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DISTRIBUTION COSINE FUNCTIONS

Marko Kosti€¢

Abstract. A class of distribution cosine functions is introduced and systemat-
ically analyzed. Connections with (local) integrated cosine functions as well
as some characterizations and related examples are given.

INTRODUCTION

It is well known that the notion of integrated cosine functions for a positive
integral number n was introduced by Arendt and Kellermann [2] in 1989. Then,
the basic properties of exponentially bounded a-times integrated cosine functions
(a > 0) are investigated by many authors (cf., e.g., [4, 6, 19, 21] and references
therein). Strongly continuous integrated C-cosine functions which are not neces-
sarily exponentially bounded are investigated in [18]. The properties of M, N-
functions, which in particular give the properties of cosine and sine functions, are
given in [14] as well as the treatment of the second order abstract Cauchy problems
(see also [20]). Connections of exponentially bounded integrated cosine functions
with the abstract Cauchy problem (ACP,) are given in [19]. Perturbation and
adjoint type results for a-times integrated cosine functions are proved in [21].

On the other hand, distribution semigroups in Banach spaces and their genera-
tors were introduced by Lions in [13]. A new definition of distribution semigroups,
covering in particular non-densely defined generators, is presented by Kunstmann in
[9]. He proved that every generator of a distribution semigroup is also the generator
of a global regularized semigroup and that a closed linear operator A generates a
distribution semigroup if and only if it is the generator of a local integrated semi-
group. Similar results are independently obtained in [17], where Wang defined the
same class of semigroups called by him quasi-distribution semigroups. Generator of
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a degenerate distribution semigroup is introduced in [7], where some new character-
izations of distribution semigroups are also shown. Basic theory of C-distribution
semigroups is given in [8].

This paper is devoted to the study of distribution cosine functions and their
generators (which are not necessarily densely defined). The theory obtained here
can be viewed as a unification of the concept of (local) integrated cosine functions.
Our investigations are mostly based on the theory of distribution semigroups. A
straightforward approach seems to be more complicated.

The paper is organized as follows. In Section 1, we repeat some known facts
related to integrated cosine functions and distribution semigroups. In this section
we will prove Proposition 1.3 which clarify the relations between integrated cosine
functions and integrated semigroups. This result seems to be new in local case. The
notion of a distribution cosine function is introduced in Section 2. Afterwards we
analyze the basic structural properties of distribution cosine functions. In Section
3, we investigate the relations between distribution cosine functions and local inte-
grated cosine functions, local C'-cosine functions and convolution type equations. In
Section 4 we introduce the notion of an exponential distribution cosine function and
relate exponential distribution cosine functions to exponentially bounded integrated
cosine functions. Section 5 is devoted to the study of dense distribution cosine
functions. Last section gives several examples which justify our results given in
previous sections.

1. PRELIMINARIES

We use the standard notation. E is a complex Banach space with the norm || - ||
and L(E) = L(E, F) is the space of bounded linear operators from E into E. We
will assume that the space E?2 is topologized by the norm ||(z, v)||z2 = ||z|| + ||y]|-

By D we denote the space of all compactly supported C*°-functions from R
into C equipped with the usual inductive limit topology; £ is the space of all C>°-
functions R — C supplied with the usual topology and S denotes the Schwartz
space of all rapidly decreasing functions. Their strong duals are D', &’ and &', re-
spectively. By Dy we denote the subspace of D which consists of the elements sup-
ported by [0, c0). Further on, D'(L(FE)) = L(D, L(E)), £'(L(E)) = L(&, L(E))
and S'(L(FE)) = L(S, L(E)) are spaces of continuous linear functions D — L(E),
& — L(E) and S — L(E), respectively, equipped with the topology of uniform
convergence on bounded subsets of D, £ and S, respectively; Dy (L(E)), & (L(E))
and S((L(E)) are the subspaces of D'(L(E)), &'((L(E)) and S'((L(E)), respec-
tively, containing the elements supported by [0, co).

For a linear operator A, its domain, range and null space are denoted by
D(A), R(A) and N(A), respectively. We will always assume that A is a closed
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operator and that C' € L(E) is an injective operator; [D(A)] denotes the Banach
space D(A) equipped with the graph norm. Let K C R. Then Dg denotes the
subspace of D which consists of the test functions whose support is contained in
K. Leta € D_, _y) be a fixed test function satisfying [ a(xz)dz = 1. Then, with

—00

« chosen in this way, for every fixed ¢ we define I(¢) as follows

x o0

1(p)(x) == / [o(t) — a(t) / p(u)duldt, = € R.

—00 —00

Itis clearthat I(p) € D, I(¢') = pand L1(p)(z) = p(z)—a(z) 70 o(u)du, x €

R. Then, for G € D'(L(E)) we may define G~! via G~1(p) := —G(I(p)), ¢ €
D. We have G~! € D/(L(E)) and (G~') = G, more precisely, —G~1(¢') =
G(¢)) =G(p), ¢ € D.

Let ¢ € D with suppy C (—oo, 0) be fixed. Our choice of « implies
%I(gp)(m) =0, = > a, for a suitable a € (—oo, 0). Accordingly, suppI(y) C
(—o0, 0). It implies the following:
suppG C [0, 00) = suppG ! C [0, 00). Moreover, if » € D with suppy C [a, b],
then

suppI () C [min(—2, a), max(—1, b)].

Let k e Ny. The distribution 6 %) is defined by 6% (¢) = (=1)k¢®)(0), ¢ € D.
Forap e Dandan f € D/, or fora o € £ and an f € &, we define the
convolution f x ¢ by

(f*x@)(t) := fp(t—"-)), t €ER.

For f € D/, or for f € &, define f by f(¢) := f(p(=)), ¢ € D (p € &).
Generally, the convolution of two distribution f, g € T/, f x g € T/, is defined by
(f*g)(@) = g(f*p), ¢ € D. We have supp(f*g) C suppf + suppg. It is known
that f ¢ € Dy, if f € &) and ¢ € Dy.

We give some elementary facts concerning a-times integrated cosine functions
and distribution semigroups in the sense of [13] and [9]. We refer to [1], [3], [11],
[12] and [19] for the material intimately related to (local) integrated C'—semigroups.

Definition 1.1. Let A be a closed operator, o > 0, 0 < 7 < oo. If there exists
a strongly continuous operator family (Ci(t))icpo,r) (Ca(t) € L(E), 0 <t < 7)
such that:

() Cu(t)A C AC,(t), t €0, 7),



742 Marko Kosti¢
(i) forall z € E and ¢t € [0, 7):

/(t —5)Cy(s)zds € D(A), and
0

A/(t — 5)Cy(s)xds = Cy(t)x — F(ofij—l)x’
0

then C,, is called a (local) a-times integrated cosine function and A is called the
generator of C,.

The following proposition can be easily proved (cf. also [21]) by standard
arguments.

Proposition 1.2.  Let (C,(t)):>0 be a strongly continuous, exponentially
bounded operator family and let A be a closed operator. Then A is the gener-
ator of the a-times integrated cosine function C, if and only if there exists w > 0
such that (w2, c0) C p(A) and

AR\ : Az = )\O‘/e_’\tCa(t)xdt ,A>w, z€E.
0

Now, Definition 1.1 leads us to the next question: if (C'n(t)):c(o,-) is @ (local)
a-times integrated cosine function, what is its ‘semigroup’ relation? In this paper
it will be enough to give the answer when @ = n € N. Essentially, the answer is
contained in [18] where the semigroup property of a global integrated C'—cosine
function is discussed. Repeating literally the arguments given in [18], one obtains:

[t—s]

20(t)C(s)z = — '[(—1)” / (|t = s| — r)"LC(r)zdr

t+
//0/t+s "L (r)zdr

(s —t+r)"LC(r)adr

+

+ [(t=s+r)"tC(r)xdr], 0<t, s, t+s<T, x€EFE.

o\mo\ﬁo

All this has been seen many times and the details are omitted here. So, if
(Cn(t))tefo,r) is an n-times integrated cosine function then C,,(t)Cy.(s) = Cp(s)C,,
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(t), 0 < t, s < . This equality remains true for all (¢,s) € [0,7) x [0, 7); it will
be proved soon. We refer to [21] for the ‘semigroup’ relation in the case o > 0.

Now we give an important result for our further investigations. Its exponential
version is well known (see for instance [21]).

Proposition 1.3. Let A be a closed operator, o > 0, 0 < 7 < co. Then the
following assertions are equivalent:

(i) A is the generator of an a-times integrated cosine function (C 4 (%)), i
E.

