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MULTILINEAR COMMUTATORS OF SINGULAR INTEGRAL
OPERATORS WITH NON-SMOOTH KERNELS

Jing-shi Xu

pace-0.68cm Abstract. The boundedness of multilinear commutators of
singular integral operators with non-smooth kernels on spaces of homogeneous
type is obtained.

1. INTRODUCTION

It is well-known that the multilinear commutator of singular integral operator and
BMO functions on Euclidean spaces, which was introduced by Perez and Trujillo-
Gonzalez in [10], is a generalization of commutators. Recently, Duong and Yan in
[5] considered commutators of BMO functions and singular integral operators with
non-smooth kernels on spaces of homogeneous type. In this paper, motivated by
[10] and [5], we consider the boundedness of multilinear commutators of singular
integral operators with non-smooth kernels on spaces of homogeneous type. Some
ideas and methods of this paper directly come from those developed in both [10]
and [5].

Let (X, d, ) be a space of homogeneous type, equipped with a metric d and a
Borel measure u. Let T' be a bounded operator on LP(X’) for some p € (1,00). A
measurable function K (x,y) on X x X is called to be an associated kernel of T, if

(L1) T(f)(z) = /X K (. 9) f () du(y)
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holds for each continuous function f with compact support, and for almost all x
not in the support of f.

It is well-known (for example, see [6]) that 7" in (1.1) is bounded on LP(X) for
p € (1, 00) if the associated kernel K satisfies the following Hormander conditions,
that is,

(i) there exist 0 < r < 1 and constants C' and C; > 1 such that

1 d(z,z')"
u(B(z, d(z,y))) d(z,y)"
when d(z,y) > Cyd(z, "), and B(x,rp) denotes the ball centered x with radius

rB.
(i) there exist constants C' and C', > 1 such that

(12) ‘K((L‘,y)—K((L‘l,y)‘ SC

(13) K (y,2) — K(y,2")|du(y) < C

/d(a:,y) >Cod(z,x")

for all z,2’ € X.
If be BMO(X), and T is bounded on L(X) for some g € (1, c0), then the
commutator, [b, T, of b and T is defined by

(1.4) [0, T|(f) = bTf —T(bf)

for f e LY(X).

It is well known that the Hormander conditions (i) and (ii) above are sufficient
to imply that the commutator [b, 7] f is bounded on LP(X) for all p, 1 < p < oo,
with norm

116 T]fllp < ClIoNN s

where ||b||. the BMO semi-norm of b. See [2], [7] for X = R™ Euclidean spaces,
and [1] for spaces of homogeneous type.

Recently, Duong and Yan in [5] proved that the commutator [b, 7] in (1.4) is still
bounded on L?(X) for all p € (1, 00), if X has an infinite measure and the above
Hormander conditions (1.2) and (1.3) are replaced, respectively, by the following
weak conditions (1.5) and (1.6), which firstly appeared in [4], that

(iii) There exists a class of operators A; with kernels a.(z, y), which satisfy the
condition (2.3) in Section 2, so that the kernel k;(x, y) of the operator T'— A, T for
t > 0 satisfies the condition

1 /8
w(B(z, d(z,y))) d(z,y)*’

if d(x,y) > Cot'/8 for some a, 5 > 0; and

(1.5) ki, y)| < Ch
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(iv) There exists a class of operators { B; };~¢ satisfy conditions (2.3) such that
(T —TBy) for each ¢t > 0 has an associated kernel K(z, y) and there exist positive
constants C3, C4 such that

(1.6) / Ky (2,9 |du(x) < G4 forall y € X,
d(z,y)>C5tl/P

Note that the classes of operators A; and B, play the role of generalized approx-
imations to the identity. It is known that conditions (1.5) and (1.6) are consequences
of conditions (1.2) and (1.3), respectively; see [4, Proposition 2].

