of uq. To state Torchinsky and Wang’s result, we first give some
definitions. For p > 0 and f € L} (R"), let

o 1 vy 1/p
(@) = sup (@ /Q FW) y)

where and what in following, @ is a cube with sides parallel to the coordinate axes.
The generalized sharp function Mﬁf is given by

1/p
i = (g 1 fQ‘pdy)
Jof

where fq is the average of f over Q; that is, fo =
denote My f = Mf, M f = Mif.

% y)dy. We simply

Definition 1. A nonnegative locally integrable function w(z) on R™ is said to
be in A,, if there exists a constant C' > 0 such that for every cube Q C R"

-1
(i [we) (G [wt@oDa) <o for 1<p<s,
Q Q

and forae, zecR*and QQ > =

\Q\/ y)dy < Cw(z), for p=1.

Torchinsky and Wang’s result is as follows.

Theorem A. ([8]) Suppose 2 €Lip,(0 < o < 1), 1 < p < o0 and w €
A,(1 < p < o0), then there is a constant c¢,(w), independent of f, such that

a2 (H)llpew < ep(@)l£llpe

In 1999, Ding, Fan and Pan [2] improved the above result. They gave the
following weighted L” boundedness of 1 and 1}, po s:

Theorem B. ([2]) Suppose that Q € L(S"1) (¢ > 1) satisfying (1.1). If p, q
and w satisfy one of the following conditions.

(a) ¢ <p<ococandwe A,/q,

() 1<p<gandw'™ € Ay,
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(¢c) 1<p<ooandw? € A,

Then || (f)llpw < C| fllpw, wWhere constant C' is independent of f.

Theorem C. ([2]) Suppose that Q € LI(S"1)(¢ > 1) satisfying (1.1). If p,q
and w satisfy one of the following conditions.

(a) max{q,2} =n<p<ocandw € A,,,
(b) 2<p<gandw' =P/ € 4,
() 2<p<ocandw? e Ay /o
Then |3 llpw < Cllfllpw and [[uo s|lpe < C|lfllpw, Where constant C' is inde-
pendent of f.

For general p > 0, in 2002, Ding, Lu and Yabuta gave the following L? result
with rough kernel.

Theorem D. ([4]) Suppose that Q € Llog*L(S™!) satisfies (1.1). Then for
p>0and2<p<oo, [u,(ller < Coppllflleellud, s(Hllr < Crppll fllLe
and {3 (f)llze < Crp,pll 1 -

Comparing with the weighted boundedness of .., an interesting question arises,
that is, if the operators ug), ug, ¢ and py” satisfy the similar weighted boundedness
as uo. The main purpose of this paper is to give a positive answer to this problem.
By establishing some sharp estimates, we give the weighted LP boundedness of
these operators. Let us first give a definition.

Definition 2. Let Q(z') € LI(S™!), ¢ > 1. Then the integral modulus w,(5)
of continuity of order ¢ of Q is defined by

wol8) = sup ( [ 106 - Q(x’)\%(w'))l/q,

lvlI<é

where  denotes a rotation on S™~! and ||7y|| = sup,/cgn-1 |y2’ —2'|. The function
Q is said to satisfy the L2-Dini condition, if

(1.3) /1 qu@d(S < 0.
0

Our results are as follows.

Theorem 1. Let Q € L2(S" 1) satisfing (1.1) and the following condition

1
(1.4) / w2(§5)(1 + logd|)7dd < oo, for o> 1.
0
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Then for p > n/2, A >2and f € LP(R")(1 < p < o0),

(1.5) Mﬁ(ug’sf)(x) < CpM,f(z)  for all zeR"™
and
(1.6) M f) () < CpMyf(z)  for all zeR”,

where C,, is independent of f.

As a corollary of Theorem 1, we get the following weighted boundedness of
4 nd *,0.
Ho,g anad foy=:

Theorem 2. Let () satisfies the same condition as in Theorem 1 and w € A,
Then for p > n/2,A > 2 and f € LP(R")(1 < p < o), there is a constant C,
independent of f, such that

16,5 (Nllpw < Clfllpor 1837 lpw < Cllf llpo-

Remark 1. Theorem 2 doesn’thold for 0 < p < n/2and 1 < p < 2n/(n+2p)
if n > 3. This is can be seen by the counterexample in [7].

Remark 2. As is pointed out in [3], (1.4) is weaker than Lip, condition.
Moreover, combining the idea of proving Theorem 1 with the similar steps as in
[8], we may get the weighted boundedness of f,. We omit the details here.

2. ProoF oF THEOREM 1

We need the following Lemma.

Lemma 2.1. Suppose that p > 0, Q is homogeneous of degree zero and
satisfies the L2-Dini condition. If there exists a constant 0 < 6 < 1/2 such that
|z| < OR, then we have the folloing inequality

2 \1/2 jal/ R
( / dy> < CRM* 1) {M / “’2(5)d5},
R<|y|<2R R J

/2R O
where the constant C' > 0 is independent of R and .
See [1] for the case 0 < p < n and the proof is trivial for the case p > n.
Now Let us turn to the proof of Theorem 1. First we want to prove (1.5)

Qy—z) Qy)
ly—z|™" |y~

Mﬁ(ug’sf)(x) < CpMyf(z)  for all zeR™



1148 Qingying Xue and Yong Ding

Given z € R", let @ = Q(z, o) be a cube centered at z, half side length ¢ and
contains z. Denote Q* be a ball with center at z and radius » = 2/nry. Set

= fxsg + f(1 —xs80*) = f1+ fo.

