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ITERATIVE APPROXIMATION OF FIXED POINTS OF A FINITE
FAMILY OF ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

Shuechin Huang

Abstract. The purpose of this paper is to use viscosity approximation methods
for a finite family of asymptotically nonexpansive mappings to establish the
necessary and sufficient conditions for the iterative sequence to converge to a
common fixed point of those mappings in uniformly convex Banach spaces.

1. INTRODUCTION

Let X be a Banach space, C' a nonempty subset of X and 7" : C' — C' a mapping.
Then T is said to be a contraction on C with contractive constant o € (0,1) if
|T(x) — T(y)|| < allz —yl|, for all z,y € C; T is said to be nonexpansive
if |72 — Ty|| < ||z —y|, for all z,y € C and T is said to be uniformly L-
Lipschitzian (L > 0) if ||[T"z — T"y| < Lz — y||, for all 2,3y € C and for all
n € N. If there exists a sequence {k, } of positive numbers with lim %, = 1 such

n—oo

that || 772 — T"y|| < kn||z —y||, for all z,y € C and for all n € N, then T is said
to be asymptotically nonexpansive.

It is clear that an asymptotically nonexpansive mapping is uniformly L-Lip-
schitzian for some constant L > 0. The asymptotically nonexpansive mappings
introduced by Goebel and Kirk are important generalizations of nonexpansive map-
pings. Also, Goebel and Kirk [9] proved that if X is a uniformly convex Banach
space and C is a nonempty bounded and closed convex subset of X, then any
asymptotically nonexpansive mapping 7' : C — C has a nonempty fixed point set
Fix(T). The extension of this result was established as well (see, e.g., [10,15,22]).
In particular, the iterative methods for approximating fixed points of asymptotically
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nonexpansive mappings have been studied and many nice results were presented
(see, e.9., [2,5,7,14,16-21]).

In [14], Lim and Xu established a path-convergence theorem for asymptoti-
cally nonexpansive mappings in uniformly smooth Banach spaces. Besides, C. E.
Chidume, J. Li and A. Udomene extended this result to real Banach spaces with
uniformly Gateaux differentiable norm possessing uniform normal structure [7].

Theorem 1.1. (Lim and Xu [14]) Let X be a uniformly smooth Banach
space, C' a nonempty closed convex and bounded subset of X, T": C — C an
asymptotically nonexpansive mapping with sequence {k ,} C [1,00). Letu € C and
let {¢,,} be a sequence in (0, 1) such that lim ¢, =1and lim (k,—1)/(k,—t,) =

n—oo n—oo
0. Then for each n € N there is a unique point x,, € C such that

t

Ty = <1 - —n> u+T"zy,.

kn,

Suppose, in addition, that lim ||z, —Tz,| = 0. Then the sequence {x,,} converges
n—oo

to a fixed point of 7.

It is remarkable that, by using viscosity approximation methods for a finite
family of nonexpansive mappings in Banach spaces, the necessary and sufficient
conditions for the iterative sequence to converge to a common fixed point of them
are recently obtained by Chang [6].

Theorem. (Chang [6]) Let X be a uniformly smooth Banach space, C' a
nonempty closed convex subset of X, f : C'— C a contraction, {T;}", a finite
family of nonexpansive self-mappings of C' with () Fix(7;) # 0 satisfying the

=1

1=

following conditions:
m
ﬂ Fix(T}) = Fix(T\ Ty, - - - T53T%) = - - - = Fix(Ty_1 Ty - - - T1 T}
i=1
= FiX(Tme_1 o Tl) = FIX(S),

where S = T,,T,,—1---T1. Suppose that f(p) # p, for all p € Aﬂ Fix(T;). Let

{a,,} be a sequence in [0,1]. Define the iterative sequence {x;}literatively by
o € C,
Tpt1 = Qny1 f(xn) + (1 — apg1)Ths12n, n €N,
where T, = T, modm- The sequence {x,} converges strongly to a common fixed
point of T4, Ty, ..., T,, if and only if lim «, =0, ioj ap, =o0 and lim ||z, —
n—oo n—oo

n=1
Szl = 0.
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It is of great interest to know that a new implicit iteration scheme with perturbed
mapping for a finite family of nonexpansive self-mappings of a Hilbert space is
proposed by Zeng and Yao, and the necessary and sufficient conditions for the strong
convergence of this implicit iteration scheme are also established as well [24].

