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SPACES OF CESARO DIFFERENCE SEQUENCES OF ORDER r
DEFINED BY A MODULUS FUNCTION
IN A LOCALLY CONVEX SPACE

Mikail Et

Abstract. The idea of difference sequence spaces was introduced by Kizmaz
[12] and was generalized by Et and Colak [6]. In this paper we introduce and
examine some properties of the sequence spaces [V, A, £,p}, (A ,q), [ViA, £,p], (AT,q),
VA £.0l o (AT,9), Sa(AT,q) and give some inclusion relations on these spaces.
We also show that the space sx(ar.q) may be represented as a [V,A, f,p], (A7,q)
space. Furthermore, we compute Kothe-Toeplitz duals of the spaces of gener-
alized Cesaro difference sequences spaces.

1. INTRODUCTION

Let w be the set of all sequences of real or complex numbers and /.., ¢ and
co be respectively the Banach spaces of bounded, convergent and null sequences
x = (x) with the usual norm ||z|| = sup |zx|, where k € N={1,2, ...}, the set
of positive integers.

Throughout this paper, let A = (),,) be a nondecreasing sequence of positive
numbers tending to oo such that A\,;1 < A\, + 1, Ay = 1. The generalized de
laVallée-Pousin mean is defined by

1
ty () = . Z xg, where I, =[n— A, + 1,n] forn=1,2,....
" kel,

A sequence x = (z) is said to be (V, \) —summable to a number L [14] if
tyn (x) — L as n — oo. If A\, = n, then (V, \) —summability and strongly (V, A)-
summability are reduced to (C,1)-summability and strongly (C, 1)-summability,
respectively.
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The difference sequence spaces was first introduced by Kizmaz [12] and then
the concept was generalized by Et and Colak [6]. Later on, difference sequence
spaces have been discussed in [1, 2, 4, 5, 7, 10, 17].

Ruckle [20] used the idea of a modulus function to construct some spaces of
complex sequences. Maddox [16] investigated and discussed some properties of the
three sequence spaces defined using a modulus function f. Recently, Malkowsky
and Savas [18] defined some A—sequence spaces by using a modulus function.

The main object of this paper is to study some sequence spaces which arise from
the notation of generalized de la Vallée-Pousin mean, the generalized difference
operator A7 and the concept of a modulus function.

We recall that a modulus f is a function from [0,00) to [0,00) such that

(i) f(z)=0ifand only if z =0,

(i) flz+y) < f(x) + f(y) for z,y >0,
(ii) f is increasing,
(iv) f is continuous from the right at 0.

Since |f (z) — f(y)] < f (|l —y]|), it follows from condition (iv) that f is
continuous on [0, co). A modulus may be unbounded or bounded.
Let X,Y C w. Then we shall write

M(X,Y)= na'«xY={acw:azreY foralze X}[22].
reX

The set X = M (X, ¢;) is called Kothe-Toeplitz dual or the a.—dual of X. If
X CY, thenY* C X Itis clear that X~ C (X*)* = X If X = X then
X is called an a—space. In particular, an «—space is called a Kothe space or a
perfect sequence space.

Let X be a sequence space. Then X is called:

(i) Solid (or normal), if (arzr) € X for all sequences («y) of scalars with
lag| <1 forall k € N, whenever (z;) € X,

(i) Symmetric, if (zx) € X implies (x()) € X,where (k) is a permutation of N,
(iii) Sequence algebra if z.y € X, whenever z,y € X.

It is well known that if X is perfect, then X is normal [11].
The following inequality will be used in the sequel.

1) lar + be|”* < G {|ag[™* + [b&[**},

where ag, b, € C, 0 < pi, < sup, pr = H, G = max (1, 2H_1) [15].
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2. MAIN RESULTS

In this section we prove some results involving the sequence spaces [V, A, f, p],
(sz Q) 9 [Vv )‘7 f7 p]l (sz Q) and [V7 )\7 f7p]oo (sz Q) .

