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THE BEHAVIOR OF THE INTERPHASE HEAT-TRANSFER FOR THE
FAST-IGNITING CATALYTIC CONVERTER

Yu-Hsien Chang and Guo-Chin Jau

Abstract. The main purpose of this paper is to study the thermal balance
equations for the gas and solid interphase heat-transfer for the fast-igniting
catalytic converter of automobiles:
u(t,z) = —alu(t,z)+av(t,z) —au(t,z) fort>00<z<l;
v (t,x) = bu(t,x) —bu (t,x) + Aexp (v (t,x)) fort>0,0<z<l;
(t,0)=n for ¢t > 0;

0,2) =wug (x) and v (0, 2) = v (z) for z>0.

t
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S o

u

where wg, v are continuous functions on [0, 7] with ug (0) = 1. We establish
some results concerning the existence and uniqueness of the mild solutions and
classical solutions of the above differential system. The asymptotical behavior
of the solution is also addressed.

1. INTRODUCTION AND NOTATION

A catalytic converter is a device located in the exhaust system of an automobile.
Pollutant gases flowing out of the engine pass through it and undergo chemical
processes by which they are converted into relatively harmless gases. Gas flows
through the passages and reacts on the surface of the tubular walls. Under the
research works of many scientists (cf. [7, 10-12] and the references cited therein),
D. T. Leighton and H. C. Chang [5] studied the thermal balance equations for
the gas and solid interphase heat-transfer in the fast-igniting catalytic converter of
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automobiles. In their paper, they chose suitable variables to express the gas and
solid interphase heat-transfer phenomenon by the following differential system:

na? (pcp), [%—i—U%} =2mah (Ts—T,) forallt>0andz >0

2malAr (pc,), 887;5 = 2mah (T4 — Ts)
+ (2maAr + 7ra,2) AP (T=T5") forallt>0and 2z >0
Ty (0,2)=T, (0,2)=T and T, (t,0)=T:" forallt>0and z >0

(1.1)

where the functions and parameters used are as follows:
(1) a is the pore radius;
(2) A is the preexponential factor of zeroth order Kinetics;
(3) cp is the heat capacity;
(4) ( is the inverse Frank-Kamenetskii temperature;
(5) Ty, is the temperature of the gas and T;” is the inlet temperature of the gas;
(6) T is the temperature of the solid phases.
Letu =3 (T, —T;"), v=0(Ts —T:"), and n = 8 (T," — T2). Then there are
positive constants «, a, b, and A such that
%u (t,z) = —a%u (t,z)+av (t,x) —au(t,z) fort >0,z > 0;
%v (t,z) =bu(t,z) —bv(t,x) + Aexp (v (t,z)) fort >0,z > 0;
u(t,0)=mn fort > 0;
u(0,2) =ug () and v (0,x) = vy (x) for x > 0.

(1.2)

Since the length of the monolith has to be finite, we may assume that [/ is an
arbitrary fixed constant. We will consider the uniqueness, existence and behavior
of the solution for the differential system (1.2) on [0,00) x [0,!]. Although the
thermal increases very rapidly at the front edge of converter, the thermal spread is
continuous. Under this consideration, we may further assume the initial conditions
of ug and v are as follows:

(H1) uo and v are the continuous functions on [0, I];
(H2) uo (0) = n.

Recently, S. N. Ha, S. W. Roh, J. Park [3] and G. P. Cherepanov [1] also
discussed the other models of a catalytic converter by the numerical method and
routine methods, respectively.

The main result of this paper is Theorem 6 in Section 2. In this theorem
we show that, followed by the results of Theorem 1 through Theorem 5, if the
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initial functions ug € C* (0,1) N C'[0,1] and vy € C'[0,1] with ug (0) = 7, there
is a constant ¢p,.x > 0 such that [0, tax) IS the maximal time interval for the
unique solution (u,v), which is given by (2.3), of the differential system (1.2)

on [0, tmax) X [0,1]. Moreover, if ty,.x is finite, then tlitm sup |v (¢, z)| = oo.
“hmaxgze[0,]]

However, if the initial data is positive, one may show that lim sup v (¢,z) = o

t_’tmame[O,l]
provided that ¢,,..is finite, and tlimv(t, x) = oo provide tyax is infinite. Since
—00
Theorem 6 gives the closed form of the solution, one may accurately estimate the
ignition time. This offers an effective data for designing the catalytic converter.
Furthermore, the fact that v(¢, z) goes to infinite (or sup v (¢, x) goes to infinity)
z€[0,]
as t goes to ty.x indicates the difference of the temperature of solid phase and inlet
temperature of the gas will rise over 300K after a certain time. This phenomenon
guarantees the hydrocarbon and CO emissions from an automobile is hopefully

reduced.
2. MAIN RESULTS

Theorem 1. Let ug(xz) = wu(to,z) and vy (z) = v (to,z) be continuous
functions on [0, [] with wo (0) = 7. If (u,v) is a solution of the differential equation
(1.2) on [tg, o0) x [0,1], then (u, v) satisfies the following integral system:

00 (to, +aty—at) +a [y Do (r,z+ar—at) dr

for all (¢, )€ [to, 00) x [0, 1] with to<t<to+za ™t
(2.1) wu(t,z)= o o 1y
e~ n+ta [ eo(mwat),, (t—zat+7,a7)dr

for all (¢, )€ [ty, 00) x [0,1] with tg+za™! <t<oo
and

v (t,z) = e Dy (tg, z) + b fti) Ty (7, ) dr + A ft’; e’ exp (v (1, z)) dr
for all (t,z) € [to,00) x [0,1].

