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INVERSES OF SOME NEW INEQUALITIES SIMILAR TO HILBERT’S
INEQUALITIES

Zhao Changjian, Josip Pecari¢ and Leng Gangsong

Abstract. In the present paper we first establish inverse versions of some
new inequalities similar to Hilbert’s inequality involving series of nonnegative
terms. Then, the integral analogues of our main results are also given. Our
Theorems provide new estimates on these types of inequalities.

1. INTRODUCTION

In recent years several authors [1-9] have paid considerable attention to Hilbert’s
inequalities and Hilbert type inequalities and their various generalizations. In partic-
ular, in 1998, B. G. Pachpatte [1] proved four new inequalities similar to Hilbert’s
inequality involving series of nonnegative terms [10, P. 226] as follows (see the next
section for definitions of notations to be used below):

Inequality A.
P ARBL 1 b 1/2
mIn o g kr1/2 k m—|—1 amApl
mZ:MZ:lm—i—n 2 <mZ:1 ( ) )

(S r—n ) s ?)

n=1

Received October 13, 2003; revised April 25, 2004.

Communicated by Sen-Yen Shaw.

2000 Mathematics Subject Classification: 26D15.

Key words and phrases: Hilbert’s inequality, Holder integral inequality, Jensen’s inequality.
!Supported by National Natural Sciences Foundation of China (10271071).

2Supported by Zhejiang Provincial Natural Science Foundation of China (Y605065).

3Supported by Science Foundation of Education Department of Zhejiang Province (20050392).
“Supported by Academic Mainstay of Middle-age and Youth Foundation of Shandong Province of
China.

699



700 Zhao Changjian, Josip Pecari¢ and Leng Gangsong

Inequality B.
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Moreover, in [9] Pachpatte also establish integral analogues of the above in-
equalities as follows.

Inequality E.
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Inequality G.

[r P(s)QWo(F)v(60)
0 0

< %@y)w( [ (x - ) (p(8)¢<f(s)))2ds> "
( [ () (qw(g(t)))th) -

where

Inequality H.
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The main purpose of this paper is to establish reverse versions of Inequalities
A-H. Our main results provide new estimates on these types of inequalities.

2. MAIN RESULTS

Theorem 1. Let 0 < p; < 1 and {a;m,} be n positive sequences of real
numbers defined for m; = 1,2,..., k;, where k;(i = 1,...,n) are some natural
numbers and let A, = >0, ais, Let -+ 5 =1,0< g, <land Y0, o~ =
1. Then
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(1)

Proof. By using the following inequality(see Hardy et al. [10,P.39])

h;—1 h; h; h;—1
i, (Gim; = bim,;) < Qi ~ bz‘,lmi < hibi,lmi (@im; = bim,),

2,y

where a; ,, > 0, b;m, >0,and 0 < h; <1(i =1,2,...,n), we obtain that

) AV > p; Z ai,s, AV

s;=1

Let us note that by the following means inequality

1/a
Hml/az > < Zaimz> :

=1
and from (2), and in view of inverse Holder’s inequality[10, P.24], we have

n A 1/B;
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Taking the sum of both sides of (3) over m; from 1to k;(i = 1,2,...,n) first and
then using again inverse Holder’s inequality, we obtain that
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This completes the proof.

Remark 1. Taking n =2, 8; = 3(i = 1,2) to (1), (1) becomes

k1 ko APL  AP2 k1

Z Z - 2me Aoimg 5 > 4Ap1pa(kika)™ <Z (kl—mrl—l)(alamlAllnmll)l/Q)Q

mi1=1mo=1 ml +m2 ko mi=1
2
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This is just an inverse of the inequality A stated in introduction.

Theorem 2. Let {a;m, }, Aim,, ki, a; and G; be as defined in Theorem 1. Let
{pi.m,} be n positive sequences for m; =1,2,...,k;(i=1,2,...,n). Set P, ,, =
Z;’Z;lpi’si (i=1,2,...,n). Let ¢;(i =1,2,...,n) be n real-valued nonnegative,
concave, and supermultiplicative functions defined on. R ; = [0, +00). Then

Z Z Hzn1¢z zm)

1/a
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where

M(ky, ko, ... kp) :ﬁ(Z <¢§Dmm)) i>1/ai.

m;=1

Proof. From the hypotheses and by Jensen’s inequality and inverse Halder’s
inequality, we obtain that
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i=1 oy

and then taking the sum over m;(i = 1,2, ...,n) from 1 to k;, and in view of inverse
Holder’s inequality, we have

Z Z [, #i(A
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1/«
Noticing the means inequality and dividing both sides of (5) by <a S mz> / :

. Di.s:
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The proof is complete.

