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On the Kinematic Formula of the Total Mean Curvature Matrix

Chunna Zeng*, Lei Ma and Yin Tong

Abstract. In an earlier paper [23] the authors introduced a new ellipsoid associated
with a submanifold, and established an integral formula for the total mean curvature
matrix of hypersurfaces. In the present paper a kinematic formula for the total mean

curvature matrix of submanifolds in R™ is proved.

1. Introduction

The kinematic formulas, based on invariant measures on the sets of random geometric
objects, such as closed curves, convex domains, linear spaces and submanifolds in the Eu-
clidean space R™ or other space forms, are very important and useful in integral geometry.

Let G be a unimodular Lie group with kinematic density dg and H a closed subgroup of
G. Assume that there exists invariant Riemannian metric in the homogeneous space G/H.
Let My and M; be two compact submanifolds of dimensions ¢, r in G/H, respectively, M
fixed and gM; the image of M; under a motion g € G. Denote by I(My N gM;) an
invariant of the intersected submanifold My N gMi. Then evaluating the integral of type

(1.1) I(Mo N gMy)dg

/{geG:MomgMgHZ)}
and expressing by the integral invariants of My and M is called the kinematic formula
for I(My N gMi). For different spaces G/H (such as R™ or other spaces of constant
curvature) and various submanifolds My, M; (such as closed curves, surfaces, connected
domains), letting I(My N gM;) be the volume, area, curvature or other invariants leads
to the famous Poincaré formula, Blaschke formula, Chern-Federer kinematic formula, C.-

S. Chen kinematic formula and so on.
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For instance, in his classical paper [2] Chern proved the kinematic fundamental formula
in R™. Let Dy and Dy be two domains with smooth hypersurfaces 0Dy and 0D; in R",
respectively. Denote by G the group of rigid motions of R” with the density dg. Then the
kinematic fundamental formula is

/ x(Do N gDy) dg
{9€G:DongD1#0}

=0p_9---01 On_1X(D0) VOI(Dl) + On_1X(D1) VOI(D())

n—2
+ % hz_o (h i 1>ﬁh(po)ﬁn_h_2(D1)] ,

where x(-) denotes the Euler characteristic, Vol(-) the volume, O,_; the volume of the
unit sphere 5”1 in R” and H;(-) the ith total mean curvature.

In [27], Zhou obtained the kinematic formula for mean curvature powers of hypersur-
faces in R"™, which is the generalization of the formulas of the 3-dimensional case in [1].
Let S; (i = 0,1) be two compact smooth hypersurfaces of class C? in R”. Denote by H
the mean curvature of Sop N ¢S;. Then for any integral k£ with 0 < 2k <n —1,

/ </ H* da) dg = Z Cijkéngﬁ+2j (SO)gﬁJrzi(Sl)v
G SoﬂgSl

i,
i+j+e=k

£:even
where &, (S;) is the integral of the principal curvatures of S; and cjjre, depends on
i,7,k,f,n. This is a typical work where the moving frame method is effectively used,
and an application of kinematic formulas is given. So far this approach to achieve geomet-
ric inequalities and estimate the containment problem has been systematically developed.
For the recent developments, interested readers can refer to [5,/17}22,24,26,127].

It is known that ellipsoid plays an important role in the study of geometric inequalities,
Banach space geometry, PDEs and valuation theory. See [4,6-16,/18-20[25}28,29] for
detailed information. Besides, ellipsoid has an interesting relationship with kinematic
formulas. In the paper [23], Zeng, Xu, Zhou and Ma introduced the total mean curvature
ellipsoid Fjs associated with a submanifold M in R” in differential geometry. The positive
semi-definite symmetric matrix corresponding to this ellipsoid is called the total mean
curvature matrix H(M). The concept of total mean curvature matrix extends the scalar
invariant (the total mean curvature) to a matrix invariant. The authors also established
a kinematic formula of the total mean curvature matrix of hypersurfaces in R™. As a
consequence, taking the trace of the kinematic formula gave a scalar integral formula
which is proved by Zhou [27] in R™.

In this paper, we consider the kinematic formula of the total mean curvature matrix of

submanifolds in R™. Let M be a closed submanifold in R™ with scalar curvature Rj;. Let
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~ 2 ~
H® = / ‘H)M‘ dSyr and R = / Ryar dSys be the total square mean curvature and the
M M

total scalar curvature of M, respectively. Denote by Vol(M) the volume of submanifold
M. Denote by O(n) the group of rotations in R™ and by da the invariant measure of
the orthogonal group O(n) normalized so that the total measure is O,,—1 - - - Op, where O,
i=0,1,...,n—1, is the i-dimensional surface area of the unit sphere in R“*!. Denote by
G(n) the group of rigid motions in R", and by dg the invariant measure of the group G(n)
which is the product measure of the Lebesgue measure of R” and the invariant measure
of SO(n), where the invariant measure of SO(n) is normalized so that the total measure
is On—l e 01.