Proof. For any fixed (¢, z) € [ty, 00)x[0, I], we define s = max {tg — t, —za~'}.
Let two functions y : [so, (I —2)a™!] — Rand z: [so, (I —z)a~] — R be de-
fined by

y(s)=u(t+s,z+as)and z(s) =v(t+ s,z + as)
for all s < s < (I—z)a~!. Since

Yy (s) =az(s) —ay(s) forall s <s < (I —x)a™t,
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Leasy (s) = ae®z(s) forall sp < s < (I—z)a~t If tg <t < to+azal,
then sg = tg —t and
y(0) — e =ty (tg —t) =a [°,, ™z (s)ds.
This implies that u (¢, z) = e ~*(¢—10)y (g, 2 + aty — at) +a f_0t+t0 e®v (t+s, z+
as)ds, or
u(t,x) = e~ 2t=0)y (ty, x + aty — at)+a ft'; ey (1,2 + at — at) dr.

If to + za~ ! <t < oo, then s = —za~! and

y(0) —e @y (—zat) = a ffm_l ez (s) ds.
This implies that u (£, z) =e %% 'y, (t—za~t,0)+a f_om_l e (t+s, r+as)ds,
or

u(t,z) =e @ 'ntq fom_l ea(r—va™t), (t —za™t +7,a7)dr.

On the other hand, since v; (t, z) = —bv (t, z) + bu (¢, z) + Ae"®), we obtain
Py (t, ) 4 el (t, z) = bePu (t, ) + Aellev(t:),
Thus Zev (¢, ) = be®u (t, z) + Aee’t) and
oy (1, 2) — 0 (to, ) = b [} €7 (v, @) dT + A [ e T dr.
This implies that
v (t, z) =€ty (f, x)-l-bf e’y (1, dT—f—)\f e’ exp (v (1, z)) dr.

The proof of this theorem is complete now.

Remark. If (u,v) is a solution of the differential equation (1.2) on [¢y, co0) x
[0,1] and (t,z) € [tg,00) x [0,1] satisfies tq + za~! < ¢t < oo, then u can be
expressed as

u(t,x) = e~y 4 g ftt_m—1 ey (1, 2 + aT — at) dr.

Theorem 2. Let ug(xz) = wu(to,z) and vy () = v (to,x) be continuous
functions on [0, [] with ug () = 7. Then there is a constant § > 0 such that integral
system (2.1) has a unique solution (u, v) on the interval [t, to + ] x [0, I].

Proof. In view of (2.1), u (¢,z) is depend on the function v (¢, x) only and
it is determined as long as v (¢, z) does. For this sake, we need only to show the
existence and uniqueness of v (¢, z). For any constant K > |[vo|go . ONe may
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choose a constant § > 0 such that

K —||v
5 < min{ 1 | 0”0[0,1] }

1, :
b+ XK LabK + Xef + b [uoll o,

Let the operator F': C ([to, to+0] %[0, 1]) — C ([to, to + d] x [0, I]) which is given by

t t
F (v) (t,2) = e’y (x)—i—b/ Ty (7, z) dT—i—)\/ T exp (v (1, 2)) dr,

to to
where
to—t t _
ey (x4 aty — at) + afto T Dy (1,2 + ar — at) dr
for all (t,z) € [to,to + 0] x [0,1] withtg <t < tg+za~!
u(t,xz) =

emae "y 4 g fom_l ea(r—wa™t), (t—za™l+71,07)dr

for all (¢, ) € [to, to + 6] x[0,1] with tg +2za ™t <t <ty+§

Since ug, vy are continuous on [0,!] and v € C ([to, to + d] x [0,1]), it is easy to
prove that the operator F' is well-defined.

Let B(0; K) = {v € C ([to, to + 6] x [0,1]) : ||v]|,, < K} be a closed ball in
the space C' ([to, to + 0] x [0,1]). For any v € B (0; K) and (¢, x) € [to, to + d] %
[0, ], we have

t
HU’O”C[O,Z]"'“/t Kdr if tg <t <ty 4+ ga~! <tyg+0
Ju(t, z)] < -
H’UJOHC[O,[] + GA Kdr if to + (L‘(X_l <t<ty+ )

Then |u (t, )| < [luol|cpoy + a (t —to) for all (¢, z) € [to, to + 6] x [0,1]. This
implies that
t t
IF (v) (t,2)] < Jv(to, )|+ \u<7,x>\d7—+xh/°exp<v<7yx>>d7

to to

¢ t t
< HUOHC[O,Z]—H)/t Hu(to,-)HoodT—i—b/t aK(T—to)dT—f—)\/ eRdr
0

to
abK
< Boollegoq + (o1t Mo + 25+ 26K )
< K.

