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Rational Points over Finite Fields on a Family of Higher Genus Curves and

Hypergeometric Functions

Yih Sung

Abstract. In this paper we investigate the relation between the number of rational
points over a finite field Fy» on a family of higher genus curves and their periods in
terms of hypergeometric functions. For the case y* = z(z — 1)(x — \) we find a closed
form in terms of hypergeometric functions associated with the periods of the curve.
For the general situation y* = 2% (z — 1)® (2 — A\)® we show that the number of
rational points is a linear combination of hypergeometric series, and we provide an
algorithm to determine the coefficients involved.

1. Introduction

1.1. Background

The Legendre family of elliptic curves is defined explicitly by
Xx={y =z@@-1)(z - N}

on C?, where A € C—{0,1} = Pl —{0,1,00}. It is generally understood that the number
of rational points of X over a finite field IF,, with the prime p is related to a period integral
on X, which in turn is related to the Gauss hypergeometric series 9 F} (%, %, 1; A) modulo p.
This hypergeometric series is a solution of a hypergeometric differential equation in which
the derivatives are given by the Gauss-Manin connection of the family. The first goal of
this paper is to understand corresponding situations for more general families of Riemann
surfaces {X,} of higher genus. We want to give an explicit formula of the number of
rational points on X over a finite field I, with the prime p in terms of period integrals or
hypergeometric series, as in the case of the Legendre family. We are particularly interested
in families associated with triangle groups, in which the Legendre family is a special case.
It is important to note that a fibre curve X in this family may have singularities, which

makes the situation more complicated and interesting. We also investigate F,» because
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the case of n > 1 is more subtle than the case of n = 1. We will finally consider the counts
modulo p and modulo p™. The former situation is explained completely in this paper. For
the latter situation, we will provide examples to demonstrate that the problem at hand is
more subtle so that the general problem remains open.

The classical correspondence between the period of X, and the number of rational
points on X, over [, can be proved through brute force, as shown in [1]. By direct

calculation, the number of rational points on X is

) (r-1)/2 —1/2\2
X, = —(-1)-D/2 ( > A" d
W R DV mod p

= _(_1)(1?—1)/221.7‘17(1)_1)/2(1%277 17;0, 1; )\) mod p.

To clarify the subindex of F', (p — 1)/2 refers to the truncation in the summation. Note
that the Gauss hypergeometric function 9 Fj(a, b, c; \) satisfies a second-order differential
equation

(1.2) x(x—l)jiz—|—((a—|—b—|—1):z:—c)jz—|—ab-u:0.

It is surprising that the number of rational points on X is related to a solution of a dif-
ferential equation defined on the base of the family. In papers [3] and [4] Manin explained
this phenomenon by applying the Lefschetz Fixed Point Formula. Since h%(Xy, K) = 1
the holomorphic differential wy = dx/y generates H°(Xy, K). Manin observed that by

taking the local coordinate x of X and fixing a base point ¢, wy can be expressed as

wy =dz + Z ar(z — xz(q))"dz.
r>1
Then by the Lefschetz fixed-point theorem Manin showed that a,_; satisfies the Picard-
Fuch equation ([1.2)) modulo p. Therefore periods of X, are related to the number of
rational points on X modulo F,, and satisfy the hypergeometric equation ([1.2]).

1.2. Statement of results

We consider the family of curves defined by y* = x(z —1)(z —\) and y* = 2% (x —1)%2(z —
A)% with assumptions that a1, as, a3 € Zs, (¢,a1,a2,a3) =1 and o = a3 + as + ag < /.

For the first family, we offer a formula in a closed form:

Theorem 1.1. Let m > 4, £ be integers. Let X" be the family of algebraic curves defined
by y™ = x(z — 1)(z — X) over the finite field F,, q¢ = p", with the parameter X € Q. Let
0= (m,q—1), so that ¢ satisfies £ | (¢ —1). If £ =1, the number of rational points on X
18

‘X;:‘p‘ =0 mod p.
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If £ > 2, let Sieg and Sy be sets such that

Sreg:{(O,s),(l,s') ‘ g—lgsge— [:ﬂ 2, 0<s <l— [2;] —2},

S’irr:{((),s)‘0§3<§—1},

anddenoteazQ—%—r,bzl—%,022(1—(5;1))—7‘:2b—7‘. Then

’Xzbq‘ = Z —krs-oF1 N, (a,b,¢; )
(7,8)E Sreg

+ Z —k';a’s : )\M’”’SQFLN;S(CL —c+1l,b—c+1,—c+2;1\) =3 mod p,
(r,8)ESirr

where § = (£,3) — 1,

_ 3(5+1) _ N (E*S*?(Q*l)
e L R A G

and

2(s + 1) , s+1 , w,, (&=l
Mys=(1-—— —1), Nrs: —1), krs: —1)7ne
() e = e = et

)

In a more general case, we derive the following result.

Theorem 1.2. Letm > 4, { be integers, and Y/\Z be the family of algebraic curves defined by
yt = 2% (x—1)92(z—\)® over the finite field F, where ¢ = p". Assume £, a1, as,a3 € Zso,
(,a1,a2,a3) =1, a=a1+az+ag3 </, and {| (q—1). Then

J4
|Y)\7q| = Z <Z —caFn, (aa, bas Cas )\) — Zékm)\m) (mod p)7

k=1 \a€eB

where B is a basis of holomorphic one forms on Yf and Fn,, (aq,ba, ca; A) are the associated
hypergeometric functions for some aq,ba,cq € Q, and iy, are rational numbers reflecting

the singularities of the curves.

An explicit algorithm to find the constants involved in the above theorem is presented
in the appendix.