Similar to [10], on a space of homogeneous type, we define the multilinear
commutator [5, T of BMO functions and a singular integral operator 7" as in (1.1) by

(L.7) [ng]f(w)=/)(H(bi(w)—bi(y))K(wvy)f(y)du(y),

holds for each continuous function f with compact support, and for almost all = not
in the support of f, where b= {b1,--+,bm}, b;’s are BMO functions. The main
purpose of this paper is to prove that multilinear commutators as in (1.7) under the
weak conditions (1.5) and (1.6) are still bounded on LP(X’) for 1 < p < occ.

To state our result, we need some definitions and preliminary results which will
be given in Section 2. In Section 3 we will give the main result and its proof. A
key of the method is to use the sharp maximal function Mjff which was previously
introduced in [8].

Our result can be extended to the case that the underlying space being a subset
of a space of homogeneous type of infinite measure, which can be applied to holo-
morphic functional calculi of Schrodinger operators, and divergence form operators
on irregular domains. Then one can obtain an analogue to Section 4 and Section 5
in [5]. We omit the details.

Finally, in the sequel, we use C' to denote a positive constant which is indepen-
dent of the main parameters, but it may vary from line to line.

2. DEFINITIONS AND PRELIMINARY RESULTS

Let X be a topological space equipped with a Borel measure x and a metric d
which is a measurable function on X x X'. We define X to be a space of homogeneous
type if the balls B(z;r) = {y € X : d(y,x) < r} satisfy the doubling property

u(B(w;2r)) < Cu(B(as; 7)) < o0

for some C uniformly for all z € X and r > 0. For more about spaces of homoge-
neous type, one can see [3].
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Note that the doubling property implies the following strong homogeneity prop-
erty,

(2.1) u(B(w; Ar)) < ON"u(B(a: 7))

for some constant C, n > 0 uniformly for all A > 1. The parameter n is a measure
of the dimension of the space. There also exist constants C'and N, 0 < N <n s0
that

N
(22 B <€ (14 820) B,

uniformly for all x,y € X and r > 0. Indeed, the property (2.2) with N =n isa
direct consequence of triangle inequality of the metric d and the strong homogeneity
property. In the case of Euclidean spaces R™ and Lie groups of polynomial growth,
N can be chosen to be 0.

The standard Hardy-L.ittlewood maximal function M, f, 1 < s < oo, is defined

by
1 \ 1/s
M.f (o) = sup (@ [ 1w du(y)> ,

where the supremum is taken over all balls containing z. If s = 1, Mf will be
denoted simply by M f. The Fefferman-Stein sharp maximal function of f, f#(x)
is defined by

BN
f7(x) iggu /\f — fBldu(y),

where fp = fB . We will say f € BMO(X) if f € L}, (X) and
f#(x) e LOO( ) If fe BMO( ), the BM O semi-norm of f is given by

1
151 = sup £ () = supsup s [ 17(0) = folduto)

T xzeEB

A family of operators A;, ¢ > 0 is said to be generalized approximations to
the identity, if, for every ¢ > 0, A, can be represented by kernels a;(z,y) in the
following sense: for every function f € [P(X), p > 1,

Af(x) = /X ar(,9) F () duly),

and the following condition holds:

(23) eyl < hley) = (B 7)) 7 s,
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in which 3 is a positive constant and s is a positive, bounded, decreasing function
satisfying

(2.4) lim 7tV es(rf) = 0

T—00

for some € > 0, where n and N are the same as in (2.1) and (2.2). Note that (2.2)
and (2.3) imply that

ool £ (pemtzeiy) " (1 20 )

In [8], the sharp maximal function Mff associated with the generalized ap-
proximation to the identity {A;};~o is defined by

(2.5) Mff( = sup
r€EB M

/\f Ay F ) duly).

where tp = rﬂB, and f € LP(X) for some p > 1. This sharp maximal function
M*# f is a variant of Fefferman-Stein’s sharp maximal function. For the latter, one
can see [12].

In the following, we recall some results, which have been proved in the context
of spaces of homogeneous type in [3], [4] and [8].