Thus the operator F' maps B (0; K) into itself.
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Moreover, for any v, vo € B (0; K), we have

jur (¢, ) —uz (¢, )|

IN

t
a/ e T vy (1,2 + aT — at) — vy (T, x4+ a1 — at)| dr
t

IN

0
allvy —vall [y, e®Vdr

lor — el (1 — eato=t))

for all (¢, ) € [to, to + 6] x [0,]] with tg <t <t + xa™! < tg+ 6, and
u1 (¢, ) — ug (£, )]
zxa~l 1
a/ ea(r—za™) |v1 (t —za 4T, aT) — v (t —za 47, a7)| dr
0
o1 —vall o (1 - fam_l)

for all (t,x) € [to, to + 8] x [0,1] with tg +2za™t <t <ty + 5. Then

IN

IN

lug (t, ) —ua (t, )| < ||lv1 — w2l for all (¢, ) € [to,to+ 0] x [0,1].
This implies that

\F(Z)l) (t,2) = F (v2) (¢, 2)] .

<b [ |up(r,2) —ue(r,x)|[dr+ X [ |exp(vi(7,2)) —exp (v2 (7,2))| dT
to to
< b6 [lvr — v2l o + A6 [l — w2l

for all (¢, x) € [to, to + 6] x [0,1]. Then

|F (01) = F (v2)l oo < (b0 + Ae3) [Jog — 2l -
From the choice of ¢, the operator F' is a contraction mapping from B (0; K) into

itself. Thus, there is a unique function v such that F' (v) = v. New, we many define
the function w (¢, z) as

t
U0y (& + aty — at) + a/ TV (1,2 + ar — at) dr
to
for all (t,z) € [to, to + 6] x [0,1] with tg <t < tg+ za™?

—1

T
e_“m_ln +a ea(r=zat), (t —za 41, aT) dr

0
for all (t,) € [to, to+0] x [0,1] with tg + za ™t <t < tg+6

Thus (u, v) is a unique solution of integral system (2.1) on the interval [to, to + d] X
[0, ] and the assertion of this theorem is established.
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From Theorem 2, there is a constant 6; > 0 such that integral system (2.1) has
a unique solution (u1,v1) on the interval [0, 1] x [0,] for the case ty = 0. The
straight line t = za~! separates the interval [0, 1] x [0,] into two regions and
the function has different exhibition on each region. In fact, it can be expressed as
following two types.

Type 1: uy (t, ) = ety (x + aty — at)+a ftto Ty (1,2 4+ ar — at)dr

if0<t<zal;
Type 2: uy (t,2) = e 'ntaq fom_l ea(r—za™l), (t—za '+ 71,07)dr

if za! <t <.

Since u; (1, ) is a continuous function on [0, ] with u; (d1,0) = n, and vy (1, )
is a continuous function on [0, [], there is a constant 65 > 0 such that integral system
(2.1) has a unique solution (usg, v2) on the interval [d1, 1 + d2] x [0,1]. Similarly,
the interval [01, 61 + &2 x [0,1] is cut by the line t = 6; + za~! into two regions.
The expression of us (¢, z) is type 1 if §; <t < 6; +xa~! and uy (¢, x) is type 2 if
S1+za~t <t <646 Letfunctions u, v : [0, 61 + 2] x [0, 1] — R be defined by

w(t,z) = up (t, ) if (¢,z) €[0,61] x [0,1],
)= (t,x) if (t,xz) € [61,01 + 2] x [0,1],

and
t,x) € [0,01] x [0,1],

(t (
V9 (t, 1‘) if (t, .%‘) S [(51, 01 + 52] X [0, l] .

According to this definition, the interval [0, 61 + d2] x [0, ] should be divided
into four regions (see Figure 1). The expression of w (t,z) is Type 1 if 0 < ¢t <
za~l < 6§ ord <t <8 +xal < 8 + 6, and the expression of function
u(t,x) is Type 2 if za™t <t < 6 or §; +xa~t <t < 8§ +dy. The expression of
u (t, =) will be more complex as one continues to extend the interval of existence.
However, we can show that the expression of u (¢, z) have only two types in the
maximal interval of existence. In the following lemma, we first show that one needs
only to consider the expression of « (¢, z) in two sub-regions of [0, & + J2] x [0, {]
which were separated by the line t = za~!. In fact, the expression of u (¢, z)
is Type 1 provided that 0 < ¢t < xza™! < 6; + d2, and it is Type 2 as long as
za~l <t < 6 + & (see Figure 2). Therefore, the function (u,v) is the unique
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solution of the integral system:

t
e "ug (v — at) + a/ Ty (1, + ar — at) dr

0
for all (¢,z) € 0,01 4 &) x [0,1] with 0 <t < za™?,
(2'2) U (tv .1‘) = —1

T
e_“m_ln +a ea(r=zal), (t —za T, aT) dr

0
for all (¢,2) €0, 81 +0] x[0,1] with za ™! <t < &) +0o;

and
v (t,x) = e g (2)+b f§ T (1, 2) dr+N [y T exp (v (1, 2)) dT

for all (¢, x) € [0, 01 + d2] x [0,1].