We note that to combine the classical counting technique and the Lefschetz fixed-point
theorem is necessary. If we apply only classical counting methods, it is difficult to see how
counting is related to the periods of holomorphic differentials; on the other hand, if we
apply only the Lefschetz fixed-point theorem we cannot determine precise constants for

each hypergeometric function.
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Compared to the Legendre family of elliptic curves, there are a few significant differ-
ences that we need to address. First, the algebraic curves we are interested have singulari-
ties. Therefore, we need to apply normalization or to use a desingularisation model of the
curves in order to apply the Lefschetz Fixed Point Formula. The difference in counting on
the number of rational points in the affine part of the normalization and the curve itself
gives rise to an expression that we call the correction term in this article, represented by
0 and 0y, in the above theorems. Secondly, there are more than one choice of basis of
the space of holomorphic differentials. Thus, we need to consider an appropriate linear
combination of period integrals or appropriate hypergeometric functions in order to com-
pute the explicit coefficients in Theorem Finally, we consider the finite field IF, where
g = p" and n > 1. For most of our results, we consider the number of rational points
in Fp» modulo p. The situation of rational points in F,» modulo p" will be explained by

explicit examples in the last section.

1.3. Contents

Throughout this article, we assume that A € C — {0,1}. We derive the closed formula
for the case y* = z(x — 1)(x — A) in Section [2l In Section , we give an algorithm to
handle the case y* = 2% (z — 1)?(z — \)%. In Section 4, we remark on an extension of
results from the finite field IF), to [F» for elliptic curves and make some observations about
the truncation levels of the hypergeometric functions involved. In the last section, we list
several examples to illustrate subtle points in the formulations and computations of our

theorems.

2. Case of X defined by y* = z(z — 1)(z — \)

2.1. Genus formula and Abelian differentials

Let us consider a family of curves X defined by
y'=w(z) =2z —1)(z -\

over the finite field F, where ¢ = p". Let C) be a smooth model of the projectivization
of X. Let X, be the curve defined over IF,. For brevity, we drop the dependence on A
and g and simply denote a curve in the family by X. By the defining equation, we know
H°(X, Ky) is generated by the Abelian differentials

(2.1) Wrs = ﬂys% = 2" [z(z — 1)(z — )]/ qy
Y

and we will find the appropriate range of r and s later. For ¢ < 4, by checking the

smoothness at co after change of coordinates we may simply apply the genus formula. For
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¢ > 4, after compactification in P2, the curve is defined by
Wi = Wo(Wo — Wa)(Wo — \Wa) Wy 5.

Specialize to the affine open set Uyy,—1, and the curve is defined by y* = (1—2)(1—Az)2*~3
which has a singularity at (0,0). Let C' be a smooth model of X. To find the genus of C,
the standard method is to apply the Hurwitz Formula.

Lemma 2.1. |2, Theorem 3| Let ¢ > 4.
(a) The genus of C is given by

C—2 if3]¢,
9(C) = ,
-1 if314.
(b) Denoted by |a] the integral part of a. A basis of holomorphic one forms on C' is given
by% and%, where [§]+1<i<(—1and [¥]+1<j<(-1
After resolving the singularities of X, we get a smooth model C' in

P2 x P! x ... x PL,

The coordinates are (z,y, 2; 21, t1; Y1, W15 ... Yi, w;; . ..) and C is defined by y' = x(x —
1)(x — A) and the associated equations of blowup. Once x and y are determined, the
rest of the values are determined accordingly. Thus, away from the singularities and their
preimage on the blowup there is a one-one correspondence of rational points between X
and C. This implies that we can count the number of rational points on C. Since the
Lefschetz Fixed Point Formula requires that the curve is smooth, we must consider the

smooth model C' rather than X. Then we consider the Frobenius map
Fb(l"y: Z3 21,113 Y1, W15 .- Yi, Wis - . ) = (xq?yqa zq; 2(117t({7y(1]7 w(1]7 s 7y;]7w;]7 . ')7

and the classical argument applies. For the computation of the trace map, we localize the
computation to an affine open set U of C by choosing U = C' — co = X — co. Then we

take the local parameter x to continue on the computation.

2.2. Hypergeometric functions and periods

By Lemma [2.1] we know that the basis of holomorphic 1-forms can be chosen as

14 20
(22) wo,s> 0 <s< l— |:3:| - 27 and Wi,s, 0 <s< f— |:3:| — 2.
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Recalling the formula of the period

& ' b—1/q9 _ ;\e—b—1 _ ap)o
F(b)l“(c—b)/ot (1= 1 —at) ™" dt,

and comparing w, ; with the differential in the integral, we have

l—-s5—-1 B s+1 B 2(s+1)
(2.3) a=—7r, b=r+ 7 c=r+ 7

Hence a change of coordinate A = 1/z is needed. We have an technical observation:

2F1(a7 b7 c,m) =

Proposition 2.2. Letting A\ = 1/x, the analytic continuation of z®-9Fi(a,b,c;x) at oo is
oFi(a—c+1,a,a— b+ 1;N).

Proof. The change of variable x = 1/ means that we study the behavior of the hyperge-
ometric series at oo after analytic continuation. Note that oo here does not mean the oo
of X. It simply means the change of variable z = 1/A. By taking an appropriate branch

cut in the domain to take roots of —1 we can consider the period integral

(24) A %Fi(a,b,e1/\) = F(?Eb_)lr)(j:b;c_l /O T S R

with ¢ > b > 0. Multiplying A\* to (|1.2)) we have

a2 d
(2.5) (A — 1)Aa+2d—;; F(2—A+(atb— 1))Aa+1£ — abX\%u = 0.

