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A Finiteness Result for Inverse Three Spectra Sturm-Liouville Problems

Ying Yang* and Guangsheng Wei

Abstract. The finiteness for an inverse three spectra Sturm-Liouville problem with po-
tential ¢ on the interval [0, 1] and boundary parameters hg, hy is studied in this paper.
Under condition that two boundary conditions at a fixed internal rational point a of
(0, 1) are different and known a priori, we show that there exist at most a finite number
of triplets (g; ho, h1) corresponding to the three spectra of a Sturm-Liouville equation
defined on [0,1], [0, a] and [a, 1], respectively, with the same boundary conditions at
two endpoints 0 and 1.

1. Introduction

The main goal of this paper is to concern the finiteness problem of recovering the potential

g on the interval [0, 1] of a Sturm-Liouville equation
(1.1) —u" +q(z)u = Iu

using three spectra o (L) = {A\,}oo g, 0(L7) = {py forg and o(LT) = {p;} 152 correspond-
ing to three Sturm-Liouville problems L, L™ and L', which are generated respectively by
(1.1) defined on [0, 1], [0, a] and [a, 1] and the following Robin boundary conditions

(1.2) u'(0) + hou(0)
(1.3) u'(0) + hou(0)
(1.4) u'(a) + hyu(a)

o' (1) + hyu(1),
u'(a) + h_u(a),
u'(1) + hyu(1).

0
0
0

Here all the boundary parameters hg, h1, h_, hy belong to R, the potential ¢ € L[0,1] is
real-valued and a € (0,1) is fixed.

In the literature there are many results (see [1},2,5,6,9H11,/13] and the references
therein) related to the inverse three spectra problem. This problem was first investigated
by Pivovarchik [10] under condition that a = 1/2 and o(L) and o(LT) are the Dirichlet

spectra (i.e., all hg, hi, he = 00). Further investigation has been carried out by Gesztesy
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and Simon [5| under the more general situations of a € (0, 1) and Robin spectra. So far, this
inverse problem has been studied in various settings, for example, see [1] for distributional
potentials, [9] for Jacobi matrices, [2] for Stieltjes strings and [6] for compound systems.
We note that Gesztesy and Simon [5] proved uniqueness of the reconstructed ¢ whenever
the three spectra do not overlap and suggested a counterexample to uniqueness otherwise.
Hryniv and Mykytyuk [6] also discussed the situation of the overlapping of three Dirichlet
spectra for the case of singular potentials. However, all the above studies are restricted to
the case of h_ = h .

Our immediate motivation for this paper is a recent research of the second author and
X. Wei [13], who considered the case of h_ # h; and established the following extended

inverse three spectra theorem.

Theorem 1.1. Fiz hy,h_ € R with hy > h_ and let a = 1/2. Suppose the following
interlacing property holds:

(1.5) [ < Ao < iy < Agn1 < fly g

for allm € Ng := NU{0}. Then hg, h1 and q a.e. on [0,1] are uniquely determined by the
three spectra o(L) and o(L7F).

It is worth mentioning that the interlacing property (1.5)) of the associated eigenvalues
in general does not hold for all n € Ny, even the three spectra do not overlap for the case
of h— # h4. However, we observe that, in appropriate circumstance, (1.5 remains valid

when n is sufficiently large. Motivated by this situation, a natural question occurs:
what if we take out condition (|1.5))7

Our purpose here is to consider this question in a more general case of Theorem [I.1] that

the fixed interior point a is a rational number, namely,
m1
1.6 a=—,
(16) m

where my < mg and mi, mo € N are co-prime.

In this paper, we shall prove that there exist at most a finite number Ky (say) of
triplets (gq; ho, h1) corresponding to the three spectra of the Sturm-Liouville problems L
and LT provided that h_ # hy and the following condition is satisfied

(1.7) max {h_,hy} < B(ho,h1;q) or min{h_,hy} > B(ho,hi;q)

where

a [! l—a [“
(1.8) B(ho, h1;q) = ahi + (1 —a)ho + 2/ q(t) dt — 5 / q(t) dt.
a 0
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Here K\ depends only on the norm ||¢||;1 and the boundary parameters hg, h1 and h
(see Section [3| below). The finiteness result does not need precondition that three spectra
are pairwise disjoint, that is, condition can be dropped. In fact, we shall find out
that condition implies interlacing property for sufficiently large n when a is
a rational number (see Section [2| for details). This together with Borg’s theorem [4] can
ensure that at most a finite number of triplets (g; ho, h1) correspond to the three spectra
of the problems L and LT. By the way, we return to consider the uniqueness problem of
recovering the potential ¢.