To simplify the notation, we will use w; (j) (or w (j)) to indicate the expression
of the function w; (¢, z) (or w (¢, z)) over the corresponding region is type j.

Lemma 3. Let ¢y =0, ug () = u(0,2) and vy (z) = v (0, ) be continuous
functions on [0, ] with ug (0) = 7. Suppose (uj,v;) and (ug,v2) are solutions
of integral system (2.1) on the intervals [0,41] x [0,{] and [d1,d1 + d2] x [0, ]
respectively. If we define functions u, v : [0, 1 + d2] x [0,1] — R as

|'i| - r'|_ |'i| + |"|.-_-
ital 2]
t = +an f (7
s
-""f tial 1]
v 4
& - o y
.-"'-. - .
¥ - i~ ‘! -'.--l-.
|'I||_I_":._ I||:|._| |'I|:|:'
~ , s
) 1= 1T _ i
0k ! ik I
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Uy (tv .I‘) if <t7 x) [0751] X [Ovl]'
( (t7 x) [51751 +52] X [O,Z],
and
vy ( if (¢,x)€][0,d1] x10,1],
v(t,x) =
ve (t,z) if (t,x) € [d1,01 + 2] X [0,1].
Then the function (u,v) is the unique solution of the integral system (2.2) on
[0, 61 4 d2] x [0,1].

Proof.  As shown in Figure 3, we consider the rectangular region R =
[0, 1 + d2] x [0,1], which is to be separated into eight regions, (I)"(VIII), by the
linest =2a!, t =68 +xa~ !, t =6 and t = ad;. The eight regions are

) —{(t,x) R:0<t<d1,0 <xof1}
() —{(t,x) 51§t<xa_1,51<xa_1},
(I ={t,z) e R:za ! <t < +zal, 6 <za '},
(V) —{(t,x) R:6; +xa‘1§t§51+52,5l<xo¢_1},
V) —{(t,x) :0§t<xa‘1,5lzxof1},
(V) = {(t,x) za l <t <6y,6, > xa‘l},
(VIl) ={(t,x) ER:0; <t <) +za~ 6 > xa‘l}and
(VIl) ={(t,x) € R: 61 +xa™t <t <8+ 62,6, > xa‘l} , respectively.
£ i
o (TV) ] vt
il L) ¥
(WIITy
- (111
1]
-'I I
1% 1

Fig. 3.
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Since the expression of w; (¢, x) is type 1 in both regions (I) and (V), and the
expression of ug (¢, x) is type 1 in the region (Il). It follows that the expression of
u (t,z) is type 1 in these three regions. Similarly, since the expression of u; (¢, z)
is type 2 in the region (V1) and the expression of us (¢, x) is type 2 in both regions
(IV) and (VII1), the expression of w (¢, z) is type 2 in these three regions. If we can
show the expressions of w (¢, z) in both regions (V1) and (1) are type 2, then the
assertion of this lemma is established. Choose any (¢, z) in the region (VII), then
zal—t<0and 6 > a! (z + ady — at). Denote y = = + ady — at, then

u (01,7 + ady — at) = u (01,y)

1

_ Yo _
= e W 117 + a/ ea(r=va™t), (t —ya~l 47, aT) dr
0

— 61
—em e [ ey ad - an) de
S1—ya~?!
— 61
— oo 16—(1((51—t)17 + a/ ea(’r—51),u (7-7 T+ ot — Oét) dr.

t—xa—1

Hence,
u (t, )

¢
= e =0y (51, 7 + ady — ot) + a/ TV (1w + ar — at) dr
01

— 61
e a/ Ty (1,2 + ar — ot) dr
t

—xa—1

t
—|—a/ Ty (1,2 + ar — at) dr
31

t
- e_“m_ln + a/ e(T=1)y, (T, +ar —at)dr
t— —1

mo_cl

T
= e_“m_ln + a/ ea(r—za™l), (t —zal 4, aT) dr.
0

This implies the expression of w (¢, z) is Type 2 for any (¢, z) in the region
(VI1). Similarly, one may show that the expression of « (¢, x) is Type 2 for all (¢, x)
in the region (111). The proof of this lemma is complete now.

From Theorem 2 and Lemma 3, we immediately obtain the following theorem.

