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WEIGHTED Lp BOUNDEDNESS FOR PARAMETRIZED
LITTLEWOOD-PALEY OPERATORS

Qingying Xue and Yong Ding

Abstract. In this paper the authors established some sharp estimates for a
class of the parametrized Littlewood-Paley operators. Using the result the
authors give the weighted Lp bounds of the parametrized area integral and
Littlewood-Paley g∗λ function.

1. INTRODUCTION

Let Ω(x) be homogeneous of degree zero on R
n with Ω ∈ L1(Sn−1), where

Sn−1 denotes the unit sphere of R
n(n ≥ 2) equipped with Lebesgue measure

dσ = dσ(x′). Moreover, Ω satisfies

(1.1)
∫

Sn−1

Ω(x′)dσ(x′) = 0.

Then for ρ > 0 the parametrized Marcinkiewicz integral µρ
Ω, area integral µρ

Ω,S and
the Littlewood-Paley function µ∗,ρ

λ are defined respectively by

µρ
Ω(f)(x) =

(∫ ∞

0

∣∣ ∫
|y−x|≤t

Ω(x− y)
|x− y|n−ρ

f(y)dy
∣∣2 dt

t1+2ρ

)1/2

,

µρ
Ω,S(f)(x) =

(∫∫
Γ(x)

∣∣∣∣ 1tρ
∫
|y−z|<t

Ω(y − z)
|y − z|n−ρ

f(z)dz

∣∣∣∣
2 dydt

tn+1

)1/2
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and

µ∗,ρ
λ (f)(x) =

(∫∫
R

n+1
+

(
t

t + |x − y|
)λn∣∣∣∣ 1tρ

∫
|y−z|<t

Ω(y − z)
|y − z|n−ρ

f(z)dz

∣∣∣∣
2 dydt

tn+1

)1/2

,

where Γ(x) = {(y, t) ∈ R
n+1
+ : |x − y| < t}. We will denote simply µ1

Ω, µ1
Ω,S

and µ∗,1
λ by µΩ, µS and µ∗

λ, respectively. On the other hand, we will show that
the parametrized Littlewood-Paley operators above are essentially the vector valued
Calderón-Zygmund singular operators. In fact, we define the Hilbert spaces as
follows.

H =
{

h : ‖h‖ =
(∫ ∞

0

|h(t)|2
t

dt

)1/2}
,

H1 =
{

u : ‖u‖H1 =
(∫∫

R
n+1
+

|u(y, t)|2χ|y|<1(y)
dydt

t

)1/2

< ∞
}

,

and

H2 =
{

u : ‖u‖H2 =
(∫∫

R
n+1
+

(
1

1 + |y|
)λn

|u(y, t)|2dydt

t

)1/2

< ∞, λ > 1
}

,

where h(t) and u(y, t) are measurable functions on R+ and R
n+1
+ , respectively.

Denote B the unit ball in R
n and take ϕ(x) = Ω(x)|x|−n+ρχB(x), if let

(1.2)

F (f)(x, y, t) =
∫

Rn

t−nϕ

(
x − z

t
− y

)
f(z)dz, and

G(f)(x, t) =
∫

Rn

t−nϕ

(
x − y

t

)
f(y)dy,

then we have

(i) µρ
Ω(f)(x) = ‖G(f)(x, ·)‖H;

(ii) µ
ρ
Ω,S(f)(x) = ‖F (f)(x, ·, ·)‖H1;

(iii) µ∗,ρ
λ (f)(x) = ‖F (f)(x, ·, ·)‖H2,

respectively.
The Marcinkiewicz integral µΩ was defined first by Stein [6]. Stein proved that

µΩ is of weak type (1,1) and type (p,p) (1 < p ≤ 2) for Ω ∈Lipα(Sn−1) (0 < α ≤
1). In 1960, Hörmander [H] defined and gave the Lp (1 < p < ∞) bounds of
the parametrized Marcinkiewicz integral µρ

Ω (ρ > 0) for Ω ∈Lipα(Sn−1) (0 < α ≤
1). The parametrized Littlewood-Paley operators µ∗,ρ

λ and µρ
Ω,S were discussed by
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Sakamoto and Yabuta [7] in 1999. In [7], the authors studied L p (1 < p < ∞)
boundedness for Ω satisfies the Lipα condition.

On the other hand, Torchinsky and Wang [8] first considered the weighted Lp

boundedness of µΩ. To state Torchinsky and Wang’s result, we first give some
definitions. For p > 0 and f ∈ L1

loc(R
n), let

Mpf(x) = sup
Q�x

(
1
|Q|

∫
Q

|f(y)|pdy

)1/p

where and what in following, Q is a cube with sides parallel to the coordinate axes.
The generalized sharp function M �

pf is given by

M �
pf(x) = sup

Q�x

(
1
|Q|

∫
Q

|f(y)− fQ|pdy

)1/p

,

where fQ is the average of f over Q; that is, fQ = 1
|Q|
∫
Q f(y)dy. We simply

denote M1f = Mf , M �
1f = M �f .

Definition 1. A nonnegative locally integrable function w(x) on R
n is said to

be in Ap, if there exists a constant C > 0 such that for every cube Q ⊂ R
n

(
1
|Q|

∫
Q

w(x)dx

)(
1
|Q|

∫
Q

w(x)−1/(p−1)dx

)p−1

≤ C for 1 < p < ∞,

and for a.e., x ∈ R
n and Q � x

1
|Q|

∫
Q

w(y)dy ≤ Cw(x), for p = 1.

Torchinsky and Wang’s result is as follows.

Theorem A. ([8]) Suppose Ω ∈Lipα(0 < α ≤ 1), 1 < p < ∞ and ω ∈
Ap(1 < p < ∞), then there is a constant cp(ω), independent of f , such that
‖µΩ(f)‖p,ω ≤ cp(ω)‖f‖p,ω.

In 1999, Ding, Fan and Pan [2] improved the above result. They gave the
following weighted Lp boundedness of µΩ and µ∗

λ, µΩ,S :

Theorem B. ([2]) Suppose that Ω ∈ Lq(Sn−1) (q > 1) satisfying (1.1). If p, q
and ω satisfy one of the following conditions.

