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PERIODICITY IN MUTUALISM SYSTEMS WITH IMPULSE

Dan Ye and Meng Fan

Abstract. Easily verifiable sufficient criteria are established for the existence
of periodic solutions of two mutualism systems with impulse. The approach
is based on the coincidence degree and its related continuation theorem.

1. INTRODUCTION

The dynamic relationship between species has long been and will continue to
be one of the dominant themes in both ecology and mathematical ecology due to its
theoretical and practical significance. Many authors have devoted themselves to this
topic [2-5, 7-14, 16-21, 23-25]. But most of these work restricts to predator-prey
system[4, 5, 10, 13, 16, 17, 21]and competition systems[2, 3, 7, 12, 18-20], little
has been done for mutualism systems[8, 9, 24, 25].

Recently, some authors devote themselves to the study of impulsive differential
equation[1, 15, 22, 26]. However, in the study of the dynamic relationship between
species, the effect of some impulsive factors has been ignored, which exists widely
in the real world. For example, we notice that the births of many species are not
continuous but happen at some regular time(For instance, the births of some wildlife
are seasonal). It is reasonable to regard the births of species at these time as impulse
to the species. Moreover, the human beings have been harvesting or stocking species
at some time, then the species is affected by another type of impulse. One can
conceive that such factors have great impact on the growth of a population. If we
incorporate these impulsive factors into the models of population interactions, the
models must be governed by impulsive ordinary differential equations. However,
such systems, especially mutualism systems are rarely studied in the literature. So
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in this paper, we focus our attention on the existence of periodic solutions of two
mutualism systems with impulse, i.e.,

o) = (o) | -0~ -
t£ty, k=1,2---
Ayi(t) = yi(t™) = yi(t™) = (bik + har)yi(t), t = t,
¥i(0) = yio, i,j=1,2,i#j

(1.1)

and
yi(t) = vi(t) Fdi(t) —ai()yi (1) +ai(D)y; (1)), t#tk, k=1,2---
(1.2)  Agilt) = wi(t™) —yi(t7) = (b + har)yi(t), t = t,
%i(0) = yio, 1,5 =1,2, i # j,
where

e b;: the birth rate of y; at time t;

e h;;: the harvesting (stocking) rate of y; at time ¢x. When h;. < 0, it stands
for harvesting, while h;; > 0 means stocking;

e d;(t): the death rate of y;(¢);

e a,(t): the carrying capacity of y; at time ¢ when the other species is absent;

e ¢;(t) and a;;(t): the intraspecies competition coefficient of y; at time ¢;

e b;(t) and a;;(t) (i # j): the mutualism coefficients;

. yi(tZ) and y;(t,,) represent the right and the left limit of y; at ¢, respectively.
In this paper, it is assumed that y; is left-continuous at ¢y.

System (1.2) is the standard model for the mutualism of two species. System
(1.1) is a model for mutualism proposed by R. May, where it is assumed that the
carrying capacity of one species is a increasing function of the other species.

In (1.1) and (1.2), we assume that

(Al) bz‘k > O,bz‘k + hz‘k > 0, and ai(t),bi(t),ci(t),di(t),aij(t)(i,j = 1,2) are
nonnegative continuous w-periodic functions;

(Ag) there existsa positive integer g, such that .y, = tr+w, bi(krq) = biks Pi(krq) =
hix. Without loss of generality, we also assume that if ¢, # 0and [0, w] [({tx} =
t1,to - - - tm, then it follows that ¢ = m.

It is trivial to show that the solutions of (1.1) and (1.2) with positive initial
value remain positive too. Making the change of variables

yi(t) = emi® =12
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then systems (1.1) and (1.2) are reformulated as the following, respectively.

emi(t)
() = —di(t)— —ci()e™ Dt £ty k=1,2.-.
z1(t) (t) R OFENOIERC ci(t)e # th

(13) Azy(t) = wi(t%) = 2a(67) = (1 + big + hag), £ = by,
(I,'Z(O) = ln{yZO} >0, 1=1,2,1 7é J-

and
2 (t) = —di(t) — az(t)e™® + a;;(1)e™ D t £ by, k=1,2--
(1.4) Azi(t) = o;(tT) —2;(t7) =In(1 + by, + hig), t = tg,
(I,'Z(O) = ln{yZO} >0,1=1,2,1 #]

For (1.1) and (1.2), we have similar lemma and definitions. So we only relate
such results for (1.1).