(4¢) The operator A z( 21 é ) is the generator of an (« + 1)-times integrated
SemIgroup (Se+1())scjo.r in B2

In this case, we have

Proof. (i) = (ii). One obtains that (Sq+1(t)):efo,-) is @ strongly continuous
operator family in E? and that S, 1(t)A C AS,.1(t), 0 <t < 7. Moreover,

t xdr—i—f 7)Co (r)ydr
A/SOH_l( <>ds—A/ s ds

4 F(a+1) T+ OfCa(r)ydr

¢

[(t—5)Cal(s) xds—i—f(t 2) Ca(s)yds

= A Ot t
a+1
OfCa(s)xds F( Far® + Of(t —5)Cq(8)yds
_totl !
Ca(s)xds — Forz@ —I—Of (t —s)Cu(s)yds

totl
F(a+1 INCESIA + f Ca(s)yds — T(at2)Y

I
n ~—
o o
32
=
%

ta+1

a+1(t)(§)—m() 0<t<rT, z, ye k.
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1 2
(i) = (). Let Sy (1) = ( Eziﬁii gﬁiég ) o
a o te|0,7

Siq(t) € L(E), i €{1,2,3,4},0 <t < 7. Since Su41.4 C AS,41, We obtain

Sar1(t)x + 52,4 ()y € D(A),
Sar1(t)y + S5 (1) Az = S5y () + Sqi1 (H)y,
So 1 ()y+Sa i (D Ar=A(Sh 4 (D2 +S7,,(8)y), 0<t<T, x€D(A), yeE.
Hence, S3,,(t)z = S2,,(t)Az, x € D(A), and S3_,(t)y = AS2,,(t)y, y € E,

0 <t < 7. This implies that for every z € D(A), we have S5, (t)Az =
AS2 L (t)Az = AS3 | (t)x. Thus, S3_,(t)A C AS3 ,(t),t € [0,7), and (S3,.+

o

r(i+1) )telo,) is astrongly continuous operator family. Now, the simple calculation
deduced from

t

sfroG)e-san) - )

0
gives

t t

/ ar1(s)zds + / ar1(s)yds = S ()x + 571 (H)y — T(a+2)
0 0

tOé—}—l

Zz,

and

A

t t
[ startops+ [ si+1<s>yds}
0

0
tOé—}—l

——vy, 0<¢ E.
F(a+2)y7 St<T, Y€

= S§+1(t)x + S§+1(t)y -

Thus, fSa+1 Jeds = Sk (t)x —

0<t < T, x €K,
Consequently,

F(a+2)x and Af5a+1 Jds = S544(t)z,
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te te
83, (¢ — 0<t E, and
oc-l—l( )x+r(a+1)x F(Oé—f—l)w7 Si<T,TEL,

A is the generator of the a-times integrated cosine function (S§+1 (t)+F(Oté—11)I)te[0,T).

Clearly, Sa+1( ) = Sa+1( ) and Sa+1 f ar1(s)ds, 0 <t <.

Note, if 7 = oo, then C, is exponentially bounded if and only if S, is
exponentially bounded.

Remark 1.4. Every a-times integrated cosine function (Cy(?)):c(o,r) (o > 0)
is uniquely determined by its generator A. This fact follows from Proposition 1.3
and the corresponding statement in the case of (local) integrated semigroups.

Now we are able to prove the next proposition.

Proposition 1.5. Let A be the generator of an n-times integrated cosine
function (C..(t))icjo,-), m € No. Then A generates a (2n + 1)-times integrated
cosine function (Cap11(t))ic(0,27) @Nd Cr(t)Cr(s) = Cn(s)Cn(t), 0 <t, s < 7.

Proof. It follows from the assumption that the operator A is the generator
of an (n + 1)-times integrated semigroup (Sy+1(t))¢cjo,-)- By [1, Theorem 4.1],
A generates a (2n + 2)-times integrated semigroup (Szn+2(%))sejo,2-)- Hence, A
generates a (2n + 1)-times integrated cosine function (Cay,11(1)):e[0,2r) Satisfying
Cont1(t)Copyi(s) = an+1( )an+1(t), 0 <t s < 7. The previous remark

implies Co,,41 (%) f (t u)du, 0 < ¢ < 7, and therefore
g+l gt { [, F (s —u)n }
A+ gl / o Cnlwdu / o Cn(wadu
0 0
artl gntl 8(3 u)" /
:dt”+1 Jentl / xdu/ w)xdu| , 0<t,s<t, x€E.

0 0
Accordingly, C,,(t)Cy,(s) = Cr(s)Cr(t), 0 <t, s < T.

Next we give the definitions of distribution semigroups in the sense of [13] and

[9].

Definition 1.6. (Lions, [13]). An L-distribution semigroup, (L-DSG) in short,
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is an element G € D (L(E)) satisfying

(d1) : Gl =) = G(p)G(¥), ¢, ¥ € Dy,
(d2) : N(G):= (] KernG(y) = {0},

»€Dy
(ds) : R(G):= | J ImG(y) is dense in E,
»€Dy
(dy) : for all z € R(G) there exists u € C([0, 00) : E) satisfying

o0

u(0) =z and G(¢)z = Ofu(t)w(t)dt , Y eD.

Definition 1.7. (Kunstmann, [9]). An element G € D{(L(E)) is called a
pre-(DSG) if it satisfies

(qdy) : Glex ) = G(p)G(Y), ¢, Y €D,

t
where oot (t) := [ p(t—s)1(s)ds, t € R, and it is called a distribution semigroup,

0
(DSG) shortly, if it additionally satisfies (d2). Moreover, if G satisfies (d3) then G
is called a dense (DSG).

Obviously, if G is an (L-DSG), then it is a (DSG). The converse is true if and
only if G is a dense (DSG).

Let G € Dy(L(E)) satisfy (d1), (d2) and let T € &). Define G(T') on a
subspace of F by

y=G(T)x if and only if G(T * ¢)x = G(¢)y for all ¢ € Dy.

Denote its domain by D(G(T)). Linearity and closedness of the operator G(T') :
D(G(T)) — E are obvious.

The generator of a (DSG) G is defined by A := G(—0'); this definition can
be used for the generator of an (L-DSG). Since for » € D, ¢, := ¢l ) € &,
(1j0,00) is the characteristic function of [0, 00)) it is clear what G/( 1) means.

Proposition 1.8. Let G € Dy(L(E)). Then G is a (DSG) if and only if (d1),
(d2) and (ds) hold, where

(ds): Glp4) =Gl(p), ¢ €D.

Proof. Suppose that G is a (DSG). It is known that G(7') commutes with G ()
forall T € & and ¢ € D ([9, Lemma 3.6(b)]). Moreover, the set R(G) is contained
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in D(G(T)). Let x € E. Since for every » € D and ¢ € Dy: @ *¢ ) = @ * 1y,
we have G(v4 * p)x = G(p %o ¥)x = G(p)G(¢¥)x and (ds) holds. Suppose
conversely that G € D} (L(E)) satisfies (d1), (d2) and (ds). We have to prove
(gdy). Firstly, let us assume that S, T' € &). Since G(-) satisfies (d;) and (da), it
is clear that G(S) is a closed linear operator. We prove that G(S)G(T') C G(S*T)
and that D(G(S)G(T')) = D(G(S = T)) N D(G(T)) (cf. also [9, Lemma 3.6]).
Let x € D(G(S)G(T)). Then x € D(G(T)) and y := G(T)x € D(G(S)).
Furthermore, for every x € E and ¢ € Dy, G(T x o)z = G(¢v)y = G(¢)G(T)z
and

GS*Txp)r=G(T*S*p)x=G(S*¢)G(T)r=G(p)G(S)G(T)x.

It implies that + € D(G(S «T)) N D(G(T)) and that G(S)G(T) € G(S = T).
Assume that = € D(G(S «T)) N D(G(T)). We prove that G(T)z € D(G(S5))
and, consequently, x € D(G(S)G(T)). Let ¢ € Dy. Then the definition of G(T)
implies

G(Sxp)G(T)x =G(T*(Sxp))x=G(S*T)*xp)xr = G(e)G(S+T)xz, ¢ € Dy,

which gives G(T)x € D(G(S)) and G(S)G(T)xz = G(S * T)x.
Let o, ¥ € D. Then (p*g 1)+ = ¢4+ *x 4. By (ds), one obtains G(¢ % ¢) =
G(oy * 1) = G(oy)G(Yy4) = G(e)G(v) and the proof is now completed.

Lemma 1.9. Suppose that G is a (DSG). Then G satisfies (d 4).

Proof. The proof is essentially given on page 846 of [9]; see [8] for a more
general result. If f: R — C, let (f)(s) = f(s—1t), s € R, t € R. Suppose that
x = G(y)y for some ¢ € Dy and y € E. By the continuity of G on D, we obtain
for every ¢ € D:

G()r=G()G(p)y = G(*op)y = G (/w(t)mpdt) y= /w(t)G(w)ydt-
0 0

Put u(t) = G(mp)y, t > 0. Then u has the desired properties.

For the convenience of a reader, we repeat the construction given in the proofs
of [1, Theorem 7.2] and [17, Theorem 3.8]. Let (S,(t)):co, -) be a local n-times
integrated semigroup generated by A. Then it is proved in [1, Theorem 4.1] that A
generates a local 2n-times integrated semigroup on [0, 27). By induction, for every
k € N, A generates a local 2n-times integrated semigroup (Sokn(t))ic(o, 257y Let

2kr

¢ € D(_oo, 2ty and z € E. Define G(p)z := (1) [ o () Sy, (t)adt. It
0

is proved in [17, Theorem 3.8] that GG is a (DSG) generated by A.
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Lemma 1.10.