Lemma 2.1. (i) For every p € [1, oo], there exists a constant C' such that for
every f € LP(X),

Af(x) < CMf(z);
(i) Assume b € BMO(X') and M > 1. Then for every ball B(z;r), we have
‘bB - bMB‘ S CHbH*IOgM;

(iii) (John-Nirenberg Lemma) Let 1 < p < co and B C X, then b € BMO(X)
if and only if

1 P p
m/B\b(gc) —bplPdu(z) < |||

Lemma 2.2. Let A > 0 and f € LP(X) for some 1 < p < co. Then for every
0 < n < 1, there exists v > 0 independent of A and f such that

p({z € X : Mf(x) > DX, M f(z) <4A}) <nu({z € X : Mf(x) > \}),
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where D > 1 is a fixed constant which depends only on the space X and the
generalized approximations of the identity {A};~o. For the proof of this lemma,
see [8, Proposition 4.1]. As a consequence, we have the following estimate:

(2.6) 11l < IM(f)lp < CIUMT I,

for every f € IP(X), 1 <p < .

Lemma 2.3. Let {A4;}:~o be a generalized approximations of the identity and
let b; € BMO(X) for i = 1,2,---,m. Then, for every function f € LP(X), p >
1, ze X and 1 < r < oo, we have

Aty <H(bi - biB)f) (y)| du(y)

=1

(2.7) sup

z€B M(lB) /B

< C T Ibill-Mqf (),
i=1
where tp = r7.

Proof. Let f € LP(X), p>1,and x € X and = € B for some ball B. Then,

1 m
m/B Aty <H(bz‘—bz‘3)f>( )

du(y)

w57y s l’”B 9:2) LL02) = bin) 1) | diaCz) )
i=1
// It y,Z)H 2) —big) f(2)|du(z)du(y)
i=1
/ /2k+1B\2kB "l )ZHl(b( z) = bip) f(2) | dp(2)du(y)

:I+II

To estimate I, by (2.2), we have u(B) < 2V u(B(z,rp)) since € B. From
this, it follows that for z € 2B, we have

s(dy,2)s") . s ¢ _ C

hi(y, 2) = w(B(y, t 1/5)) ~ w(B(y,rp)) ~ w(B) ~ w(2B)

Let 1/¢+1/¢' = 1. An iterated application of Lemma 2.1 (iii) yields
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dp(z)dp(y)

[®i(z) = bis) f(2)
i=1

L <Cuman L

1
<Cop |0 - s

i=1

m 1/q
1 v L 2)9dpu(z
M(QB) /2B H ‘bz(z) - biB‘ d,u(z)] [M(QB) /2B ‘f( )‘ d,u( )]

< CT] Il My ().
=1

du(z)

1/q
<C

Now we turn to estimate I1. For y € B and z € 2*'B\ 2¥B, we have
d(y, z) > 2¥~1rp, and from the doubling volume property, it follows that

s(d(y, 2 At s(2k—1)8 Co(k+1)ng(9(k—1)3
hes(y,2) = - )1/5 ) = (B ! = 2k+(1B )

By (2.4) and Lemma 2.1, we obtain

- 1
< kn _(o(k—1)8 —//
" _CZQ (2 )M(B)M(QHIB) B Jok+1B

k=1

[[®i(2) = bin)| 1£(2)ldu(z)du(y)

=1
<03 gL / T16:(2) - bus)| 1Fldn()
T = w(25H1B) Joriip Pl

< C Z 2k‘ns(2(k‘—1)ﬂ)

k=1
1
@B Jynr s [LL O~ biiorm Fbipes = bi)

gy [, 1N

< CTTHbill Y-k +1)m2Mms(25DP) M, f(2)
i=1 k=1

m

q 1/q
du(Z)]

< C T loill My £ (=),
=1
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where b, ok +15 = WHB) Jor+1 5 bi(2)dz, and we used (ii) and (iii) of Lemma 2.1.
This finishes the proof of Lemma 2.3.

Remark . Lemma 2.3 is a generalization of Lemma 2.3 in [5], which is just
the case m = 1.