Lemma 1.1. If y(t) = (y1(¢), y2(t)) is a positive w periodic solution of (1.1),
then z;(t) = In{y:(t)} is an w-periodic solutions of (1.3), and vice versa.

Definition 1.1. The mapping z : [0,w] — R? is called a solution of system
(1.3) in [0,w], if

(i) x(t) is partly continuous, {t;}([0,w] are discontinuous points of the first
kind of x(¢) and left continuous.

(i) =(t) satisfies system (1.3) in [0, w].
Definition 1.2. The mapping = : R — R? is called an w-periodic solution of
system (1.3), if
(i) x(t) is a solution of (1.3) in [0, w].
(ii) z(t) satisfies z(t +w —0) = z(t —0), t € R.
Obviously, if z(t) is a solution of (1.3) or (1.4) satisfying z(0) = z(w) in
[0, w], then from the periodicity of the vector field of (1.3) or (1.4), we know that
the function
fI,'(t - jw)v te [jW, (.] + 1)&)]
z(t) = : .
x*(t) is left continuous at ty.

is an w-periodic solution of (1.3) or (1.4). So, in order to achieve the existence
of periodic solution for (1.3) or (1.4), it is sufficient to find the solutions of (1.3)
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or (1.4) in [0, w] satisfying z(0) = z(w), that is, to find solutions of the following
equations in [0, w]

emi(t)

) =~ gen@ 0 Ot k=1,20
(L8) Awi(t) = () — mi(t™) = In(1 + big + har), £ = b
2;(0) = z(w) >0, i =1,2,i # j.
or

() = —di(t) — au()e™ D + a;(1)e™ D t £ty k=1,2-
(16)  Azi(t) = xz(t+) 2i(t7) = In(1 + big + hir,), t = t,
((0) = z5(w) >0, i =1,2,i# j.

For simplicity and convenience in the following discussion, we will use the
following notations throughout the paper

8

EIH

/ F(0)dt, fr= sup F(1), fl= inf (),
0

te[0,w] te[0,w]

where f is an w-periodic function.

2. ExISTENCE oF PERIODIC SOLUTION

In order to obtain the existence of positive periodic solution of (1.1) or (1.2),
for the readers’ convenience, we shall present below a few of concepts and results
from [6], which will be basic for this section.

Let X, Z be normed vector spaces, L : DomL C X — Z be a linear mapping,
N : X — Z be a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dimKerL = codimImL < +oc and I'mL is closed in
Z. If L is a Fredholm mapping of index zero and there exist continuous projectors
P:X —- Xand Q : Z — Z such that ImP = KerL,ImL = Ker@) =
Im(I — Q), it follows that L|DomL N KerP : (I — P)X — ImL is invertible.
We denote the inverse of that map by Kp. If © is an open bounded subset of
X, the mapping N will be called L-compact on Q if QN (Q) is bounded and
Kp(I — Q)N : Q — X is compact. Since I'mQ is isomorphic to KerL, there
exists an isomorphism J : ImQ — KerL.

Lemma 2.1. (Continuation Theorem) Let L be a Fredholm mapping of index
zero and N be L-compact on Q. Suppose
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(a) Foreach A € (0,1), every solution = of Lz = AN is such that = ¢ 942;
(b) QNz # 0 for each z € 90N KerL and

deg{JQN,QN KerL,0} # 0.
Then the operator equation Lz = Nz has at least one solution lying in Dom.Ln €.
Let

C[O, w; 1, to, ...tm]

x(t) is continuous with respect to ¢ # t1, ..., ty;
= z:[0,w] — R?| x(t+0) and z(t — 0) exist at t1, ..., t,;
x(ty) = z(tp — 0),k=1,2,...,m

Define

1 < _

" Zln(l + bik + hig) — di = A
k=1

Now we are ready to attack the existence of positive periodic solution of (1.1).

Lemma 2.2. Assume that A; > 0,2y > 0, then the system of algebraic
equations

U1 _
Ay — ———— — Gy =0,
YA+ by an
U2 _
Ny — ——— — Gyug = 0,
27 Gy + bovy e
has a unique positive solution v = (v}, v3)7.
Proof. Consider the function
U2 _
v9) = Ng — = — .
f(v2) 2 . Ar(ar T Bia) oo
2 251(6_1,1 + 1)1’02) +1
One can easily see that
Ay
A N d,
f(0) = Ay >0, f(_—2)=— €2 N <0, d—f <0,
@ Aq(ar + 615—22) ¥2 120
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then from the zero point theorem and the monotonicity of f(v,), it follows that there
Al(&l :l— bl’l);)

51(@1 + bl’l);) +1

0. The proof is complete. ]

. . VAN
exists a unique v} € (0, =2) such that f(v3) = 0and then v} =
C2

Theorem 2.1. Assume that (A1), (A2) hold. Moreover, if A > 0, A2 > 0 and
biba /N1y # 1, then system (1.1) has at least one positive w periodic solution.