Our plan is to replace u with A*u and find an appropriate o such that uA\® satisfies a
new hypergeometric differential equation. By direct calculation, the above equation can

be rewritten as

A\ — 1);)\22()\‘%) +[2—c+2a)A+ (—a+b— 1)]%()\'3%) +ala—c+1)(A%) =0
by taking o = —a and dividing two sides by A. Comparing with we have
a+b+1=2a—c+2, ad=a—c+1,
— =—-a+b-1, == b = a,
a-b=ala—c+1), d=a—-b+1.
Hence the proof is complete. O

Let us end the subsection by introducing a notation.

Notation 2.3. The truncated hypergeometric series is defined by

(@O
F b A) =Y o EAR
2 1,N(a’a y G, ) Z (C)kk'
k=0
Similarly, we denote Fy(a,b,c;z) the truncated hypergeometric series of F'(a,b,c;x),

which is a solution to the hypergeometric equation (|1.2)).
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2.3. Counting rational points

Let us consider the Frobenius map Fj(z) = 27 on the normalization C) of X). Applying
the Lefschetz fixed-point theorem to Fp, we have [1, (2.34)]

1 — Tr(Fy|g1(cy,0)) = number of fixed points of Fj,.

Recall that the number of rational points on X is denoted by |X,|. Therefore, we get

| X\ = _Tr(FmHl(CA,O)) — (|points at oo on Cy| — 1)
(2.6) = Z —k,n,s-FNnS(2—r—%,HTA?2—T—M;A)—ém mod p
(r,s)€S

for some constants ks Ny, 0o, Where S is the set of subscripts defined in , and
doo = |points at oo on C\| — 1. Note that in the second congruence identity, We take
{wr, S}(m) cg as the basis of H L(Cy, 0), applying the similar technique in the calculation of
the classical case of elliptic curves, and then each element w; s in the basis will contribute
k- Fn, (a',b',c; N) to the trace of F)f. The parameters of the hypergeometric functions
a =2—-r— 3(3;1), V=1-5H = 12-;-17 d=2—r-— % are determined by
and Proposition In addition, the term do, in denotes the difference between the

number of rational points at oo on C'y and X, and we call d,, the correction term at oc.

Our goal is to determine these constants by counting rational points over some primes.

First, let us explain how to compute d. In Lemma we saw if (3,¢) = 3, the point
at infinity of the smooth model C) splits into three points, and if (3,¢) = 1 the smooth
model has only one point at infinity of C. On the other hand |X{*| only counts the
rational points in Uyy,—1, so for the case (3,¢) = 3 we have to make a correction —(3 —1).
These corresponds to do, = 0 or 2 respectively.

Consider ¢ such that

(2.7) 0| (g—1).

This implies (¢,p) =1 and £ # 0 mod p, so the fractions in (2.6 are well defined. In the

following counting process, we need a criterion of the existence of £-roots:

Lemma 2.4. Let | (¢ —1) and a € F,. Then

] — 0
(2.8) a1/t = 1 iff a =y for some y,
other values there does not exist y such that a = .

Proof. The proof follows the lines of the proof of the classical case, namely the case of
¢ = 2. If there exists y such that a = 3¢, then

D/t =01 =1 in F,
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by the little Fermat theorem. Conversely, we assume a(?~D/¢ = 1. Consider the algebraic
closure € of IF, such that {2 contains all roots of the algebraic equations y' =bforbe F,.
Thus a = y is solvable in Q. Then the assumption (/¢ = 1 implies y?* = 1 in Q.

However, the equation y9~! — 1 = 0 is solvable in F,. Let F; = (a), then

Yt —l=y-a)y—a®) - (y—a®h).

Therefore, y € F,. O

Now we want to count the number of rational points on X ,. Given a pair (z,y) €
X),q we apply (2.8) to z(z — 1)(z — A) to see if (x,y) is a rational point on X, ,. Let
t = [z(z — 1)(z — \)]@ /%, We intend to find a polynomial f(t) satisfying

f0)=1, fQ)=¢, f(¢)=0 for0<i</l—1.

This means that if z(x — 1)(z — X\) = 0, there is only one point (x,0) on X 4; if z(x —
1)(x — M) /¥ exists in Fy, there are ¢ points on X, 4; if #(z — 1)(z — A\)!/* does not exist in
Fq, (x,y) is not a rational point on X} ,. Observe that the simplest function f satisfying
f(¢)=0for 0<i<fl—1is

th—1
=1ttt

=== (t=¢="—

and f(t) also satisfies f(0) =1 and f(1) = ¢. Hence f is a counting function and we have

| X\ = Z(t—i—--'%-tz_l) mod p.
z€lF,

Let us compute each term Y _t¥. The highest power of z in y__t* is %(q —1). By the

observations

—1 mod if (q—1) ]k,
(2.9) » ak= p if(g—1)
ocF, 0 modp if(¢g—1)tk,

we need the power to be a multiple of (¢ — 1), which implies
3k > L.

By the range 0 < k < £ — 1, we know [%] < k < ¢ —1. For simplicity, let us first

consider the case 6 = 0 and we will come back to the case § # 0 later. Assume that § =0
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or (3,¢) =1 and recall that ¢ | (¢ — 1). By the power series expansion, we get

( 1) k(g—1)
k_ k(g—1) m k1) 7 n Ela=1)
-1 _
E t E T L g ( o >( )" e g ( . >( Atz e

z€lFy z€F, -
(q DN\ k=1 -
(2.10) = Z :nk(qe = Z ( > < £ )(_1)m+n)\n . xw—(m+n)
zelF, m,n m n
Me-d) K1) 2k(g—1) k(g—1)
z€fy N m4n=N m n

Definition 2.5. For fixed k the counting in ([2.10) is called a weight-k counting of | X 4|.

Let us examine the numerical conditions closely. m,n in (2.10) come from the bi-

nomial expansion, so they are required to be integers. Plus (2.9) we can write N =

(3;7 r— 1) (¢ — 1) for some r € Z>( satisfying
k(qe_l)>N = <7"+1—2£k>(q—1)>0
(2.11) — (r+12£k> > 0.
Ifr=1 always holds, because k </ —1< (. If r =0 becomes
1—%20 — §2k.