(a) Let A be a closed linear operator and A € C. Then A € p(A) < A2 € p(A).
In this case, ||[R(A : A)|| < (1+ ADVI+[APIR(O? : A)|| + 1, and
IR - A)[| < [IR(A = A

(b) Let ) # Q C C. Put Q2 := {\2: X € Q}. Then Q C p(A) if and only if
02 C p(A); if this is the case, then ||R(- : A)|| is polynomially bounded on
Q2 if and only if || R(- : A)|| is polynomially bounded on .

Proof. Suppose that A? € p(A). Then X € p(A) and

o\ R(A\?: ANz +y)

See also [3, p. 212]. Let z, y € E. We have
IR )G = [[RO = A) Az + )|+ [[NR(A? : A)z — 2+ AR = A)y]|
=[[R(OV? - Az + )l + [[(WPR(N - A)z + AR(N : A)y) — |
< (L+ ADIROA? : A) Az + )|+ [2]| < (1+ [A)|R(A? : A)|
(AU ]+ Tyl + [l

< (L DV + IARIR(A? - A + 1)\\(5)\\-

Assume now A € p(A). Let us show that R(\?] — A) = E. Let z € E be fixed.
Put (“) = R(A: A)(°). Then

(%) ()= 6)

and it implies A\u —v = 0 and Av — Au = z. Therefore, \>u — Av = 0 and
Au — Au = x. We show that the operator A2] — A is injective. Suppose that
A2z — Az = 0, for some z € E. Then

() () =)

Consequently, () = R(X: A) (8) = (8), and z = 0.

),x,yeE.

Since A2I — A is closed, it follows from the above arguments and the closed graph
theorem that (A\21 — A)~! is bounded, i.e., A\? € p(A). From the above given
arguments, we have ||R(\?: A)|| < ||R(\: A)||. This proves (a). The proof of (b)
follows instantly from that of (a).
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2. ELEMENTARY PROPERTIES OF DIsTRIBUTION COSINE FUNCTIONS

Definition 2.1. Anelement G € Dy(L(E)) is called a pre-(DCF) if it satisfies

(DCF): G Hpxv) =G p)GW) +G(p)G (Y), ¢, ¥ €D,

and it is called a distribution cosine function, in short (DCF), if it additionally
satisfies

(DCF,): x=y=0ifandonly if G(¢)z+ G (p)y =0, forall p € Dy.

A pre-(DCF) G is dense if R(G) := |J ImG(yp) is dense in E.
»€Dy

(DCF,) implies [ KernG(¢) ={0}and [\ KernG~'(¢) = {0}. From
»€Dy »€Dy
Definition 2.1, it is also clear that if G is a pre-(DCF), then G € D{(L(FE)) and

hence G(p) = 0 for all ¢ € D_, ¢ It is not clear whether the condition
( N KernG(p) D) (| KernG~(p) = {0} implies (DCFy).
»€Do »€Dy

Someone may think that (DCF3) is a crude assumption. But, this is a right

‘nondegenerate’ condition as the next proposition shows.

Proposition 2.2. Let G € Dy(L(E)). Then G is a pre-(DCF) in E if and only

if
_ G GbY. N . .
g = a_s5 is a pre-(DSG) in E“. Moreover, G is a (DSG) if and

only if G is a pre-(DCF) which satisfies (DCF).

Proof. Since o € Dj_, _y}, we have G € Dy (L(E?)). The simple calculation
shows that G satisfies (¢d;) if and only if the following holds:

() G e o) = GHp)G(¥) + G()G (),
(i) G(pxo¥) = G()G() + G H@)(G" = 8) (),
(ii)) G'(px0 1)) = (G' = 6)()G(Y) + G(p)(G' = 6)(¥), ¢, ¥ € D.

We will show (i) = (ii) = (iii). Suppose (i) holds. Since (p *q ) = ¢ *¢ ¥ +
©(0))) = p o’ +¢(0)p, @, ¥ € D, we have

Glexo ) = =G (g0 ))
= -G Y (p ¢ +9(0)p)
= —(G N )GW) + GG (W) +6()G(¥))
=G (P)G'() + G(p)G(W) = 6(¥)G (), @, ¥ €D,
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and (ii) is satisfied. With assumed (ii), one obtains (iii) from the computation

G'(p*0) = =G((p*o)) = —G(@ 0 Y + p(0)1))
= —(G(¢"G(y NG = 8) () + 6(p)G (1))
= (G = 0)(p)G(Y)+ G(p)(G" = 8)(¥), @, ¥ € D.

It is also clear that G satisfies (ds) if G satisfies (DCF5). Suppose that G satisfies
(d2). Let us prove that G satisfies (DCF»). So let us assume that for some fixed
z, y € B, we have G(¢)z + G 1(p)y =0, ¢ € Dy. Then

)
)+

(G" =) (p)z+ Glp)y = —=G(¢")z — p(0)z — G~ (¢")y = 0, ¢ € Dy.
Since G satisfies (d5), it follows that z = y = 0.

Note that the previous proposition is motivated by Proposition 1.3. Properties
(DCFy) and (DCF;) can be interpreted respectively as sin(a + ) = sina cos 5+
cos asin 3, and the linear independence of cos(-) and sin(-). Next, we characterize
distribution cosine functions as follows.

Proposition 2.3. Let G € D{(L(E)). Then G is a (DCF) if and only if
(DCF3) holds and

(1) G Hexyy) =G (9)G[W) + G(9)GT(¥), ¢ € Dy, ¢ € D.

Proof. Assume G is a (DCF). Then G is a (DSG) in E2 and the use of
Proposition 1.8 gives G(v4) = G(¢), ¢ € D. Thus

(%5 %0iey) )

(e D) (0% S50
peDy, Y ED, o, yeE.

Choose z = 0 to obtain (1).
Let us suppose that (DCF,) and (1) are valid. Then G satisfies (d2). Assump-

tion (1) implies G~ (¢ * ¥) = G"1()G() + G(¥)G~(¥), ¢, ¥ € Dy, and
consequently,

Gleo*9) = G(p)G(¥) + G ) (G = 0)(¥),
(G"=0)(p*1) = (G" = 0)(0)G(¥) + G(p)(G" = 0)(¥), @, ¥ € Dy.
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So (dy) holds for G. Then
Glp* i) = =G ((p 0 ¥4)
(2) = —G 7Ny *0 ¥y + 0(0)Y1) = —[GTHP)G () + G(¢ )G (¥)]
= G(p)G(¥) + G'(9)GH(¢), ¢ € Do, ¢ € D.
Since (¢ *0 ¥4) = (¢ *0 (¥')+) +1¥(0)¢, ¢ € Dy, ¥ € D, we have
Glp*ov+) = =G (pxoP4)) = =G o (V)4 +¥(0)p)
—[GHP)GW) + G(p)GH(W)] = ¥ (0)G~ ()
= G(p)G() + G Hp)(G" = 8)(¥), v € Do, ¥ €D, and

3)

(G = 0)(px1by) = Gl 1) = —G((p k0 ¥1)') = —G(¢' %0 ¥4)
@ D _[G()GW) + GG — ) ()
— (G' = 0)(9)G() + G(9)(G" — d)(¥), ¢ € Dy, ¢ € D,

Thus, (ds) holds for G and G is a (DSG) in E2. The rest of proof is clear by
Proposition 2.2.

Proposition 2.4. Let G € Di(L(E)). Then G is a pre-(DCF) if and only if
(5) GH PG =0 (W) = (G' = 8)(9)GT (), ¢, ¥ € D.

Proof. We have proved (see Proposition 2.2) that G is a pre-(DCF) in E if and
only if G is a pre-(DSG) in E2. The use of [7, Proposition 2] gives that anyone of
these conditions is also equivalent to

(6) G(¢NG(¥) = G(P)G () = ¥(0)G(p) = v(0)G(¥), ¢, ¥ € D.

As in the proofs of Proposition 2.2 and Proposition 2.3, one can prove: (6) holds
if and only if (5) holds.

Infinitesimal generator of a (DCF) can be defined in several different ways;
here we follow ideas in [9] and [13] where the generator of a (DSG) [(L-DSG)] is
introduced.

Definition 2.5. The generator A of a (DCF) G is given by

{(z,y) € E*: (Vo € Dy) G~ (¢")z = G )y}
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Because of (DCF3), A is a function and it is easy to see that A is a closed linear
operator in E.

Lemma 2.6. Let A be the generator of a (DCF) G. Then A C B, where

0 I . N
Az( 40 ) and B is the generator of G. Moreover, (z,y) € A & ((g), (;)) €8

Proof. Let ((7), (;)) € A Then z € D(A), y = u and Az = v. We have
to prove that for all ¢ € Dy, G(—¢')(;) = G(¢)(;)- Let ¢ € Dy be fixed. The
definition of A implies

G(—¢)e =G (¢")e =G (9 Az =G (v,

and

Since p(0) = ¢/(0) = 0 and y = u, we obtain
G(—¢)z+ G (=@ )y = Ge)u+ G (p)v, and
(G' = 0)(=¢")z + G(—¢")y = (G' = §)(p)u+ G(p)v.