Proof. Let
X ={x = (z1,22)T € Cl0,w;t1,...tn] | z(w) =2(0)}, Z =X x R?? .

Define
lzllc = sup |2f, |lzllz = llzllc +llyl, = € X, y € R*,
te[0,w]
where | - | is any norm of R? and || - || is any norm of R?¢. Then it is trivial to

check that X, Z are both Banach spaces when they are endowed with the above
norm || - [[c and || - ||z, respectively.
Let

domL C X{x = (z1,22)T € C[0,w;t1, - ty] | 2(w) = 2(0)},
L:domL — Z,Lx = (&', Ax(t1) ... Dx(ty)),
N:X — Z,

Na = ((Wilt) )y s ( W00+ +bip + hir) ), )

emi (t)

*ai(t) + bi(t)ens®

—ci(t)e™ W i j=1,2,i# .

Then
Ker = {z:x=AcR*tc]0,u]},
ImL = {z=(f,Ci---Cp)eZ: f;f(s)ds+kilck — 0}
and
dimKerL = 2 = codimImL.
Since I'mL is closed in Z, L is a Fredholm mapping of index zero. Let

,0---0).

Qz=Q(f,C1---Cy) = (1 [/wf(s)ds—i—ZCk
w /o k=1
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It is easy to show that P, () are continuous projectors such that
ImP = KerL, ImL = KerQ = Im(I — Q).

Furthermore, the generalized inverse (to L) Kp : ImL — DomL () KerP exists.
Now, we derive the explicit expression for Kp. Let z = (f,C:...Cy) € ImL,
then = € X satisfies

Z(t) = ft), t £t k=1,2...
Aw(t)‘t:tk = Ck

. 1 [
Note that z(t) € KerP, i.e., —/ x(s)ds = 0. From (2.1), we get
w.Jo

//f dsdt—i—/o > Crdt +wa(0)

t>1,
and hence
/f ds—i—ZCk——/ /f dsdt—ZCk—i— Zthk,

>t

that is,

(2.3) sz_/f ds+ZC——/ /f dsdt—ZCk—i— Zthk
>t

Thus

1 [ ¢
QNzx = ((wA Wz(s) +I;ln(1 + bik +hik)>2><1 ) (07 ) "0)2><1) )

Kp(I —Q)Nx

= (/t W;(s)ds + Zq: In(1 4 b + hz‘k))
0
2x1

>t
t
_<(;_ /W ds—i—Zlnl—i—bzk—i—hm)
k=1
q
< / /W dsdt—l—Zln 14+bik+hix) — Z (14big+hi)t >
k 2x1
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Obviously, QN and Kp(I — Q)N are continuous. It is trivial to show that
that Kp(I — Q)N () is compact for any open bounded set Q2 C X. Moreover,
QN (Q)is bounded. Thus, N is L-compact on  with any open bounded set Q C X.

Now we ready to search for an appropriate open, bounded subset 2 for the
application of the continuation theorem. Corresponding to the operator equation
Lz = ANz, X € (0,1), we have

oi(t)

_ai(t)—i-bi(t)emf(t) a

Azi(t) = o;(tT) — 2;(t7) = Xn(1 4 by, + hg), t = tg,
2;(0) = zi(w), i =1,2,1# j.

zh(t) :)\[—di(t) ci(t)em"(t)], t#t, k=1,2---

(2.4)

Suppose that = € X is a solution of system (2.4) for a certain A € (0, 1). Integrating
on both sides of (2.4) from 0 to w, we obtain

w p eaci(t) . )
—d;(t) — —ci(t)e™
/0 ®) a;(t) + b;(t)ei(®) ci(t)e

That is,

w e%i(t) w
2.5 dt+/ (D" Dat = Ao,
(2:5) /0 ai(t) + b;(t)ewi®) 0 ci(t)e “

It follows from (2.4) and (2.5) that
emi(t)

) L)|dt < d; +/w
/O\wm Sdwt [

q
(2.6) + 52 (1 + bk + har)
k=1

q
dt + Zln(l + bk + hix) =0,
k=1

+ei(t)em | dt

q
= 2 Z ln(l + b + hzk)
k=1

Since = € X, there exist &; € [0, w], such that

(2.7) (&) = tg[loiﬁ]xi(t)’ i=1,2.