Definition 1. Let f be a modulus function, X be a locally convex Hausdorff
topological linear space whose topology is determined by a set @ of continuous
seminorms ¢ and p = (p) be a sequence of strictly positive real numbers. By
w (X)) we shall denote the space of all sequences defined over X. Let v = (vy)
be any fixed sequence of nonzero complex numbers. Now we define the following
sequence spaces:

rew(X) lim— 3 [f (g (Alag — L) =0,

[Vv)‘vap]l (A:)7Q) n )\
" kel,

for some L},

VA £2lo (AL 0) = € w(X) :lim 5= 37 [F (g (ALm)P* =0

VA Fophe (A1) = § € w(X) ssup o= 3 [ (0(ALm)P < o0 b

Apr = (VpTk — Vpr1Tp41) , ALz = (Ag_lxk

where r € N, Az = (vpay),
,

— AL agg) and 50 Alay = 32 (—1)° () vpsiTh-

=0

The above sequence spaces contain some unbounded sequences for » > 1. For
example, let X =C, f () =, q(z) = |z], \y=nforalln e N,v=(1,1,1,...)
and p, = 1 for all £ € N, then (k") € [V, A, f, plo, (A}, q) but (k") ¢ (.

If x € [V, A, f,pl, (A}, q), then we will write that z, — L[V, A, f,p], (A}, q)
and L will be called Ay, — difference limit of = with respect to the modulus f.

Throughout the paper Z will denote any one of the notation 0, 1, or oc.

In the case f(z) =z, pp = 1 forall k € Nand p, = 1 for all £ € N, we
shall write [V, \], (A7, q) and [V, A, f], (A7, q) instead of [V, A, f,p], (AL, q),
respectively.

Also in the special case g (z) = |z|, A\,, = n for all n € N and X = C we shall
write [C, 1], (A}) instead of [V, \], (A7, q) .

The proofs of the following theorems are obtained by using the well-known
standard techniques, therefore we give them without proofs.

Theorem 2.1. Let the sequence (px) be bounded. Then the spaces [V, A, f, p|,
(A7, q) are linear spaces.
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Theorem 2.2. Let f be a modulus function, then [V, X, f,p], (A}, q) C
V., f.0); (AL, q) C [V, A, f,pl (A}, ¢) and the inclusions are strict.

Theorem 2.3. [V, A, p], (A}, q) is a paranormed (need not total paranorm)
space with

s () = sup (j > lla <Az;xk>>1pk)
n n kel,

where M = max(1, suppy).

Theorem 2.4. Ifr > 1, then the inclusion [V, A, f, p], (AL, q) C [V A f,ply
(A7, q) is strict. In general [V, A, f,pl, (AL q) C [V.A, f,pl, (AL, q) for all
1=1,2,...,7—1 and the inclusions are strict.

Proof. Proof follows from the inequality
G
C 2 U@ < Y 17 (a(A7 )

+—k2 [f (a (A7 zke))]™

To show the inclusion is strict, let X = C, ¢ (z) = |z|,v = (1,1,1,...), px, = 1 for
all K € Nand A\, = n for all n € N. Then the sequence x = (k"), for example,
belongs to [V, A, f,pl., (AL, q), but does not belong to [V, A, f,pl., (AL, ¢) for
f@) =

The proof of the following result is a routine work.
Proposition 2.5. [V, A, f,p]; (AL, q) C [V, A, £, ply (A}, ).

Theorem 2.6. Let f, f1, fo be modulus functions. For any two sequences
p = (px) and t = (t) of strictly positive real numbers and any two seminorms q 1,
g2 We have

(D) VoA fuplz (AL q) C VLA, fo fi,pl5 (A%, 4),

(i) VoA S0l (AL ) N VA, fa,ply (A q) C VA fi+ fa, 4 (A5, 9)
(iit) Vi X foplz (AL, @) OV fopl7 (A5, 2) C VI A, fiplz (AL 1+ q2)
(iv) If limsup gg < oo, then [V, A, fa,p], (A7, q) C [V, A, f1,p], (AL, q),
(v) If g1 is stronger than go then [V, X, f,p], (AL, q1) C [V, A, f,p], (AL, ¢2),
(vi) If g1 is equivalent to g2 then [V, A, f,p], (AL, q1) = [V, A, f,pl, (AL, ¢2) ,
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Vi) [V, A, £, 1l (AT, ) N[V, A, frt], (AT, ga) # 0.

Proof. (i) We shall only prove (i) for Z = 0 and the other cases can be proved
by using the similar arguments. Let ¢ > 0 and choose § with 0 < § < 1 such that
f(t) <efor0<t<4 Write yp = f1 (q(Alx)) and consider

o Pl =D P+ )

kel,

where the first summation is over y, < § and second summation is over gy, > o.
Since f is continuous, we have

2 Z [f(yg)]P* < Ap max <€mfp’“, 5H> .

1

By the definition of f we have for y. > 9,

T <2715

Hence
1 H 1
it )P it
(3) )\n%: (yx)] <max< (2£(1) ))\ 22:
From (2) and (3), we obtain [V, A, f1,p], (A}, q) C [V, A, fo fi,p]y (A%, q).
The following result is a consequence of Theorem 2.6 (i).