It implies —G(¢")(;) = G(¥)(;), » € Do, and ((;), (;)) € B. Assume that
(z,y) € A. Then ((§), (2)) € A, and consequently, ((7), (2)) € B. Suppose now

that ((7), () € B. Let us fix ¢ € Do. Then G(—¢')(5) = G(¢)(;), and by the
definition of G,

G(—¢') G =¢) \ () _ G(p) G Hp) \ (0
( G'(=¢) = d(=¢)  G(=¢) ) <0> B ( G'(p)—d(p)  Gly) ) <y>
It implies G(—¢" )z = G~ (p)y, ie., G ¢z = G (¢)y. Hence, (z,y) € A.
The proof is completed.

We will prove in Theorem 3.10(ii) that A = B.

The following proposition will help to get relations between distribution cosine
functions and local integrated cosine functions. Property (DCF») has an important
role again.

Proposition 2.7. Let G be a (DCF) generated by A. Then
(i) (GW)x, GW")xz+ ' (0)x) € A, € D, x € E.
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(ii) (G~ (Y)x, —G()x — ¥ (0)x) € A, € D, x € E.

(iii) G(Y)A C AG(Y), ¢ € D,

(iv) G (Y)A C AG™1(¢), ¢ € D.
Proof. Letz, y € E.

(i) Clearly, (G(y))z, y) € A if and only if G'(0)G(¥)x = G~ (p)y, ¢ € D.
If ¢ € Dy then ¢(0) = 0 and by (iii) in the proof of Proposition 2.2, this is
equivalent to:

G'(p*o)x — G(e)G' (¥)x+v(0)G(p)z =G )y, ¢ € Dy
=
G

(0)G'(Y)x+Y(0)G(p)z=G )y, v € Dy
=

—Glp oY)z — G(o)G'(Y)x = G (p)y, ¢ € Do.

By (ii) in the proof of Proposition 2.2, this is equivalent to

—[G()G()z+GH ) (G'(W)z—v'(0)2)] -G () G'()x =G ()y, »€Dy
=

G() -Gz =G ()a]+G () [-G'(¥)z+1'(0)z—y] =0, ¢ €Dy
&
Gz +¢'(0).
(ii) Let us recall that G~'(v) = —G(I(z)) and that jtl(w)() = (t) —
t) Tw )du, t € R. Hence, L 1(4))(t) = f Y(u)du, t €
R. Si_rfze a € Di_y 4 and G € Dy(L (E)) we obtain (I(w))’(o) = 1 (0)

and G((I(v)") =G —d T Y(u)du) = G(¢'). The use of (i) gives

—G(pxo ¢ +¥(0)p)r—

AGTH (W)r=—AG(I(¥))z=—{G((I(¥))")aHI(¥))(0)a] = -G (¢")a—(0)a.

(iii) Letz € D(A). Then ((%), (1)) € A and Lemma 2.6 implies ((7), () €
B, where B is the generator of G. By [9, Lemma 3.6], we obtain

6 ) =0 () - v (7).

which gives G(¢)Az = G(¢")x + ¢'(0)x. Thus, (iii) is a consequence of
(i). Let us prove (iv). Let i € D; the use of (iii) implies G~1(y)A =
~G(I(¥))Ac —AG(I())) = AG~1(x) and the proof is completed.
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3. CoNNECTIONS WITH INTEGRATED COSINE FUNCTIONS, CONVOLUTION EQUATIONS AND
LocaL C-CosINE FUNCTIONS

Basic properties of distribution cosine functions discussed in the preceding sec-
tion will be frequently used. We will show that every generator of a (DCF) generates
a local integrated cosine function and that the reverse implication is also true.

In the next theorem, we follow the proof of [1, Theorem 7.2] with appropriate
changes.

Theorem 3.1. Let A be the generator of a (DCF) G. Then there exist 7 > 0,
n € N and a local n-times integrated cosine function (C',(t)).c[0,-) generated by
A.

Proof. By Proposition 2.7(i), we have for every ¢ € D and z € E, AG(¢)x =
G(¢")x + ¢'(0)z. This implies that G is a continuous linear mapping from D into
L(E,[D(A)]). By [14, Theorem 2.1.1], there are 7 > 0, n € N and a strongly
continuous function C,, : [—7, 7] — L(E,[D(A)]) such that

T

G(p)r = (—1)" / S ()C (1),

-7

forall z € £, ¢ € D_., ;. Moreover, suppG C [0, oo) implies C;,(t) = 0 on
(—o0, 0), and

T

(-1)" / o (1) AC, (t)xdt = AG(p)z = G(¢")z + ¢/ (0)z

0
’

(-1t / S (1) Cr(zdt + 9 (O),
0

forall = € E, ¢ € D_; . Thus, there exist By, ..., By+1 € L(E) (cf. [5,
Lemma 8.1.1]) such that

t n+1
/ (t —s)AC,( xds—Cn(t)x:thBjx, x€E, te0,T1).
0 3=0

Hence,

7 n+1
(—1)"*2 /ap(”“)(t) thBjxdt =¢'(0)z, p€D(_;, ), z€E, ie.
0 J=0
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n+1
1)n+? Z(— Il pntl= J)(O)Bjx =¢'(0)z, p € D(_;, 5, z € E.

One can choose a sequence (¢k)ken, IN D(—r, ;) With go(j)(()) = 6k, J, k € Ny,
to conclude that B; =0, j € {0,1,...,n+ 1} \ {n}, B, = C 1)I and that

¢
A/(t —5)Cp(s)zds = Cy(t)x — %x, x € E, te0,T1).
0

Since G(y) commutes with A, ¢ € D, it follows that there exist Fy, ..., F,—1 €
L(E) such that

n—1
AC,(t)x — Cp(t) Az =Yt/ Fya, z € D(A), t € [0, 7).
j=0

Arguing similarly as in the first part of the proof, one has F; = 0,0 < j <n—1,
and (C,(t))sefo,r) is a local n-times integrated cosine function generated by A.

Let us notice that the proof of converse statement is essentially the same as in [1,
Theorem 7.2]. This theorem is slightly changed by Wang [17], where he proved its
analogous version, but without any denseness assumption; the same result is shown
in [9] using the different approach.

Theorem 3.2. Let A be the generator of a (local) n-times integrated cosine
function (C.,(t))sejo,-)- Then A is the generator of a (DCF).

Proof. Itis clear that A is the generator of an (n-+1)-times integrated semigroup
(Sn+1(t))tefo,r), where S, is given in Proposition 1.3. By [1, Theorem 4.1] and
induction, one can prove that for every k € N, A is the generator of a (2°(n +1))-
times integrated semigroup (S 41y (t) o, 2¢+), See also the short discussion after
Lemma 1.9. Denote

Sty ®) Sk nin) (@)
S k(n (t) 2 (TL+1) 2 (TL+1) , 0 S t < 2/4}7_'
2k(n+1) ( Sgk(n+1)(t) Sgk(nﬂ)(t)

The proof of the part (ii) = (i) of Proposition 1.3 gives:

S8y () = Sy (), S / SIE
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and
d 2P (n+1)-1

3 k
Szk(n+1)( ) = dtS2k(”+1)( ) — (2k<”+ = 1)!1, 0<t<2.

Furthermore, by the proof of Proposition 1.3, we have that the operator A must be the
generator of a (2¥(n+1)—1)-times integrated cosine function (Cor(ng1)—1(8))eepo, 257)

(1) w; t e [0, 2¢7). It

which is given by Cor(, 1)1 (t) = S + GF DT

2k (n+1
t
implies S2k( ) (t) = OICQk(n+1)_1($)dS, t € [0, 2¥7), and (S2k(n+1)(t))te[0, 2k7)

is a (2¥(n 4 1))-times integrated cosine function on [0, 2*7).
For ¢ € D, choose k € N such that ¢ € D(_, ox,. Define

o0

T k k T
g(@)( ) :: 2 (nt+1) /QO (28 (n+1)) SQ}“( +1)( )( )dtv T, ye E7
Yy ] Y
and . o0 .
G(p)x := (—1)> (1) /ap (2%(n+1) 2k(n+1)(t)xdt, e k.
0

One can easily prove that the given definitions are independent of £ € N. Moreover,
G is a (DSG) in E? generated by A; see the proof of [17, Theorem 3.8]. Let
¢ € D(_oo, 247y and z € E. Then

o0

G @ =Gl == [ H 0] (B

0
00

(P D=1 () _ 28+ =1) ) / @(U)du)s%k(nﬂ)(t)xdt

0\8 0\8

P2 DD ¢ )S2k(n+1)( Jxdt = /<P(2k(n+1 /S2k(n+1 Jadsdt

0
= /@(2k(n+1))( )52k(n+1)( )xdt, and
0
(@ = 8)phr == [ CID @)k, (Bhadt — p(O0)a
0

o0 o0

2k (n+1)—1
_ [ @i @ _ [ ) t
[ 0 St = [ 0

0 0



Distribution Cosine Functions 757

o0

k
_ / P58, L (t)adt.
0

L G(y) G (p) ) "

This implies = , o € D. From Proposition 2.2,
piesae) = (X1 Gy ) po

it follows that G is a (DCF). If G is generated by B, then Lemma 2.6 gives

0
(z,y) € B& ((g), <y>) ceAs (z,y) € A
The arguments given above imply the following assertions.