On the other hand, note that sup x;(¢) exists and there exist 7; € [0, w] such that
te[0,w]

(2.8) xz(nj) = sup z;(t), i =1,2.
te[0,w]
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If m; # ti, then z;(n;") = x;(n;) while if 7; = t;,, we have z;(n,") = z;(t).
From (2.5) and (2.7), we obtain

Nijw > / Ci(t)emi(gi)dt — Eiwemi(fi)7
0
and hence,
(2.9) zi(&) <In {@} :
From (2.6) and (2.9), we obtain
w A q
(2.10) z;(t) < xz‘(&)Jr/ |z(t)]dt < In {E_Z}+221n(1+bik+hik)) = M,
0 g =1

By (2.5) and (2.8), we also have

“ 1
/ ci(t)emi(";r)dt + <—> "y > Ajw
0

a;
and hence,

From (2.6) and (2.11), we have

w A;
zi(t) > i(n;) —/ |24 ()| dt > In —
0 —
(2.12) (a_i .
q —_
_22111(1 + bk + hix)) = M;,
k=1

which, together with (2.10), implies

sup |x;(t)] < max{|M;], \E\} = N;.
te[0,w]
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Clearly, N;(i = 1,2) are independent of A.
By Lemma 2.2, it is easy to show

e’l
B = At =0
a e
(2.13) L
Ng— ————— — "2 =0
as + boetl

has a unique solution z* = (z%,z3)T in IntR% Set H = ||(Ny, No)T| + A,
where A is taken sufficiently large such that the unique solution of (2.13) satisfies
lz*|| = I(zF, 25)T|| < A, and ||z(tx +0)|| < H, k=1,2---q, then ||z||c < H.

Let Q@ = {z = (z1,22)T € X | ||(z1,22)T||c < H}, then it is clear that (2
verifies the requirement (a) of Lemma 2.1. When z = (21, 22)T € QN KerL =
0NN R?% z = (z1,22)T is a constant vector in R? with ||z]|c = ||(z1,22)T ||c =
H. Then

e’l .
11— -5 .- — (e
QNz = a1 £ biet (0 -0)ax1 | #0.
- AL pX2
YA 20 F byet Ccoe

In view of Theorem 2.1 and Lemma 2.2, from direct calculation, we get deg(JQN,
QM KerL,0) # 0, where the degree is Brouwer degree, and the isomorphism .J of
Im@ onto KerL can be chosen to be the identity mapping, since Im@ = KerL.
By now we have proved that €2 verifies all requirements of Lemma 2.1, then Lz =
Nz has at least one solution in DomL (€, i.e., (1.5) has at least one w periodic
solution in DomL (9, say = = (ai(t),x5(t))T. Set y* = (yi(t),y5()T =
(e*1®) e2NT then y* = (yi(t),y5(t))T is one positive w periodic solution of
system (1.1). The proof is complete. [ ]

Remark 2.1. Theorem 2.1 tells us that, if the rate of the birth and the harvesting
(stocking) is greater than the death rate, then (1.1) admits a positive w-periodic
solution. This easily verifiable conditions are very reasonable since, otherwise,
these species will extinct.

Next, we come to investigate the existence of positive periodic solution of (1.2).

Theorem 2.2. Assume (A;), (Az) hold. Moreover, if Ay > 0,2, > 0 and
a’ab, > a% aly, then system (1.2) has at least one positive w periodic solution.

Proof. We define the same spaces and mapping as Theorem 2.1, except the
mapping N. Here, the mapping N : X — Z reads

Nz = <( —di(t) = aii(t)e" D + ag;(t)e ™ ), ( (L4 iy + hi) )2XQ>
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Following similar arguments as in Theorem 2.1, one can easily prove that N is
L-compact on © with any open bounded set Q c X.
Consider the operator equation Lz = ANz, A € (0,1), i.e.,
() = A [—di(t)—aii(t)em"(t)—|—az~j(t)emf(t), tAtp, k=1,2--
(2.14)  Ami(t) = 2i(t7) — 2 (t7) = Nn(1 + big + hi), ¢ = tg,