3. MaIN ResuLT AND ITs PrRooOF

Assume that X is a space of homogeneous type of infinite measure, equipped
with a metric d and a Borel measure . In this section, we assume the following:

(@) T is a bounded linear operator on L?(X);

(b) There exists a generalized approximations of the identity { B; },~¢ such that
(T — TBy) for t > 0 has an associated kernel K;(x,y) and there exist positive
constants C, Cs such that

/ Koz, y)|du(z) < Gy for all y € &
d(z,y)>C1t1/P

(c) There exists a generalized approximations of the identity { A; };~¢ such that
the kernel k.(z, y) of the operator (7" — A,T') for t > 0 satisfies

1
pu(B(x; d(x,y))

if d(x,y) > Cst'/8 for some C3, Cy, a > 0.

It is proved in [4] that if T is an operator satisfying (a) and (b) above, then T
is of weak type (1,1) and of strong type (p,p) for 1 < p < 2. In addition, if (c) is
also satisfied, the operator 7" is bounded on LP(X') for all 1 < p < oc.

Our main result is the following.

(3.1) [ki(, y)| < Ca t*/%d(, y)*,

Theorem 3.1. Let 1 < p < o0, and b; € BMO(X), i =1,---,m. Then there
exists a positive constant C' such that

106, 1 fllp < C TT ol 1 £,
i=1

for any function f € LP(X).

The idea of the proof comes from [10] and [5]. We need some basic pointwise
estimates of sharp functions for the multilinear commutators of singular integral.

For convenience, we use the following notation. Given any positive integer
m, for any i € {1,---,m}, we denote by C!" the family of all finite subsets
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o ={o(1),...,0(i)} of i different elements of {1,2,...,m}. For any o € CI",
we associate the complementary sequence o’ given by ¢/ = {1,2,...,m}\o. For
any o € CI", we define

-

[bo, T f(2) = /X(ba(l)(x) —bo1)(¥)) - - - (bo(i) (%) = bo(i) () K (2, y) f (y) dp(y)

for each continuous function f with compact support, and for almost all = not in
the support of f. In the case that o = {1,2,...,m}, we denote [EJ,T] simply by
[0, T1.

To prove Theorem 3.1, we only need to prove the following lemma. In fact,
when m = 1, Theorem 3.1 was proved in [5, Theorem 3.1]. For m > 1, using
(2.6), we can deduce Theorem 3.1 from the following Lemma 3.1 by induction on
m. We omit the details.

Lemma 3.1. Let [b, 7] be as in (1.7), and ¢, s > 1. Then there exists a constant
C > 0, depending only on ¢, s, T, and X, such that

HHbH Mg f (2 +ZZHHbHM [bor, T)f) ()

1=10eC" jeo

(3.2) (b, T]f)%(x)<C

for any function f € LS°(X) and for every z € X.
Proof. For m = 1, Lemma 3.1 was proved in [5]. So we only need to

prove the lemma for m > 1. To this end we make use of induction on m. For any
A= (A, , Am) € R™) we have

(6. 7] f () / 1(@) = b1(y)) - - (b () — bm(y)) K (2, ) f(y)dp(y)

/ 1) =0 = sts) = MK o) )
=303 ) D [ () DK ) S
i=0 ceC™ X
= [[0itw) - A7) + (-1 (H(m - w) @
=1 i=1
m—1

>

£33 ()i b() - X, / (b(y) — N K (2, 9) f (5)dpa(y).
i=1 oeCm X

By expanding (b(y) — X)or = [(b(y) — b(x)) + (b(x) — ], We obtain



492 Jing-shi Xu

- /X TT(i() = A — (i) — M) K () £ (9)dia(w)
=1
=3 3 C)mb() — X, / (b(y) — N K (@, 9) £ (5)dia(y)
i=0 geC™ X
= [ i) = )T f(z) + (-1)™T (H(bi - w) (z)
=1 =1
m—1
£ 37 S Coalbla) = Nl 71 (),

where Cy, ; are constants depending only on m and .