(a) q′ < p < ∞ and ω ∈ Ap/q′ ,

(b) 1 < p < q and ω1−p′ ∈ Ap′/q′ ,



1146 Qingying Xue and Yong Ding

(c) 1 < p < ∞ and ωq′ ∈ Ap.

Then ‖µΩ(f)‖p,ω ≤ C‖f‖p,ω , where constant C is independent of f .

Theorem C. ([2]) Suppose that Ω ∈ Lq(Sn−1)(q > 1) satisfying (1.1). If p, q
and ω satisfy one of the following conditions.

(a) max{q′, 2} = η < p < ∞ and ω ∈ Ap/η,
(b) 2 < p < q and ω1−(p/2)′ ∈ Ap′/q′ ,
(c) 2 ≤ p < ∞ and ωq′ ∈ Ap/2.

Then ‖µ∗
λ‖p,ω ≤ C‖f‖p,ω and ‖µΩ,S‖p,ω ≤ C‖f‖p,ω, where constant C is inde-

pendent of f .

For general ρ > 0, in 2002, Ding, Lu and Yabuta gave the following Lp result
with rough kernel.

Theorem D. ([4]) Suppose that Ω ∈ L log+L(Sn−1) satisfies (1.1). Then for
ρ > 0 and 2 ≤ p < ∞, ‖µρ

Ω(f)‖Lp ≤ Cn,p,ρ‖f‖Lp ,‖µρ
Ω,S(f)‖Lp ≤ Cn,p,ρ‖f‖Lp

and ‖µ∗,ρ
λ (f)‖Lp ≤ Cn,p,ρ‖f‖Lp.

Comparing with the weighted boundedness of µΩ, an interesting question arises,
that is, if the operators µρ

Ω, µρ
Ω,S and µ∗,ρ

λ satisfy the similar weighted boundedness
as µΩ. The main purpose of this paper is to give a positive answer to this problem.
By establishing some sharp estimates, we give the weighted Lp boundedness of
these operators. Let us first give a definition.

Definition 2. Let Ω(x′) ∈ Lq(Sn−1), q ≥ 1. Then the integral modulus ωq(δ)
of continuity of order q of Ω is defined by

ωq(δ) = sup
‖γ‖≤δ

(∫
Sn−1

|Ω(γx′)− Ω(x′)|qdσ(x′)
)1/q

,

where γ denotes a rotation on Sn−1 and ‖γ‖ = supx′∈Sn−1 |γx′−x′|. The function
Ω is said to satisfy the Lq-Dini condition, if

(1.3)
∫ 1

0

ωq(δ)
δ

dδ < ∞.

Our results are as follows.

Theorem 1. Let Ω ∈ L2(Sn−1) satisfing (1.1) and the following condition

(1.4)
∫ 1

0

ω2(δ)
δ

(1 + | log δ|)σdδ < ∞, for σ > 1.
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Then for ρ > n/2, λ > 2 and f ∈ Lp(Rn)(1 < p < ∞),

(1.5) M �(µρ
Ω,Sf)(x) ≤ CpMpf(x) for all x ∈ R

n

and

(1.6) M �(µ∗,ρ
λ f)(x) ≤ CpMpf(x) for all x ∈ R

n,

where Cp is independent of f .

As a corollary of Theorem 1, we get the following weighted boundedness of
µ

ρ
Ω,S and µ

∗,ρ
λ :

Theorem 2. Let Ω satisfies the same condition as in Theorem 1 and ω ∈ A p.
Then for ρ > n/2,λ > 2 and f ∈ Lp(Rn)(1 < p < ∞), there is a constant C,
independent of f , such that

‖µρ
Ω,S(f)‖p,ω ≤ C‖f‖p,ω , ‖µ∗,ρ

λ (f)‖p,ω ≤ C‖f‖p,ω .

Remark 1. Theorem 2 doesn’t hold for 0 < ρ ≤ n/2 and 1 ≤ p ≤ 2n/(n+2ρ)
if n ≥ 3. This is can be seen by the counterexample in [7].

Remark 2. As is pointed out in [3], (1.4) is weaker than Lip α condition.
Moreover, combining the idea of proving Theorem 1 with the similar steps as in
[8], we may get the weighted boundedness of µ

ρ
Ω. We omit the details here.

2. PROOF OF THEOREM 1

We need the following Lemma.

Lemma 2.1. Suppose that ρ > 0, Ω is homogeneous of degree zero and
satisfies the L2-Dini condition. If there exists a constant 0 < θ < 1/2 such that
|x| < θR, then we have the folloing inequality
(∫

R<|y|<2R

∣∣∣∣ Ω(y−x)
|y−x|n−ρ

− Ω(y)
|y|n−ρ

∣∣∣∣
2

dy

)1/2

≤CRn/2−(n−ρ)

{ |x|
R

∫ |x|/R

|x|/2R

ω2(δ)
δ

dδ

}
,

where the constant C > 0 is independent of R and x.

See [1] for the case 0 < ρ < n and the proof is trivial for the case ρ ≥ n.
Now Let us turn to the proof of Theorem 1. First we want to prove (1.5)

M �(µρ
Ω,Sf)(x) ≤ CpMpf(x) for all x ∈ R

n.
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Given x ∈ R
n, let Q = Q(x̄, r0) be a cube centered at x̄, half side length r0 and

contains x. Denote Q∗ be a ball with center at x̄ and radius r = 2
√

nr0. Set

f = fχ8Q∗ + f(1 − χ8Q∗) =: f1 + f2.

Then by the Lp(p > 1) bounds of the operator µρ
Ω,S (By Theorem D for the case

2 ≤ p < ∞ and see [5] for the case 1 < p < 2),∫
Q

µ
ρ
Ω,S(f1)p(u)du≤

∫
Rn

µ
ρ
Ω,S(f1)p(u)du≤Cp

∫
Rn

|f1(u)|pdu≤ Cp

∫
8Q∗

|f(u)|pdu,

so

(2.1)
1
|Q|

∫
Q

µ
ρ
Ω,S (f1)(u)du ≤

(
1
Q

∫
Q

µ
ρ
Ω,S(f1)p(u)du

)1/p

≤ CpMpf(x).