Corollary 3.3. Let A be the generator of an n-times integrated cosine function

o0

(Cr(t))is0- Put G(p)z = [ o™ (t)C,(t)zdt, ¢ € D, x € E. Then G is a (DCF)
0
generated by A.

Corollary 3.4. Let G be a (DCF) generated by A. Then there exist = > 0,
n € N and a local n-times integrated cosine function (C,(t))¢c[0,-) generated by
A such that
G(p)z = (-1)" [; o™ ()C,, (t)zdt, for all ¢ € D0, r)» T € E.

Let us consider now so called incomplete abstract Cauchy problem (ACP,):
u’(t) = Au(t), 0 <t <,
u(0) =z, v (0) =y.

It is said (see [18]) that a function ¢ — wv(¢) belonging to C([0,7) : E) is an

n-times integrated mild solution of (ACP) at (x,y) € E? if for all t € [0,7),
t

[(t—s)v(s)ds € D(A) and
0

(ACR,) : {

tn tn+1
—r - —=y, t€1(0,7).

A/(t — s)u(s)ds = v(t) —
0

Using the same arguments as in [18], one obtains the following proposition.

Proposition 3.5. Let A be a closed operator. Then the following assertions
are equivalent:
(i) A is the generator of an n-times integrated cosine function (C ,,(t)):e[o,7)-

(i) For all (x,y) € E? there exists a unique n-times integrated mild solution of
(ACPy).
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The logarithmic region A, 5 and the exponential region E(a, 3) are defined
as follows:

Ao, g={N€C:ReA>a+BIn(1+|\)}, a, 8>0,
E(a, B) ={Ae€C:Rex >3, [Im\ < eoREM o 3> 0.

Theorem 3.6. Let A be a closed operator. Then the following statements are
equivalent:

(i) A is the generator of a (DCF).

(if) There exist 7 > 0 and n € N such that A is the generator of an n-times
integrated cosine function on [0, 7).

(iif) For every 7 > 0 there is n € N such that A is the generator of an n-times
integrated cosine function on [0, 7).

(iv) The operator A E( 21 é ) is the generator of a (DSG) in E2.

(v) For every T > 0 there is n € N such that for all (x,y) € E? there exists a
unique n-times integrated mild solution of (ACP5).

(vi) There are constants o, 3, M > 0 and n € Ny such that

A% 5= (A A€, 5} Cp(A) and [R(A: A)| SM(L+ A", AeAZ 5.

Proof. Implication (i) = (ii) is Theorem 3.1 and implication (ii) = (i) is
Theorem 3.2. Assume that (ii) is true. Then the operator A is the generator of an
(n+1)-times integrated semigroup (Sy+1(%)):efo,-)- Thus, by [9, Theorem 4.11], A
generates a (DSG) in E? and (iv) holds. If (iv) holds, then for all 7 > 0 there is an
n € Ny such that the operator A generates an (n + 1)-times integrated semigroup
(Sn+1(t))eepo,r) ([9, Theorem 4.11]). Fix 7 > 0 and choose n € Ny such that A
generates an (n + 1)-times integrated semigroup (Sy+1(t)):c(o,r)- By Proposition
1.3, A must be the generator of a local n-times integrated cosine function on [0, T)
and (iii) is proved. Implication (iii) = (ii) is trivial. The equivalence of (iii) and
(v) is just Proposition 3.5. So we have proved (i) < (ii) < (iii) < (iv) < (v). The
equivalence of (iv) and (vi) is an easy application of [9, Corollary 3.12] and Lemma
1.10, where we only have to note that || R(- : A)||1(g2) is polynomially bounded on
Ao, g if and only if || R(-: A)| ey is polynomially bounded on f\i 5

Remark. The difference between the logarithmic region f\m 3 and the expo-
nential region E(«, () is inessential here; more precisely, one may replace (vi)
with:
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(vi)’ : there are constants «, 3, M > 0 and n € Ny such that:
E*(a, B)={)\: A€ E(a, B)} C p(A)

and
IR : A)|| < M(1+[A)", X € E*(a, B).

Indeed, let o > 0 and 8 > 0 be fixed. Arguing as in [1, Lemma 2.6], one can
prove that A, g C E(%, «) and that for every «/ > « there exists 5/ >

such that E(a, ) C [\ﬂ/, 1. Furthermore, the logarithmic region ]\m g in the
formulation of Theorem 3.6 can be replaced with the set A, 5 :={\ € C:Re\X >

a+ SIn(1+ [ImA|)}. It follows from the estimate

AO(, Jé] - AO(, I5] - A(1+1n(1(1+a)ﬂ)_1a7 (1_’_1“(1;“1)5)—15 )

which is proved on page 199 of [7].

Proposition 3.7. Let A be the generator of a (DCF). Then there exists n € N
such that A generates a global exponentially bounded n-times integrated semigroup.

Proof. By Theorem 3.6 and the previous remark, we have that there exist
k € N and constants M > 0, a > 0 and 8 > 0 such that E%(a, 8) C p(A)
and that ||[R(\ : A)|| < M|A*, X € E%(a, 3). Suppose z € O(E(a, 3)). If
Rez = f3, then Rez? < 32, If z = z 4 ie®® for some = € [B, o), then Rez? =
x? — e22® < My, where M; is a suitable constant independent of = € [3, o0). Put
w := max(B?, M). Then {z € C: Rez > w} C E*(a, B) and [|R() : A)|| <
M|MF, ReX > w. By [19, Theorem 1.12], A is the generator of an exponentially
bounded (k + 2)-times integrated semigroup.

Proposition 3.8. Let A be a closed operator such that A and —A generate
distribution semigroups. Then A? generates a (DCF).

Proof. Since A generates a (DSG), an application of [9, Corollary 3.12] gives
that there exist positive constants «; and 3; such that A,,, 5, C p(A) and that the
resolvent of A is polynomially bounded on f\% 8, Similarly, there exist positive
constants a and 3, such that A,, 5, C p(—A) and that the resolvent of —A is
polynomially bounded on f\% 8y- Put @ :=max(ai, a2) and § :=max(f3i, fa).
By the definition of the logarithmic region A, 3, We obtain

]\0617 B N ]\0627 B2 2 AO« B+

This implies that [|R(- : A)||(g) and [[R(- : —A)|1 () are polynomially bounded
on A, 5. We conclude that A2 ; C p(A?) and that 2AR(A? : A%) = R() :
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A)+ R(X: —A), XA € Ay, . Clearly, |R(- : AQ)HL(E) is polynomially bounded on
AZ ;. Theorem 3.6 ends the proof.

Next we want to point out some relations of distribution cosine functions with
convolution equations. To do this we use Proposition 2.2 to reduce our investigations

to the theory of distribution semigroups. For the convenience of a reader, we will
repeat Proposition 1.1 of [9].

Proposition 3.9. ([9, Proposition 1.1]). Suppose X, Y and Z are Banach
spaces and b : X x Y — Z is bilinear and continuous. Then there is a unique
bilinear, separately continuous mapping x* : Dy(X) x Dy(Y') — Dy(Z) such that

(S@z)x(Tey) =S+«T®b(z,y),

forall S, T € D} and x € X, y € Y. Moreover, this mapping is continuous.

Theorem 3.10.
(i) Let A be a closed operator and G € D((L(E)). Then G is (DCF) generated
by A if and only if G € D{(L(E, [D(A)))),
G*P=5/®Id[D(A)] and PxG = ¢ ® Idg,

where P:=§"@1—-0® A € Dy(L([D(A)], E)), I € L([D(A)], E) denotes
the inclusion D(A) — E, (§® & Idipay) () = (-1)kFe®(0)z, (6# @
D(p)x = (~1)*®(0)z, (§® A)(p)x = ¢(0)Az, p € D, z € D(A), k €
Ny and (¢’ ® Idg)(p)z = —¢'(0)z, p €D, x € E.

(i) Let G € D{(L(E)). Then G is a (DCF) in E generated by A if and only if

_( G Gy i g2 (01
Q:(G,_(S o )IS&(DSG)IHE generatedbyA:<A 0)_

Proof. (i) Let X = L(E,[D(A)]), Y = L([D(A)], E), Z = L([D(A)]) and
b: XxY — Z b(B,C) := BC, Be X, C €Y. The definition of G x P
is given by Proposition 3.9; convolution P x G can be understood similarly. Let
x € D(A), k € Ny, ¢ € D. Then it can be proved that

(G(OW 1) (p)z = (~1)* G(eM)z, (G (6™ @A))(p)z = (=1)"G (W) Az,
Similarly,
(6 @ 1)« @) (p)z = (=1)*G(eM)z, (W @ A)xG)(p)x

= (—1)kAG(<p(k))x, peD, xeE, keNg.
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Suppose that G is a (DSG) generated by A and x € E. Then Proposition 2.7(i)
gives AG(p)z = G(¢")z + ¢'(0)z. Consequently, G € D|(L(E, [D(A)])),

(PxG)(p)r=G(¢")x — AG(¢)r = —¢'(0)z and Px G = § @ Idp.