Remark 2. Taking n =2, 3; = 1(i = 1,2) to (4), (4) becomes

k1

¢1 Al ,mi ¢2 A2 mz)
mg:l mg:l ml +m2) -
k1 a1.m 1/2 2
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This is just an inverse of the inequality B stated in introduction.
Similarly, the following theorem also can be established.
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Theorem 3. Let P, {@im,}, {Pim,}, ki, i and (3; be is in Theorem 2,
and define A4; ,,, = (1/Pim,) Z;’Z;lpi,siai,si, for m; = 1,2,...,k;. Let ¢;(i =
1,2,...,n) be n real-valued, nonnegative, and concave functions defined on R .
Then

k1 kn, H in,mi ¢Z (Ai,mi)
Z Z i=1 ~ e
o FE(EL)

o
i=1 "

1/Bs
> Hkl/o” < Z k —m; + 1)(pz mz¢z(a1 mz))ﬂi> )
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The proof of Theorem 3 can be completed by following the same steps as in the
proof of Theorem 2 with suitable changes. Here, we omit the details.

Remark 3. Taking n =2, 3; = 1(i = 1,2) to (6), (6) becomes

i Z P1m1P2m2¢1(A1m1)¢2(A2m2)

-2
m m
mi1=1 mo=1 1+ 2)

k1 1/2 ?
4(kr)~t < Z (k1 —mq +1) <p1,m1¢1(a1,m1)> >

mi=1

ko 12 2
X < Z (ko —mgo + 1)<p2,m2¢2(a2,m2)> > i

mo=1

This is just an inverse of the inequality C stated in introduction.

Remark 4. If p;,,, = 1, then P, ,,,, = m;(i = 1,2). Taking these results to
Remark 3, we obtain that

k1
> Z g 01 (AL )62 (A2 )

mi=1 m ml + m2
ey 2
1/2
A(kr) ! ( > (k1= mi+ 1) (61(a1m)) )
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X < Z (kg — mo + 1) <q§2(a2,m2)> > .
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This is just an inverse of the inequality D stated in introduction.
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3. INTEGRAL ANALOGUES

Theorem 4. Let h; > 1 and let f;(o;) € CY(0,x;),(0,00)],i = 1,...,n,
where z; are positive real numbers, and define F; (sz) = 05" fi(oi)do;, for s; €
(0, ;). Thenfor—+ﬁ—1 O<B<landd? L =1

i=1 Oéz o’
[T
/ / n 1 1/a

> ﬁxi/aihz‘ (/Oml (w5 — si) <Ehi_1($z‘)fz‘(8z‘)>ﬂi d8i>

1/Bi

Proof. From the hypotheses and in view of inverse Holder integral inequality
[11], it is easy to observe that

ﬁFz‘hi(sz Hh / Fh _1 Uz)fz(az)daz
i=1
= Hh /o </8 <ﬂhi_1fz‘(0z‘)>ﬂi dUz‘)l/ﬂi-

In view of the means inequality, we obtain that

HFth(SZ) n . ' :
®) = e =[] ( /0 (£ fi(ai)f ’ daZ) "
<O¢ Z i$Z> =t

: Q5

Integrating both sides of (8) over s; from 0 to z;(i = 1,2,...,n) and using the
special case of inverse Holder integral inequality, we observe that

n

[T 7" s
Tn

i=1
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= Hh ;o (/ (/OSi <F;‘hi_1(0i)fi(0i)>ﬂi daZ) dé’z‘) e
- Hwi/a"hz‘ ( /0 (i = ) (E’“*(si)fi(si))ﬂ " dsi> "

The proof is complete.

Remark 5. Taking n =2, 3; = 1 to (7), (7) changes to

/ / A G0l (52) 45,
s1dso
(s1+s2)~

> 4hyho(z129) 7! (/Oan <x1 - 31) (Ff1_1(31)f1(31)>1/2d81>2

« (/0 (22— 52) <F2h2_1(32)f2(32)>1/2d32>2.

This is just an inverse inequality similar to the Inequality £ stated in introduc-
tion.
On the other hand, for 3; = ”T‘l(i =1,...,n), (7) becomes

HFh i) n

n/(n) T =1/ (D),
/ / (s1+ +s RGN 1= i

=
(/Oml (zi — 54) <ﬂh"_1(sz‘)fi(si)>(n_1)/n dsi>

Theorem 5. Let f;(0y),F;i(s;),«; and 3; be as in Theorem 4. Let p;(0;) be
n positive functions defined for o; € (0,z;)(: = 1,2,---,n) and define P;(s;) =
fos" pi(oi)do;, where x; are positive real numbers. Let ¢;(i = 1,2,---,n) be n
real-valued nonnegative, concave, and supermultiplicative functions defined on R ..
Then

n/(n-1)

oo Dot :
(10) (a;a—ﬁ)

</0in (z; — si) (m(&)@(%))ﬂi d$i> ',




708 Zhao Changjian, Josip Pecari¢ and Leng Gangsong

where

Lne o)~ 1 ([ (ednteny” dsi)”“?