Then by the LP(p > 1) bounds of the operator ug,s (By Theorem D for the case
2 < p < oo and see [5] for the case 1 < p < 2),

/ng,s(fl)p(u)dug/m 16, s (f1)? du<C/ f1(u \pdu<c/ w)[Pdu,

SO

1/p
ey /Q u’é,s(fl)(u)du§<% /Q ug,s<f1>p<u>du) < C,M, f(z).

In @, we can find a point 2o € @ such that ug’s(fQ)(xo) < oo. In fact, since
f € LP, and g, ¢(f) is LP bounded, so

| wbsterins [ g stpranse [ nwpase [ i

This shows that ¢, g(f2)(u) < oo a.e. on Q, so except a subset £ with measure
zero, for all u € Q\E, 1, o(f2)(u) < co. Hence we can take zp € Q\E.

On the other hand, by’ (2.1) we get u g(f1)(u) < oo ae. on Q. Given any
point v € Q\E, We now consider I = |1, 5(f2)(z0) — g, g(f2)(v)]. Since

I = WF(fg)(xo, K ')HH1_HF(f2)(U7 K )HH1| < HF(fQ)(xm K -)—F(fg)(’l), K ')HHN

where F(f)(w,y,1) = [put "$(55% — y)f(2)dz and p(x) = DX (jaj<1y, We

have
2 1/2

] () vz dydt

ly|<1 t t _t
2 1/2
—n, _(To — %2 dydt
= (/ / ‘ i £ O Y h(2)d y—>

lyl<1 WL Y t t

y|>1

2 1/2
—n, V% dydt
/ 20ZE _yi>1 t QO( 1 - y)fQ(Z)dZ yT)

'u—z
| == -vl<

(L /
U

Qdydt 1/2
t t t

/ " -"<so<””0 = e(E ) ()

"u—z
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Using the transform y — ””OT‘?/’ (' we still use y instead y’), then

Oy —

([ e
lwo—y|<t '\, _ Ty()+zy‘<fz\>’ |y B Zl" ’

</ / / Qv—m0+y—2)

(2.2) lwo—yl<t V|, _ Ty()+zy‘>fz‘

|lv—20+y—2z[*P
o Qy—z) Qv—zoy—2) 2 dydt 1/2
n—p n—p)fQ(Z)dZ| n+2p+1
o eosie) s \y=27e " To—zog—7) :

=10 + I+ Is.

2 dydt 1/2
2o+l

fa(2)dz

1/2
> dydt
tn+2p+1

As for I, by the Minkowski inequality we get

L<C [(// ye2Q* // ye@Q*)e )
( ly— z\<t ly—z|<t

lzg—y|< lmg —y|<t
(23) lv—zg+y— z\>t [lv—zg+y—2z|>t

Ry — 2)|* _dydt
‘y _ Z‘Zn—2p 75n—|—2p—|—1

1/2
] dz < Ii1+ 19,

where
1Qy — 2)[2 dydt \'/?
L ,=C . i
v (8Q")° e </ / “Zi?fé ly — z[?n2p g2t :
r0—Y
\v—acg+y—z\>t
and
1Qy —2)2 dydt \"?
fa=¢ <// y\f/(ngK)tc \y — z\2n 2p yn+2p+1 dz.
<t

lv— aco+1/ z|>t

Asfor I1 1, take 0 < & < min {1/2, (A—2)n/2, p—n/2, o —1}(we always restrict e
satisfies this in the whole section). Since y € 2Q*, z € (8Q™), |y —z| ~ |xo— 2| ~
|lv—xz0+y — 2|, SO

Ia
1/2
cof el Bl ) "t
(8Q~*)° ye2Q* |y—z| e |y—=|<t<|v—o+y—=2]| fnree

Qy—2)2 1 1 1/2
S CI . - ay) ds
(8Q*)e ye20+ [y—22"2P fu—zoy—2|" 20 |y—z|nt2e
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Qy—2)1° r 1 1/2

2.4 <C p y
2= /(SQ*)C |f(2)|</y€2Q* y—z|22P |y —z|2p 128 |z — | 2nt2e y o
of @ -2\

e |[z2—x0|me L Jy—z[rtize y

(8Q*)° 0 ye2Q+ Y
1/2

<cC RO rlew-2)P , \"?,
N |z—zo|me |y—z|nt12e Yy z

(8Q*)e 0 ly—=|>6r 1Y
conf UGI,

(8Q+)e |2 o|"*e

< C’?“E/ Mdz < CpMy(f) ().
(8Q)°

IN

aye |z—x|nte

Now we give the estimate of I 5.