Analogously, G+ P = & ® Id;p(a))- S0 let G € Dy(L(E, [D(A)])) satisfy G + P =
5/®Id[D(A)] and Px G =6’ ® Idg.

G G

Denote G = (G’—(S a

suppG~! C [0,00). Then suppG C [0,00). If 2 € E, then the assumptions
G+ P =6 @ Idpy and PxG = ¢ @ Idg imply (i) of Proposition 2.7 and
G(p)Az = Gz +¢'(0)z, p € D, z € D(A). By the proof of Proposition 2.7,
one obtains that

AGH(p)r = -G(¢ )z — @(0)x, p €D, z € E, and G~ (p)Ax
=—-G(¢)r—p(0)z, peD, z <€ E.

). Since suppG C [0, 00), it follows that

It follows that G € D),(L(E?, [D(A)])). Let z € D(A). Then we obtain

-06)(;) ~94(;) == () e (1)
_ —G(p )z =G ()y—=Glp)y—G~(p) _ x
‘<4J'<so'>x+so<> G(¢)y—G(¢)y+0(0)y— G(¢)Ax)—@(0)<y),@eD.
Similarly, if 2, y € E, then —G(¢)(;) — AG(»)(;) = »(0)(}), ¢ € D. This
implies

Q*P1:5®Id[D(A)] andPl*g:(S@IdEz,

where P, := &' ® Id — § ® A € D)(L([D(A)], E?)) and Id € L([D(A)], E?)
denotes the inclusion D(A) — E?2. This combined with the proof of [9, Theorem
3.10] gives that G is a (DSG) in E? generated by A. Thus, G is a (DCF) in E. If
B is the generator of G, then

(x,y)eB@((ﬁ), (2)) ceAs (z,y) € A

(ii) Suppose that G is a (DCF) generated by A. Then, G is a (DSG) in E2. Let
P beas in (i). We have

G*P:5/®Id[D(A)] andP*G:6’®IdE.

Then the proof of (i) implies that the generator of G is .A. Conversely, if G is a
(DSG) generated by A4, then GG is a (DCF). It can be easily seen that the generator
of G is A.
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Let us recall that GG is a (DSG) generated by A if and only if G is a distribution
fundamental solution for A (cf. [9, p. 844 and 845]). Since there is at most
one distribution fundamental solution for a closed linear operator A, it follows that
every (DSG) is uniquely determined by its generator. As we mentioned, Kisynski
introduced in [7] the generator of a pre-(DSG) G; it is a closed linear operator from
E into E/N(G). He proved that every pre-(DSG) is uniquely determined by its
generator, see [7, Corollary 2].

Suppose now that G; and G4 are distribution cosine functions generated by a

)
G G ) and G, =

closed linear operator A. By Theorem 3.10(ii), G; =

Gy Gyt
GYy—3 G

every z € E and ¢ € D, Gi(p)(5) = G2()(5)- It implies G1(p)z = Ga(p)a.
Hence, we have proved the following assertion:

) are distribution semigroups generated by A. Consequently, for

Corollary 3.11. Every distribution cosine function is uniquely determined by
its generator.

Let us consider now the relations between distribution cosine functions and
local C-cosine functions; we refer to [16] for the introduction to the theory of local
C-cosine functions.

Proposition 3.12. Let A be a closed operator. Then the following statements
are equivalent:

(i) A generates a (DCF),

(i) p(A) # 0 and there exist n € N and 7 € (0, oc] such that A is the generator
of an R(X\: A)™-cosine function on [0,7), for all A € p(A),

(7i1) p(A) # 0 and there exist A € p(A), n € N and 7 € (0, oo such that A is
the generator of an R(\ : A)™-cosine function on [0, 7).

Proof. (i) = (ii) By Theorem 3.6, p(A) # () and there exists 7 € (0, oc] and
k € N such that A is the generator of a local k-times integrated cosine function on
[0, 7). Without any loss of generality, we can assume that k& = 2n, for some n € N.
Denote by (Can(t))eo,r) 2n-times integrated cosine function generated by A; then
the operator A generates a (2n + 1)-times integrated semigroup (S2n+1(t))¢ejo,r)-
Moreover, since p(A) # 0, we have p(A) # () and the use of [1, Proposition 3.3]
gives that for all ( =z y )T € D(A?*2) = D(A™) x D(A™H1) there exists a
unique function U € C1([0,7) : E?)NnC([0,7) : D(A)) satisfying U'(t) = AU (t),
0<t<r,andU(0)=(=z y )T. Denote U(t) = ( u(t) w(t) )T,0§t<7.
We obtain that u(t) € D(A), t € [0, 7) and that (ngg) = (:152)), tefo, 7).
Hence, the function ¢ — w(t) belongs to C?([0,7) : E) N C([0,7) : D(A)) and



Distribution Cosine Functions 763

it is a solution of the problem (ACP,) at ( = )T € D(A") x D(A™HY),
Suppose that the function u; belonging 02([0,7) E)ncC([0,7) : D(A)) is an
another solution of the problem (ACPR,) at (z y )T € D(A™) x D(A™).

Define Uy (t) = (Z}Eg), t €10, 7). Then it can be easily seen that U; € C ([0, 7) :
1

E?)n C([0,7) : D(A)) and that U{(t) = AUy(t), 0 < t < 7, and Uy (0) =
( Ty )T . Therefore, U = Uy, and consequently, v = u;. We have proved that
there exists a unique function u € C2([0,7) : E)NC([0,7) : D(A)) which satisfies
(ACPy) for all initial values (x,y) € D(A™!) x D(A™*!). Thus, an application of
[16, Corollary 8.8], with C' = R(\ : A)™, gives that A generates a (local) R(\: A)"
-cosine function on [0, 7). Hence, (ii) is proved. Implication (ii) = (iii) is trivial.
Suppose now that (iii) is valid. Denote by (Co(t));epo,-) @ local R(X : A)"-cosine
function generated by A. Let 2, y € D(A™"!) be fixed and let « € C?([0,7) :

E)NnC([0,7): D(A)) be a unique (strong) solution of the problem (ACP») which
is given by [16, Corollary 8.8]. Define U (¢) := ( wu(t) u/(t) )T, 0<t<r. Then
U't)y = ((t) u'(t) )T = A( ult) () )T = AU(t), 0 < t < 7. Clearly,
U0)=(z y )T and U € C'([0,7), E?). Let 0 < t, s < 7. Since

U(t) — U)o = H(““) ‘““)))HEQ n HA(““) ‘“(3)))\\];2

u'(t) —u'(s u'(t) —u'(s
= [Ju(t) — u(s)|| + 2[[u'(t) — u'(s)]] + [|A(u(t) — u(s))]],
and v € C%([0,7) : E)N C([0,7) : D(A)), it follows that U € C([0,7), D(A)).
Hence, we have proved that the function U is a solution of the following problem
U e C([0,7), D(A)NC([0,7), E?))
U'(t)=AU(t), t € [0,7)
Uo)=(z y)"

Suppose that a function U; = (;j;) is also a solution of the previous problem.
Then it is straightforward to see that v; = «} and that the function u; is also a
strong solution of the problem (ACP;). Consequently, u = u; and U = Uj. Since

p(A) # 0, A generatesa local (2n+1)-times integrated semigroup (Szn11(t))scp,r)
in E? by virtue of [1, Proposition 3.3]. Proposition 1.3 implies that A generates
a local 2n-times integrated cosine function (C2,(t)):e(0,-) and an application of
Theorem 3.6 gives that (i) holds. The proof is completed.

4. EXPoONENTIAL DisTRIBUTION COSINE FUNCTIONS

The main aim of this section is to give the fundamental properties of an ex-
ponential (DCF). We use the following notation. If U € T/(E), then we also
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write (U, @) for U(y), and (U, o) for U(e® ), a € R. Now we introduce the
following definitions.

Definition 4.1. A distribution semigroup G is said to be an exponential distribu-
tion semigroup, (EDSG) in short, if there exists ¢ € R such that e *'G € S'(L(E)).

Definition 4.2. A distribution cosine function G is said to be an exponential
-1
distribution cosine function, (EDCF) in short, if G = ( G,Ci 5 % ) is an
(EDSG) in E2.

The following result might be surprising:

Proposition 4.3. Let G be a (DCF). Then G is an (EDCF) if and only if there
exists € € R such that e ** G~ € S)(L(E)).