Theorem. (Zeng and Yao[24]) Let H be a real Hilbert space, FF : H —
H a k-Lipschitzian and »-strongly monotone mapping, {7';};, a finite family
m

of nonexpansive self-mappings of I such that C' = [ Fix(T;) # 0. Let p €
(0,2n/x2%) and let {\,} C [0,1) and {a,,} C (0,1) Zbzelthe sequences such that
ioj A <ocand a<a, <pf, neN, forsome o, 5 € (0,1). Let zp € H and let
Tz} be defined by

Ty = QpTn—1 + (1 — ap)[Thxn — MpF (Thxy)], n €N,

where T, = T, modm- Then {z,} converges strongly to a common fixed point of
Ty, Ts, ..., T, if and only if lim d(z,,C)=0.
n—oo

The purpose of this paper is to use viscosity approximation methods for a finite
family {7;}", of asymptotically nonexpansive self-mappings of a closed convex
subset C' of a uniformly convex Banach space with sequences {k;,,(j—1)}52; C
[1,00) (1 < i < m) to establish the necessary and sufficient conditions for the
following iterative sequence to converge to a common fixed point 2 of {7;}7 ;:

t t ;

i1 = (1= -2 ) fzn) + =T22,, neEN,
kn, kn,

where 7 = nmodm, n = n+m(j, — 1), z1 is a given pointof C, f: C — Cisa

contraction and {¢,,} is a sequence in (0, 1). Under some restrictions, this common
fixed point Z is, in fact, the unique solution of the variational inequality

(f(2) = 2,J(y—2)) <0, forallye)Fix(T).
i=1
The author would like to thank Professor S. S. Chang, Professor W. Takahashi
and Professor J. C. Yao for very valuable comments and suggestions. And the author
particularly offers heartfelt thanks to the referee for suggesting to utilize Gornicki’s
demiclosedness principle.

2. PRELIMINARIES

Let X be a Banach space and let X * be the dual space of X. Let J : X — 2%~
be the normalized duality mapping defined by
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J(@) ={z" € X7 (z,27) = [l - =7, [l=]] = [l="[]}, =€ X,

where (-, -) denotes the duality pairing. If J is single-valued, .J is odd, that is,
J(—z) = —J(z), z € X. A Banach space X is said to admit a weakly sequentially
continuous normalized duality mapping J : X — 2% if J is single-valued and
weak-to-weak* continuous. A Banach space X is said to be uniformly convex [1]
if for each ¢ > 0 there exists d(¢) > 0 such that for z,y € X with |z|| < 1 and
Iyl <1,

r+y

H <1—46(e), whenever ||z —y| > e

A mapping f : E — X, where £ C X, is said to be demiclosed at y € X Iif,
for any sequence {xz,} in E, the conditions x,, — x € E weakly and f(z,,) — v
strongly together imply f(z) = y. Recall also that a Banach space X is said to
satisfy Opial’s condition [11] if whenever a sequence {x,,} in X converges weakly
to xz, then lim sup ||z, — z|| < lim sup ||z, —y||, for y # x. Gossez and Lami Dozo

have shownnﬁ%)t a Banach spacne_)vc\);ith weakly sequentially continuous normalized
duality mapping must satisfy Opial’s condition [13, Theorem 1]. Specially, if X is
a reflexive Banach space which satisfies Opial’s condition, C' is a closed convex
subset of X and 7' : C' — C'is a nonexpansive mapping, then I — 7' is demiclosed,
where I denotes the identity mapping of X [11, Theorem 10.3]. Most importantly,
Gornicki’s demiclosedness principle states that if X is a uniformly convex Banach
space satisfying Opial’s condition, C is a nonempty closed convex subset of X and
T : C — C'is an asymptotically nonexpansive mapping, then I — 7" is demiclosed
at zero [12].