1/2
Iy — 2)|>  dydt
1o <C . C ly—z d
2= /sQ *)e (//QHJi(iQZ)TOJTO<;<‘ ly — z|?n—2p gnt2etl :

|[v—zg+y—z|>

w/ // R —2)* dydt \'?,
% c, ly—=z z
(80~ )C 2\yJ€z(\2<q\)z)mo\“ ‘TO\<;‘<‘ |y _ Z|2n—2p {n+2p+1

[[v—zg+y—z|>t

=T1or +I10n.
First we give the estimate of I; 5.

Qy—2)” dt 1/2
ha < C/ |f(z)|</ %/ mdy> dz
(8Q*)e ue(2e™)® |y—z| ° |ly—z| <t<|v—o+y—=| t °

2|y—=|=|z—xq]

Q(y—2)[? r 1z
<C dy) d
<C o O e Ty armmr®y)

2|ly—=|= |zl

£(2)] / Q-2  \'?
2.5) < S A7 . TRAY—2)
25) _C/@Q*)c |z—mo["Fe\ J  veane Iy—2|"+1‘2€dy o

2|y—=| 2|z

“c £ () -2\
= e [z—z0|" e ‘ y—z|n+i2e Y o
(Clok 0 2|y—z|>| o[ >4r 1Y

< CpMp(f)(x)-

The estimate of I; o~ is more complicated.

1/2
Qy —2)*  dydt
I 12 < C 4 Clly—= dZ
1= /SQ e (//MJZG(EQZ ool \w‘o<fy\<t ly — z[2n=2p gnt2eHl
i,

|lv—zo+y—z|>t,|y—

(2.6) Qy —2)|2 dydt \'?
o f o [ ey (S Y
SQ )(‘ 2|y — z\<\z a‘[) \a‘[) y\<f |y - Zl n ptn-‘r /7+

[v—zo+y— Z\> ly—z=

= 111.2,, + 11.2”.
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1 1
=20l < Te=zo—2r

Qy—2)*> [ dt 1/2
Ii, <C |7/ d d
127 > /(SQ*)C |f(2)|</H0 2r<lysol [y—z[2n20 [, gnt20+] Y z

ly—=z| <27

[f(2)l (/ 2y — 2)|? >1/2
< 0/ LW gy)  ae
(2.7) Qe (12— zo| = 2r)/2F0 \ Jjy 1 <op ly — 272 Y

S C?”p_n/Q/ |f(2)| dz
(8Q*)°

oy |z — xg|n/2FP

For I1,,, since |y —xo| > |z — x| — |y — 2| > |z — 20| — 27, SO
and

< CpMp(f)(x)-

For IZ,,, note that t > |y — xg| > |2z — 20| — |y — 2| > |z — x0|/2 and |y — 2| ~
|lv—xz9+y— 2| S0

By<c | |f(z>|( J Lt /
(8Q*)e 21y z\<\z To\ ly — z[?n—2r ly—z|<t<|v—zoty—=|

ly—z|=>
dt 1 1/2
t2p—n+1—2€ x (|Z _ x0|/2)2n+26 dy> dZ
(2.8) < C/ |f(2)]
~ Jsgoe (|2 =m0l /2)FE

[y — 2)[? , ; I/de
yz|zar [y — 221720 |y — z[2e-nt1-2e Yy

< CpMp(f)(x)-

Similarly as we deal with I;, we can obtain Io < C,M,(f)(x).
So we only need to give the estimate of I5. Apply the Minkowski inequality to
I5 and divide the region by |y — z| > 8r,|y — z| < 8r, we get

Qy — 2)
I S C/ (// Y c, ly—=z
3 SQ )(‘ ly Ja‘eo(\22 \)U a“;+y‘<zf\<f | |y - Z|n P

Qu—zo+y—2) 2 dydt 1/2d
a |v—xo+y—z|"—ﬂ| tnt2e+l :

2.9 Dy —2)
(29 +C/ (// vE(RQ®)C, |y—z|<t | ( n— )
(8Q~ )C ly— TO\<1 Jv— aro+y z|<t |y—Z| P

ly—z|>
Qu—zo+y—2) 2 dydt 1/2d
Cu—zoty—znr | tnt2p+l :
=131+ I39.

It is easy to see that when z € (8Q*)¢, |y—z| < 8, [v—xo+y—2z| < |v—x0|+8r <
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9r and |y — zo| ~ |z — xo|. Then

La<C /
(8Q* )C

dydt \'/?
X t"+2%’+1> dz

|v—zg+y—z|<t

// : Qy—2)P
yeiﬁigg&f | y— Z\<z§3‘7<f |y_z|2n—2p

[Qv—z0 +y—2)|?
|lv—xo + y—z[?72p

Q(y— 2
<O [N [ (i
(30%)° ve@QMe =l <sr \ |y —z|

| v—xg+y—z|<Or

oo dt 1/2
X /| TGy dy> dz

y—o|

(2.10)

[Qv—z0 +y—2)|
|lv—xo +y—z[?72p

|v—xg+y—z|<Or

1 1/2
7|z SN TEST dy> dz

)
“ o
)

Q(y— 2
<o [N [ (i
(8Q*)° ye@Q e Jy—=|<sr \ |y—2z]

[Qv—z0 +y—2)|
|lv—xo +y—z[?72p

: (j/ |fny—zn2dy>1”dz
|2 = zo["/2HP\ Sy <sr |y —2[220

0 el )
(8Q*)c |Z_x0|n/2+p |v—zoty—2z|<9r |U

< CpMp(f)(x)-

Now, we will give the estimate of I5 5.