In Q, we can find a point x0 ∈ Q such that µρ
Ω,S(f2)(x0) < ∞. In fact, since

f ∈ Lp, and µρ
Ω,S(f) is Lp bounded, so

∫
Q
|µρ

Ω,S(f2)(u)|pdu≤
∫

Rn
|µρ

Ω,S(f2)(u)|pdu≤C

∫
Rn

|f2(u)|pdu≤C

∫
Rn

|f(u)|pdu.

This shows that µρ
Ω,S(f2)(u) < ∞ a.e. on Q, so except a subset E with measure

zero, for all u ∈ Q\E, µρ
Ω,S(f2)(u) < ∞. Hence we can take x0 ∈ Q\E .

On the other hand, by (2.1) we get µρ
Ω,S(f1)(u) < ∞ a.e. on Q. Given any

point v ∈ Q\E , We now consider I = |µρ
Ω,S(f2)(x0)− µρ

Ω,S(f2)(v)|. Since

I =
∣∣‖F (f2)(x0, ·, ·)‖H1−‖F (f2)(v, ·, ·)‖H1

∣∣ ≤ ‖F (f2)(x0, ·, ·)−F (f2)(v, ·, ·)‖H1,

where F (f)(x, y, t) =
∫

Rn t−nφ(x−z
t − y)f(z)dz and ϕ(x) = Ω(x)

|x|n−ρ χ{|x|<1}, we
have

I ≤
(∫ ∞

0

∫
|y|<1

∣∣∣∣
∫

t−n
(
ϕ(

x0 − z

t
− y) − ϕ(

v − z

t
− y)

)
f2(z)dz

∣∣∣∣
2
dydt

t

)1/2

≤
(∫ ∞

0

∫
|y|<1

∣∣∣∣
∫

| x0−z
t

−y|<1

| v−z
t

−y|>1

t−nϕ(
x0 − z

t
− y)f2(z)dz

∣∣∣∣
2
dydt

t

)1/2

+
(∫ ∞

0

∫
|y|<1

∣∣∣∣
∫

| x0−z
t

−y|>1

| v−z
t

−y|<1

t−nϕ(
v − z

t
− y)f2(z)dz

∣∣∣∣
2
dydt

t

)1/2

+
(∫ ∞

0

∫
|y|<1

∣∣∣∣
∫

| x0−z
t

−y|<1

| v−z
t

−y|<1

t−n
(
ϕ(

x0 −z

t
−y)−ϕ(

v−z

t
−y)

)
f2(z)dz

∣∣∣∣
2
dydt

t

)1/2

.
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Using the transform y → x0−y′
t ( we still use y instead y ′), then

(2.2)

I ≤
(∫ ∞

0

∫
|x0−y|<t

∣∣∣∣
∫

|y−z|<t
|v−x0+y−z|>t

Ω(y − z)
|y − z|n−ρ

f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

+

(∫ ∞

0

∫
|x0−y|<t

∣∣∣∣
∫

|y−z|>t
|v−x0+y−z|<t

Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

(∫ ∞

0

∫
|x0−y|<t

∣∣∫
|y−z|<t

|v−x0y−z|<t

(
Ω(y−z)
|y−z|n−ρ

− Ω(v−x0y−z)
|v−x0y−z|n−ρ

)
f2(z)dz

∣∣2 dydt

tn+2ρ+1

)1/2

:= I1 + I2 + I3.

As for I1, by the Minkowski inequality we get

(2.3)

I1 ≤ C

∫
(8Q∗)c

|f(z)|
[(∫∫

y∈2Q∗
|y−z|<t
|x0−y|<t

|v−x0+y−z|>t

+
∫∫

y∈(2Q∗)c

|y−z|<t
|x0−y|<t

|v−x0+y−z|>t

)

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

]1/2

dz ≤ I1.1 + I1.2,

where

I1.1 = C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈2Q∗
|y−z|<t
|x0−y|<t

|v−x0+y−z|>t

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

and

I1.2 = C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c

|y−z|<t
|x0−y|<t

|v−x0+y−z|>t

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz.

As for I1.1, take 0 < ε < min
{
1/2, (λ−2)n/2, ρ−n/2, σ−1

}
(we always restrict ε

satisfies this in the whole section). Since y ∈ 2Q∗, z ∈ (8Q∗)c, |y−z| ∼ |x0−z| ∼
|v − x0 + y − z|, so

I1.1

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈2Q∗

|Ω(y−z)|2
|y−z|2n−2ρ

∫
|y−z|<t<|v−x0+y−z|

dt

tn+2ρ+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈2Q∗

|Ω(y−z)|2
|y−z|2n−2ρ

∣∣ 1
|v−x0y−z|n+2ρ

− 1
|y−z|n+2ρ

∣∣dy

)1/2

dz
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(2.4) ≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈2Q∗

|Ω(y−z)|2
|y−z|2n−2ρ

r

|y−z|2ρ−n+1−2ε

1
|z−x0|2n+2ε

dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z−x0|nε

(∫
y∈2Q∗

r|Ω(y−z)|2
|y−z|n+1−2ε

dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z−x0|nε

(∫
|y−z|>6r

r|Ω(y−z)|2
|y−z|n+1−2ε

dy

)1/2

dz

≤ Crε

∫
(8Q∗)c

|f(z)|
|z−x0|n+ε

dz

≤ Crε

∫
(8Q∗)c

|f(z)|
|z−x|n+ε

dz ≤ CpMp(f)(x).

Now we give the estimate of I1.2.

I1.2 ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t,
2|y−z|≥|z−x0 |,|x0−y|<t

|v−x0+y−z|>t

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

+ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c, |y−z|<t,
2|y−z|<|z−x0|, |x0−y|<t

‖v−x0+y−z|>t

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

:= I1.2′ + I1.2′′ .

First we give the estimate of I1.2′.

I1.2′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
2|y−z|≥|z−x0|

|Ω(y−z)|2
|y−z|2n−2ρ

∫
|y−z|<t<|v−x0+y−z|

dt

tn+2ρ+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
2|y−z|≥ |z−x0|

|Ω(y−z)|2
|y−z|2n−2ρ

r

|y−z|n+2ρ+1
dy

)1/2

dz

(2.5) ≤ C

∫
(8Q∗)c

|f(z)|
|z−x0|n+ε

(∫
y∈(2Q∗)c

2|y−z|≥|z−x0|

r|Ω(y−z)|2
|y−z|n+1−2ε

dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z−x0|n+ε

(∫
2|y−z|≥|z−x0|>4r

r|Ω(y−z)|2
|y−z|n+1−2ε

dy

)1/2

dz

≤ CpMp(f)(x).