We obtain the following kinematic formula and it is of extrinsic type.

Theorem 1.1. Let M; (i = 0,1) be a pair of closed submanifolds with dimensions p, q in
(2)

R™ with volume Vol(M;), total scalar curvature R;, and total square mean curvature H PR

Let T be the n x n identity matriz, then

(1.2) H(aMo N gMy) dadg = ¢(Moy, M1)Z,

/aEO(n),gEG(n)
where the coefficient ¢(My, My) depends only on p, q¢ and n with value
(M, M) = Cf [(p = D (0 + g — n -+ 2)HS — 4(n — q)Ro| Vol(My)

+CY [(a=1Da*p +a—n+2)HF — d(n - p) R | Vol (M),

and
ol — OpflO% o O?L—lOanflOerqanOerqfn
* " pta—n)P—1)p(p+2)0psgn-10p-10,040411"
o — Oq—lo% o O%—lonop—10p+q—n+10p+q—n
5 =

(p+q—n)(q—1)a(q +2)Op1q-n-104-1040p0p 41
In contrast to the usual integral formulas in integral geometry which are scalar-type

formulas, the integral formula proved in Theorem is a matrix-type formula.

Remark 1.2. Considering a special case: if the integrand in ([1.2)) is the trace of H(aMyN
gMj), Theorem |1.1] gives the integral formula proved by Chen in 1973 (see [1]). Note
that the result of [1] plays an important role in both differential geometry and integral
geometry and are widely used.

In addition, let My, M; be a pair of closed C? hypersurface in R" (n > 3), Zeng, Xu,
Zhou and Ma |23] gave the integral formula for the total mean curvature matrix associated

with hypersurfaces. Theorem [1.1]is a generalization of the result in [23].

Next, assume that My and M7 are a pair of closed minimal submanifolds in R™. Since

the mean curvature of the minimal submanifold vanishes, we have the following results.
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Corollary 1.3. Let M; (i = 0,1) be a pair of closed minimal submanifolds with dimensions
p, q in R™ with volume Vol(M;) and total scalar curvature ]5% Let T be the n X n identity
matrix, then

/ H(aMo N gMy) dadg = c(Mo, M1)Z,
ace0(n),geG(n)

where ¢(Mo, My) = —4CY (n — q)Ro Vol(My) — ACY (n — p) Ry Vol(M).
2. Preliminaries
In this section, we review some basic facts about the mean curvature vector and the total
mean curvature ellipsoid of a submanifold in R™.
2.1. The mean curvature vector of a submanifold

Let M be a p-dimensional submanifold in R"™. Choose an orthonormal frame {ey,...,e,}
at x € M in R" so that {e1,..., ey} is a basis of the tangent space T, M and {ep+1,...,e,}
is a basis of the normal space TjM . We take the following convention on the ranges of
indices:

1<4,j<p, p+1<aq,pB<n

Let {wi,...,w,} be the dual orthonormal frame of {ej,...,e,}. The fundamental equa-

tions of M are the following,

dr = sz‘eu
i
de; = ZUJij@j + Zwiaeau
J «
dea = Zwaiei + Zwageg,
@ B

where Wi = —Wai, Wag = —Wga and w;j = —wj;.

Restricted to M, we obtain 0 = dw, = Zl Wai N w;. By Cartan’s lemma, we have
wia = 3 hwj, =S
J

The quantities h% are the components of the second fundamental form of M.

The mean curvature vector ﬁ is defined by

1
= L3 (008 ) o
b= P
and the mean curvature of M is
97 1/2

s)]

Hy =

"=

)
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that is the norm of the mean curvature vector. Then the total scalar curvature of M is

= /M ‘ﬁM’Q dShr,

where dS); is the volume element of M.

given by

Similarly, let Rps be the scalar curvature of M. The total scalar curvature is denoted
by

= / Ry dSh.
M

2.2. The mean curvature ellipsoid associated with a submanifold

Recently, Zeng, Xu, Zhou and Ma [23] defined a new ellipsoid F); associated with a sub-
manifold M in R" from the point of differential geometry. Let M be a closed submanifold
in R™ and ﬁ ) the mean curvature vector at y € M. The new ellipsoid can be defined

by the total mean curvature matrix
~5 [ Hu (4) dSui ().