Similar results may be obtained for the Dirichlet boundary conditions, where hg = oo
and/or hy = oo and for the case of hy # h_. Moreover, the technique used to obtain our
result in the paper is based on Borg’s two-spectra theorem [4].

The structure of this paper is as follows. In Section [2| we prove results concerning the
interlacing property of the associated eigenvalues for sufficiently large n > N. Section [3]
presents the way to find the V. The finiteness theorem and its proof will be presented in
Section [l

2. Preliminaries

In this section, we shall establish the interlacing property among the associated eigenvalues
for sufficiently large n. We begin by considering the initial-value problems of (1.1) with

initial conditions

(2.1) uw(0) =1, /(0) = —ho,
(2.2) v(1) =1, (1) = —hs.

Let u := u(xz,\) and v := v(z,A) denote the solutions of (1.1)—(2.1) and (1.1)—(2.2)),
respectively. Note that the eigenvalues {\,}o-, of the problem L are precisely the zeros

of the transcendental function
(23) w()‘) = U(IL‘, A)U,(l" )‘) - U,(ZE, )‘)U(l'a )‘)a
where w(\) is independent of z € [0, 1]. Similarly, if letting

(2.4) w™ (A, ho) = (a,\) + h_u(a, \),
(2.5) wr(\ hy) =" (a, ) + hyv(a, N),

then the eigenvalues {u }.2; of two problems LT are the zeros of the functions w¥ (X, hx),
respectively. It is known [4] that w(\) and wT (A, hs) are entire in X of the order 1/2 and
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the eigenvalues {\, }oo o, {1} have the following asymptotics

(2.6) An = )\l,n +2A + ap,
(2.7) M = Py, + 247 + g,
(2.8) fo = iy + 247 + g,

where three sequences {a, }oo, and {a;f }, -, are infinitely small as n — oo,
mo 2 mo 2
2.9 Ma=0n) up,=(—nr), u,=(—"—nr

and

1 1
A:hlhoJr/ q(t) dt,
2 Jo

_ my 1 [ma/ma
A== 2 (h_ —ho+= t) dt
(2.10) m1< 0+2/0 q(t) )

m2

1 1
At =—""2 hl—h++/ q(t)dt | .
mo — My 2 ’ml/mz

We first consider the interlacing property between {1 ,}°7 ; and {1, },- , for all n € N,

where
{mntorg = {tntneo UL oo

(counting multiplicity) is an increasing sequence.

Lemma 2.1. Let a = my/mq be an irreducible fraction with my < mo and my,mg € N.
Then for all n € Ng := NU {0}, we have

(2.11) Pin < Atn < Hintd-

Proof. We first prove (2.11)) holds for n = 0,1,...,ms. Without loss of generality, we
assume my > mg — my. Consider the sequence of the numbers a,, := nma/m; for n =
0,1,...,m; — 1 and a;r := jma/(mg —mq) for j = 0,1,...,my —my; — 1. Once m; and

mo are given, then they can be arrayed as

(2.12) ag=a1 < a2 <az < - < Apy—1 < Ay,

where ag = a1 = ay = af, amy—1 = Ay —1 = m2(1 —1/mq) (because my > ma —m;) and

am, = ma. Note that if ngma/mi = joma/(ma — my) for some ng > 0 and jp > 0, then

mi no

-
m2  no+Jo
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which contradicts the precondition that m; and mg are co-prime. This shows that (2.12)
remains valid.
Now, we need to show that the interval (aj, a;41) contains j for j =1,2,...,mo — 1.