Proof. Recall, S is topologized by the seminorms ||v|a, 5 := sup,cg |#% %)
(2)|,, B € Ny, ¢ € S. Assume that G is an (EDCF). By Definition 4.1 and Def-
—1
inition 4.2, we obtain that there exists ¢ € R such that e ~=¢ ( G,Ci 5 GG ) €
S'(L(E?)), i.e., there exists M > 0 and «, 3 € Ny such that for every ¢ € D,

_ G G!
e (s G ) PMluen < Ml o

Therefore, for all ¢ € D and z, y € FE, the following holds

I{e =G )+ (G o)yl + [ (™G = 8). o)z + (G, 0)y
< Miella, sUlll + [[yl])-

Choose z = 0 to obtain e =!G~ € S} (L(E)). Suppose now e =!Gt € S)(L(E)).
Then there exist M > 0 and o, 8 € Ny so that |G~ (e™*p)|| < M||¢||a. 5, ¢ €
D. Then

(e G) (@)l = [|G(e™ )| = [|GT (—ee ¢ + ey
< Mlelll¢lla, s+ Ml|¢l|a, 5
< Mlel[l¢lla, g+ Ml[olla, p+15 ¢ € D
It implies e=*'G € S)(L(E)); similarly, e=<*(G’ — §) € S{(L(E)) and we obtain

e_5t< o %_1 ) € SHL(E).
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Next, let us notice the following fact: if G is a (DSG) generated by A and
e € R, then e °!'@ is a (DSG) generated by A — eI. The straightforward proof is
omitted.

Let £ be a Banach space. We need a structural theorem for the space S'(F),
see [14, Theorem 2.1.2]: Let U € S'(E). Then there exist n € N, » > 0 and a
continuous function f : R — E such that

forall o € S, and |f(t)] =p—oc O(Jt]"). If U =0 0On (—o0, a), then f(t) = 0 for
t <a.

Theorem 4.4, Let A be a closed operator. Then the following assertions are
equivalent:

(i) A is the generator of an (EDCF) in E.
(i) The operator A is the generator of an (EDSG) in E 2.

(iif) A is the generator of a global exponentially bounded n-times integrated
cosine function for some n € N.

(iv) There are constants w, M > 0 and k£ € N such that

I, :={\2: XA eC, ReA>w} and |[R(\: A)|| < M|\, X eIL,.

Proof. Implication (i) = (ii) follows immediately from Theorem 3.10(ii). We
show (ii) = (iii). Let us suppose that G is a (DSG) in E? generated by .4 and
e G € SH(L(E?)). It implies that e~¢'G is a (DSG) in E? generated by A —

( 601 501 ) By [9, Lemma 3.6], for every p c Dand =, y € E':

Ae1G.6) (3) = (G, ~¢/) () +(e1G.0) (7) = 9(0)2)

which gives that e=*'G € S'(L(E?, [D(A)])). The use of [14, Theorem 2.1.2] gives
that there exist n € N, » > 0 and a continuous function S, 1 : R — L(E? [D(A)])
supported by [0, co) such that

(G, ) (x) — (-1 70 AT (1)1 (1) (j) i,
0

Y

forall o € D, z, y € E, and |S,.1(t)] < Mt", t > 0. Arguing similarly

as in [1, Theorem 7.2], one has that (.S,+1(t)):>0 iS an (n + 1)-times integrated
el 0

semigroup generated by A — ( .

). The standard perturbation argument (as
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in [1, Lemma 3.2]) shows that A is the generator of a global exponentially bounded
(n + 1)-times integrated semigroup (S,+1(t)):>0. Note here that Proposition 1.3
gives that the operator A generates a global n-times integrated cosine function
(Cn(t))t>0. By an observation given after the proof of Proposition 1.3, we have
that (C.,(t)):>0 is exponentially bounded. This proves that (iii) holds. We continue
with the proof of (ii) = (i). We will apply the arguments given in the later part of
the proof of Theorem 3.2. Namely, it is easy to see that

o0

G(p) = (—1)"* / "D () Sppr (B)dt, @ € D.
0

Define G by
Gl)a = ()0 [ V@S] (adt, 2 € B, p €D,
0

with the same terminology as in the proof of Theorem 3.2. Applying the same
G Gt

G -6 G

Therefore, G is an (EDCF) generated by A and (i) follows. Suppose that (iii) holds.

Then A generates an exponentially bounded (n + 1)-times integrated semigroup

(Sn+1(t))t20. Define

arguments as in the proof of Theorem 3.2, one obtains G =

o0

G(p) := (—1)"* / o) (£) S, 41 (£)dt, @ € D.
0

Then G is a (DSG) in E? generated by A (cf. [8, 17]). Let us prove that G is an
(EDSG). Suppose ||Sy+1(t)|] < Me*t, w € R. Then, for every a > 0 and ¢ € D,
we have

o0

[(eterorg o) < ar [ e

0

(et o)) at

o0

<M Qn/ewtz ‘w _'_a‘n—i e—(w—i—a)t ‘@(z)(t)‘ dt

xD . n Z M n
<y [ [0 wlar< T el
i=0 1=0

0

It follows: e~ (“Wta)tG € S'(L(E?)), G is an (EDSG) and (ii) is valid. If (ii) holds,
then there exists w > 0 such that {\ € C: ReA > w} C p(A) and that ||R(- : A)||
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is polynomially bounded on {\ € C : ReX > w}. Therefore, I, = {\? : \ € C,
ReX > w} is contained in p(A) and ||R(- : A)]|| is polynomially bounded on II,,.
So (iv) holds. Assume that (iv) is true. Then {\A € C: ReA > w} C p(A) and
|R(- : A)| is polynomially bounded on {\ € C : ReA > w}. Applying [19,
Theorem 1.12], we have that A generates an exponentially bounded (n + 1)-times
integrated semigroup for some n € N and Proposition 1.3 implies (iii).

Let A be a densely defined operator and let A be the generator of an exponentially
bounded «-times integrated cosine function for some « > 0. By [21, Theorem 3.3],
the adjoint A* of A is the generator of an exponentially bounded (o + 1)-times
integrated cosine function. Then Theorem 4.4 immediately implies:

Proposition 4.5. Let A be a densely defined operator. If A is the generator of
an (EDCF) in E, then A* is the generator of an (EDCF) in E*.

Let « > 0. Put [a] := inf{n € Ny : a < n}.
The next theorem is a perturbation result for generators of «-times integrated
cosine functions.

Theorem 4.6.([21, Theorem 3.1]) Let A be the generator of an exponentially
bounded 2a-times integrated cosine function (Co4(t)):>0 for some a > 0. |If
B e L(E) and R(B) c D(Al“1), then A+ B is the generator of an exponentially
bounded 2a-times integrated cosine function (C'2,(t));>o.

Note that the assumption R(B) ¢ D(Al“1) is not valid for & > 0 and B = al,
a € C\ {0}. So the next question arises: if A is the generator of an exponentially
bounded «-times integrated cosine function for some « > 0, does the same hold
for A —al ? We give here a partial answer whose explanation is based on a quite
simple argument.

Lemma 4.7. Suppose A is the generator of an exponentially bounded a-times
integrated cosine function (C(t)):>0 for some a > 0. Then, for all z € C and
8 > a+1, A+ zI is the generator of an exponentially bounded 3-times integrated
cosine function.

Proof. Let A® = e@(InAFiargd) (X « €\ {0}) and let w > 0 satisfy
AR\ : Az = )\/e_’\tCa(t)xdt, x € E, Rel > w.
0

Thus, there exists M > 0 such that [A*TR(A2 : A)| < M, ReA > w+ 1. It
implies

[IANTIRAZ: A+ 21| = [NIR(A2 — 2 : A)| < N> < My,

a=1 —

N2 —z| 2
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for all A € C such that Re\ is sufficiently large and a suitable constant A7 > 0.
An application of [19, Theorem 1.12] ends the proof.

Corollary 4.8. If A is the generator of an (EDCF) then for all z € C the
operator A + zI is also the generator of an (EDCF).

Proof. Since A generates an (EDCF), Theorem 4.4 implies that there exists
n € N such that A generates an exponentially bounded n-times integrated cosine
function. Then Lemma 4.7 implies that the operator A + zI generates an expo-
nentially bounded (n + 2)-times integrated cosine function. One can apply again
Theorem 4.4 to obtain that A + zI generates an (EDCF).

Proposition 4.9. Suppose that A and —A generate exponential distribution
semigroups. Then A? is the generator of an (EDCF).

Proof. Since A generates an (EDSG), one can repeat literally the arguments given
in the part (ii) = (i) of the proof of Theorem 4.4 to conclude that there exists n; € N
such that A generates an exponentially bounded n1-times integrated semigroup; see
also [8, Theorem 4.9]. Similarly, there exists ny € N such that —A generates
an exponentially bounded no-times integrated semigroup. Put n =max(ny, ns).
Then A and — A generate exponentially bounded n-times integrated semigroups and
by [2, Theorem 5.1], the operator A% generates an exponentially bounded n-times
integrated cosine function. An application of Theorem 4.4 ends the proof.

Let us turn now to an elementary property of a (DCF).
Proposition 4.10. Let G be a (DCF). Then G(¢)G(v) = G(¢)G(¢), ¢, ¥ € D.