Since ﬁM(y) ® ﬁM(y) = ﬁM(y)ﬁ'}W(y), it is a positive semi-define symmetric matrix.
Besides the trace of the total mean curvature matrix recovers the total square mean
curvature. Notice that the total square mean curvature of a submanifold in R" is an
important global differential geometric invariant.

The total mean curvature ellipsoid Ej; associated with M is defined by
Ey ={z eR": 2'H(M)z < 1}.
Now we show some properties of the total mean curvature matrix (see [23]).

Proposition 2.1. Let M be a submanifold in R"™ and H(M) be the total mean curvature
matriz of M. Then

(1) for any rotation o in R", there is
H(aM) = aH(M)a
(2) for a vector x € R™, the quadratic form x'H(M)x is given by
o / \ﬁ )-a| dSu(w);
(3) for the trace of H(M), there is

Tr H(M / ’ﬁ dSM (v);

(4) for a € O(n), there is
Tr H(aM) = Tr H(M).
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3. Proof of Theorem

In order to prove Theorem |1.1) we need the following Lemma [3.1| where we mainly use

Chen’s idea in 1] and the moving frame method.

Lemma 3.1. Let M; (i = 0,1) be a pair of closed submanifolds with dimensions p, q in
R™ with volume Vol(M;), total scalar curvature Ei, and total square mean curvature H 52).
Denote by Tr(H(MoNgMy)) the trace of total mean curvature matrixz of MoNgMi. Then

/ O N gM)) dg
G(n

(3.1) =Cy {(p —Dp*(p+q—n—+ Z)ﬁém —4(n — q)ﬁo} Vol(My)

+C2 (= Va2 (p+ g —n+2)H? —4(n —p) R | Vol (M),

where
Co = 1 Op—l Op--- Oqu—lOp+q—n+IOp+q—n
2(p+q—n)(p—1)p(P+2) Oprgn1 Op-10p0q0q+1 ’
_ 1 Og-1 On---010p-10p14-n+10ptg-n
2(p+q—n)(q—1)q(q +2) Oprg—n-1 Og-1040p0p 41 '

Proof. First, we recall a special case of the basic formula (see (47) of [3]):
(3.2) ®,dg = +A*dh,0,01,

where @ is the density element of all 1-frames of MpNgM; and A is the generalized angle
between the tangent spaces of My and M; and dh, is the density element of the group
of isotropy at a 1-form y of M;, and ©p, O are density elements of all 1-frames of My,
M, respectively. The kinematic density dg is the invariant measure of G(n) and has the
decomposition dg = dxdy, where dx is the Lebesgue measure of R™ and dv is the invariant
measure of SO(n). The interested readers can refer to [3, Section 3, pp. 106-109] for the
precise definitions of the density elements of ©¢, ©1 and dh,,.

Let V be the covariant derivative of R™ so that the directional derivative of a vector
field X along another Y is Vy X. If M is immersed in R” and X, Y are tangent to M,
then at x € M,

TxY = normal component of VxY with respect to M,.

Denote by TP the second fundamental form of My, and by T9 and TPT9~" the second
fundamental form of M; and My N gM; respectively. Assume that My is a submanifold of
M which is immersed in R”. For X,Y € T7, the tangent space of My at x, then

T%Y = normal component of T%Y with respect to (M),.
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+q—n 2
From now on, let ¢ be a unit vector tangent to My N gM; and use HTtp 7" as the
integrand of both sides of the formula (3.2]). The first step of the integration is carried out

by fixed a unit tangent vector ¢ in My and a unit tangent vector in M; and integrating

over the isotropic group. Then by the moving frame method, Cramer’s rule and (3.2)),
Chen [1] obtained:

(33) / T(Mo N ng) dg = C(,)T(Mo) VOI(Ml) + CéT(Ml) VOI(M()),
G(n)

where 7(Myp) = / | T3t||* ©p, Op is the density of all 1-frames of My, and

O0nOp—1-+-0104-10p14-—n+10piq—n
Op-10,0,+10, ’

0n0p—1-+-010p-10p14-n+10p1¢g—n
0q-1040p+10p '

=

Cy =

In the next step, for any My of dimension p in R", it shows that 7(Mj) can be expressed
in terms of some well-known geometric quantities. One can notice that this is a pointwise
calculus problem as was done by Weyl in [21]. Based on Weyl’s idea (the average formula),
then

3.4 My) = —0O,H;,” — —O,Ry.
(3.4) 7(Mo) D2 ptio p(p+2) p110

Then (3.3) and (3.4) imply that (see [1])
4 -

Op+q—n—l/
G(n)
- R(Mo N gMh) |dg

(3.5) (p+g—n)p+qg—n+2)

3(p+q—n)

S L HD(MyngM
P—— (Mo N gMh)

= C/O — ——H, —— R Vol( M-

, 3¢ =2
+ CQOq_]_ |:q + 2H1

D) Rl] Vol(My).