Corollary 2.7.  Let f be a modulus function. Then [V, \,p], (A},q) C
[Vv )‘7 fvp]Z (sz Q)

Theorem 2.8. Let (X, ¢) be a complete seminormed space. Then the sequence
spaces [V, A], (A}, q) are complete, seminormed by

. 1
ga(z) = q(viws) + sup(3— > (a(Ajr)
i=1 " kel,
where vg # 0 for each k € N and X is any sequence space.

Proof. We shall prove only that [V, A] _ (A7, q) is complete with respect to the
above seminorm. The others can be proved by the same way. Let (2*) be a Cauchy
sequence in [V, A] _ (A7, q), where 2 = (2)22,. Then we have

ga(z® —2') — 0, as s,t — oo.
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Let e > 0 be given, then there exists a positive integer ng such that ga (z* —zt) < e
for all s,t > ng. So we have

r

Zq (27 — ) —|—sup()\L Z (q(A} (23 —2})))) <e, forall s,¢ > ny.

i=1 " kel,

Hence (x7) , (for i < r)and (A} (xf)) for all k € N, are Cauchy sequences in X.
Since X is complete, these sequences are convergent in X. Suppose that z; — x;,
(fori <r)and A} (zf) — yx as s — oo, for each &k € N. Then we can find a
sequence (xy) such that y, = A7z for each k£ € N. These zj, 's can be written as

k—r . k .
=t S (1) (’“ o 1>yz~ — 'S (1 (’”’":j - 1)yi_r,
i=1 " i=1 "

for sufficiently large &, for instance & > r, where y,_, =y, = ... =y, = 0.
Thus (AL (z5)) = ((AL (x3)) 5 (AL (7)), .. .) converges to A7y, for each k € N
in X. Hence ga (z° —z) — 0 as s — oo. Since (z° —z) , (2°) € [V, A (A", q)
and the space [V, ] (A}, q) is a linear space we have z = z° — (2° —x) €
[V, A (A}, q) . Hence [V, X (A7, q) is complete.

Theorem 2.9. Let0 < pi < t; and <;ik> be bounded. Then[V, A, f,t], (A, q)
C [Vv )‘7 f?p]Z (sz Q) .

Proof. We prove it for Z = 0 and the other cases will follow on applying
similar techniques. Let = € [V, A, f,t], (A7, q) . Write wy, = [f (¢ (A7xy))]™ and
uk:f—:,sothat0<u<uk§1foreach k.

We define the sequences (uy) and (si) as follows:

Let up, = wg and s = 0 if wg > 1, and let ux = 0 and s, = wy, if wy < 1.
Then it is clear that for all k£ € N, we have wy, = uy, + s, wi* = uf* + si*. Now
it follows that u}" < ui < wy, and si* < s}.. Therefore

m

A T wlE <A Sk [ AT sk

kely, kel, kely

Hence = € [V, \, f,pl, (AL, q).

3. StaTIsTICAL CONVERGENCE

The notion of statistical convergence was introduced by Fast [8]. Over the
years and under different names statistical convergence has been discussed in the
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theory of Fourier analysis, ergodic theory and number theory. Later on it was
further investigated from sequence space point of view and linked with summability
theory by Fridy [9], Connor [3], Salat [21], Mursaleen [19], Isik [10], Kolk [13],
Malkowsky and Savas [18] and many others. The notion depends on the density of
subsets of the set N of natural numbers.

A subset E of N is said to have density ¢ (E) if

1
J(E)= lim — ZXE (k) exists,

where x g is the characteristic function of E.

A sequence () is said to be statistically convergent to L if for every ¢ > 0,
S{keN:|zp— L| >¢})=0.

In this section we introduce A;,— statistically convergent sequences and give
some inclusion relations between Sy (A7, ¢) and [V, A, f, pl; (AL, q).

Definition 2. A sequence » = (zy,) is said to be A, — statistically convergent
to the number L if for every € > 0,

1
lim —|{kel,:q(Ayzy— L) >c}| =0,
LW
where the vertical bars denote the cardinality of the enclosed set. In this case we
write Sy (A7, ¢) —limz = L or xj, — LS (A}, q).