Qv —zo+y—2)> \"7*
d dz
— 20+ y— Z|2n—2p

Note that |z — xo| < |zo —y| + |y — 2] < 2t, sO t > |z — x¢|/2. Since

ly — z|/r > 8, Integration by part, one can easily get

o) (log )2+2e (log ly—==| )2+2e
7% T dt < C—Qp —.
ly—=z| t ‘y - Z‘
Then by Lemma 2.1, we have
Qy — 2) Qu—a0+y—2) |2
IBQSC/ (// ve@ane, fy-si<t || (_ n—p (_ ~ il
SQ )(‘ ly—zg| <t,|lv—zg+y—2z|<t y Zl |U i) +y Zl

|ly—z|>8r,t>|z—zg|/2
(log £)2+2dt
t2p—n+1t2n(10g %)2—’—26

< C/ |f(2)
(8Q*)¢ |z — x|

1/2
dy> dz

ye2Q*)e, |y—=z|<t
(10g |Z g'ol 1+5<ﬁy x| <t,|lv—xzgt+y—z|<t

|ly—z|>8r,t>|z—xqg|/2

| Q(y—z)
ly — z|"=r

B Qv—z0+y—2) |2(10g;)2+25dtd I/QdZ
|v—xo+y—z"7P t2p—nt1 Y
cof sl ([ s
8Q%) |2 — mo|™(log = ““')Hf ly—z|>8r [y — 2["7F
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|v—x0+y—2["P t2p—ntl

9] —
gc/ |/(2)] (/ -2 —2)
(8Q*)e |Z _ xOl (10g |z==0]| 10| )1+5 ly—z|>8r |y _ Z|" p

Qv —zoty—2) ° (10g ly=zly2+2e 1/2dz
o—aory— ey

<0/ |£(2) (Z/ -2 —2)
— Jeee [z — w0l (log lz 10' JLte 2ir<|y—z|<2itiy |y — 2|"7P

_ Qv—z0+y—2) | 2 (log ly— Z|)2+26 I/de
o—aory— ey

Qv -—moty—2) |2(/ (log L)2+2e dt)dy> 1/2dz
ly—z|<t

e o] 1 2i+1, 14e
cof T T |
(8Q7)° |z — wo|" (log =572 ) 1< j=3 (27r)e=n 2ir<|y—z|<2itir Y

Qv — _ 1/2
_ Bv=moty=2) 3N
|v— 20 +y—z|"P

<C |f(2)] i (j ‘+ 1)!te (23‘7“)”/2_(”_,,)

(8Q*)° |z — zo|" (10g |z—z0o| aol )ite = (2J7~)p—n/2

v — @l / w2(5)d6}d

2r 0

/2 — 1

(8Q7)¢ |z — mo|™(log = @0|)1+e ;(

1 7 wa(6)
{21 T T jlos2) 1—|—jlog2 /u ol (1+1logd)?ds pdz

<c / LOT.
8Q*)° |z — xo|"(log E=ro)1+e

Note that

/ |f(2)] s

(8Q*)¢ |z — o|" (log Z=2ely1+2

-y / £(2)]

o 2kr<|z—xo|<2k+1ir |Z—$Q| (10g |z 10|)1+€

k=3
<
- C}; (klog2)i+e (2k+1p)n /Iz—x0|<2k+1r | f(2)]d=

IN
Q

[eS) 1 1
: (Flog2)T ¥ (217" S N
Cp p(f)(x),

IN

1153

Qy — 2)
— Zln—p
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we get
(2.11) I3 < CpMy(f)().
Hence add up (2.2)-(2.11), we obtain

|6y 5(f2) (x0) — g (f2) (V)| < CoMy(f)(z) for all z € R™

therefore

|712|/ |1 5 (f2) (0) — py 5 (f2)(v)|dv
(2.12) ?
=100 /Q\E |16y s(f2)(x0) — py 5 (f2) () |dv < Cp My (f)(2).

For any = € Q\E, we have
1, 5 (f1 + f2) () — py g(f2) (o)
< |ud,s(fi + f2) () = iy 5(f2) ()] + [, 5 (f2) (v) — 1y 5(f2) (o)
= [IF(fr + f2) (@, )l = IF(F2) (0, )l | + |1y, 5(2) (0) — 1y 5 (F2) (o)
<UE( A+ F2)(0,0) = F(F2) () e+ |1y 5 (F2)(0) = iy s(f2) (0)]
= 116y, s (f1) () + |1y, s (f2) () = iy 5(f2) (o).