Thus, we divide the situation into two cases.
o Regular parameters. r =1, (§—| <k<{—1;and r =0, %] <k< %

o [rregular parameters. r =0, % <k<{l-1.

2.4. Contributions from regular parameters

By (2.9) we observe that the non-zero terms in (2.10|) corresponding to the power of x

satisfy 2% 1
q —
l

for some r € Z>o. Hence

k(g—1)

— (m+n)+ 7

=(r+1(q-1)

(2.12) N=m+n:(3k£_€—r>(q—1)

for some r € Z>q, and the coefficients are

LA S NS
B () (0 )

N k(g—1)
—(=1) < K[ )'QFl,N(k—T—l,e,—r A) mod p.

(2.13)
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Compare (2.13) with (2.6) and we have
(2.14) k=10—s—1.

Therefore,

By construction, N, s € Z~¢. This implies

3 1
(2.15) 2 —r— (82 )20 = r=0,1.
For » = 0, the inequality becomes
20 2
§—1>s:>2k+%—1>3, (by writing ¢ = 3k + )

== (2k+’y—1)—%>s,

which matches ([2.2)), because in (2.2)) the equation reads

SSE—E]—Z = s<(Bk+7v)—k—2

— s§(2k+7—1)—1<(2k+7—1)—%,
For r =1, (2.15) becomes
¢ 2
§—1>s = /~c+%—1>s _ (k;+fy_1)_§>s’

which also matches (2.2), because in (2.2)) the equation reads

20

s<l— [3] 2 = s§(3k+7)—<2k+{237]>—2

= s§(k+7—1)—<[2;]+1> <(k+7—1)—2%.

This concludes the computation of the regular parameters.
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2.5. Contributions from irregular parameters

We redo the computation:

N N k’(qz—l) k(Qg—l)
SN (T

M N Ny =)
e 2 )

2k

(2.16) n=(%-1)(-1)

N k(qf_l) 2h e 1) (k=0(g=1) k 2k(g—1)—4(g—2)
=—(-1) <(2k;—€)(<1—1)>)\ ‘ B (= (L), T )

k(g—1)
(3k—8) (2k—0)(q—1) _ —
=—(-1) 7 @V ((2k—z§(q—1>>)‘ a 21555, ¢, Q(Zz :2) mod p.

Referring to (2.13)), letting a = #, b= %, c= 27’“ (because r = 0), one can recognize
that the parameters in (2.16)) are

(a—c+1,b—c+1,—c+2).
Therefore, for the irregular parameters, Fy is chosen to be mlfchLN(a —c+1,b—c+

1,—c + 2;x). This can be justified in the partial summation because the lower bound
2h=0G=1) 5 g

In the above calculation, we assumed § = 0 or equivalently (3,¢) = 1, s0 N = m+n # 0.

Consider the case (3,£) =3 = ¢ =3¢ and set N = 0 which implies

3 _
AN
and we know r = 0,1 which leads to k = ¢/, 2¢' < 3¢ — 1 = ¢ — 1. This means that there

are two situations in which N = 0 and the summation Y [z(z — 1)(x — A)]*4=1/¢ contains

=r+1,

2771 or z2(¢=1) . Consequently, these two terms contribute —2 after summing over F q-
The above discussion, together with (2.13) and (2.16]), concludes the proof of Theo-
rem [1.1]in the case of m = ¢, with ¢ | (p — 1).

2.6. Conclusion of proof of Theorem

Lemma 2.6. Let d = ({,q — 1) = ged(f,q — 1) and S be the set of F;. Denote S™ =
{a" |a € S}.

(a) If £ (q— 1), then the number of rational points of y* = z(x — 1)(z — \) over Fy is

the same as the number of rational points of y% = x(x — 1)(x — \) over F,.

(b) If d = 1, then S* = S, namely for every a € F, the equation y* = a has a unique

solution in IFy.
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Proof. For (a), this is a basic property of the units [, of a finite field F,. For (b), by the

same property of Fy, one can show St=8. O

By this lemma, we can always assume ¢ | (¢ —1) and if d = ({,p—1) = 1, the equation
y* = x(z — 1)(z — A\) has a unique solution in F, for every € F,. Thus the counting

polynomial is f(¢t) = 1 and we have
| X gl = Z 1=0 mod p.
z€Fy
Now we can complete the proof of Theorem for general m as stated. Observe the
following relation between H(C, K) and H°(C§, K), where C is the smooth model of
the curve defined in P? with the defining equation
W = Wo(Wo — Wa)(Wo — AW2) Wy 3.

In the affine piece Uy,—1 C P2, by (2.2)) we want to show

(2.17) m— [%] > (- [Q and m — [2;”] > (- [2;] .

Write m = ¢k, and £ = 3q+r, 0 < r < 2. Then

n-[glze-[5] = ateon-re (- [5])

since 2q(k — 1) —r > 2[qg(k — 1) — 1] > 0. For the other inequality,

e [5]e3] — awn-(3]) (o )

since (r — [%”]) <1 (ifr=2, [%] =1;ifr=1, [2—3’”] = 0). These two inequalities allow
the local expression
s—(£—1) s—(£—1) s—(£—1)

4

(x—=1)" ¢ (z—)N) ¢ dz
of the differential w, ¢ to have the same format in H%(C™, K) and H?(C*, K), and allow

the indices to match. Therefore, we can safely proceed the reduction and complete the

2t

proof.