In the case \,, = n and L = 0 we shall write S(A7, ¢) and Sy,(A7, ¢) instead
of S\(A7, q), respectively.

The proofs of the following two theorems are easily obtained by using the same
techniques of Mursaleen [19, Theorem 2.1 and Theorem 3.1], therefore we give
them without proofs.

Theorem 3.1. Let A = (\,,) be the same as in Section 1, then

(i) Iz, — L[V, (A}, q), then z, — LSy (A}, q),
(i) If z €l (A}, q) and z, — LSy (A}, q), then x, — L[V, A, (AL, q),

where (o (A7, q) = {x € w(X) : supy, ¢ (Alzg) < 0o} .
Remark 1. In fact the set [V, A]; (A7, q) is a proper subset of Sy (A7, q).
Theorem 3.2. If liminf 22 > 0, then S (A7, ¢) C S (A}, q).

Theorem 3.3. Let f be a modulus function and 0 < h = infypr < pr <
supy, pr, = H < oo . Then [V, A, f. p|; (A}, q) C Sx (A}, q).
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Proof. Letx € [V, A, f,pl, (A7, q) and € > 0 be given. Then

LS @ -0 > =S [ (a(Alay - D)

A
" kel, n kel,
q(ALzp—L)>e

A\

)\i Hkel,:q(ALxp — L) > e}
min (£ ©))" [f (€))")
Hence = € Sy (A7, q).

Theorem 3.4. If f is bounded then Sy (A7, q) C [V, A, f,pl; (A}, q).

Proof. Suppose that f is bounded and let € > 0 be given. Since f is bounded
there exists an integer K such that f (z) < K, for all x > 0. Then

S Pl D) = = Y [ D)

" el " kel,
q(Ayz,—L)>e

1 T

bW > [f(g(Ajm — L))

kel,
q(ATzp—L)<e
h H 1 r
< max (K", K )A—\{k el q(Alzp—L)>el]
+max ()", f()7).
Hencex € [V, A, f,pl, (A, q) .
Theorem 3.5. Sy (A],q) = [V, A, f,pl, (AL, ¢) if and only if f is bounded.

Proof. Let f be bounded. By Theorem 3.3 and Theorem 3.4 we have

Sx (AL, @) =V A £l (AL, ).
Conversely suppose that f is unbounded. Then there exists a sequence () of

positive numbers with f (tx) = k2, for k = 1,2, ... . If we choose

th, 1=k i=1,2,...
Ay = .
0, otherwise

then we have
An—l

n

1
o Hk eI, :|Ax,| >e}] <
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forall n and so z € Sy (A],q), butz ¢ [V, X, f,p]; (Al,q) for X =Cand p, =1
for all £ € N. This contradicts to Sy (A7, q) = [V, A, f,p] (AL, q).

Theorem 3.6. The sequence spaces [V, A, f,pl, (Ar,q), Sx (A}, q) and Sy,
(A7, q) are not solid for r» > 1.

and A\, = n for all n € N. Then (z}) = (k") € [V, A, f,pl, (A}, q) but (agxy)

[V, A, f,pl (A7, q) when oy, = (—1)* for all & € N. Hence [V, \, f,pl,_ (A%, q

is not solid. The other cases can be proved on considering similar examples.
From the above theorem we may give the following corollary.

Proof. LetX =C,py=1forallkeN, f(z)=2,q(z) =|z|,v=(1,1,...)
)

Corollary 3.7.  The sequence spaces [V, A, f, p|, (A7, q) are not perfect for
r > 1.

Remark 2. If |vi| < 1forall k € N, then [V, \], (A7, q) and [V, ] (A7, q)
are solid for » = 0.

Theorem 3.8.  The sequence spaces [V, A, f,p]; (A7, q), [V, A, f,pl (A, q),
Sx (Ar, q) and Sy, (A7, ) are not symmetric for » > 1.

Proof. Under the restrictions on X, p, f,q,v and X as given in the proof of
Theorem 3.6, consider the sequence « = (k") , then x € [V, A, f,p] (A}, q). Let
(yx) be a rearrangement of (xy), which is defined as follows:

(yk) = {361,962,36473637969,965,3616,36679625,96773636,36879649,9610,---}-

Then (y) € [V, A, £, 1l (A}, q) . For the space Sy, (A7, q) , consider the sequence
x = (xy,) defined by

R A U (2i —1)2<k< (20, i=1,2,..
T 4, otherwise.