Since my < my and therefore mo/my > 1 and ma/(mg —mq) > 1, it follows that if a; and
+

aj4+1 are adjacent of {al_, .. .,a;lrl} and {af, . ,amelfl}, respectively, then there
exists at least an integer k belonging to (a;j,a;+1). On the other hand, considering another
case that two endpoints a; and a;j41 are not adjacent of the a,’s and aj’s, for example,
a; = noma/m1 and aji1 = joma/(me — m1); if (aj,aj41) does not contain any integer,
then a;11 —a; <1 and there exists an integer kq satisfying

o <k + 1.
m mi

(2.13) by < %no <k +1 and k<
1

This implies k1 < ng + jo < k1 + 1, which is impossible. Therefore, we find each interval
(aj,ajq1) for j =1,2,...,my — 1 contains at least a positive integer. This together with
amy—1 = ma(1 — 1/my) < my yields (aj, a;j4+1) contains j. Multiplying 7 to a; to (2.13),
we conclude that holds for n =0,1,...,ma.

We next prove holds for n > mo. In this case, there exists p € N such that
n = pms + mq, where mg € {0,1,...,mg — 1}. This yields

(214) VH1Ln = (me + amo)ﬂ-v V >\1,n = (p7TL2 + mo)ﬂ',
and therefore (2.11)) holds for all n € Ny. The proof is complete. O

Let us mention that, since a is a rational number and hence it has rotative periodicity,

it follows from the above proof that for any p € N,

(2.15) P,pms = Alpms = Hlpmot1 < Apmot1 < Hipmot2 < -

< B, (pr1)ma—1 < AL(pal)ma—1 < H1,(p+1)mo-
Here pu1,pmy = Hipmot1 = By pmy = ,uf,p(mz_ml). This together with condition (1.7 will
help us to identify the interlacing property between {\,} 7 and {u,}, -, for sufficiently
large n. However, if a is an irrational number, then the rotative periodicity (2.15)) does
not remain true. Moveover, in general we do not know the exact positions in ([2.15)) of

forj=1,2,...,m;—1 andufp( for j =1,2,...,mo—mq—1, but when

Mipm1+j ma—mi)+j
m1 and mg are given concretely. For example, if m; = 3 and my = 10, then a simple
calculation shows that f11,10p+5 = pq 3,41 and p1,10p+8 = g 3,49, and other g 10p4r are
(il 7y for j=1,2,...,6.

We next consider the interlacing property between {A, }>2 ; and {p, }o- for sufficiently

large n, where

(2.16) {pn}ozo = {1 Yoo Y {mt 1o

(counting multiplicity) is an increasing sequence.
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Lemma 2.2. Let a be defined as in Lemma [2.1] Suppose the boundary parameters hy,

hi, h— and hy defined in (1.2)—(1.4) satisfy (L.7]). Then there exists a positive number N
such that, for alln > N,

(2.17) tn < Ap < Unt1-

Proof. Without loss of generality, we assume max {h_,ht+} < B(hg,h1;¢q) in (1.7). The
similar argument can deal with another case. Note that this assumption implies A—A~ > 0

and At —A > 0. From (2-6)-(2.10) and Lemma[2.1] we have that if n = pms for all p € Ny

then MUn = Np_m17 Hn41 = M;_(mg—ml)’

An = fin = M pmy — Nl_,pml +A—-A" +apm, — Qg

(2.18) _ -
=A—-A" + apmy, — Oy,
and
_ + + *
(2.19) An = Bl = Alpmy — M1 p(ma—my) T A= AT+ opm, — Xp(ma—my)

=A— A" +apm, —a

p(ma—ma1)’

Recall that A — A~ > 0 and At — A > 0. Since three sequences {a,}oo, and {ai} o,
are infinitely small as n — oo, it follows that there exists a positive integer, denoted by
N,, satisfying

A— A" i At — A

5 |2 T Xty | S T g

(2.20) Qpmy — Oy,

pm1

| <
for all n > N, and therefore p, < A, < pin+1 when n = pms and n > N,.
On the other hand, if n = pmg + j for j =1,2,...,mg — 1, then
An =t = (A — i) + (A+an) — (A" + 0f,)
> 7 (VA — Vi) + (A + an) = (A +af,)
= nm?(j — a;) + B + By,
> nm’Cy — |Bal — 185l

where € = 4+ when pu,, = u, a; are defined by (2.12), 8, = A+ an, 85, = A°+ «af,, and
Cy =min{(j —aj):j=1,2,...,mg — 1}. It is easy to see that

(2.21)

(2.22) o >max{ ! 1}.

m1 mo — MM
Note that two sequences {8, }oo, and {8} _, are bounded. Therefore, there are Mo ()
and My(B%) satisfying |8, < Mo(B,) and |35 < Mo(BE) for all n,m € Ny. For the
positive constant C; in ([2.22), there exists the positive number