3. Case of X defined by y* = 2% (z — 1)%2(x — \)%

3.1. Basic facts

We can apply the method developed in the preceding section to a more general situation.
Let p be a prime and ¢ = p". Let Xy be the curve defined by y* = 2% (z — 1)%2(z — \)®
where ¢, a1, as,a3 € Zso, ({,a1,a2,a3) =1, a =a; +az+a3 < ¥, (| (¢g—1) and Cy be
a smooth model of X. Then the genus of C) is calculated by the technique applied in
Lemma 211
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Lemma 3.1. [2, (4)] Let C be a smooth model of the curve X defined by y* = [T (z -
q;)%. Denote a = Y, a;. Assume ((,a1,...,am) =1 and { > a. Then

9(C) = Jlm—1) = 2 3D (Lay) + (f.0) b +1,
j=1

where (a,b) = ged(a, b).
Proof. If aj > 2, X has a singularity at q;. Then by blowing up there are (¢,a;) points

above q; with branch index ¢/(¢,a;). Hence by the Hurwitz formula,

g(C)—1+(m;1)£—; Z(ﬁ,aj)—i—(ﬁ,oa) . O
j=1

In our case the genus of C'y is calculated by
1
g(Cy) =0+1— 5 ((t,a1) + (L,a2) + (L,a3) + (4, @)

On the open set Uy,—1 — {0, 1, A} of C), consider the differentials defined by

M (z — 1)*2(z — N da 2" dx
wk17k2,k3,k = yk and w,ﬂ’k = yk

which has the same form of w, s introduced in the preceding section. (Recall (2.14):

k=4¢—1—s.) Then we have the following technical lemma for later use.
Lemma 3.2. There exists a basis B = {wg, ko ks 6} Such that the number

(o —az)

(3.1) M ki, ks, k) = < 7

b= (ko k) = 1) (- 1)

1s uniquely determined by ki, k3 and k. Denote By the subset of B containing the holo-
morphic differentials of the type (*,*, %, k).

Proof. We will give an explicit algorithm to construct B in the appendix. O

3.2. Proof of Theorem

We break the argument into three steps. The first step is to use the Lefschetz fixed-point
theorem to get a rough idea of the shape of the summation. The second step is to examine
the local behavior of each singular point and make necessary corrections, which we named
correction functions. The last step is to calculate the number of rational points by the
classical technique which we developed in the preceding sections. We can then determine

the precise values of the constants according to the formulas derived in the first step.
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Step 1: Count rational points by the Lefschetz fized-point theorem.
Let us recall (2.6) and compute the number of rational points. Since a1, az, az might be
greater than 1, there might be singularities at 0, 1, A, co. Thus, we must take corrections

on those points. Hence
1 — Tr(Fy|g1(cy,0)) = number of fixed points of F; on Cjy,
which implies the number of rational points on X is
[ X = = Tr(Fy[1(04,0)) = (000 4 00 + 01 + 62),

where &g, 01, ) are corrections at 0, 1, A respectively and do, = |points at oco| — 1. Let
0 =00+ 91 + )+ do. Then

(3’2) ‘XA| = Z T Chky ko, k3 k FNkl,k2,k3,k —4 modp

Wk kg, kg,kEB

for some constants cg; iy ks, k AN Niy ko ks k-
Now we want to determine the corresponding parameters a, b, ¢ for every differential

Wy ko ,ks,k € B. Recall the explicit expression of the differential wy, , ks x € B:
_mk _agk _agk
R Cop o PN G TPV G DR

By comparing with the differential t*=1(t — 1)¢~0=1(¢ — X\)~@dt,

ask ark amk  ask
=— —k b=k ——+1 =k +ky— ——="4+2
a ] 3, 1 / +1, ¢ 1+ Ko 7 7 +
and
P ‘ ak_ ,_agk_ o ark  azk
a = jEZlkj—i-g 1, b——g ks,  =—-k /ﬁ?g—l—ig —l——g.

For simplicity, let r = Z?’:1 k;, which plays a similar role as r defined in the previous case
y* = x(x — 1)(z — A). Then we know the corresponding truncated hypergeometric serious

1S
(3.3) —c F (% 1,98k k) — kg Gk oask )
. k1,k2,k3,k Nklykz,kgyk 7 r s g 3 1 3 7 VAR )

where ci, ko ks @0d Ni, g, ks k are two constants to be determined and F' can be either
oy n(a', b, 5 A) or A€ =1)(g-1) oF) y(ad' = +1,b/ = +1, - +2). Note that the exponent
of X in front of the hypergeometric series satisfies (¢ —1)(¢ —1) = (1 — ¢’) mod p, which
is consistent with the solution to the hypergeometric differential equations, and this is
exactly the number M we introduced in (3.1)).
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Lemma 3.3. Let Ny, j, ks = (% — 7 —1)(¢ — 1) and Ny, = (ki +1- %ﬁ)(q —1). Let
M = M(ki,ks, k) be defined as in Lemma 3.2 If M < 0, (k1,ko, ks, k) belongs to the
reqular parameters and the solution to the hypergeometric differential equation in F, with
parameters (a’',b', ) is

TS
QFLNkl,kQ,kg,k (a', b, 5 A).

If M >0, (ki, ko, k3, k) belongs to the irregular parameters and the solution to the differ-

ential equation in F, is
M QFLN}/Cl (@ = +1,0 - +1,- +2;\).

Proof. The only issue is the length of truncation. Since we are working on F,, either
(@), = 0in F, or (b'), = 0 in F, can end the series. Note that for the first case,
a + Niy ko kg b = (O‘Tk —r—1)g =0, so we can take it as the length of truncation. Similarly,
for the second case, since b’ — ¢ +1 = (k1 +1— %k) we can take (k1 +1 — %ﬁ)(q —1) as

the length of truncation and it is precisely the value of NV ,’ﬂ. O

Step 2: Compute the correction functions.