Then (x) € S,(A). Let (yx) be the same as above, then (yx) ¢ S, (A).
Remark 3. The space [V, A, f, pl, (A}, q) is not symmetric for r > 2.

Theorem 3.9. The sequence spaces [V, A, f,pl, (AL, q), Sx (AL, q) and Sy,
(AT, q) are not sequence algebras.

Proof. Under the restrictions on X, p, f,q,v and X as given in the proof of
Theorem 3.6, consider the sequences z = (k"2) and y = (k"~2), then z,y €
V., f.pl, (A7, q), butz.y ¢ [V, X, f,pl, (A}, q) . The other cases can be proved
on considering similar examples.
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4. THE SPACES OF CESARO SUMMABLE GENERALIZED DIFFERENCE SEQUENCES

In this section we compute Kothe-Toeplitz duals of the spaces of Cesaro summable
and strongly Cesaro summable difference sequences of order r.
We define the general sequence space X (A7) as follows:

X(A) ={zcew: (Alz) e X},

where » € N and X is any sequence space.
It can be shown that the following inclusions are strict.

(i) (C. 1)y (A7) C (C.1) (A]) € (1), (A]).

(i) (C,1)y (A7) € (1), (A7), (€, 1) (A7) € (C1) (A7) and (C,1),,
(A7) C (C, 1) (A7),

(iiil) o (A7) C (C, 1), (A7), ¢ (A7) C (C,1) (A7) and Lo, (A7) C (C, 1), (AT).

Theorem 4.1. (C, 1), (A7), (C,1)(A}) and (C, 1) (A}) are Banach spaces
normed by

n

r
1
lalla =D ol + sup |~ > Al
i=1 "o k=1

and [C, 1], (A7), [C, 1], (A}) and [C, 1] (A},) are Banach spaces normed by

T n
1
]| pr = E |vix;| + sup <E§ \Agwko ;
n

i=1 k=1

)

where vy, #£ 0 for each k& € N.
Proof. Proof follows from Theorem 2.8.

Let us define the operator D : X (A7) — X (A}) by Dz = (0,0, ...,0, X1,
T2, --.), Where o = (z1, 29, xs...). It is trivial that D is a linear operator on
X (A7) . Furthermore, the set

DX (A)]=DX (A}) ={z=(ap):z € X (A}), 21 =z = ... = 2, = 0}

is a subspace of X (A7). The operator A} : DX (A}) — X defined by Alx =
y = (Al xy) is bijective (one to one and onto).

Let X stand for (C,1),, (C,1), (C,1).,[C,1],, [C,1]; and [C,1],, and
r € N. Now we will compute Kothe-Toeplitz duals of the sequence spaces X (A7).
For this we need the following lemma.
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Lemma 4.2.
(i) x € D(C, 1) (A}) implies sup;, k7" |vpxg| < oo for all r € N,
(i) There exist positive constants K ; and K, such that K1&" < (”’f) < Kok™,

k=1,2, ..,
k
r k+r r+k

i) 35 (47 = (1) = (4

Proof. Omitted.

Lemma 4.3. Let r be a positive integer. Then

(D(C, 1), (AL)* = Uy, where Uy = {a cw: Y K vy ax] < oo} .
k=1

Proof. This can be proved by the same technique of Lemma 2.7 of Et and
Colak [6].

Remark 4. Let r be a positive integer. Then (D(C,1)s(A7))* = ((C, 1)
(A7)
Theorem 4.4. Let r be a positive integer. Then
() (1) (AY)" = ((C, 1) (A))* =T,
(i) ((C,1)g (A7)™ = ((C, 1) (A)™ = ((C, 1) (A7) = 2.
where U = {a € w : supy>1 k7" |agvg| < oo} .

Proof. (i) Since ((C,1) (A]))* = U and (C,1),(AL) C (C,1)(A]) C
(C, 1) (A7), we have Uy C((C, 1), (A7))" C((C, 1) (A7) < ((C, 1), (A7) -

Conversely, let a ¢ U;. By Lemma 4.2 (ii), we can choose a sequence (k (7))
of integers, 0 = k£ (0) < k(1) < ..., such that

k(i+1)—1

S futar] (P =i+1 (i=0,1,...).
k=k(3)

Define a sequence x = (xj) as follows:

k(6+1)— k
- (S T e 2 ).

j=k(t) j=k(i)
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Then z € (C,1), (A7) . On the other hand we have

k(i+1)—1 k(i+1)—1 L ‘
Z lagzy| > Z |U;§_1ak| mZ(H?_l)
k=Fk(4) k=k(i) Jj=0
. k(i+1)—1 1 N .
:i+1kzk(:‘) o, ta| (T3F) =1 (i=0,1,...).