Suppose that € X is a solution of system (2.14) for a certain A € (0,1). Inte-
grating on both sides of (2.14) from 0 to w, we obtain

w q
/ [_di(t) — azi(t)e M + az‘j(t)emj(t)} dt + Zln(l + b + hix) = 0,
0 k=1
That is,
(2.15) Ajw + / aij ()" Vdt = / a;i(t)e” V.
0 0

It follows from (2.14) and (2.15) that

/0 |2 ()|dt < diw + /0 ag;(t)e* 1 Ddt + /0 aii(t)e D dt

q
(2.16) + > In(1 + big + hir)
k=1
= 2 </ aii(t)emi(t)dt + szw> .
0
From (2.15)
(2.17) aln/ et < Alw—i—a?ﬁ/ e®2(t.
0 0

On the other hand from (2.15) and (2.17)

w w
a122/ e2Wdt < Now +ay / et dt
(2.18) 0 o y
< Now + % ANw + a7f2/ em(t)dt) ,
ap 0
then .
(ayaby — abialy) /0 et < (a A1 + aly Dg)w,
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that is,

w U l
as1 A\1 + aj; Dy

which, together with (2.15), implies

w u l
(2.19) DNow < / e®2(t) gt < a121A1 +a11A2'
0

7
ags a11099 — Q3107
Similarly,
Niw w ats No + ab, A
(2.20) < emlgr < 202 T T
arp 0 1199 — A910Q79

From (2.16), (2.19) and (2.20), we get

/ ()|t < 2( / aii(t)emi(t)dt—i—cziw)
0 0

w4+ ak N,
(221) S 2 <au CLU J a’jj —|—d >

w ol 1 L u au g
11099 — A91Q719
=G 1) = 172717&]'

Since z € X, from (2.19) and (2.20)

ab N+ aks A A _
xégln{ h 22 Z}::Hi, x}‘Zln{ 1w}::Hi,

al11al22 — ag;afy aty
hence
W
(2.22) 2i(t) < 2l + / @(t)|dt < H, + C,
0
w R
(2.23) 2i(t) > ot — / ()|t > T — G,
0

sup ‘(L‘Z(t)‘ < max{\Hi + CZ‘ +1, ‘Fz — CZ‘ + 1} = D;.
te[0,w]
Clearly, D; is independent of .
In view of Theorem 2.2, algebraic equations

A1 — a1 +a12€™2 =0, Ny — G99e™ + a91e™ =0
)

have a unique solution z* = (23, 23)T € Ry. Set D = ||(D1, D2)T|| + B, where B
is taken sufficiently large such that the unique solution of (2.24) satisfies ||z *|| =
|(x%, 23)T|| < B, and ||z(t, +0)|| < D, k=1,2---q, then ||z||c < D.
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Let Q@ = {x = (z1,72)T € X | ||(z1,22)T||c < D}, then it is clear that
verifies the requirement (a) of Lemma 2.1. When z = (z1,z2)7 € 0Q (N KerL =
OQNR?, x = (x1,72)7 is a constant vector in R? with ||z||¢c = ||(21, 22)T ||c =
D. Then

1 w
ONz = (-( / [—di(t) — ag(t)e™ + agi(t)e™)]dt
0

w

q
+ Zln(l + bik + hik))2x1, (0, - - '0)2><1>
k=1
= ((&; — €™ + aije™ )y, 1, (0,--0)ax1) # (0,---0)ax1

In view of Theorem 2.2, from direct calculation, we get

deg(JQN, Q| KerL,0)= > sgnJQN(z"),
z*€QN~1(0)
* —a11 ai2
JOQN = _ - > 0,
QN () I a21 —a22

then deg(JQN, Q2 KerL,0) # 0, where the isomorphism J of Im@ onto KerL
can be chosen to be the identity mapping, since Im@Q = KerL. By now we
have proved that 2 verifies all requirements of Lemma 2.1, then Lx = Nz has at
least one solution in DomL (€, i.e., (1.6) has at least one w periodic solution in
DomL N, say @ = (23 (1), 23(1))". Sety* = (45 (t), y3(£)7 = (€71, em3)7,
then y* = (yi(t), y5(t))T is one positive w periodic solution of system (1.2). The
proof is complete. n

Remark 2.1. Theorem 2.2 tells us that, if the rate of the birth and the harvesting
(stocking) is larger than the death rate and the effect of the intraspecies competition
is greater than the mutualism then (1.2) admits a positive w-periodic solution. These
conditions looks very reasonable.
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