In this step we generalize the correction terms defined in the last section, which is
used to relate the number of rational points on X to the number of rational points on the
normalization C. In general, the correction terms might depend on A, which is different
from the case in the last section. Thus instead of requiring a correction constant, we need
a correction function §(\). By the defining equation of X, there might be singular points
along 0, 1, A\. Around x = 0, the defining equation of X reads

yt = 2% (=1)"2(=)\)* + (higher order terms).

Let d; = (¢, ay), then there are rational points on C) over x = 0 if and only if a d;-th root
of (—=1)*2(—\)* exists in F,. By (2.8]), we want to design a function such that

S(1)=dy —1, 6(¢)=-1 for1<i<d —1.

This means if a di-th root of (—1)%2(—\)“3 exists, there are d; rational points on C) and
we must make a correction d; — 1. If a dj-th root of (—1)?2(—\)*® does not exist, we must
make a correction —1 because (0,0) is a rational point on Xj.

Clearly, the function §(r) = (1+7+---+7%~1) —1 satisfies the properties we discussed

above. Hence the correction function at = 0 can be defined by

di—1

(3.4) do(r) = Z r,

J=1
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where d; = ({,a1) and r = ((—1)“2(—)\)%)((171)/6!1. By the same idea, we find that the

local defining equations of X around z =1, x = X are
y'=(x—1)"2(1-MN)* and y'=A"(\-1)"2(z — )%,

and their associated correction functions are

do—1 ' ds—1 ‘
(3.5) Si(s)= Y80, at)=>_#,
j=1 j=1

where do = (£,a3), az = ({,a3) and s = ((1 — A)“S)(q_l)/dz, t = (AN — 1)“2)(q_1)/d3.

The singularity at infinity is simply oo = (¢, @), so the total correction function is
(36) 0 =00+ 01+ 0\ + doo-

Lemma 3.4. 71, "2 "8 4n (3.4]) and (3.5)) such that

K - —k 1<i<3
contribute to the weight-k counting of | X 4.

Proof. The proof is directly from construction. O

Then we can decompose § with respect to the weight-k structure and write

(3.7) 5= Gpm A"
kE m

Note that the constant d, is at weight 0.
Step 3: Determine the constants.
Let us apply the classical technique again (cf. (2.10))

| X = Z(t—l—--'+t€_1) mod p.

z€lFy
Then
a1k(g—1) M agk(g—1)
TAED SE S S Sl (A [T
z€lFy z€elF, m m
ask(q—1) asgk(g—1)
3.8 ¢ —N)re
59 (0 )
N azk(gfl) ask(gfl) ak(g=1)
— n e
S CILED DI (A | G PD DR e
N m+4n=N z€elF,
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For brevity, we denote

azk(q —1)

agk(q —1)
14 ’ ’

(3.9) Na(k) = 7

N3(k) =

By (2.9) the power of z is % — N = (r+1)(q — 1) for some r € Z>¢. Hence

(3.10) N =N(k) = (C“f—r—1> (¢—1)

for some r € Z>p, and (3.8) can be simply written as

o 2 ()6

m-+n=N
By using the property of finite fields, we know that there are two relations in [F:
M1=1 and 14+A+.--+X72=1
for A # 0,1. Fixing k, the weight-k counting of | X} 4| is

Xl = — Z(_l)N Z (ﬁ:j) <Z3> ¥

N(k) m+n=N
= Z —Choy kg ks o E Ny oy g (@5 0, G5 A) Z(skm

Wk ko, kg,k E Bk

(3.11)

in Fy, where By, is defined as in Lemma According to the relations between N, No,
N3, there are four different types of summation. Fix k, then N, N3 are fixed (cf. (3.9)).

Lemma 3.5. Assume 0 < N < Ny + N3, then
(a) for N < Ny, N < Nj,
ZN: < N > <N3>/\” = <NQ> 2Fy n(—=N, —N3,1 — N + No; \);
= \N-n/\n N ’ ’ ’ T

(b) for Ny < N < N3,

N
Ny N3 Ny N—N.
A= (2NN B (“Ng, N — (Ny + Ny), N — Ny + 15 A);
3 (2 ) ()= (N eamt 3 —

(c) for N3 < N < N»,

N
No N3 Ny

"= (—N,—Nj,1— A):

Z(N—n><n)/\ <N>2F1,N3( N,=Ns,1 = N + Na; \);

n=0
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(d) for No < N, N3 < N,

> () ()

N J—
- <NQ> AT 5By Ny 4Ny~ N (= Nay N = (Na + N3), N = Na + 13 \).

Proof. These identities can be justified directly. O

M € Z~qo. This corresponds to

We need to enumerate possible (k,r)s such that
0oo- If doy > 1, we find the number of k satisfying O‘Tk r —1 € Z as we did in defining
the correction in the case of y* = z(z — 1)(x — \). Let £ = ¢’ ds, and a = o du,. Consider

the condition

ak o'k ) 4
7—r—1—7—r—1€Z>0 = k =/K', and k has to satisfy ~ <k</{-1.

This implies 1 < k' < d, —1 because if ¥’ = do, = a—r—1> 0 which violates r < a—2.
Therefore, the corrections is do, — 1 which is exactly do, the correction at infinity.