Theorem 4. Suppose ug (z) = u (0,x) and vy (z) = v (0, x) are continuous
functions on [0, I] with uq (0) = n. Then there is @ tmax ( tmax IS either a finite
number or infinite) such that [0, ¢ .x) IS the maximal time interval for the unique
solution (u, v) of the integral system
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e g (x —at) +a fot T Dy (1,2 + aT — at) dr

for all (t,2) € [0, tmax) % [0,1] With 0 <t < za™ !,
(23) u (t’ (L‘) - —ara—l ra~l a(’r—moc_l) -1
e n+afy" e v(t—za 4+ 1,a7)dr

for all (¢,2) € [0, tmax) % [0,1] With za™! <t < tpax,

v(t,x) = e g (x) +b fot Ty (1, 2) dr 4+ A fot "D exp (v (1, z)) dr
for all (¢, z) € [0, tmax) x [0, ].

Theorem 5. Suppose ug (x) = w (0, x) and vg (x) = v (0, x) are continuous
functions on [0, ] with ug (0) = 7. Let (u,v) be the unique solution of integral
system (2.3) on [0, tmax) X [0,1], where [0, tmax) 1S the maximal time interval. If
tmax 1S finite, then

lim sup |v (¢, z)| = .
t_)tmame[O,l]

Proof. We will first prove that if ¢,,. is finite, then

lim sup |u(t,x)| + sup |v(t, )| | = oo.
t—tmax J}E[O,l] J?E[O,l]

Indeed, if tmax is finite and lim | sup |u (¢, z)|+ sup |v(t,2)| | < oo,
—imax \ ze[0,]] z€0,l]

then there is a constant K'; > 0 such that

sup |u (t,x)| + sup |v(t,2)] < K1 for all 0 <t < tmax.
2€[0,]] 2€[0,]]

Since the function exp (—bt) is the uniformly continuous on [0, ¢y,ax]. For any
e > 0, there is a constant 0 < § < such that

15}
2K + 2 (Ab~ ekt 4 K ) ebbmax

for all ¢/, ¢t € [0, tymax] With |¢ — ¢| < §. This implies that

__ e
22eX142bK4

lexp (=bt") — exp (—bt)| <

lv(t',z) —v(t,z)|
< ‘e—bt/_e—bt‘ oo ()1 /Ot b

t
+A / b7
0

et — e_bt‘ {K1 + e )\b_lebtmaxeKl} + {bK1 + A"} |t — ¢

t/
e"’t/—e_bt‘ lu (7, )] dﬁb/ ) |u (r, )| dr
t

t/
e—bt/ _ e—bt‘ e|v(’r,a})|d7_ + )\/ eb(’r—t/)e|v(’r,a})|d7_
t
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for any fixed z € [0,]] and all 0 < ¢ < ¢ < tpax SUCh that 0 < ¢/ — ¢ <

5. Hence, sup |v(t,z)—v(t,z)] < e forall 0 < ¢t < ' < tpax Which
z€[0,]
satisfy 0 < ¢ —t < 4. This implies that tlitm v (t,x) exists for each z in

[0,1] and lim sup |v (¢, x)— v (¢t,2)] = 0 uniformly on [0, tyax). To prove that
t/_’tmE[O,l]
lim w (t,z) exists for each = € [0,], we need to consider following two cases:

t—tmax

tmax > xa~ b and xa™t > t,.. separately. At first, we consider the case t,,.x >

ra~t. Since lim sup |v (#,z) — v (t,x)| = 0 uniformly on the interval [0, typay),
t/_’tmE[O,l]

for any € > 0, there is a constant o; > 0 such that

sup !v (¢, z) —v(t, x)| <e for all ¢, ¢ € [0, tiax) With |t/ — ] < oy.
z€[0,]

Let 0 < 02 < min {o1,27! (tmax — za~1)}. Since
tmax — 02 > tmax — 271 {tmax - xa_l} =271 {tmax + xa_l} > xa_ly

we obtain that za ™' <t <t/ < tyax 85 10Ng @S tmax — 02 < t <t/ < tmax. It
and ¢’ satisfy 0 < tpax — 02 < t <t/ < tmax, then

|u (t', x) —u(t, x)|

T
< a/ ea(r—ea™) ’v (t’ —za 4T, aT) —v (t —za 4T, 067')’ dr
0
<e.
Secondly, we consider the case t,.x < xa~!. For any ¢ > 0, there is a constant

0 < 03 < min{e, o1} such that ‘e‘”t/uo (x —at') — e g (z — at)‘ < ¢, for all
t, t' € [0, tmax), and |t' — t| < 3.