The estimate of I1.2′′ is more complicated.

(2.6)

I1.2′′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t,
2|y−z|<|z−x0 |, |x0−y|<t

|v−x0+y−z|>t,|y−z|<2r

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

+ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c, |y−z|<t,
2|y−z|<|z−x0 |, |x0−y|<t

|v−x0+y−z|>t,|y−z|≥2r

|Ω(y − z)|2
|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

:= I1
1.2′′ + I2

1.2′′ .
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For I1
1.2′′ , since |y−x0| ≥ |z−x0| − |y− z| > |z−x0| −2r, so 1

|y−x0| < 1
|z−x0|−2r

and

(2.7)

I1
1.2′′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫

|z−x0|−2r<|y−x0 |
|y−z|<2r

|Ω(y−z)|2
|y−z|2n−2ρ

∫ ∞

|y−x0|

dt

tn+2ρ+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(|z − x0| − 2r)n/2+ρ

(∫
|y−z|<2r

|Ω(y − z)|2
|y − z|2n−2ρ

dy

)1/2

dz

≤ Crρ−n/2

∫
(8Q∗)c

|f(z)|
|z − x0|n/2+ρ

dz

≤ CpMp(f)(x).

For I2
1.2′′, note that t > |y − x0| > |z − x0| − |y − z| > |z − x0|/2 and |y − z| ∼

|v − x0 + y − z| so

(2.8)

I2
1.2′′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
2|y−z|<|z−x0 |

|y−z|≥2r

|Ω(y − z)|2
|y − z|2n−2ρ

∫
|y−z|<t<|v−x0+y−z|

dt

t2ρ−n+1−2ε
× 1

(|z − x0|/2)2n+2ε
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(|z − x0|/2)n+ε(∫

|y−z|≥2r

|Ω(y − z)|2
|y − z|2n−2ρ

r

|y − z|2ρ−n+1−2ε
dy

)1/2

dz

≤ CpMp(f)(x).

Similarly as we deal with I1, we can obtain I2 ≤ CpMp(f)(x).
So we only need to give the estimate of I3. Apply the Minkowski inequality to

I3 and divide the region by |y − z| ≥ 8r,|y − z| < 8r, we get

(2.9)

I3 ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c, |y−z|<t
|y−x0 |<t,|v−x0+y−z|<t

|y−z|<8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 dydt

tn+2ρ+1

)1/2

dz

+ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c, |y−z|<t
|y−x0|<t,|v−x0+y−z|<t

|y−z|≥8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 dydt

tn+2ρ+1

)1/2

dz

:= I3,1 + I3,2.

It is easy to see that when z ∈ (8Q∗)c, |y−z| < 8r, |v−x0+y−z| ≤ |v−x0|+8r ≤
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9r and |y − x0| ∼ |z − x0|. Then

(2.10)

I3,1≤C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c, |y−z|<t
|y−x0|<t,|y−z|<8r

|v−x0+y−z|<t

(|Ω(y−z)|2
|y−z|2n−2ρ

+
|Ω(v−x0 + y−z)|2
|v−x0 + y−z|2n−2ρ

)

× dydt

tn+2ρ+1

)1/2

dz

≤C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c,|y−z|<8r
|v−x0+y−z|<9r

( |Ω(y−z)|2
|y−z|2n−2ρ

+
|Ω(v−x0 + y−z)|2
|v−x0 + y−z|2n−2ρ

)

×
∫ ∞

|y−x0|

dt

tn+2ρ+1
dy

)1/2

dz

≤C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c,|y−z|<8r
|v−x0+y−z|<9r

( |Ω(y−z)|2
|y−z|2n−2ρ

+
|Ω(v−x0 + y−z)|2
|v−x0 + y−z|2n−2ρ

)

× 1
|z − x0|n+2ρ

dy

)1/2

dz

≤C

∫
(8Q∗)c

|f(z)|
|z − x0|n/2+ρ

(∫
|y−z|<8r

|Ω(y−z)|2
|y−z|2n−2ρ

dy

)1/2

dz

+ C

∫
(8Q∗)c

|f(z)|
|z−x0|n/2+ρ

(∫
|v−x0+y−z|<9r

|Ω(v − x0 + y − z)|2
|v − x0 + y − z|2n−2ρ

dy

)1/2

dz

≤CpMp(f)(x).

Now, we will give the estimate of I3.2.
Note that |z − x0| < |x0 − y| + |y − z| < 2t, so t > |z − x0|/2. Since

|y − z|/r > 8, Integration by part, one can easily get∫ ∞

|y−z|

(log t
r)

2+2ε

t2ρ−n+1
dt ≤ C

(log |y−z|
r )2+2ε

|y − z|2ρ−n
.

Then by Lemma 2.1, we have

I3.2 ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c, |y−z|<t
|y−x0|<t,|v−x0+y−z|<t

|y−z|≥8r,t>|z−x0|/2

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2

× (log t
r )2+2εdt

t2ρ−n+1t2n(log t
r )2+2ε

dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

(∫∫
y∈(2Q∗)c, |y−z|<t

|y−x0|<t,|v−x0+y−z|<t

|y−z|≥8r,t>|z−x0|/2

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 (log t
r
)2+2εdt

t2ρ−n+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r
)1+ε

(∫
|y−z|≥8r

∣∣ Ω(y − z)
|y − z|n−ρ
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− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2( ∫
|y−z|<t

(log t
r )2+2ε

t2ρ−n+1
dt
)
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

(∫
|y−z|≥8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 (log |y−z|
r )2+2ε

|y − z|2ρ−n
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

( ∞∑
j=3

∫
2jr≤|y−z|<2j+1r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 (log |y−z|
r )2+2ε

|y − z|2ρ−n
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

∞∑
j=3

(log 2j+1r
r

)1+ε

(2jr)ρ−n/2

(∫
2jr≤|y−z|<2j+1r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

∞∑
j=3

(j + 1)1+ε

(2jr)ρ−n/2
(2jr)n/2−(n−ρ)

{ |v − x0|
2jr

+
∫ |v−x0|

2jr

|v−x0 |
2j+1r

ω2(δ)
δ

dδ

}
dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

∞∑
j=3

(j + 1)1+ε

{
1
2j

+
1

(1 + j log 2)σ

∫ |v−x0|
2jr

|v−x0|
2j+1r

ω2(δ)
δ

(1 + log δ)σdδ

}
dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε
dz.