(2.23) N— — Mo(Bn) + Mo(B7n)
‘ ‘ w20y
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such that A, > p, for allm > N;” and n = pmgy +j for j =1,2,...,mg — 1. In accordance
with the similar argument, one infers that A\, < p,41 for all n > N;‘ and n = pme + j for

7=12...,mo— 1, where

(2.24) et — Mo(Bn) + Mo(B5)

: m2C)
with Cf = min{(aj41 —j):j=1,2,...,ma— 1} and Cy satisfies (2.22). Thus, if we
choose N; = max{Nf,N{}, then the strict inequality p, < A\, < pn41 holds for each

n>N; withn=pmo+jfor j=1,2,...,mo— 1.
By means of the discussion above for two cases, we infer that the interlacing property
(2.17)) holds for all n > N := max {N, N;}. This completes the proof. O

By the proof of Lemma we see that there are two positive numbers N, and N; so
that

(2.95) Ppma < Apmy < Hpma+1 if p > Ne/ma,
Hpma+j < Apma+j < Hpmotj+1 i p > Nijmy,
where j = 1,2,...,mg— 1. This fact urges us to find out two positive numbers N, and N;

to ensure (2.25) holds. Note that N, and N; are only related to the L' norm of ¢ and the
boundary parameters hg, h1 and hy (see Section {4| for details).
Let us concern with the functions
(2.26) w™ (A, hy) = (a,\) + hyu(a, N),
(2.27) wr (A ho) =2'(a, \) + h_v(a, \),
and denote their zeros by {vF}~ ;. Then both sets {v, }.-, and {v;} }°° are the spectra

of the following two Sturm-Liouville problems

—u" + qu = Mu on [0, al,
(2.28) u'(0) + hou(0) = 0,

u'(a) + hyu(a) =0,
and

—u" + qu = du on [a, 1],
(2.29) u'(a) + h_u(a) =0,

(1) + hu(l) = 0.

Finally, we consider the interlacing property between {j,},-, and {v,},, for suffi-

ciently large n, where

(2.30) {ontnto = {vn by U{vi 1ol

(counting multiplicity) is an increasing sequence.
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Lemma 2.3. Fizn € Ny. Consider the corresponding eigenvalue ., (ho, h_) of the oper-
ator L™ as the function of hg and h_. Then p, (ho,h_) is a continuous function of hg,
h_ for (ho,h_) € R? and, it is strictly decreasing in hg € R for any fived h_ € R; and
strictly increasing in h— € R for any fized hg € R.

Proof. The proof refers the proof of [14, Theorem 4.4.3] and is therefore omitted. O

Lemma 2.4. Let a be defined as in Lemma . Suppose the interlacing property (2.17)
holds. For the same N existence of which is proved in Lemma then one of the following

two interlacing properties holds for each n > N,

(2.31) n < Up < fpy1  for hy > h_,
(2.32) Up < i < Unt1 for hy < h_.

Proof. Let wi(A) = w™ (A, h_)wt (A hy) and we(N) = w™ (X, hy)w™ (A h_). Then from
E3)-@5) and (E20)-EZ7) we get

B 1 u'(a,\) + hyu(a,\) o' (a,\) + hyv(a, N)
w(A) = | /
(2.33) + =~ = | (a,\) + h_u(a,\) v'(a,\)+ h_v(a, )
1

= H[w()\) —wi(A)].

It should be noted that, by adding a constant to the potential ¢ if need be, we can assume
that three continuous functions w(\), wi(A) and wa(\) are real in interval (0, c0) and their
all zeros are positive. Since {\,},~, and {u,},-, are the zeros of the functions w(\)
and wi(\), respectively, we obtain p, < A\, < pny1 for all n > N, which is proved in
Lemma 2.2

We first show that there exists v, € {vy}, - so that vy, € (fn, pint1) for each n > N,
where {v,}7 are the zeros of function wy(\). Since py, and pin41 are the adjacent zeros
of wi(A), it follows from that

1

(2.34) w(pn)w(piny1) = WW(M)W(MH)-

It is known [4] that

N

w(A):(Ao—A)HM I1 An — A

n2m? n2n?’
n=1 n=N+1

and each )\, is the only simple zero of w(\) in the interval (py, tint1) for n > N. Then we
have w(fn)w(pint1) < 0, which together with (2.34) and hy # h_ implies

w2 (pn ) w2 (pnt1) < 0.
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By the intermediate value theorem of continuous functions, we infer that there exists at

least vy, € {vn}oy

so that vy, € (fin, tint1) for each n > N.