!u (t',x) — u(t,x)|

< ‘e_“t/uo (w — Oct/) —e g (z — Oét)‘ + / |v (T’ T+ ot — at') | dr
t

t
—I—/ lv(r, 2+ ar —at') —v (1,2 4+ ar —at)|dr
0

<e+ K|t —t| +et
< e+ Kie + etmax-
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This implies that htm u (t, x) exists for each fixed x € [0, []. Denote u (tmax, ) =
. lim w(t,2) and v (tmax, ©) = tlimv (t,z) for each z in [0,1]. With the same

technique used in the proof of Theorem 2, the solution (u, v) can be extended beyond
tmax- This contradicts to the choice of t,,.x. Therefore, we obtain that

lim sup |u (t,x)| + sup |v(t,z)| | = oo.
t—tmax J}E[O,l] J?E[O,l]

Now, we show that

lim sup |u (t,x)| + sup |v(t,z)| | = oo.
t—tmax J}E[O,l] J?E[O,l]

If this is false, then there are constants A/ > 0 and a sequence {t,, : n € N} in
[0, tmax) SUCh that ¢,, /" tmax and

sup |u (tp,z)| + sup |v(tn,z)| <M forall n € N.
z€0,l] z€[0,]]

This implies that |u (t,,, )| + |v (tn, )] < M for all x € [0,]] and n € N.

Since the function t — sup |u (t,z)| + sup |v (¢, x)| is continuous on [0, tax)
z€(0,l] z€0,]]

and

lim sup |u(t,x)|+ sup |v(t,z)| | = oo,
t—tmax J}E[O,l] J?E[O,l]

without loss of generality, we may assume that there exists a sequence {h,, : n € N}
which satisfies that h,, — oo as n — oo,

sup |u (ty, + hn,x)| + sup |v (t, + hp,x)| =2M + 1
z€0,]] z€0,]]
and
sup |u (t,z)|+ sup |v(t,z)| <2M +1 forall t, <t <t, + hy.
2€[0,1] 2€[0,]]

Since for each positive integer n,

v (tn + P, )|
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tn+hn
< e bhn |v (tn, )| + b/ (T —tn—hn) |u (T, z)| dr
tn

tn+hn
Y / eb(’r—tn—hn)e|v(’r,a})|d7_
tn

and
|u (tn + hn, )]
Lt
e~ |y (b, — ahn)\—i—a/ et =h) |y (7, g+ ar — oty —athy )| dT
in
- for all (t,z) € [tn, tmax) X [0,1] with t,, <t < t, +za™ 1,

xa~l
—aro~

e ln -+ a/ ea(r—vat) |v (tn +hy —za”t 4T a7)| dr

0
for all (t,2) € [tn, tmax) X [0,1] With ¢, + za™! <t < tpax,

this implies that

sup |v (tn + hp,x)| < M + {b(QM +1)+ )\e(2M+1)} h, forall n e N,
z€[0,]

and
sup |u (tp, + hn,z)| <M +a(2M + 1) hy, for all n € N.
z€[0,]

Hence,

2M + 1= sup |u(ty + hy, )|+ sup |v(ty + hy, )|
z€[0,] z€[0,]

<2M + {(a+b) (2M + 1) + XM+ 1,

which is impossible as n — oo. Therefore, we have

lim sup |u(t,x)|+ sup |v(t, )| | = oc.
t—tmax J?E[O,l] J?E[O,l]

To complete the proof we need only to show that . litm sup |v (¢, z)| = .
“hmaxge[0,]]
Assume by contradiction, . litm sup |v (¢, z)| is finite. Then there is a constant
“hmaxgze[0,]]

M > 0 such that sup |v(t,2)| < M for all £ € [0, tmax). This implies that
z€[0,]]

u(t, )] < |luollo, + M For all (£,2) € [0, tumax) [0, 1]
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Hence,

lim | sup |u(t,z)|+ sup |v(t,z)| | < (HUOHOO —|—M> + M < oo.
t=tmax \ z€0,(] z€0,1]

This is contrary to the previous proof. Therefore, we havet I%m sup |v(t,z)| =
lmaxge(0,]]
oo and the assertion of this theorem seems to be true.

Now, we can prove that the solution (u,v) of the integral system (2.3) is also
the solution of the differential equation (1.2) on [0, tmax) % [0, ] provided that the
initial function ug () = u (0,2) € C1(0,1)N C[0,1].

Theorem 6.  Suppose ug () = u (0,2) € C1(0,1) N C0,1] and vq (z) =
v (0,z) € C[0,1] with ug (0) = n. There is a constant ¢,,,x > 0 such that [0, ¢ ax)
is the maximal time interval for the unique solution (u, v) of the differential equation
(1.2) on the interval [0, tax) % [0, ].

Moreover, if tyay is finite, then lim sup |v (¢, z)| = .

t—=tmaxye(0,1]

Proof. From Theorem 4, there is a constant t,,,x > 0 such that [0, ¢,,,x) IS the

maximal time interval for the unique solution (u, v) of the integral system

t
e %ug (z — at) + a/ Ty (1, + ar — at) dr
0
for all (¢,2) € [0, tmax) X [0,1] With 0 <t < za™!
U (t, 1‘) = 1

ToT
—aro~

e ln + a/ ea(r=zat), (t —za 4T, aT) dr

for all (¢, xﬁ € [0, tmax) x [0,1] with za™" <t < tpax
and
v(t,x) = e g (x) + b fot Ty (1, 2) dr 4+ A fot "D exp (v (1, z)) dr
for all (¢, x) € [0, tmax) x [0, ].