Note that ∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r
)1+ε

dz

≤
∞∑

k=3

∫
2kr≤|z−x0|<2k+1r

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε
dz

≤ C

∞∑
k=3

1
(k log 2)1+ε

1
(2k+1r)n

∫
|z−x0|<2k+1r

|f(z)|dz

≤ C

∞∑
k=3

1
(k log 2)1+ε

1
(2k+1r)n

∫
|z−x|<2k+2r

|f(z)|dz

≤ CpMp(f)(x),
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we get

(2.11) I3.2 ≤ CpMp(f)(x).

Hence add up (2.2)-(2.11), we obtain

|µρ
Ω,S(f2)(x0) − µρ

Ω,S(f2)(v)| < CpMp(f)(x) for all x ∈ R
n ,

therefore

(2.12)

1
|Q|

∫
Q

∣∣µρ
Ω,S(f2)(x0) − µρ

Ω,S(f2)(v)
∣∣dv

=
1
|Q|

∫
Q\E

∣∣µρ
Ω,S(f2)(x0) − µρ

Ω,S(f2)(v)
∣∣dv ≤ CpMp(f)(x).

For any x ∈ Q\E, we have∣∣µρ
Ω,S(f1 + f2)(v) − µρ

Ω,S(f2)(x0)
∣∣

≤ ∣∣µρ
Ω,S(f1 + f2)(v) − µρ

Ω,S(f2)(v)
∣∣ + ∣∣µρ

Ω,S(f2)(v) − µρ
Ω,S(f2)(x0)

∣∣
=
∣∣‖F (f1 + f2)(v, ·, ·)‖H1 − ‖F (f2)(v, ·, ·)‖H1

∣∣+ ∣∣µρ
Ω,S(f2)(v) − µρ

Ω,S(f2)(x0)
∣∣

≤ ‖F (f1 + f2)(v, ·, ·)− F (f2)(v, ·, ·)‖H1 +
∣∣µρ

Ω,S(f2)(v) − µρ
Ω,S(f2)(x0)

∣∣
= µρ

Ω,S(f1)(v) +
∣∣µρ

Ω,S(f2)(v) − µρ
Ω,S(f2)(x0)

∣∣.
Finally, by (2.1) and (2.12) and the above inequality yields

1
|Q|

∫
Q

|µρ
Ω,S(f)(v) − µρ

Ω,S(f2)(x0)|dv

≤ 1
|Q|

∫
Q

µρ
Ω,S(f1)(v)dv +

1
|Q|

∫
Q\E

|µρ
Ω,S(f2)(v) − µρ

Ω,S(f2)(x0)|dv

≤ CpMp(f)(x).

Recall that M � is defined by

M �(f)(x) = sup
x∈Q

1
Q

∫
Q
|f(y)− fQ|dy ≈ sup

x∈Q
inf
c

1
Q

∫
Q
|f(y)− c|dy.

So we just take c = µρ
Ω,S(f2)(x0) and (1.5) follows from the above inequality.

Below we will give the proof of (1.6) for µ∗,ρ
λ . Given x ∈ R

n, let Q, x̄, r0,Q∗,
r be the same as before, also set

f = fχ8Q∗ + f(1 − χ8Q∗) =: f1 + f2.
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Then using the Lp-boundness of µ∗,ρ
λ (1 < p < ∞), we have∫

Q
µ
∗,ρ
λ (f1)p(u)du≤

∫
Rn

µ
∗,ρ
λ (f1)p(u)du≤Cp

∫
Rn

|f1(u)|pdu≤Cp

∫
8Q∗

|f(u)|pdu.

So

(2.13)
1
|Q|

∫
Q

µ∗,ρ
λ (f1)(u)du ≤

(
1
Q

∫
Q

µ∗,ρ
λ (f1)p(u)du

)1/p

≤ CpMpf(x).

By the same reason as we show in the beginning of the Proof for µρ
Ω,S , there

exists a measurable set E with measure zero such that µ∗,ρ
λ (f2)(x) < ∞ for any

x ∈ Q\E . Now we fixed one point x0 ∈ Q\E and for any v ∈ Q\E , we consider
J = |µ∗,ρ

λ (f2)(x0) − µ∗,ρ
λ (f2)(v)|. Since

J =
∣∣‖F (f2)(x0, ·, ·)‖H2−‖F (f2)(v, ·, ·)‖H2

∣∣ ≤ ‖F (f2)(x0, ·, ·)−F (f2)(v, ·, ·)‖H2,

we have

(2.14)
J ≤

(∫ ∞

0

(∫
|y|<1

+
∫
|y|≥1

)( 1
1 + |y|

)λn∣∣∫ t−n
[
ϕ(

x0 − z

t
− y)

− ϕ(
v − z

t
− y)

]
f2(z)dz

∣∣2 dydt

t

)1/2

≤ J1 + J2,

where

J1 =
(∫ ∞

0

∫
|y|<1

( 1
1 + |y|

)λn∣∣∫ t−n
[
ϕ(

x0−z

t
−y)−ϕ(

v−z

t
−y)
]
f2(z)dz

∣∣2dydt

t

)1/2

and

J2 =
(∫ ∞

0

∫
|y|≥1

( 1
1 + |y|

)λn∣∣∫ t−n
[
ϕ(

x0−z

t
−y)−ϕ(

v−z

t
−y)
]
f2(z)dz

∣∣2 dydt

t

)1/2

.

Since
(

1
1+|y|

)λn ≤ 1, then J1 ≤ I1 + I2 + I3, by the proof for the operator µρ
Ω,S

before, we get
J1 ≤CpMp(f)(x).