Now we are ready to determine the constants cg, g, ks k- The assumption 0 < N <
Ny + N3 implies

mm{[aﬂ 1, [aﬂ +(k1+k3)} zrzmaxﬂalgﬂ —1,0},

and this gives the range of r for fixed k. Unlike the case of y* = x(z — 1)(z — \),
the differential w,., associated with the summation > . _ (]Xf) (]:23))\” might not be
holomorphic on X,. However, by Lemmas and , for each weight k, we know
that there exist {ck, ky k5,1 } such that

(312) |X>\,‘I’(k) + Zék,m)‘m = Z _ckl,k27k3,kFNk1,k2,k3,k (CL, b, c; )\)
m Wk ko, ks,kEBE

in IF;, where a = O‘Tk —r—1,b= a3k — ks, c=—k1 — ks + aifk + “3k This concludes the
proof of Theorem [1.2]
3.3. Algorithm to find the coefficients

Let Gi(\) = |X>\,q|(k) + >, 0k.mA™. Then by the classical technique of taking derivatives
we can generate enough equations to solve for {c, k, ks .k} Assuming |Bi| = m, we take

derivatives with respect to A and get a system of equations
Gr(A Z ck1,k2,k3,kFNk1 ko.ks, (@b, e N),
G%(/\) = Z —Chy ks kPN g (050565 ),
(3.13)

(m 1) m-1) .
Z e ke ENy o (a6 ).
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By Lemma we have Gi(\) = fi + -+ + fn where f; = Cj2F) n,(a,b,c;A\) or f; =
o\l 2F1 N, (a, b, c; X) for every i. Let gi1,92,...,9m be the vectors of functions on the
right-hand side of (3.13). Each entry of g; has the form oF1 N, (a', b, s \) or A=D(g—1)
oF (0 —c + 1,0 = +1,-c +2;\). Let c1,...,cm be the unknowns and Gy be the
column vector (Gi(A), GJ(N), ..., GZ‘_l(/\))T. Then, by Cramer’s rule one has

W[gl,...,Gk,...,gm]
W[gla"'agm]

where W represents the Wronskian. Thus we can introduce any number into A. For

cj = = constant,

simplicity, we can set A = 1. Notice that f; and g; have the form MM En(a, b, c; \) and the

derivative of a hypergeometric series with respect to A is
, ab
Fy(a,b,c;\) = ?FN,l(a +1L,b+1,c+ 1;)N).
This implies
(MM F(a,b,¢; )

A=1

:Cg()‘M)(S)+C§,1()\M)(571)F]/V(a,b,c; A) 4 -

:iC’;”_j (M- (M—-s+j+1)) (aZi)(é)jFN_j(a—|—j,b—|—j,c+j;1)
=0 J

5 (_s)sj(—(M)sj(a)j(b)j Fx_j(a+j,b+j,c+j;1).
=0

c)j J!

Apply this formula to every fi(s) and g(s), 1 < s <m—1 and we get an explicit expression

J
of coefficients in (3.12)).

4. Remarks on the Legendre family of elliptic curves over [,

The results of Section [2|in the case of £ = 2 and ¢ = p give rise to the classically known
results for the Legendre family of elliptic curves. In the case of ¢ = p™ with n > 1, apart
from the method presented in Section [2] one can also obtain a similar expression by a
classical approach of considering a truncated hypergeometric series related to p instead of
p™. The goal of this section is to show that after applying Weil’s results on the number of
rational points over a finite field the two countings with different truncated hypergeometric

series are actually the same.

4.1. Arithmetic geometry

Let us first generalize the classical arguments in counting. There are two steps in this

argument. The first step is to apply Fermat’s little theorem to count the numbers of
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rational points directly:

(4.1) B=Y (1 + (2(z — 1)z — A))@—l)/?) mod p.

z€lF,
Here we follow the same guild line. On the finite field F,, the identity
al =1
for a € Fy holds. By the construction of Fy, we have a criterion of quadratic roots:

. : o
Sa-D/2 = 1 if there exists y such that a = y*,

—1 otherwise,

which is a special case of (2.8]). Hence we have
By-1=Y) (1 + (2(z — 1)(z — A))@—l)/?) in F,.
z€lfy

By (2.9) we can conclude

(qa—1)/2
(4.2) By 1= (-2 3 < 1/2> inF,,

r=0

which implies

(¢-1)/2 —1/2\2
|Exq E—(—l)(q_l)/2 Z ( >)\r mod p

r=0 "
= (-1 E G, 31N,
For the interpretation, recall the Picard-Fuch equation

2
(+@\ - D55+ 30 = D5 ) apa (Wi = sl

—-1d

= = (W)@ —a(@)) =0

over Fy, where ¢ = p". On F,, the Frobenius map is F'(xz) = x9. Therefore, we only have

(4.3)

(4.4)

to replace p by ¢ and get

(@2, 4 /2\2
|EA| = —ag-1(\) = —k - < ) A" inF,
(45) 2,
= ‘E)\| = k- 2F17(q,1)/2(% )y 3 1; )\) mod p.
Let us explain the first identity. Since a,—; satisfies (4.4)), a;—1 has a series expression

q—1

k
ag—1 = ch)\ .

k=0
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This is because [F, has ¢ elements which implies that the upper bound of the summation
is ¢ — 1. Another explanation is by Fermat’s little theorem, which says A2 = A for every
A. Hence the highest meaningful power of A is ¢ — 1. Then, through the explicit solution

of the hypergeometric differential equation, we have

(4.6) ag1 =k q§/2< 1/2) in F,.

By comparing [@.2)), (&F) and (&.6)), we have k = (—1)(9~1/2 in F,, which implies that

k can be taken as an integer and

k= (-1)"Y2 mod p.

Therefore by (4.2)), (4.3 and (4.6) we can conclude

Proposition 4.1.

(4.7) Bagl = —ag-1(0) = (=125 1y0(3, 5,150

Y2

for every q = p".

4.2. Computation after Weil

Let us approach the same problem by Weil’s conjecture/theorem on smooth algebraic

curves. By using Tate’s module or Etale cohomology one can derive

#E(Fg) =1—a" =" —p"

(4.8)
=1—(a"+p") mod p,

where 8 = @ and |af = [8] = /g (cf. [5, p. 136]). Let a = (o + ) € Z. Note that the

notation #E(F,) includes the infinity point. Thus by our notation we have
#E\(Fg) =1+ |E>\,q| .
We can calculate a by letting n = 1 and comparing with , which implies
a= (—1)(3’_1)/22F17(p_1)/2(%, %, 1;A) mod p.