For fixed x € X, B denotes a ball containing x center at xy with radius r g,
and 2B denotes the ball concentric with B and radius two times the radius of B.
Split f = f1 + f2, where f; = fx2p. Then we can write that

6, T1f (y) = [J(0ilw) = M)Tf(y) + (=)™ T <H(bi = Ai)f1> ()

i=1 i=1
+(=1)"T <H(bi - )‘i)f2> (y)
=1

m—1
303 Conibly) — Nolbor TIF (9)-

i=1 oeCy

From this, it follows that

m

Ay (B, T () = Ay | [] (0 - Ai)Tf> (y) + (=)™ A
i=1

(T (TTZ1 (b = Ai) 1) ()

m

+(=1)" Ay, <T <H(bi - )‘i)f2>> (y)

=1

m—1
+3°Y ConiAeg (0= Nolbor, TV ()

i=1 oeC
Let y € B. Now we estimate |[b, T]f(y) — Aq, ([b, T]f) ()| by

W_): T]f(y) - AtB([g7 T]f)(y)‘

<|\TTi(y) = 2)Tf ()| +|T <H(bi - Az‘)fl) ()
i=1 i=1
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Ay <H(bi - )\i)Tf> ()] + Aty <T <H(bi - Az‘)fl)) (y)

T < (b; — )‘i)f2> (y) — Ay <T <H(bi - )‘i)f2>> (y)

+CZZ\ Jolbor T1f ()]

+

=pp

+

= 1 oeC™
+CZ > 1A (b= X)olbor, T1) ()]
=1 O'EC"L
= F1(y) + F2(y) + F3(y) + Fa(y) + F5(y) + Fs(y) + Fr(y).
Therefore,
/ 115, T1F () — Aey (. TL) ()l dpy)
(3.3)
< Z / Ju(y) = 3 1),
j=1

Let ¢’ be the dual exponent of ¢ such that 1/q+ 1/¢" = 1. We first estimate I;.
The Holder inequality and Lemma 2.1 tell us that

I(z) = /H\b — MITH @) du(y)

M/Bl_[l‘bi( — Nl du(y ] [ /\T 19duly) 1/q

< CTLIbilldMo(T £) (),
=1

where \; = (b;)2p,¢ = 1, -+, m. For the term I, Since T is bounded on LP(X)
for 1 < p < oo, by the Holder inequality and Lemma 2.1 again, we have

i=1
m ) 1/sq' 1/sq
5 | T = du(y)] 7 [Tl au)
i=1
< CTT bl Mg (f) ().
i=1
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Similarly, by Lemma 2.1, Lemma 2.3 and the L?(X’) boundedness of 7', we obtain
() + Li(z) < CHHb [ (z) + Mg (f)(2)].

Now we turn to estimate the term I5(z). By the assumption (c), we have

.

1 r
SC/ B
D RPN - oy ) TN

k=1
H(bz‘(Z) — M) f(2)| du(z)

m

ke (y, 2) [ [(bi(2) = X) £(2)

=1

du(z)dp(y)

m

<c 2@_______/
Z (L‘Q QkTB)) d(x0,2)<2ktlrpg H

i=1
<C 2” ’w‘—
Z 1’0 QkT'B))

(bi(2) = Xi) f(2)] dp(z)

x/ﬁ TT(0i(2) = bigeons + biawon s = i) £2) | d(2)
d(a:o 2)<2k+lrp i:l
<Cy 27

Z 1‘0 QkTB))
/ 2323\ ) = bz ga(bions — bg)or S (] du)
d(mo z <2k+17’B i=1 O'ECm

<O X 52 gy s o

1=1 oeC}" k=1
<[ (B5(2) = byar1)o F(2) ()
d(zg,2)<2kt1rg
<Y NS a2+ )™ I bl
i=1 ceCM k=1 jeo’

1
X m /d(a:o Z)<2’“+1rB |(bj(2) — b; okt15)of(2)|du(z)

scz > Zz ek 4+ 1)m ZHHb [« M, f (2

1= laeka 1

< CH 1651 Mq f (),
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where bi’QkﬂB = WHB) Jor+15 bi(2)dz. Finally, by an argument similar to above,
we can obtain

Ig(z) + I7(z <CZ > T 16ilM, (5o, T1 ().

1=1 ceC" jEo

Combining the estimates for I;(x) to I7(x) with (3.3) and then taking supremum
over all balls containing x in (3.3) gives us (3.2), which completes the proof of
Lemma 3.1.
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