J2 ≤
(∫ ∞

0

∫
|y|≥1

(
1

1 + |y| )
λn
∣∣ ∫

| x0−z
t

−y|<1

| v−z
t

−y|>1

t−nϕ(
x0−z

t
−y)f2(z)dz

∣∣2 dydt

t

)1/2

(2.15) +
(∫ ∞

0

∫
|y|≥1

( 1
1 + |y|

)λn∣∣ ∫
| x0−z

t
−y|>1

| v−z
t

−y|<1

t−nϕ(
v−z

t
−y)f2(z)dz

∣∣2 dydt

t

)1/2

+
(∫ ∞

0

∫
|y|≥1

( 1
1 + |y|

)λn∣∣ ∫
| x0−z

t
−y|<1

| v−z
t

−y|<1

t−n
[
ϕ(

x0−z

t
−y)−ϕ(

v−z

t
−y)

]

× f2(z)dz
∣∣2 dydt

t

)1/2

.
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Using the transform y → x0−y′
t again ( we still use y instead y ′), we have

(2.16)

J2 ≤
(∫ ∞

0

∫
|x0−y|≥t

( t

t + |x0 − y|
)λn

∣∣∣∣
∫

|y−z|<t
|v−x0+y−z|>t

Ω(y − z)
|y − z|n−ρ

f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

+
(∫ ∞

0

∫
|x0−y|≥t

( t

t + |x0 − y|
)λn

∣∣∣∣
∫

|y−z|>t
|v−x0+y−z|<t

Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

+
(∫ ∞

0

∫
|x0−y|≥t

( t

t + |x0 − y|
)λn

∣∣∣∣
∫

|y−z|<t
|v−x0+y−z|<t

( Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

)

× f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

:= L1 + L2 + L3.

Now we consider L1, we claim that y ∈ (2Q∗)c, otherwise if y ∈ 2Q∗ then
t ≤ |x0 − y| < 4r, but z ∈ (8Q∗)c, t > |y − z| ≥ 6r. Thus by the Minskowski
inequality we have

(2.17)

L1 ≤
(∫ ∞

0

∫
|x0−y|≥t

y∈(2Q∗)c

( t

t + |x0 − y|
)λn

∣∣∣∣
∫

|y−z|<t
|v−x0+y−z|>t

Ω(y − z)
|y − z|n−ρ

f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

≤ C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t,y∈(2Q∗)c

|y−z|<t,|v−x0+y−z|>t(
t

t + |x0 − y|
)λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

≤ L1.1 + L1.2,

where
L1.1 = C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t,y∈(2Q∗)c
|y−z|<8r,|y−z|<t
|v−x0+y−z|>t(

t

t + |x0 − y|
)λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

and
L1.2 = C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t,y∈(2Q∗)c
|y−z|≥8r,|y−z|<t
|v−x0+y−z|>t
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(
t

t + |x0 − y|
)λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz.

First we give the estimate of L1.1. Since |y − z| < 8r, z ∈ (8Q∗)c, then |y − x0| ∼
|z − x0| and

L1.1 ≤ C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t
y∈(2Q∗)c

|y−z|<8r,|y−z|<t

( 1
t + |x0 − y|

)2n+2ε

tλn−2n−2εt2n+2ε

(t + |x0 − y|)λn−2n−2ε
× |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

(2.18) ≤ C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t
y∈(2Q∗)c

|y−z|<8r,|y−z|<t

1
|z − x0|2n+2ε

|Ω(y − z)|2
|y − z|n−ε

dydt

t1−ε

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε/2

(∫
|y−z|<8r

|Ω(y − z)|2
|z − x0|ε|y − z|n−ε

∫ |x0−y|

0

1
t1−ε

dt dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε/2

rε/2dz ≤ CpMp(f)(x).

As for L1.2,

(2.19)

L1.2 ≤ C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t,y∈(2Q∗)c
|y−z|≥8r,|y−z|<t
|v−x0+y−z|>t

( t

t + |x0 − y|
)λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t,y∈(2Q∗)c
|y−z|≥8r,|y−z|<t

|v−x0+y−z|>t,2|y−z|≥|z−x0 |

( t

t + |x0 − y|
)λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

+ C

∫
(8Q∗)c

|f(z)|
(∫ ∞

0

∫
|x0−y|≥t,y∈(2Q∗)c

|y−z|≥8r,|y−z|<t
|v−x0+y−z|>t,2|y−z|<|z−x0|

( t

t + |x0 − y|
)λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

:= L1.2′ + L1.2′′ ,

while
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(2.20)

L1.2′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|≥8r

2|y−z|≥|z−x0 |

|Ω(y − z)|2
|y − z|2n−2ρ

∫
|y−z|<t<|v−x0+y−z|

(
t

t + |x0 − y| )
λn × dt

tn+2ρ+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|≥8r

2|y−z|≥|z−x0 |

|Ω(y − z)|2
|y − z|2n−2ρ

∫
|y−z|<t<|v−x0+y−z|

dt

tn+2ρ+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|≥8r

2|y−z|≥|z−x0 |

|Ω(y − z)|2
|y − z|2n−2ρ

∣∣∣∣ 1
|y − z|n+2ρ

− 1
|v − x0 + y − z|n+2ρ

∣∣∣∣dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|≥8r

2|y−z|≥|z−x0 |

|Ω(y − z)|2
|y − z|2n−2ρ

r

|y − z|n+2ρ+1
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

(∫
|y−z|≥8r

r|Ω(y − z)|2
|y − z|n+1−2ε

dy

)1/2

dz

≤ Cpr
ε

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

dz ≤ CpMp(f)(x).

Since |x0 − y| ≥ |z − x0| − |y − z| > |z − x0|/2 and |y − z| ∼ |v − x0 + y − z|,
we have

L1.2′′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c
|y−z|≥8r
|y−z|<t

|x0−y|>|z−x0 |/2
|v−x0+y−z|>t

|Ω(y − z)|2
|y − z|2n−2ρ

(
t

t + |x0 − y| )
λn−2n−2ε

t2n+2ε

(|z − x0|/2)2n+2ε
× dydt

tn+2ρ+1

)1/2

dz

(2.21) ≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

(∫∫
y∈(2Q∗)c
|y−z|≥8r
|y−z|<t

|v−x0+y−z|>t

|Ω(y − z)|2
|y − z|2n−2ρ

t2n+2ε

tn+2ρ+1
dydt

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

(∫
y∈(2Q∗)c
|y−z|≥8r

|Ω(y − z)|2
|y − z|2n−2ρ

( ∫ |v−x0+y−z|

|y−z|

dt

t2ρ−n−2ε+1

)
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

(∫
y∈(2Q∗)c
|y−z|≥8r

|Ω(y − z)|2
|y − z|2n−2ρ

∣∣ 1
|y − z|2ρ−n−2ε

− 1
|v − x0 + y − z|2ρ−n−2ε

∣∣)dy

)1/2

dz
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≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

(∫
y∈(2Q∗)c
|y−z|≥8r

|Ω(y − z)|2
|y − z|2n−2ρ

r

|y − z|2ρ−n+1−2ε

)
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n+ε

(∫
|y−z|≥8r

r|Ω(y − z)|2
|y − z|n+1−2ε

)
dy

)1/2

dz

≤ CpMp(f)(x).