Let S = {x € X : ||z|| = 1} be the unit sphere of X. We say that X is smooth
(or X has a Gateaux differentiable norm) if the limit

" Ll ty] ]
t—0 t

exists for all z,y € S; X is said to have a uniformly Gateaux differentiable norm
if for each y € X the limit (1) is attained uniformly in x € S. If the limit (1)
exists and is attained uniformly in =,y € S, X is said to be uniformly smooth. It is
well known that X is smooth if and only if the duality mapping J is single-valued
[8]; if X has a uniformly Gateaux differentiable norm, then J is single-valued and
norm-to-weak*, uniformly continuous on bounded subsets of X [8]. Let C be a
nonempty bounded subset of X and let diam C' = sup{||a — y|| : 2,y € C} be the
diameter of C. For each x € C, let r(z,C) = sup{||z — y|| : y € C} so that the
Chebyshev radius of C relative to itself is defined by r(C) = inf{r(z,C) : x € C}.
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The normal structure coefficient N (X) of X, cf. [1,3], is defined by

N(X) = inf { dlfzrg)c : C'is a bounded and closed convex subset of X
r

with diam C > O}.

A space X is said to have uniform normal structure if N(X) > 1. It is worth
noting that every space with uniform normal structure is reflexive [11], and that all
uniformly convex or uniformly smooth Banach spaces have uniform normal structure
[1].

The following lemmas will be needed to prove our results.
Lemma 2.1. ([4]) Let X be a real Banach space. Then
lz +yl1? < llz]1* + 2{y, (2 + y)),
forall z,y € X and j(z +y) € J(z + y).

Lemma 2.1. ([23]) Let {a,} ba a sequence of nonnegative real numbers
satisfying the following condition:

ant1 < (1 —ap)an, +o0,, neN,

o0
where each 0 < o, < 1and > «,, = co. If either o,, = o(a,), or limsup o, <0,
n=1 n—o00

then lim a, = 0.

n—oo

3. THE MAIN RESULTS

Let X be a real Banach space, C' a nonempty closed convex subset of X,
{T;}7>, a finite family of asymptotically nonexpansive self-mappings of C' with
sequences {ka(j_l)};?‘;l (1 <i<m), f:C — C acontraction with contractive
constant 5 € (0,1). We may always assume that k, > 1, for all n € N. Let
{t,} be a sequence in (0,1) such that nll_)rglo t, = 1. Throughout the rest of this

paper, for each n € N, we denote 7 = nmodm and j, = (n —n)/m + 1. Then
n=n+m(j,—1). Thusj,=1if 1 <n<m, j,=2ifm+1<n<2m,and
so on. Define a mapping S,, : C — C by

Sp(z) = (1 - ]i—’;) flaz) + Z—ZT,{%.
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Then for z,y € C we have

ol B

I4(0) = S, < (1= 22) 110D = £l + 2T - Tl

n

ty,
< [ﬁ (1— k—) +tn] T

In addition, suppose that 5(1—t,,/k,)+t, < 1. For example, if lim (k,—1)/(k,—
t,) = 0, then

1 1
@) lim — " i g, (1 P ):1

n—oo 1 —t,/k, n—oo B kn — ty,

and thus B(1 — t,/k,) + t, < 1, for all sufficiently large n. Then by Banach
Contraction Principle, .S,, has a unique fixed point x,, € C, that is,

t t ;
=(1-= DTdng
(3) Tn < kn> f(xn) + k" Tn

Theorem 3.1. Let X be a uniformly convex Banach space with weakly sequen-
tially continuous normalized duality mapping J : X — X *, C' a nonempty closed
convex subset of X, f : C'— C a contraction with contractive constant 3 € (0, 1),
{T;}, a finite family of asymptotically nonexpansive self-mappings of C' with

sequences {k; p(j—1)}321 C [1,00) (1 <14 < m) such that () Fix(7;) # 0. Let
i=1
{t,,} be asequencein (0, 1) such that lim ¢, =1and lim (k,—1)/(k,—t,) = 0.

The sequence {x,} defined by (3) converges strongly to a point & € F] Fix(T;)
=1

1=

m
which is the unique solution of the variational inequality in () Fix(7;):
=1

1=

4) (f(2)— &, J(y—2)) <0, forallye ()Fix(T;)
i=1
if and only if lim ||z, — Tix,|| =0, fori=1,...,m.