Since u (t, ) and v (¢, z) are continuous on [0, tmax) X [0,1], v (¢, z) is differ-
entiable respect to ¢ on (0, tax) and

vy (t, ) = —bv (L, ) + bu (¢, z) + AeV(B) forallt>0,0<z<l.
If (¢,7) € (0, tmax) X (0,1) such that 0 < ¢ < xa~!, then

w (t, ) = & {e‘“tuo (x —at) +a fm_l ea(r=za™t),, (r+t—zat ar) dT}

za—l—t
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= —ae g (z — at) — ae” ) (z — at) + ae” v (0,2 — at)
za~l 1
+a/ ea(r—za )vt (T +t—zal, aT) dr
za~l—¢

and

—1

a pae; _
ug (t, )= 52 {e_“tuo (x—at)—f—a/ o ea(r—wa™t),, (r+t—aa ' ar) dT}
= e “uf (z — at) +aat {v(t, ) — e v (0,2 — at) }
-1

ro 1
—a?a! / ea(r—wa™t), (T +t—axat, aT) dr
X

a—1—t

—1

xro 1
—aa / ea(T—ea )vt (T +t—za aT) dr.
X

a—l—t

This implies that u; (t,z) = —auy (t,2) + av (t,z) — au(t,x) for (t,x) €
(0, tmax) X (0,1) with 0 < t < za~!. On the other hand, if (¢, z) € (0, tmax) % (0,1
such that za ™! < t < tpax, then

—1

T 1
ug (t,x) = a/ ea(r—zo )vt (t—za ' +71,a7)dr
0

and

ug (t,z) = —ao ey 4 qu (t,x) —a
-1

ro 1
/ ea(r—za™),, (t —za 4T, aT) dr
0

2 1

a

—1

T 1
—aa ! / ea(r—za )vt (t —za ' 47, aT) dr.
0

This implies that u; (¢, x) = —au, (t, z) + av (t,x) — au (¢, z) for all (t,z) €
(0, tmax) x (0,1) with za=! < t < tax. From continuity of  (¢,z) and v (¢, z),
we have

w (t,x) = —auy (t,z) + av (t, ) — au (t, z)

for all (¢,2) € (0, tmax) x (0,1) with za~! = ¢. Therefore, [0, tpax) is the max-
imal time interval for the unique solution of (u,v) for the differential equation
(1.2) on the interval [0,¢max) % [0,1]. From Theorem 5, if .y is finite, then

. htm sup |v (t,z)| = co. The proof of this theorem is complete now.
“hmaxge[0,]]
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Theorem 6 says that . litm sup |v (¢, )| = oo as long as tyax is finite. How-
“lmaxge(0,l]

ever, tymax < 0o is not a crucial condition for |v (¢, z)] — oco. We can show that
tlimv(t, x) = oo under the assumption of positive initial conditions, when the
—00

existence of v (-, x) is globally. In fact, we have following result.

Theorem 7. Suppose ug () = u(0,z) € C(0,1) N C0,1] and Vo (z) =

v(0,2) € C]0,I] with satlsfy ug(x) > 0, vo(z) > 0 on [0,I] and up (0) =
n > max{() ool [In (bA~! } If (u,v) is the solution of the differential
equation (1.2) on the interval [0 [ x [0,1], then

limv (¢, z) = oc.
t—00

Proof. At first, we consider the following differential system:

0 0
=z — o= _ f .
87511,(15 x) = aaxu(t, x) +av (t,z) —au(t,z) fort >0, z > 0;

(2.4) %v (t,z) =bu(t,z) —bv(t,x) fort >0, z > 0;
u(t,0) =n for t > 0;
u(0,2) =g (z) and v (0,2) = vg (x) for x > 0.

Let g (t, ) = ug (z) and ¢g (¢, z) = vg (z) for all (¢, z) € [0, 00) x [0, ]. For
each positive integer n, we define functions ¢,, and ¢,, as

t
e "ug (x — at) + a/ TV, (1,24 ar — at) dr

0
for all (t,z) € [0,00) x [0,1] with 0 <t < za™?,

xa~l

emw Ty 4 a/ e”(T_m_l)qﬁn_l (t —za ' +7,a7)dr
0
for all (t,z) € [0, 00) x [0,1] with za™! <t < oo,

on (t, )

and
bn (t, ) = e g (x)+b fot T, 1 (7, 2)dr forall (¢, z) € [0, 00) x [0, 1].