The estimate of L2 is similar as L1, and we get L2 ≤ CpMp(f)(x). Finally, we
deal the last part L3. By the Minskowski inequality

(2.22)

L3 =
(∫ ∞

0

∫
|x0−y|≥t

(
t

t + |x0 − y| )
λn

∣∣∣∣
∫

|y−z|<t
|v−x0+y−z|<t(

Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

)
× f2(z)dz

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t
|x0−y|≥t,|v−x0+y−z|<t

(
t

t + |x0 − y| )
λn

∣∣∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t
|x0−y|≥t,|v−x0+y−z|<t

|y−z|≤8r

(
t

t + |x0 − y| )
λn

∣∣∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

dz

+ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t
|x0−y|≥t,|v−x0+y−z|<t

|y−z|>8r

(
t

t + |x0 − y| )
λn

∣∣∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣∣∣
2

dydt

tn+2ρ+1

)1/2

dz

:= L3.1 + L3.2.

Note that when |y − z| < 8r, then |v − x0 + y − z| < 9r, so

L3.1 ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t
|x0−y|≥t,|v−x0+y−z|<t

|y−z|≤8r

(
t

t + |x0 − y| )
λn
( |Ω(y − z)|2
|y − z|2n−2ρ

+
|Ω(v − x0 + y − z)|2
|v − x0 + y − z|2n−2ρ

) dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c
|x0−y|≥t

|y−z|≤8r

(
t

t + |x0 − y| )
λn |Ω(y − z)|2

|y − z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

+C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c
|x0−y|≥t

|v−x0+y−z|<9r

(
t

t+|x0−y| )
λn |Ω(v−x0+ y−z)|2

|v−x0+y−z|2n−2ρ

dydt

tn+2ρ+1

)1/2

dz

:= L3.1′ + L3.1′′ .
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Using the same methods and steps as we deal L1.1, we easily have L3.1′ ≤
CpMp(f)(x), L3.1′′ ≤ CpMp(f)(x), thus

(2.23) L3.1 ≤ CpMp(f)(x).

The estimate of L3.2 is more complicate. we also divide the region by 2|y−z| ≥
|z − x0| and 2|y − z| < |z − x0|, hence

L3.2 ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t
|x0−y|≥t,|v−x0+y−z|<t

|y−z|>8r,2|y−z|≥|z−x0|

(
t

t + |x0 − y| )
λn
∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 dydt

tn+2ρ+1

)1/2

dz

(2.24) + C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|<t
|x0−y|≥t,|v−x0+y−z|<t

|y−z|>8r,2|y−z|<|z−x0|

(
t

t + |x0 − y| )
λn
∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 dydt

tn+2ρ+1

)1/2

dz

:= L3.2′ + L3.2′′.

Since t > |y − z| > |z − x0|/2, so we have

L3.2′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c
|y−z|>8r

t≥|z−x0|/2

(
t

t + |x0−y| )
λn
∣∣ Ω(y−z)
|y−z|n−ρ

− Ω(v−x0 + y−z)
|v−x0 + y−z|n−ρ

∣∣2
dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y−z)
|y−z|n−ρ

− Ω(v−x0 + y−z)
|v−x0 + y−z|n−ρ

∣∣2

× ( ∫ ∞

max{|y−z|,|z−x0|/2}

dt

tn+2ρ+1

)
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y−z)
|y−z|n−ρ

− Ω(v−x0 + y−z)
|v−x0 + y−z|n−ρ

∣∣2

× ( ∫ ∞

max{|y−z|,|z−x0|/2}

(log t
r )2+2εdt

tn+2ρ+1(log t
r )2+2ε

)
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫

y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2

× ( ∫ ∞

max{|y−z|,|z−x0|/2}

(log t
r )2+2εdt

t2ρ−n+1|z − x0|n(log |z−x0|
r

)2+2ε

)
dy

)1/2

dz
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≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r
)1+ε

(∫
y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2

× (∫ ∞

max{|y−z|,|z−x0|/2}

(log t
r
)2+2εdt

t2ρ−n+1

)
dy

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
|z − x0|n(log |z−x0|

r )1+ε

(∫
y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2

× (∫ ∞

|y−z|

(log t
r
)2+2εdt

t2ρ−n+1

)
dy

)1/2

dz.

By the estimate of I3.2 in this section, we get

(2.25) L3.2′ ≤ CpMp(f)(x).

For L3.2′′ , Denote C(ε) = e(2+2ε)/ε. Since 2|y − z| < |z − x0|, then |x0 − y| >

|z − x0| − |y − z| ≥ |z − x0|/2. Thus

L3.2′′ ≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|>8r,|x0−y|≥t

|x0−y|>|z−x0 |/2,|y−z|<t

(
t

t + |x0 − y| )
λn
∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(∫∫

y∈(2Q∗)c,|y−z|>8r,|x0−y|≥t

|x0−y|>|z−x0 |/2,|y−z|<t

tλn(log t+|x0−y|+8C(ε)r
r )2+2ε

(t + |x0 − y|)λn−2n+2n(log t+|x0−y|+8C(ε)r
r )2+2ε

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(|z − x0|)n(log |z−x0|/2

r )1+ε

(∫∫
y∈(2Q∗)c,|y−z|>8r
|x0−y|≥t,|y−z|<t

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v−x0 + y−z)
|v−x0 + y−z|n−ρ

∣∣2 tλn(log t+|x0−y|+8C(ε)r
r )2+2ε

(t + |x0−y|)λn−2n

dydt

tn+2ρ+1

)1/2

dz

≤ C

∫
(8Q∗)c

|f(z)|
(|z−x0|)n(log |z−x0|/2

r )1+ε

(∫
y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y−z)
|y−z|n−ρ

− Ω(v−x0 + y−z)
|v−x0 + y−z|n−ρ

∣∣2(∫ |x0−y|

|y−z|

tλn(log t+|x0−y|+8C(ε)r
r )2+2ε

(t + |x0−y|)λn−2n

dt

tn+2ρ+1

)
dy

)1/2

dz.