Proof. By (2), discarding a few terms if necessary, we may assume that there
exists a positive number § < 1 such that

1—-4,

_ for all N.
1_(tn/kn)>/8+57 orall n e

()
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m
Notice that the variational inequality (4) has at most one solution in [ Fix(T;).
=1

1=

m
For, if w and v are two solutions of (4) in () Fix(7;), we have
i=1

(f(u) —u, J(v —u)) <
(f(v) =0, J(u—wv)) <

Adding these two inequalities, we obtain

([w=fw)] = [v=FfV)], J(u=v)) <0

which implies

(1= B)llu—v|* < {fu— f(w)] = [v = f(0)], J(u—v)) <0.

Therefore u = v.

m
If the sequence {x,,} converges strongly to & € [ Fix(7;) which is the unique
i=1

m
solution of the variational inequality (4) in () Fix(T;), then for i =1,...,m,
=1

1=

[2n = Tiwn|| < llon = 2 + [|Ti — Tiznll < (14 ki)llz, — 2|

and hence lim ||z, — Tiz,|| =0, fori=1,...,m.
n—oo
Conversely, suppose that lim |z, — Tz,|| = 0, for ¢ = 1,...,m. We first
n—oo

prove that the sequence {z,} is bounded. Given u € () Fix(T;) it follows from
i=1
(3) that

1=

(1= ) o) = il + (T, = T, )
1

_n Tn) — fW)| - |lzn —u In Ty — ul|?
< (1= 2) 196 = @ e =l + 32 bl
# (1= ) ) - w0

<[5 (1= 12) o] ol (1= 1) 0 = v TG = ),



652 Shuechin Huang

By (5), the inequality (6) implies that
(f(u) =, J(zn —u))

lwn —ul® <
()

<

SO e

and thus )
lzn = ull < S f(u) —ull, ~ forneN.

This shows that {x,,} is bounded.

On the other hand, given any subsequence {xy, } of {x,}, since X is reflexive,
there is a subsequence of {z,, }, still denoted by {z,,}, converging weakly to a
point & € C. Since each I —T; is demiclosed at zero and nlimoo |z, —Tizy,|| =0,

—

m
we have & — T;# = 0 and so & € () Fix(7;). Choosing v = 2 in (7) and letting
i=1

n; — 0o, We obtain
1
limsup |z, — 2||* < lim = (f(2) — 2, J(zn, —2)) = 0.
n;—00 ny—0oo 5
Therefore {z,,} converges strongly to .
Next, we shall prove that & is a solution of the variational inequality (4) in

N Fix(T;). Lety € () Fix(7;). It follows from (3) that
i=1 i=1

o =l = (1= 2 ) ) = . I = )+ (1 £ ) = T = )

kn, kn,
T = Ty, I (@ =)
< (1= 1) )~ mn o =) + (144 = ) la = ol?
which implies that
® (F @) = 0, Iy = ) < o 1o 0]

Observe that

(
©) +(& = f(2), J(wn —y) — J(2 —y)]
(
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Since {z,,} converges strongly to & and J is weak-to-weak* continuous, it follows
from (8) and (9) that

<f(i') _i'v J(y _i')> = lim <f(xnl) _xnle(y_ xnl)> S 0.

n;—00

m
This shows that z is a solution of the variational inequality (4) in ) Fix(73).
i=1
Consequently, any subsequence of {z,} has a strongly convergent subsequence

with limit z, and hence {xz,,} converges strongly to . [ ]

Theorem 3.2. Let X be a uniformly convex Banach space with weakly sequen-
tially continuous normalized duality mapping J : X — X *, C a nonempty closed
convex subset of X, f : C'— C a contraction with contractive constant g € (0, 1),
{T;}", a finite family of asymptotically nonexpansive self-mappings of C' with

sequences {k;ym(j—1)}321 C [1,00) (1 <4 < m) such that () Fix(7;) # 0. Let

{t,} be a sequence in (0,1) such that lim (k, —1)/(k, —t,) = 0 and let {z,}
be a sequence defined by (3). Define the sequence {z,} iteratively by z; € C,

t, tn
(10) Zntl = <1 - k_> f(zn) + k—T%"zn7 n € N.