Then ¢,, and ¢,, are continuous on [0, c0) x [0,] for all n =0,1,2,3,.... Let
k= max {a, b} and K = 2 Juo||, + [[vo]|.. Then

o1 (t.) = o (8, 2)] < 2 uollo +a fy €T [lu]l o dr

< 2|fuolle + l[volloe =
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and
61 (t, ) — ¢o (t, )| < (1 — ™) [lvolloo + b fif €T |Jug|| o dT

< luolloe + llvoll e < K

for all (t,z) € [0, 00) x [0,]. One may easily show by induction that

oni1 (6,2) = on (8, 2)] < K and ¢ (¢, 2) — ¢ (8, 2)] < K E°

n! n!

for all (t,z) € [0,00) x [0,] and n = 0, 1,2, 3,.... Therefore, for arbitrary fixed
constant 7' > 0,

n

@ns1 — @nll = sup {|@ni1 (t,2) — on (,2)] 2 (t,2) € [0,T] x [0,]} < K 1)

n!

and

n

(k

n!

=

H¢n+1 - ¢n” = Sup{‘¢n+1 (tv 1‘) - ¢n (tv 1‘)‘ : (tv 1‘) € [OvT] X [Ovl]} < K

From the continuity of exponential function, for any ¢ > 0, there is a constant

ng € N such that k7 — S ("“—ZT,L < eK~! for all n > ng. Then for any
m > n > ng,

lom—onll <lom—@m-1ll+em-1 — @m—2ll+ ... +llnt2 —Cni1ll+l@nt1—enll

kTY™ T (kT)™ 2 kT (kT
SK{((m—m - ((m—2)! ot ((n—i—l)! +! ! }

n—1 3
SK{ekT—Z%}
i=0

7=

<eE.

Similarly, one may show ||¢,, — ¢yl < e for any m > n > ng. Hence,
lim ¢, (¢,x) and lim ¢, (¢, z) converge uniformly on [0, 7] x [0, []. Denote
n—oo n—oo

lim ¢, (t,z) =u(t,z) and lim ¢, (t,2) =0 (t,z) on [0,T] x [0,1].

n—oo n—oo

Since ¢,, and ¢,, are continuous on [0, 7] x [0,{] for all n = 0,1,2,3,..., the
uniform convergence implies that u (¢, «) and v (¢, «) are continuous on [0, 7] x [0, I].
Since T > 0 is arbitrary, w , v € C([0,00) x [0,]). Furthermore, they can be
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expressed as

t
e "ug (v — at) + a/ TG (1,1 + ar — at) dr
0
for all (t,z) € [0,00) x [0,1] with0 <t < za™?,
ﬂ(t, 1‘) - 1

ToT
e g e (t—za ™t +7,a7)dr

0
for all (¢,z) € [0, 00) x [0,1] with za™! <t < occ.
and

U(t,x) = e g (z) + b [7 T (r,2) dr for all (¢, z) € [0,00) x [0,1].

With analogous arguments as in the proofs of Theorem 1 and Theorem 6, one can
show that (w, v) is the unique solution of the differential system (2.4) on [0, co) X
[0, 1].

On the other hand, since g (t,2) = ug () > 0 and ¢ (¢,2) = vo (z) > 0 on
[0, 00) X [0,1], ¢n (t,z) > 0 and ¢, (t,2) > 0 on [0,00) x [0,1] . This implies that

u(t,z) = lim @, (t,x) > 0and v (¢t,z) = lim ¢, (t,2) >0 on [0, 00) x [0, ].

Let wy (t,z) = u(t,z) —u(t,x) and we (t,z) = v (t,z) — v (t,z) for all
(t,z) € [0,00) x [0,1]. Since (u,v) is the solution of the differential equation (1.2)
on the interval [0, c0) x [0, 1], (w1, w2) satisfy the following differential equation

0 0
g (t,z) = —0p w1 (t,z) + aws (t,z) — aw; (t,x) fort >0, x > 0;

0
P (t,z) = bwy (t,x) — bwy (t,x) + Aexp (v (t,x)) fort >0, z > 0;
wy (¢,0) =0 for t > 0;

w (0,2) =0 and we (0, 2) = 0 for z > 0.

With analogous arguments as in the previous proof, w; (¢, z) > 0 and wy (¢, z) >
0 on [0,00) x [0,!]. Therefore, u (t,x) > u(t,x) > 0 and v (t,z) > v (t,x) > 0
for all (¢, x) € [0, 00) x [0,1].

Since the existence of v (¢, ) is globally in ¢, one may choose ¢, large enough,
such that at > [. This implies that

v (t,x) = —bvu (t,z) + be 4y
-1

—I—ab/ ea(r=2a™t),, (t —za ™t +7,a7)dr + Ae?(B2)
0
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> —bv (t, ) + be Iy + \e”(t®)  whenever b > A,

Since Ae¥ — by > b(1—InbA™!) for all y > 0, we have v (t,z) > b(1 —

InbA~! + e“w‘_lln) > 0 for ¢ large enough and b > \.

On the other hand, if b< ), then Ae¥—by> X for all y >0. Hence, we also have

v (t, ) > be=@ 'y + X > 0 for ¢ large enough and b < .

This implies that tlim v (t,x) = co. The proof of this theorem is complete now.
—00
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