Finally, by (2.1) and (2.12) and the above inequality yields

|Q|/ o, s(f — p1gy 5(f2)(wo)|dv
< @/QMQ,S f1)(v)dv + @/Q\E 16, 5(f2)(v) — pdy g(f2) (o) dv
< CpMp(f)(x)-

Recall that M* is defined by

M¥( ) =sup — /\f fQ\dywsuplnf—/ |f(y) — c|dy.
J:EQQ

So we just take ¢ = MQ s(f2)(xo) and (1.5) follows from the above inequality.

Below we will give the proof of (1.6) for ;”. Given z € R", let Q, z, ro,Q*,
r be the same as before, also set

= fxso + f(1 —xs80*) = f1+ fo.
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Then using the LP-boundness of 1\”(1 < p < 00), we have

Lmrraans [ senpminse, [ n@pasc, [

So

1 *,p 1 .00 £ \D e
e o /Q P (f1)(U)duS<§ /Q () <u>du) < C,M, f(z).

By the same reason as we show in the beginning of the Proof for /¢, 4, there
exists a measurable set £ with measure zero such that p\”(f2)(z) < oo for any
x € Q\E. Now we fixed one point zp € Q\F and for any v € Q\ E, we consider

T = 3 (f2) ) — " (f2) (0)]. Since
J = “’F(fg)(xo, K ')HHQ_HF(fQ)(vv K )HH2’ < HF(fg)(xo, K -)—F(fg)(’l), K ')Hsz

we have
L ot
1+
(2.14) i<t Jly>1 d|5|
¢
o e ) <,
where

= ([, o)
and
2= </ooo/|y|zl(1+1\y\)m|/ﬂ Mwot_z y)ﬂp(v;z y)] f2(2)dz |2dydt>1/2.

Since (ﬁm)M < 1, then J; < I) + I + I3, by the proof for the operator /4, ¢

before, we get
J1 <Cp M, (f)(z).

- dydt\'?
J )\n / z _ d 2 >
2= (/ /|y|>1 14+ |y| | JUJ—w\<1 t y) f2(2) Z| —r

—y|>1

An R 2 dydt 1/2
(2.15) (/ /|y|>1 1+|y| |/J_W‘>1 p )fg(z)dz| : >

[ —yl<1

</ /|y|>1 L+ yl M|/—f—%<1 OT_Z_Q)_@(U;Z )]

S vl<1
|2dydt>

X fa(z
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Using the transform y —>OO”*’0—‘?/’ again ( we still use y instead y’), we have

JQ < / f (;))\n
0 Jwo—yl>t T+ [xo—yl
Oy — 2) 2 dydt 1/2
‘/ ly—z|<t |y — z|"—ﬂf2(z)d2 {n+2p+1

|[lv—zgt+y—z|>t

o0
t n
+<// S
0 |zo—y|>t To—Y

‘/ ly—=z|>t Q(U_x0+y_2) fQ(Z)dZ

Llv—zoty— 2P

2 dydt 1/2
2o+l

(2.16)

lv—wgty—z|<

(/ /po yl>t t+|x0—y|)

‘/ _ |y( )p Q(U—ﬂﬁo-i-y—z))

—z|n |v =g +y — 2P

|lv—zgt+y—z|<t

X fa(2)dz

:=1L1+ Ls + Ls.

2 dydt 1/2
tn+2p+1

Now we consider L;, we claim that y € (2Q*)¢, otherwise if y € 2Q* then
t < |zo—y| < 4r, but z € (8Q*),t > |y — z| > 6r. Thus by the Minskowski
inequality we have

< (/ /,0 ylze t+|xo—y|)

yeE(RQ*)C

‘/ ly—=l<t |y(—z|" ),,f( )dz

|lv—zg+y—z|>t

(2.17) _ 0/ (/ /
(8@~ )C lzo—y|>t,y€(2Q*)¢

ly—z|<t,|[v—zgt+y—z|>t

t Ay — 2)2 dydt 1/2d
CHeo =) Jy—zPr2omize)

<Lii+ Lo,

2 dydt 1/2
2o+l

where
\'u m0+y z\>f
( t >M 20y — 2)* _dydt >1/2dz
tlzo—yl) |y— P20 gns2edt
and

Lio= C/ (/ / —y|>t,y€(2Q*)¢
SQ )(‘ y z| >8r, |ly—z|<t

|lv—zg+y—z|>t
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An 1/2
O _ 2
( t > 2y — 2)* _dydt > n

t+ |$0 _ y| |y _ Z|2n—2p tn+2p+1

First we give the estimate of L; ;. Since |y — z| < 8r, z € (8Q*)¢, then |y — x| ~
|z — x| and

(oo}
1 2n+2e
ose [y [T e
1.1 (SQ*)le( )| 0 LGO(QQLZ); ,<t+|x0_y|)

ly—=|<8r|y—z|<t

t)\n—Qn—Qeth—i-Qe |Q(y — Z)|2 dydt 1/2
(t+ |zo — y|)—2n—2c " |y — 2220 tn+2p+1> dz