For any C, f and {T};}", as above, the sequences {x,} and {z,} both converge

m

strongly to a point & € (") Fix(7;) which is the unique solution of the variational
=1

inequality (4) in () Fix(7;) if and only if the following conditions are satisfied:
i=1

(i) lim ¢, =1,

n—oo

o0

(i) D2 [1 = (tn/kn)] = o3

n=1

(i) lim ||z, — Tizyp|| =0 and lim |z, —Tiz,|| =0, fori=1,...,m.
n—oo n—oo

Proof. Suppose that the sequences {x,,} and {z,} both converge strongly to a

m
point & of (" Fix(7;) which is the unique solution of the variational inequality (4)
i=1

m
in N Fix(7;). Thenfori=1,...,m,
i=1

[2n = Tizn|| < ||on — &[| + | Tid — Tizn|| < (14 k)||lzn — 2] = 0 8871 — oo,
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and similarly
lzn = Tiznll < llzn — 2l + | T3 — Tizn|| < (14 Ki)l|zn — 2] = 0 @S n — oo

Hence condition (iii) holds. ‘ ‘ ‘
On the other hand, for any n € N, since ||72"z, — Z|| = |T5" 2, — T3 2| <
knllzn — %], it follows that lim 72"z, = Z. Letting f = v € C with u ¢
n—oo

ﬂ Fix(T;), by (10) we have

t t i
liminf —||# — u|| = liminf || 72"z, — u|| = liminf ||2p,41 — ul| = |2 — u]|
which implies that lim ¢, /k, = 1 and condition (i) holds.
n—oo
To prove condition (ii) is satisfied, we may take C' = {z € X : |z| < 1}

to be the closed unit ball and z; #0. Set f =0and T; = -1 : C — C, for
i=1,...,m, so that it follows from (10) that

n
, S _ t
Znil = (_1)3" gy = = (_1)m(Jn 1)jn/2+0n H k_l 21
=1
Since 0 is the only common fixed point of T;’s, we obtain z, — & = 0 and

n
. . 4]
0= lim ||zp41 — 0] = nlggoll_{ o Mz = Ol

hence ]O_O[ tn/kn = 0, that is, ioj (1= (tn/kn)] =

n=1 n=1
From the above discussion, conditions (i), (ii) and (iii) are seen to be necessary.
So we proceed to show their sufficiency. It foIIows from Theorem 3.1 that the

sequence {z,} converges strongly to a point z € ﬂ Fix(T;) which is the unique
=1

solution of the variational inequality (4) in ﬂ Fix(T;).
We will prove that the sequence {z,,} is bounded By (2), there exists a positive
—in
number 6 < 1 and ng € N such that W > G+ 6, for all n > ng. Given
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u € () Fix(T;) it follows from (10) that for n > ny,

2041 —ull < (1——) £ (zn) = f () + f(u )—uH—|— HTJ"zn Tmul|

<[5 (1= 12) 4t -l + (1 - ,i—) 1 () — ul
<[r-s (112 b=t (1= 2) - Shr

< max{l|zn — ull, 5117(e) — ull}

By induction we obtain
1
lons1 —ull = max{llzs —ull, Sf(u) —wull},  forn > no;

hence {z,} is bounded. The reflexivity of X asserts that there is a subsequence

{zn,} of {z,} which converges weakly to a point £ € C. Since each I — T; is

demiclosed at zero and lim |z,, — Tjzy,|| = 0, we have £ — T;Z = 0 and hence
n;—0o0

Ze ﬂ Fix(T;). Since Z is the unique solution of (4) and J is weakly sequentially

contlnuous we conclude that

A~

lim sup,, oo (f(2) =%, J(2n,—2)) = limsup,,, .. (f(2)—2, J(2n,— 1))
= (f(2)—z, J(¢2—2)) <O0.