In [3] the kinematic formula for pp(X) = ———R(X), where m = dim X, one has

m(m—1)

1
R(Mo N gMy)d
@+q—nﬂp+q—n—1kém>( 0N gM) dg
Og1 1

Lo O 1
Op+q—n—1 p(p - 1) p+g—n—1 q(q B 1)

(3.6)

Ry Vol(M,) + C 5 Ry Vol(My).
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Combining (3.5)), (3.6 and from Proposition (3), we have

/| OO 0 dy
(3.7) = Co [(p— VP (p+q = n+DH — 4(n — g)Ro| Vol(by)
+Cy [(q —D@P(p+q—n+2)H? —4(n— p)ﬁl} Vol(Mp),

where

Co = Co Op-1 Cy = % Op-1 4
2p+q—n)(p—1)p(p+2) Opyg—n-1’ 2p+q—n)(¢—1)q(q+2) Opyrg—n-1

Next we turn our attention to prove Theorem

Proof of Theorem [I.1] Consider the following quadratic form

Q(z) =x' (/ H(aMo N gMy) dadg) x.
O(n)xG(n)

For any rotation «g, the quadratic form continues as follows:

Qlabe) — (el ( [ madonga dadg) ()
O(n)xG(n)

=z (/ H(ap(aMy N gMy)) dadg) x
O(n)xG(n)

=z (/ H((coar) Mo N (@09)M1)d(04004)d(a09)> z
O(n)xG(n)

=z (/ H(aMy N gMy) dozdg) x
O(n)xG(n)

= Q(x),

where in the second and third step we use Proposition (1) and the invariance of the
kinematic density, respectively.

The above property of rotation invariance of Q(x) shows that

(3.8) Q(z) =t (/ H(aMy N gMy) dadg) x = c(My, My) |x]2
O(n)xG(n)
for some constant ¢(My, M1) > 0. The equation (3.8)) implies that

(3.9) / H(aMo N gMy) dadg = ¢(My, Mi)ZI.
O(n)xG(n)



On the Kinematic Formula of the Total Mean Curvature Matrix 51

From now on, we come to the position to compute c¢(My, M7). Note that the coefficient
¢(My, My) depends only on p, ¢ and n and the traces of both sides of (3.9) are equal, so

ne(My, My) = Tr </ H(aMy N gMy) dadg)
O(n)xG(n)
/ H(aMy N gMy) dozdg) €;
(3.10) z— O(m)xG(n)

= Z/ (e!H(aMo N gMy)e;) dadg
O(n)xG(n)

i=1

= / Tr H(aMy N gM1) dadyg,
O(n)xG(n)

where {ej,...,e,} is an orthonormal basis of R™.
Furthermore, by Proposition (4) and the invariance of dg, we have

/ Tr (H(aMy N gMy)) dadg
O(n)xG(n)

/ Tr (’H(aMU N a_lng)) dg) da
G(n)

/ Tr (’H(Mo N (ailg)Ml)) d(alg)> do
G(n)

(
(3.11) -/ . (
(

/ Tr (H(My N gMy)) dg) do
G(n)

I
o
(=)

S
Q

n—l/ Tr (H(Mo N gMy)) dg.
G(n)

Combining (3.10) and (3.11)), the coefficient in (3.9)) is given by

1
C(M(), Ml) = HOOOl <+ Op_1 » )TI‘ ('H(Mg N ng)) dg.

From Lemma (3.1, we have

C<M07 Ml)
0001+ 0O, — ~ -
(312) =t {CO [(p —D)pp+q—n+2)H? —d(n - q)Ro} Vol(M;)
+ Oy [(q —D@Ep+q—n+2)H? —4(n— p)ﬁl] Vol(Mo)} .
Let
C// _ COODOI T On,1 _ Op—lO% e 0721_1On0q—10p+q—n+10p+q—n
n (p+q—n)(p—1p®+2)O0ptq-n-10p-10p,0404+1
and
C/l _ CnO()Ol te On—l . Oqflo% to O%_10n0p710p+q7n+10p+q7n
Y = =

n (p+q—n)(q—1)q(q+2)0p14-n-104-10,0,0p11
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Therefore,
c(Mo, My) = C! [@ )P (p+q—n+2HP —4(n— q)ﬁo] Vol(M;)
+C [(a= D@+ g~ n+2)H — 4n — p)Fa| Vol(Mo).

We complete the proof of Theorem O
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