- 1|y - 2)? dydt\
2.18 < C . J
( ) B /(SQ*)C |f(2)| (/O / Lé0(2QLZ); |Z — $0|2"+25 |y — Z|n—€ t1—5> Z
t

ly—=|<8r|y—z|<t

1f(2)] (/‘ 9y — 2)2 t/“ﬂ'l fﬂ
< C/ — dt dy dz
Q=) |2 — x| T2\ Jjy_si<sr |2 — @0y — 2|"7F Jo ti=e

< c/ O epy, < CpM,(f)(x).
(8Q*)°

e |Z _ x0|n+e/2

As for Lq o,

L1.2 S C/ / / —y|>t,ye(2Q*)°¢
(8Q* )C y z|>8r, |y—z| <t

|lv—zg+y—z|>t

( t ))\n Qy —2)*  dydt 1/2d
ooyl Jy—zProerseest)

< C/ / / lzg-ul21 v @Q)e
(8Q* )f ly—z|>8r,|y—z| <t

|[v—zgt+y—z|>t,2|ly—z|>]z—zq]|

(2.19) ( t ))\n Qy —2)*  dydt 1/2d
AR )

(8Q*)° lr0 =yl 28 ueCDVE o — oty —2|>t,2|y— 2| <|2—wo|

ly—z|>8r, |y—z| <t

( t ))\n 1Qy — 2)]?  dydt 1/2d
Crfeo =g’ Jy—Premizedt)

= L1.0/ + Ly.2n,

while
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[y — 2)?
Lio <C . ) T on—2,
1.2/ S /(SQ*)C |f(2)| (/ fffi?ng |y _ Z|2n—2p

2|y—2|>[z—a0|
t dt 1/2
( A x dy> dz
/ly—z|<t<|'u—x0+y—z| 1+ |x0 - yl trt2e+l

1Q(y — 2)|?
<C . e |—z 2
= /<8Q*>c'f(z)'</ e S G e T

2|ly—z|=]z—wg]|

dt 1/2
dy> dz
/|y—z|<t<|@_l.0+y 2| tn+2p+1

2y —2)
2.20 sc/ z(/ 12w -2
( ) (SQ*)C |f( )| \y*(Z\QZ;T |y _ Z|2n_2p

2|ly—z|=]z—wg]|

1 1 1/2
T Ty )
1/2
Qu-2F o
<C ye(2o*)e d d
<€ f o YOS oy ) &
y—z|>|z—xzq

o / /) ( / rlQ(y — 2)? dy>”2 i
— Jsne 12— mol" TNy apser [y — 2|

[f ()l
SCTE/ LG < oM () ().

P (8Q)¢ |z—x0|"+€ P ;0( )( )
Since |zg —y| > |z —xo| — |y — 2| > |z —xo|/2and |y — 2| ~ |v —z¢ + y — 2],
we have

Qy — 2)? t
L1.2H S C/ // y€(2Q ye | (y 22)|2 ( ))\H—QTL—QE
(8Q* >f eszer oy = 2220 A o —

ly—=|<
|@g— y\>\z—wo\/2
|[lv—zgt+y—z|>t

t2n+25 dydt 1/2
(|2 — x0|/2 )2n+2e X tn+2p+1> dz

(y |2 {2n+2e 1/2
(2.21) < C/(SQ “ye |z — xo|"+€ (// yye(i?zgi — z|2n—2p tn+2p+1 dydt> dz

z|<t
|lv— a‘0+y z|>t

rody—z 1/2

o 7)) Q=) T NV

- — n+e ye(2Q*)C _ »|2n—2p 2p—n—2e+1 y z
(8Q*)e |Z $Q| ye(2Q*) |y Zl ly—2z| t

ly—z|>8r
cof MOl (f a0 I
> (80+)° |Z _ xoln—i—e 1‘J1€(2z?>§c |y _ Z|2n 2p |y _ Z|2p—n—25

1 1/2
|)dy> dz

S u—moy— 222
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1/2
cc ()] 20— 2)P r AR
T Js@eye [z —mol e\ Jvecone [y — 2220y — zfPomndlo2e

ly—z|>8r

_ 2 1/2
<cf /)l (/ _ﬂ&LQgW@ 0z
8@ye 12— xo[" =\ )y —zpzgr y — 2| H1 72
< CpMp(f)(x)-

The estimate of Ly is similar as L1, and we get Ly < C,M,(f)(z). Finally, we
deal the last part L3. By the Minskowski inequality
ly—=|<t

o t
=[] e
0 lwo—y|=t t+ |x0 - yl [v—zg+y—z|<t

(Q(y—z)  Qu-zoty—2) > « Fal)d

ly—z|"=P |Jv—xo+y—z"r

2 dydt 1/2
tn+2p+1

S PTG/
N )C PO A PP |x0 - y| |y - Z'
Qv—z0+y—2) dydt 1/2d
o —mo+y— z|nr| tnt2e+l :
t Qly — 2
(222) S C/ (// YE(RQ™)C, ly—=z|<t ( ))\n (y _)
SQ )(‘ |zg— y\>f \U a‘0+y z| <t t+ |x0 - yl |y - Z|n P