Proof. Let A be the generator of G. Then there exist n € N and 7 € (0, c0)
such that A is the generator of an n-times integrated cosine function (Cy,(t)):eo,r)
satisfying

o0

Glo)z = (1) / o () Co(t)zdt, x € B, ¢ € Do, 1,
0

From the proof of Theorem 3.2 (we use the same terminology), with

o0

k n k n
Gi(p)z = (-1)* ") /@ @ +1)) 21k(n+1)(75)95d757 re b, ¢ €D ok,
0
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is given a (DCF) generated by A, and Corollary 3.11 implies that

k n k n
Gp)z = 2 (n+1) /@(2 (r+1)) 2k(n+1)( Jrdt, x € B, ¢ € D0, 2k7)-
0

Moreover, by the proof of Theorem 3.2, it follows that (S2lk(n+1)( ))tcpo, 25 1S @

(2%(n + 1))-times integrated cosine function. Then Proposition 1.5 implies

Suppose ¢, ¥ € D_ okr) for some k£ € N. Then the computation

o0

Glp)G(Y)r = / P )¢ £)Spk () (¢ )/¢(2k(nle () S5t g (8) st
0

//(P(%(n—i—l ()@ @) (g 8) S5 (g 1) (B) S g1y (8) st
00

k E(n
= /w2 (nt1) (g 2k(n+1 / 2%(n+1)) Qk( +1)( )xdtds
0 0

= G(¢)G(p)x, x € E, ends the proof.

Question. Does the same hold if G is a pre-(DCF)?

5. Dense DisTrRIBUTION COSINE FUNCTIONS

In this section we focus our attention on dense distribution cosine functions and
their generators. Firstly, we will prove

Proposition 5.1. Let G be a (DCF). Then for all (;”) € R(G) there exists a
function u € C'1([0, 00) : E) satisfying u(0) = z, v’(0) = y and

GW)+ G /w Hdt. b € D.
0

Proof. It is clear that G is a (DSG) in E2. Since G satisfies (d4) (cf. Lemma
1.9) we have that for all (7)) € R(G) there exist two functions u, v € C([0, ) : E)
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such that «(0) = z, v(0) = y and

With y = 0 and = € F, integration by parts implies

/ & (1) (ult) / v(s)ds)dt = G()z + G @)z = 0, @ € Dy,
0

0
Then one obtains u(t) = = + f s)ds, t > 0 (cf. for instance [5, Lemma 8.1.1]),
and the function u has the deswed properties.

Proposition 5.2. Let G be a (DCF) generated by A. Thenforall z, y € D (A)
there exists a function v € C'1([0, 00) : D(A)) satisfying u(0) = =, u’(0) = y and

G(p)z+ G /ap t)dt, ¢ € Dy.
0
Proof. Applying [17, Corollary 3.9], we obtain that for all (}) € Deo(A) =
Do (A) x Do (A) there exist two functions u, v € C([0, c0) : E) such that «(0) =
z, v(0) = ya and

G(e)(;) = f(p (“(t )dt for all o € Dy. It implies

G(p) S /«p t)dt and (G'— S /«p t)dt, ¢ €Dy.
0 0

This leads to the desired result by an argument given in the proof of Proposition
5.1.

Theorem 5.3. Let G be a (DCF) generated by A. Then D(A) = E if and only
if G is dense.

Proof. Assume G is dense. Then Proposition 2.7(i) implies D(A) = E. Con-
versely, suppose that D(A) = E. Since p(A) # (), we have Dy (A) = E (cf.
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[1] and [10]). So it is enough to show D, (A) C R(G). Let z € Dy (A). By
Proposition 5.2, we obtain that there exists a function v € C1([0, o) : E) satisfying
u(0) =z, v/(0) = 0 and

o0

Glo)r = / S(Bu(t)dt, o € Dy,
0

Choose p € Djg 1) with [, p(t)dt = 1 and put p,(t) = p(nt), t € R, n € N. We
obtain
x = lim G(p,)z € R(G) and it ends the proof.

Remark. Let A be the generator of a (DCF) G. Then one also has: G is dense
if and only if G is an L-distribution semigroup in E2.

Proof. If G is dense then D(A) = E2. An employment of [9, Proposition 3.11]
gives that G is a dense (DSG) in E2. If G is an (L-DSG) in E?, then its generator
A is densely defined and hence D(A) = E.

6. ExAMPLES

In the preceding sections we saw that generators of distribution cosine functions
can be characterized in terms of estimates for their resolvents; we recall that if A
generates an (EDCF) then the spectrum o (A) of A must be contained in the parabola

{x+iy:r <w?— %} for some w > 0.
Example 6.1. Let E := {f € (] C¥[k,00): f(0) =0, | f|lg := sup sup

keNg keNg t>k
|f®)(t)| < oo}. This space had appeared in [9]. Consider now the operator

Af =f" DA :={feE:f, f"eFE}.

Suppose that A generates a (DCF). Then there are constants w, M >0 and k € N
such that {A\ € R : A > w?} C p(A) and [|[R(A\?: A)|| < MA¥, X > w. Choose

1

2x , 0<ze < =

. 2

9(@) =9 —20+2 5 <z <l
0 , z>1

Then ||g||g =1 and
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MMNHY > INR(A\? : A)g|lg = | sinh(Mt) % gl &

t
1
> Loup| / (A=) =290 ()|
2 >0
Ot

A A —2t e>\t - e_>\t
> sup | [ (X9 —e A E9))sds| > sup | + |
t€[0,3 0 t€[0,3] A A
A = A A
1 e2 —e2 ez 1 e2
> |— - == , A > w.

A I St i
)\+ A2 ‘_)\2 A A2

Thus, A does not generate a (DCF). Note that operator —d/dx with maximal domain
in E' is the generator of a (DSG) in E (cf. [9, Example 3.5]).

Examples 6.2. Let E := LP((0,00)), 1 < p < o0, m(x) := (z +1ie®)?, z > 0,
(Af)(@) == m(@)f(x) , D(A):={f € B:mf € B}.
Clearly, {x +ie” : @ > 0} N A1y = 0. Denote d := dist({-(z + ie”) : = > 0},
OA1,1). Then d € (0,00), A7, C p(A), and

1 ~
IR(A: A) , A eA?,.

<=
Therefore, A generates a (DCF). Since o(A) = {(z +ie*)? : x > 0}, we have
o(A)NII, # 0, for all w > 0.

Thus, A does not generate an (EDCF). Moreover, one can easily see that A generates
a local once integrated cosine function (C1()).e[o,1) On E which is given by

(C1(t)f)(a) = Sl F@) <t <1,4>0, f €E.

T+ie®

It is clear that (C1(t)):cp,1) can be extended on [0,1] and sup [[Ci(?)] < 1.
t€(0,1]
However, A does not generate a local sine function on [0, 7) for any 7 > 1.

Example 6.3. Let us consider now Hardy spaces of holomorphic functions in
the upper half-plane. Denote R? ={zc C : Imz > 0}. HP(R2), 1 < p < oo, is
defined as follows

HP(R?) := {F : F' is holomorphic on R? and HFHH,,(Ri)

1/p
= <sup/ \F(m—f—iy)\pdx) < oo}.
y>0 JR



Distribution Cosine Functions 773

Let B be a holomorphic function on R with B(R%) C {z + iy : z < w? — %},
for some w > 0, and

(AF)(2) := B(2)F(z), Imz > 0, D(A) :={F € H?(R?) : AF € H?(R2)}.

One can simply verify Il 1 C p(A) and [AR(A?: A)|| < 5755 (A, ReA > w+1.
An application of [19, Theorem 1.12] gives that for all « > 2, A is the generator
of an exponentially bounded «-times integrated cosine function. Thus, A generates
an (EDCF) in HP(R%). Particularly, one can take

1 1
B(z):(glnj_’_l—i—a) ,Imz>0(aeC), or B(z) = —In’z, Imz > 0,

where In z = In |z| + i arg(z), z € C \ {0}.

Example 6.4. Let E be an arbitrary Banach space, P € L(F) and P? = P.
Define

o0

G(o)z = /ap(t)dth, x€E, peD.
0

Then G~ (p)z = f to(t)dtPz, x € E, ¢ € D. Since P is a continuous projection

and - - - -
/ dto/oow ds+/ ()dto/sw(s)ds
= /t+s Y(s)dsdt

0
u

/’LLL,O u — ) (v)dvdu
0

u

u/apu—v v)dvdu
0

0\80\80\80\8

u(p *o ¥)(u)du, ¢, ¥ €D,

G is a pre-(DCF) in E. Moreover, {z,y} C KernP < (Vo € Dy) G(p)x +
G~1(p)y = 0. Note also that G is a pre-(DSG) in E satisfying N'(G) = KernP.

Many other examples of exponential distribution cosine functions can be derived
from [6, Theorem 3.1] and [2, Theorem 6.6]. The main result of [24] (Theorem)
can be used for the construction of exponential distribution cosine functions, too.
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