=1

Proof. By using Jensen integral inquality and inverse Holder integral inequality
and noticing that ¢;(i = 1,2, - - -, n) are n real-valued supermultiplicative functions,
it is easy to observe that

i i

/ sz‘(Uz‘)dUz‘
0

> ¢i(Pi(s:)) i % A
(11) T
| wte

¢i (Fi(s:)) = ¢

In view of the means inequality and integrating two sides of (11) over s; from 0 to
x;(i =1,2,...,n) and noticing Holder integral inequality, we observe that

n

[T :(Fi(si)

/Oa:l/om" <;lzn: is) 1/a
=1 i Z
n z; (Pi(s: 8 (04 ; 1/Bs
T () ([ G () o)
T ()" 0] ([ (v (1)) )

= L(z1, .. .,xn)ﬁ </Oml (i — s1) <pi(8i)¢i(£zgz:;)>ﬂi d$i> 1/6:

dsi---dsy

i=1
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This completes the proof of Theorem 2.

Remark 6. Taking n = 2, 3; = 1 to (10), (10) changes to

/ /mz <751 F1 (1) ¢2<F2(32)> e ds
1452

(s1+s2)~ —2

2
(12) > L(z1,x2) (/0 l(xl —51) <p1(31)¢1 <£E:;>>1/2d$1>

2 HONEAAY
X </0 (2 —82)<p2(82)¢2< 2(32)>> d82> ;
where

[ (Y ) ([ () )

This is just an inverse inequality similar to the following Inequality F' stated in
introduction.
On the other hand, for 8; = 2=1(i =1

,...,n), (10) changes to

o o i=1
. d$1 .. .dsn
(13) 0 /0 (814 -+ 8,)~"/(n=1)

> tona TI{ [ st (2 ™o
where

_ n Ti [ i (P(S)) —(n-1) -1/(n-1)
L(zy, -, 2n) = pn/(n=1) H </0 < ZR(ZSi)z ) d$i> '

=1

Theorem 6  Let fi(0y),pi(0:), Pi(0:),; and (3; be as in Theorem 5 and
define Fj(s;) = #8) o pi(04) fi(0)do; for o, s; € (0,2;) where z; are positive
real numbers. Let ¢;(i = 1,2,...,n) be n real-valued, nonnegative, and concave
functions on R,. Then
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n x; 1/Bi
)/ zi — 5i) (pi(s) i (fi(s:)))” ds .
ao  =]I ([ = s itsanitson™ as)

Proof. From the hypotheses and by using Jensen integral inequality and the
inverse Holder integral inequlity, we have

¢ (Fi(si)) = ¢ (% /OSi pz‘(Uz‘)fz‘(Uz‘)dUz) > % /OSi pi(0i)¢i (fi(o4)) do;

1/Bi

>t ([ oo (o) o

Hence

(2 (2
Tl Tn 1
/ / = d$1"'d$n
0 0

" 1 o
m’<a%ai Z> 1/8:
/0 (/0 (pi(ai)¢i(fi(0i)))ﬂidgi> ds;

lx‘/ai (/Oml /OSi (pi(oi) i fi(o:))™ ddidsz)l/ﬂi

1/8i

% %

(2

I

1 ([ =0 )6 o) s

1

(2

Remark 7. Taking n = 2, 3; = 1 to (14), (14) changes to

/a:1 /J}Q Pl(sl)P2(32)¢1 <F1(81)>¢2 <F2(82)> dsid
S$1a89
0 0

(s1+ S9) 72

(15) > d(yzs) ! (/0 <x1 - 31) <p1($1)¢1 <f1(31)>>1/2d31> 2
« (/O <x2 - 32) <p2(32)¢2 <f2(32)>>1/2d32> )

This is just an inverse inequality similar to the Inequality G stated in introduc-
tion.
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Moreover, in (15), if p1(s1) = pa(s2) = 1, then Pi(s1) = s1, Py(s2) = so.
Therefore (15) changes to

/ /mz <751 F1 (1) ¢2<F2(32)> o ds
1Ws2

(s1+ s2)~ —2

> 4(z1m9)"! ( /0 B <x1 - 31> <¢1 ( f1(31)>> 1/2d31> 2
([ () (s e ))

This is just an inverse inequality similar to the Inequality H stated in introduc-
tion.
On the other hand, for 3; = ”T‘l(i =1,...,n), (14) changes to

HP 32 ¢z z))

> /) Hw ey ( /0 (i — ) pu(s) o Filsi)) O d)

=1

n/(n-1)
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