3 Qv—z0+y—2)
|[v—a0+y—2""

t
+C/ (// % Cly—=z An
(8Q* )(‘ ‘TOJi‘(i?"?} a‘JO+y‘<:,\<f (t + |$Q —yl)
2

dydt \* i
tn+2p+1 z

dydt 1/2 .
fnt2ptl <

Uy — 2)
ly — z["=

3 Qv—z0+y—2)
|lv—a0+y—2""
= L31+ Lo

Note that when |y — z| < 8r, then |v — zg +y — 2| < 9r, SO

t 1y —2)
L < C Y Cly—=z An
o= /SQ *)e (//ToJi(i?L wﬁ+y‘<;\<f (t + |20 — y|) <|y — z|?n=

Qv —z0 +y — 2)|? dydt 1/2d
lv— 2o +y— Z|2n—2p) fmt2ptl ®

1/2
<C t ))\n |Q(y_z)|2 dydt / d
> yE(2Q% )f t+| _ — z|2n—2p ¢n+2p+1 o
(8Q* )(‘ \wo y\>f Zo yl |y Zl

t w1 QU—z0t y—2)? dydt 1/2
+C ye(2Q*)e ) 2n—2 2pH dz
(80 )(‘ lwg—| >t t+|x0—y| |v—xo+y—z|22p tri2eH

[v—zg+y—z[<

= L3.1v + L3.1.
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Using the same methods and steps as we deal Li;, we easily have Lsy
CpMy(f)(2), Ly1n < CoMy(f)(x), thus

(2.23) L3q < CpMp(f)(x)'

The estimate of L3 5 is more complicate. we also divide the region by 2|y —z| >

|z — xo| and 2|y — z| < |z — xo|, hence

t —2)
L . S C/ (// Y Cly—= )\n
32 (8Q* )(‘ \TOJi\(i? \2; TJO+y‘<;\<f (t + |$Q — yl | |y — z|" P

|ly—2z|>8r,2|y—z|>|z—xzq]|

Qu—x0+y—2) 2 dydt 1/2d
Cu—zoty—znr | tnt2e+l :

t (y —2)
2.24 +C/ (// NP o
( ) (8Q* )(‘ ‘TOJi‘(i?"?} a‘JO+y‘<:,\<f (t + |$Q — yl | |y — z|" P

|ly—2z|>8r,2|y—z|<|z—zq]
Qu—x0+y—2) 2 dydt 1/2
| dz
|v— a0 +y — z[r—p! gnt2e+l
= L3 + L3 2.

Since t > |y — z| > |z — xo|/2, SO we have

Lo < C/ (//qu » Y| Qy— Z_) ~ Qv—wo +y—z_)
(80 )(‘ [si>sr t+ |x0 Yl ly—z|"? |v—x0+y—z|"P
dydt >1/2dz
fnt2ptl
<o WEI( [, [T e
(8Q*)° veeeye y—z|"P  |v—xg+y—z|"®

|ly—=z|>8r

o0 dt 1/2
X (/ 7)dy> dz
max{|y—z], | o] /2 TV TP

Qy—z) Q—zo+y—2) 2
< C/(SQ*)C If(z)|</y€(m » |

cee - 2ne Ju—zo +y—2["P

00 log £)2+2¢ gt 1/2
% (/ (log 7«) )dy> d

max{|y—z,|=—zo| /2} T T2P 1 (log £)2H2e

= C/(SQ*)C /)l </y€(2“" o

|ly—z|>8r

00 (log %)2+2€dt 1/2
x </ - |z— 1o|)2+25)dy dz

max{|y—z|,|z—zo|/2} t2P7"HL|z — 20["(log

Qy—2) Qv—z0+y—2) |2
ly—z2""  fv—mot+y—z["r
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<o Tl G
(8Q*)e Z_x0| (10g +e yE(2Q*)

ly—z|>8r

o0 10g 2+2e gt 1/2
( (log ;) )y> "

Qy — 2) Qv—z0+y—2) |2
PEr T

X

2p—m+1
max{|y—z|,lz—zol/2} 7

SC/ £ (2)] (/
(8Q)° |2 — wo|"(log el yie \ Jyecar:

ly—z|>8r
[eS) (10g £)2+26dt 1/2
X (/| 71?;—"“ )dy> dz.

y—z|

Qy — 2) Qv—zo+y—2) |2
PEr T

By the estimate of I35 in this section, we get
(2.25) L3 < CpMy(f)().