122 1;)). Then we can derive |Ey | for n > 1

To abbreviate, we denote F' = gFLp/z(%, 55 1;

by a simple observation
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Proof. The key is to show a™ + g™ € Z. We will prove this by induction on n. The case

of n = 1 is obvious. For the general case, according to the binomial expansion
Oé + 5 Cn n— kﬁk
(4.9) Z
= (a +8") + ClaB(@™ + ") + -+,
and then by the induction hypothesis CaB(a"~2+ 3""2)+ .- € Z, we can conclude that
o 4 " € Z. Again by ([£.9), since af = |a)? = ¢,
(@+8)" = (a"+ ") +q(CL(a" >+ ") + )
= (a"+ ") mod p. O
Therefore we can calculate
#E\(Fy)=1—-(a"+p")=1—-a" modp
=1- ((—1)(p_1)/2F)n mod p

— |Exgl = —(~1)P"V2F" mod p.

It is easy to verify
(=112 — (—q)P"-D/2,

so we get an equation

(4-1)/2 (p—1)/2 2 \"
1/2 B —1/2\°.,
(4.10) ( > = E < . ) A mod p.

r=0 r=0

Remark 4.2. Incidentally, this equation leads to the following non-obvious identity:

QFl,(q—l)/Q(%a %7 17 )\) = (2F1,(p—1)/2(%7 %7 1; )‘))n mod D.
5. Examples

o.1.

In this subsection, we will use examples to illustrate subtleties between taking modulo p
and modulo ¢ = p™ for n > 1, which explains why Theorem was stated in terms of

(mod p) instead of (mod q).

Example 5.1. Let X} be defined by y*> = z(xz — 1)(z — A) and p be a prime. Let ¢ = p™.
Recall the formula (4.7))

Fi, =12 5P (3,515,

Let A = 3, then
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e ¢ =5, then ‘X§,5‘ = 3 and F§5 =3 mod 5.

e ¢ =52, then ‘X§,52

=31 and F32752 =1 mod 5, F:i52 =6 mod 52.

e ¢ =53, then ‘X§753 = 147 and F32753 =2 mod 5, F32753 =97 mod 5.

These three results shows that taking modulo p is necessary. The identities will be failed

if one takes modulo ¢ = p™.

Example 5.2. Let X§ be defined by y* = 2(z — 1)(z — \) and p be a prime. Let ¢ = p™.

By using Theorem [1.1}, we have

Ff,q - _kl)‘(q_l)/QFNl(i %’ %3 A) — ]‘C2FN2(%’ % %5 A) = k'3FN3(%a %7 L A),

where
3(g—1) 3(¢—1)
b= () ) k= (00T ) k= (e
1 1
Let A = 3, then

e ¢ =5, then ’X§,5’ = 3 and F?if) =3 mod 5.

_ K2 4
g = 52, then ‘X&SQ

=19 and Fy,;, =4 mod 5, Fy;, =14 mod 5%

q = 53, then ’X§53 = 147 and F§53 =2 mod 5, F§53 =17 mod 53.

q = 17, then |X§717‘ = 23 and F§‘717 =6 mod 17.

q =T, then ‘Xglj‘ =3 and F§7 =3 mod 7.
e g =11, then |X§,11‘ = 15 and F32’11 =4 mod 11.

The first three results shows that taking modulo p is necessary. The identities will be failed
if one takes modulo ¢ = p". For ¢ = 5", 17, they satisfy the assumption (m,q—1) = 4
(where m = ¢ = 4). For the last two identities, they satisfy the assumption (m,q—1) = 2
(where m =4, ¢ = 2).

0.2.

The following example shows that the assumption of ¢ = (m,q — 1) in Theorem is

necessary.
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Example 5.3. Let X§ be defined by y% = z(z — 1)(z — A). As before, we denote qu
the formula provided in Theorem Let F/’\?q = Ff g~ d, i.e., without considering the

correction terms. Let A = 3, then
e =7, then |X§,| =3 and F3% =5 mod 7.
o ¢ =13, then | X§ 3| = 27 and F3%3 =3 mod 13.
e g =17, then |X§,17‘ = 23 and F??,l? =4 mod 17, F?i17 =6 mod 17.

The first two results shows that the correction terms are necessary. For the last result,
the formula F f’ o does not provide the correct result in the case 6 1 (17 —1). Instead, we

must consider the right power and do the reduction: F} o, Where 2 = (6,17 —1).

6. Appendix

We will present an explicit algorithm mentioned in the proof of Lemma [3.2] First let us

recall:

Lemma 6.1. |2, Theorem 3] wy, ky ks @5 holomorphic if and only if (k1, ko, k3, k) satisfies
o Testl: ((kj +1) > kaj+ ({,a;) for j =1,2,3, and
o Test2: ka > (k1 +ka+ks+ 1)+ (¢,a).

Now we declare variables m = ¢, a = «, k1 = k1, k2 = ko9, k3 = k3. Then we have the

following algorithm.

Listing 1: Find a basis
for (k=IntgerPart (m/a)+1; k<=m—1; k++){
n=-1; // control flag.
for (k3=0; k3<=a—2; k3++){
for (k2=0; k2<=a—2; k2++){
for (k1=0; kl<=a—2 && kl1+k2+k3>n; kl4++){
Testl;
Test2;
n=k1+k2+k3; // reset the flag.
138
}

Note that for each fixed k, we move k3 first, then k2, then k1. In this manner we can
make k1 4 k2 + k3 keep growing. One can easily justify that this feature makes B satisfy

the requirement in Lemma |3.2
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