(11)

To prove {z,} converges strongly to z, let v, = 1 — ¢, /k,, for n € N so that
yn < 1/2 for all sufficiently large n. Thus 1 — (~, > 1/2 for sufficiently large n.
It follows from (10) and Lemma 2.1 that

lonis = 1S (L=70)? 1T 20 — #2427 (20) — &, T (21— )
< R2(1 )2 lzn— 21 + 290 ( f(zn) — F(@)+ (@)~ &, T (g1 —2))
< K2(1=0)? ll20—=l12 4267 | zn =3l - | 2ns — 2]
29 ((#) ~ 2, I (7 — )
< K21 = )2 | m— 2 B [z — 3112+ |2 — 2]

+29n (f(2) =2, J (201 — 1))
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Therefore

- 1—(2-B)vn . k%—l 1—27n)+k%')/% .

=l < 5, g2 Bt il
(12) 1 ﬁWn 1 ﬂ'yn
27 s R
=4, (f(@)=2, J(zpp —12)).
Since ) 21— )
— — Tn — In
———— =1 ———F—<1-2(1 - B)m,
1= P 1— Bym ( )

by (12) we have

2041 — jH2 < (1= ap)llzn — jH2 + On,
xD
where oy, = 2(1 — B)yn, >, a, = 0o, and
n=1

k2 = 1)(1 = 2v,) + kpva ) 2 ey — g i
( )( Tn) i Hzn_(I;H2—|—L<f(II))—TII,J(ZTH—I_x)>'

ag =
" 11— ﬁﬂ}'n 11— ﬁﬂ}'n
The boundedness of {z,} and the inequality (11) imply that limsup o, < 0. By
n—oo
Lemma 2.2, lim ||z, — Z|| = 0 obtains. |
n—oo

Remark. Such a sequence {t,} as in Theorem 3.1 and Theorem 3.2 always
exists. We take ¢, = min{1— (k,, —1)'/2,1—(1/n)} for example (see also [7,14]).
4. APPLICATIONS

When only one asymptotically nonexpansive mapping is considered, the equa-
tions (3) and (10) are reduced to the following iterative sequences respectively:

(13) Ty = <1 — Ii—”) flzn) + Z—nT”xn, n €N,
and

ln ln
(14) Zptl = <1 — k_> f(Zn) + k—TnZn, n € N.

The corresponding results are given as follows.

Theorem 4.1. Let X be a uniformly convex Banach space with weakly sequen-
tially continuous normalized duality mapping J : X — X *, C' a nonempty closed
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convex subset of X, f: C — C a contraction, T : C' — C an asymptotically non-
expansive mapping with sequence {k,} C [1,00) such that Fix(T') # 0. Let {¢,}
be a sequence in (0, 1) such that nlgr;o t, = 1 and ILm (kn—1)/(kn—tn) = 0. The
sequence {z,} defined by (13) converges strongI?/ t%oa point z € Fix(T) which
is the unique solution of the variational inequality (4) in Fix(7) if and only if
nli)rgo |xn, — Tyl = 0.

Theorem 4.2. Let X be a uniformly convex Banach space with weakly sequen-
tially continuous normalized duality mapping J : X — X *, C a nonempty closed
convex subset of X, f : C — C a contraction, T : C' — C' an asymptotically
nonexpansive mapping with sequence {k,} C [1,00) such that Fix(T) # ). Let
{t,} be a sequence in (0, 1) such that nlgfgo(’fn —1)/(kp —tn,) =0 and let {z,}
and {z,} be the sequences defined by (13) and (4) respectively. For any C, f and
T, the sequences {x,} and {z,} both converge strongly to a point & € Fix(7T)
which is the unique solution of the variational inequality (4) in Fix(T) if and only
if the following conditions are satisfied:

(i) lim &, =1;

o0

() > [1 = (tn/kn)] = oo;

n=1

(iii) lim ||z, — Tz,| =0 and lim |z, — Tz,|| = 0.
n—00 n—00

Let X be a Banach space with uniformly Gateaux differentiable norm. If X
satisfies Opial’s condition, then the normalized duality mapping J : X — X* is
weakly sequentially continuous at zero [13, Theorem 2]. Therefore, with similar
approaches to Theorems 3.1 and 3.2, the following two results are established.