Notice that the function G(s) = (log s)2+2ε

sε is decreasing when s > e(2+2ε)/ε and

t + |x0 − y| + 8C(ε)r
r

≥ |y − z| + 8C(ε)r
r

> C(ε) = e(2+2ε)/ε,
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Then

[log(
t + |x0 − y| + 8C(ε)r

r
)]2+2ε

(
t + |x0 − y| + 8C(ε)r

r
)
ε = G(

t + |x0 − y| + 8C(ε)r
r

)

≤ G(
|y − z| + 8C(ε)r

r
) =

[log(
|y − z| + 8C(ε)r

r
)]2+2ε

(
|y − z| + 8C(ε)r

r
)
ε .

Notice that t + |x0 − y| ∼ t + |x0 − y| + 8C(ε)r and 0 < ε < min
{
1/2, (λ −

2)n/2, ρ− n/2, σ − 1
}

, then

∫ |x0−y|

|y−z|

tλn(log
t + |x0 − y| + 8C(ε)r

r
)2+2ε

(t + |x0 − y|)λn−2n

dt

tn+2ρ+1

=
∫ |x0−y|

|y−z|

(log
t + |x0 − y| + 8C(ε)r

r
)2+2ε

(t + |x0 − y|)ε

tλn

(t + |x0 − y|)λn−2n−ε

dt

tn+2ρ+1

≤ C

∫ ∞

|y−z|

[log(
|y − z| + 8C(ε)r

r
)]2+2ε

(|y − z| + 8C(ε)r)ε
dt

t2ρ−n+1−ε

≤ C
[log(

|y − z| + 8C(ε)r
r

)]2+2ε

|y − z|2ρ−n
.

Since |y − z| > 8r, there exists an �0 ≥ 1 such that |y − z|+ 8C(ε)r ≤ 2�0 |y − z|.
Hence

L3.2′′ ≤ C

∫
(8Q∗)c

|f(z)|
(|z − x0|)n(log

|z − x0|/2
r

)1+ε

(∫
y∈(2Q∗)c
|y−z|>8r

∣∣ Ω(y − z)
|y − z|n−ρ

− Ω(v − x0 + y − z)
|v − x0 + y − z|n−ρ

∣∣2 (log
2�0 |y − z|

r
)2+2ε

|y − z|2ρ−n
dy

)1/2

dz.

Using the same method of estimating I3.2, we get

(2.26) L3.2′′ ≤ CpMp(f)(x).

Add up (2.13)-(2.26), we obtain

J ≤ J1 + J2 ≤ J1 + L1 + L2 + L3 ≤ CpMp(f)(x).

Hence

|µ∗,ρ
λ (f2)(x0) − µ∗,ρ

λ (f2)(v)| < CpMp(f)(x) for all x ∈ R
n .
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Therefore

(2.27)

1
|Q|

∫
Q

|µ∗,ρ
λ (f2)(x0) − µ∗,ρ

λ (f2)(v)|dv

=
1
|Q|

∫
Q\E

|µ∗,ρ
λ (f2)(x0) − µ∗,ρ

λ (f2)(v)|dω ≤ CpMp(f)(x).

Since for any v ∈ Q\E ,∣∣µ∗,ρ
λ (f1 + f2)(v) − µ∗,ρ

λ (f2)(x0)
∣∣

≤ ∣∣µ∗,ρ
λ (f1 + f2)(v) − µ∗,ρ

λ (f2)(v)
∣∣ + ∣∣µ∗,ρ

λ (f2)(v) − µ∗,ρ
λ (f2)(x0)

∣∣
=
∣∣‖φt,y(f1 + f2)(v)‖H2 − ‖φt,y(f2)(v)‖H2

∣∣ + ∣∣µ∗,ρ
λ (f2)(v) − µ∗,ρ

λ (f2)(x0)
∣∣

≤ ‖φt,y(f1 + f2)(v) − φt,y(f2)(v)‖H2 +
∣∣µ∗,ρ

λ (f2)(v) − µ∗,ρ
λ (f2)(x0)

∣∣
= µ∗,ρ

λ (f1)(v) +
∣∣µ∗,ρ

λ (f2)(v) − µ∗,ρ
λ (f2)(x0)

∣∣.
By (2.3) and (2.27), we get

1
|Q|

∫
Q

|µ∗,ρ
λ (f)(v) − µ∗,ρ

λ (f2)(x0)|dv

≤ 1
|Q|

∫
Q

µ∗,ρ
λ (f1)(v)dv +

1
|Q|

∫
Q\E

|µ∗,ρ
λ (f2)(v) − µ∗,ρ

λ (f2)(x0)|dv

≤ CpMp(f)(x).

Take c = µ
∗,ρ
λ (f2)(x0), (1.6) follows from the above inequality and the definition

of M� and the proof of Theorem 1 is finished.

3. PROOF OF THEOREM 2

By the properties of Ap weights, for any w ∈ Ap, we can find s > 1 such that
p/s > 1 and w ∈ Ap/s. Thus by (1.5) of Theorem 1, we get

∫
Rn

[µρ
Ω,S(f)(x)]pw(x)dx ≤

∫
Rn

[Md(µ
ρ
Ω,Sf)(x)]pw(x)dx

≤ C

∫
Rn

[M �(µρ
Ω,Sf)(x)]pw(x)dx

≤ Cp
s

∫
Rn

[M(|f |s)(x)]p/sw(x)dx

≤ Cp
s

∫
Rn

[|f(x)|s]p/sw(x)dx

= Cp
s

∫
Rn

|f(x)|pw(x)dx,
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where Md is the dyadic maximal operator.
Similarly, by (1.6) we have∫

Rn

[µ∗,ρ
λ (f)(x)]pw(x)dx ≤ Cp

s

∫
Rn

|f(x)|pw(x)dx.

Then we finish the proof of Theorem 2.
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