For Ls o, Denote C(e) = e(2129)/2, Since 2|y — z| < |z — x|, then |z — y| >
|z — x| — |y — 2| > |z — xo|/2. Thus

t
(8Q* )(‘ yE(2Q*)¢,ly—z|>8r |zg—y|>t " + |x0 _y| |y _ Zln p

zo—yl>lz—=z0l/2,|ly—2|<t

Qu—zo+y—2) 2 dydt 1/2d
a |v—xo+y—z|"—ﬂ| tnt2p+l ‘

<C
- /SQ e (/ﬁe(m e, ly—z|>8r |lwg—y| >t

2o —yl>lz—=z0l/2,|ly—2|<t

n (10g t+|zo— y7[+80(6)r)2+25

_ t+]|xzo—y|+8C(e)r
(t + |x0 _ y|))\n 2n+2n(10g 0%)24—26

Qy — 2) Qv—z9+y—2) |2 dydt >1/2dz

| ly—z"=r  Ju—mxo +y — z[n—e ! gnt2e+l

< C/ |/(2) // Qy—2)
a 8Q*)° (|z — xo|)™(log |Z 1‘)'/2 )i+e y€(2Q )e,ly—z|>8r o

ly =2
—y|=>t, |ly—z|<t

B Q(U—$Q+y—2) |2tm(1ogw)2+25 dydt >1 .

[v—zo +y—z["" (t+ [mo—y)rm2n grnd2edt
<c| £:)] (/ Qy—=)
T Qo (|z—wo|) (log 2 )14e \ Jyeeare Hy— 2"
~ Qv—z0+y—2) 2 2oyl $An (Jog 7t+|x0_yL+sc(€)T)2+26 dt p 1/2d
[o—0 +y—2"7 <Lw| (t+leo—yD 2" tmﬂﬁ4>y> ’
Notice that the function G(s) = M is decreasing when s > ¢(2t2¢)/¢ and

t+|xo—y| +8C(e)r S ly — 2| +8C(e)r
T o T

>C(e) = e(212e)/e

)
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Then
t+ |z — C(e)r
[log( +‘ 0 Zﬂ‘f’ ( ) )]2+26 _G(t+‘x0_y‘+80(€)7")
(t+\wo—y\+8C(€)r)E B r
<Gdy—a+sc@y)—U%Uy_dt8ckyﬂﬂ%
> r - (‘y—z‘+8C(€)T)E

,
Notice that ¢ + |zg — y| ~ t + |zo — y| + 8C(e)r and 0 < & < min {1/2, (A —
2)n/2,p—n/2,0 — 1}, then

n t+ |zo -y +80(E)7“
/Iwo—yl t*" (log | 7“| )2+2e it
ly—2z| (t+ |zg — y|) 2 tnt+2p+1
t+lzo —yl+8C(e)r
B /ll‘o—yl (log | 0 ?il ©) )2+25 o dt
= ly—=z| (t + |$O — y|)€ (t + |x0 _ y|))\n—2n—£ tn+2p+1
- 8C
0o [1Og(w)]2+2e
<c / r !
ly—z| (Jy — z| +8C(e)r) f20—ntl-e

[10g( |y _ Zl "l: SC(E)T )]2+2€

<C

PR

Since |y — z| > 8r, there exists an £y > 1 such that |y — z| + 8C(g)r < 2%y — z|.

Hence
P /) (f Oy - 2)
-~ Jeenr (lz = zol)"(log [z = zol/2 x0|/2)1+€ toaear ly = 2["=r
r
2%y — 2| 2+42¢
Qv -zt y—2) 2o — —) dy I/de
|v—x0+y—2z["P ly — z|2p—n '

Using the same method of estimating 752, we get
(2.26) Ly.gn < CpMp(f)(2)-
Add up (2.13)-(2.26), we obtain
J<Ji+Jy <Ji+ L+ Lo+ Ly < CMy(f)(x).

Hence

137 (F2) w0) = 17 (£2) ()] < CypMy(f)(a) Tor all 2 € R™
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Therefore

|712| / 2 (f2) (o) — 5 () (0)|do
(2.27)
-G / 57 (f2) () — 5 (f2) (@)l dw < CpMy(f) ().

Since for any v € Q\E,
P (fr + f2) () = puy? (f2)(0)|
< [ux?(fr+ f2)(0) = 37 (f2) ()] + |37 (f2) () = 137 (F2) (o) |
= [ll6e.y(f1 + F2))llre = D2 (f2) W)llnt | + 137 (f2) (W) = 3" (F2) (o)
< ey (fr + £2)(0) = b1y (f2) @)l + 137 (f2) (v) = 137 (f2)(@0) |
= 13" (f) () + |37 (f2) (0) = 13" (f2) (o).
By (2.3) and (2.27), we get

|7;| / 3 ()W) =y’ (f2) (o) dv
U0l VO (f2) (W) = P (f2)(zo)|dv
IQI/ v +|c2| ) 0) = 1 () o)
< CpMp(f)(x).

Take ¢ = py”(f2) (o), (1.6) follows from the above inequality and the definition
of M* and the proof of Theorem 1 is finished.
3. PROOF OF THEOREM 2

By the properties of A, weights, for any w € A, we can find s > 1 such that

p/s>1land w € A,/ Thus by (1.5) of Theorem 1, we get

/ 16y (1) @)Pw(x)d < / (Ma(yify o ) ()P
n RW,

<O [ M o) @) we)d

C
C

R

<oz [ MA@ w()de
<cr
-

[ sy @
[ 1@ )ds
e [ If@pPula)ds,
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where M, is the dyadic maximal operator.
Similarly, by (1.6) we have

[ rn@iretde < ez [ i@,

n

Then we finish the proof of Theorem 2.
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