Theorem 4.3. Let X be a uniformly convex Banach space with uniformly
Gateaux differentiable norm satisfying Opial’s condition, C' a nonempty closed
convex subset of X, f : C — C a contraction, {7}, a finite family of asymptot-
ically nonexpansive self-mappings of C' with sequences {k ;;,(j-1)}32; C [1,00)

(1 <i <m) such that () Fix(T;) # 0. Let {¢,} be a sequence in (0, 1) such that
i=1

lim ¢, =1 and lim (l;n —1)/(kn — t,) = 0. The sequence {z,} defined by (3)

n—oo
m

converges strongly to a point z € [ Fix(7;) which is the unique solution of the
i=1

m
variational inequality (4) in () Fix(7;) if and only if lim |z, — T;x,| = 0, for
i=1 n—00
1=1,...,m.
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Proof. Since X is a uniformly convex Banach space satisfying Opial’s condi-
tion, each I — T; is demiclosed at zero. Due to the weakly sequential continuity of
J at zero, the proof is identical to that of Theorem 3.1. ]

Theorem 4.4. Let X be a uniformly convex Banach space with uniformly
Gateaux differentiable norm satisfying Opial’s condition, C' a nonempty closed
convex subset of X, f : C'— C a contraction with contractive constant 3 € (0, 1),
{T;}, a finite family of asymptotically nonexpansive self- mappings of C' with

sequences {k; p(j—1)t52; C [1,00) (1 < i < m) such that ﬂ Fix(T;) # 0. Let
{t,} be a sequence in (0,1) such that lim (k, — 1)/(k, — t ) = 0. Let {z,}

and {z,} be the sequences defined by (3) and (10) respectively. For any C, f and
{T} o as above, the sequences {z,} and {z,} both converge strongly to a point

S ﬂ Fix(T;) which is the unique solution of the variational inequality (4) in
i=1
(N Fix(T;) if and only if the conditions (i)-(iii) in Theorem 3.2 are satisfied.
i=1

Proof. Applying the same argument as in Theorem 3.2, we only prove conditions
(1)-(iii) are sufficient. First, Theorem 4.3 asserts that the sequence {z,,} converges

m
strongly to a point z € ﬂ Fix(T;) which is the unique solution of the variational

inequality (4) in ﬂ Fix(T;).

On the other hand the sequence {z,} is bounded as verified in Theorem 3.2,
and so has a weakly convergent subsequence {z,,} with limit Z € C. Since each
I —T; is demiclosed at zero and lim ||z, — T2y, || = 0, we have 2 —T;Z = 0 and

n;—oo

hence 2 € ﬂ Fix(T;). The weakly sequential continuity of .J at zero ensures that

=1

(15) limsup(f(2) — 2, J(z, — 2)) = limsup(f(2) — 2, J(zn, — 2)) = 0.

n—oo n;—oo

Furthermore, as shown in Theorem 3.2, to prove {z,} converges strongly to Z, let
Yn =1 —1t,/ky, for n € N so that ,, < 1/2 for all sufficiently large n. Replacing
Z with 2 in (12) yields:

lzns1 = 21 < (1 = an) 20 = 2|1° + o,

where oy, = 2(1 — B)yn, >, @, = oo, and

(kp = DA = 29) + kpvsr
1—fy Izn =

Op =

B+ T F2) = 2. T = 2).
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The boundedness of {z,} and (15) imply that lim sup o,, = 0. By Lemma 2.2, we

n—oo
m
have lim |z, — 2| = 0, as claimed. In fact, 2 = &. For, if y € (" Fix(T;), apply
n—00 =1
(10) and Lemma 2.1 again to obtain the inequality
l2n+1 — jH2 < (1 —an)llzn — jH2 + Tn,

where

(kp — D1 = 29,) + kpva 12, 2 R .
Zn — 2|+ ———(f(2) — 2, J(zpet1 — T)).
T — 8 (@) = 8. Sz )

Note that & is the unique solution of (4). Since {z,,} converges strongly to Z and J
is norm-to-weak* continuous, we have

Tn =

lim sup(f (&) — &, J(z — &)) = (f(#) — &, J(2 — &)} <0,

n—oo

which implies that limsup 7, < 0. By Lemma 2.2, lim ||z, — z|| = 0 holds,
n—00 n—0o0

completing the proof. [ |
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