Thus a ¢ ((C, 1), (A}))*, and hence ((C, 1), (AL))* C U;. This completes the
proof.
(i) Omitted.

Theorem 4.5. Let » be a positive integer. Then
(i) (0. 1)y (A7) = ((C. 1)y (AD)* = (10,1 (A7) = T,
(iN) ([C 1]y (AD)™ = ([C, 1], (AY)* = ([C, 1] (A])* = Ua.

The proof is similar to that of Theorem 4.4.

Corollary 4.6. The sequence spaces (C, 1), (Ay}), (C, 1) (A}), (C, 1), (A}),
(C, 1], (A}), [C,1]; (A}) and [C, 1]  (A]) are not perfect.

Theorem 4.7.  Let r be a positive integer. Then (o, (A}) N S(A]) C
(C, 1) (A7)

Proof. Omitted.

The converse of Therem 4.7 does not hold, for example the sequence x =
(0,-1,-1,-2,-2,-3,-3,...) belongsto (C, 1) (A,) and does not belong to S (A,)
forv=(1,1,1,...).

The proof of the following theorem is a routine work, therefore we give it
without proof.

Theorem 4.8. Let u = (ux) and v = (v) be any fixed sequences of nonzero
complex numbers, then

(i) Mfsupy k" vy tuk| < oo, then (C, 1) (A}) C (C, 1) (A}) and [C, 1], (A}) C
[C, 1] (A7)

(i) & |v; 'ug| — L (k — oo) ,then (C, 1) (A}) C (C, 1) (AL) and [C, 1] (A}) C
[C, 1] (A%)

(iii) 1f k" |v 'ug| = 0 (k — oo) , then (C, 1), (AT) C (C, 1), (AL) and [C, 1], (AL) C
[C, 1], (A7)
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If we take v = (1,1,1,...) and v = (1,1, 1,...) in the last theorem, then we
have the following results.

Corollary 4.9.

(i) Ifsupy, k" [u;!] < oo, then (C, 1), (A7) C (C, 1) (AT) and [C, 1], (A7)
C [C, 1] (A7),

(ii) 1fE" |o; | — L (k — oo),then (C, 1) (A7) C (C,1) (A") and [C, 1] (AT) C
[C 1] (A7),

(iii) k" |v; | — 0 (k — o0), then (C, 1), (A}) C (C, 1), (A") and [C, 1], (A})
C [C, 1], (A7).

Corollary 4.10.

(i) Ifsupy k" |vg| < oo, then (C, 1) (A") C (C,1) (A})and [C,1]_ (A") C
[C, 1o (A7)

(i) 1f&" |os| — L (k — oc0), then (C, 1) (A™) € (C,1) (A7) and [C, 1] (AT) €
[C1](A7),

(iii) k" Jug| — 0 (k — o0), then (C, 1), (A") C (C, 1), (A}) and [C, 1], (A")
C [C,1], (A]).

5. ParTICULAR CASES

Firstly, we note that X (A") and X (A7) overlap but one neither one contains
the other, where X is any sequence space. For example if we choose = = (k") and
v = (k), then z € [C, 1] (A"), but z ¢ [C,1]_ (A}), conversely if we choose
z= (k") and v = (k71), then z ¢ [C, 1] (A7), but z € [C, 1]  (AT).

Definition 3. Let X be any sequence space and v = (vy) be any sequence of
nonzero complex numbers. We say that the sequence space X (A") is v—invariant
if X (A7) =X (A").

Now there is an open problem for researchers. It may be investigated the con-
ditions of the sequence v = (v;) for which the equalities [V, A, f,p], (A7, q) =
Vi, £,pl, (A", q) and Sy (A}, ¢) = Sx (A", ¢) hold.

If one considers the sequence spaces

(i) [V, A, f.pl, (AT, q) and Sy (A", q) instead of [V, A, f,p], (A}, q) and Sy
(A%, q),

(it) [V, X, f,pl, (A7) and Sy (AL) instead of [V, A, f, pl,, (AL, q) and Sy (A7, q),
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(iii) [V, f,pl, (A7, q)and S (A7, q) instead of [V, A, f,p],, (AL, q)and Sy (A7, q),

most of the results which have been proved in the previous sections will be true for
these spaces as well.
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