We next prove that for each n > N the interval (yy, f1n41) contains at most one element
of the set {v, },— for the case hq > h_. If i, = p,; =: p. (ho, h—) for some k € Ny, then
from Lemma we see that the eigenvalue i, (ho, h—) is strictly increasing in A € R for
any fixed hg € R. In this sense, the eigenvalue v, can be regarded as ji; (ho, h4). On the
other hand, p1, = pif =: pi;f (hy, h1) is strictly decreasing in hy € R for any fixed hy € R
and therefore v}’ can be regarded as i (h—,h1). Since hy > h_, it follows that p, < v,
and u;: < v,j. This yields that p, < v, and shows that for n > N the interval (g, tiny1)
contains at most one element of the set {v,},~ . This fact also remains true in the case
hy <h_.

Combined with the above discussions, we have u, < v, < ppy1 for each n > N when
hy > h_. Similarly, if hy < h_, then we have vy, < py < vp41 for n > N. This completes
the proof. O

3. Finding N

In this section we shall identify N = max {N;, N.} in Lemma such that the interlacing
property holds for n > N. We first present the estimates of sequences {ay,},-, in
and {Bmn},_, in to find N, and N; such that |ay,| < § and |8,,| < My hold for
all n > N, and m > N;. Here the positive number ¢ is given a priori. The method used
here mainly relies on that of used in [8}|12].

Throughout this section, we always assume that holds. Let us consider the
Sturm-Liouville problem L which is generated by (L.I)—(1.2)). It is well known [4] that its

eigenvalues {\, }, -, obey the following asymptotic expression
(3.1) An = ()2 4+ 24 + ¢(n) + Yo,

where v, = O(1/n) as n — oo, A is defined by ([2.10) and ¢(n) are the Fourier coefficients
for potential g:

1
(3.2) c(n) :/0 q(t) cos(2nmt) dt.

We need the following lemma which is a copy from [7, Theorem 4.2.1]. We cite this lemma

here without proof.

Lemma 3.1. Given any positive number 6(A), there exists a positive N¢(0,1) such that
for all n > N¢(0,1),

(3.3) le(n)| < 8(A).
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Remark 3.2. Generally speaking, if the unknown potential ¢ belongs to L'[0, 1], we do not
know the exact Nf(0,1) such that (3.3) holds for n > Ny (0, 1), although we only know its
existence. However, if ¢ € W11[0, 1], then it follows from [7] that

1 ¢l
/ q(t) cos(2nmt) dt| < L.
0

2nm

This yields N¢(0,1) = ||¢|| /(2m6(A)), which only depends on the norm ||¢||,:.

By a result of Mclaughlin [§], one can prove

Lemma 3.3. For the problem L, we have

(3.4) W) = psin(p)| < B
and
! B
(3.5) w(A) — psin(p) — (hg — h1) cos(p) +/ q(t) cos(p(1 —t)) cos(pt) dt‘ < m
0
for A € R, where A = p?, w(\) is defined in and
(3.6) B = (1+ [hol)(1 + [Ba]) (1 + g ")
with ||q|| == Hq”Ll[O,l]'

In the following, we present the estimates for N, and N; in Lemmas [3.4] and [3.5] which
will help us to obtain the number of triplets (g; ho, h1) corresponding to three spectra. Set

(3.7) §(A) = min {|A — AT|,|A— A7, A},

where Ag = min {1/mq,1/(ms —m;)} and A and AT are defined by (2.10). With the

above preliminaries provided, we first need to identify Ne.

Lemma 3.4. Consider the problem L. Let 6(A) be given by (3.7) and let N¢(0,1) be
defined in Lemma corresponding to the positive constant §(A)/2. Then, for the eigen-
values asymptotic (3.1), there exists Ne(0,1) given by

(3.8) N,(0,1) = max {Nf(o, D), ;(Z)}

such that for all n > N¢(0,1),

(3.9) o] == [e(n) + | < 6(A).
Here
(3.10) C =B(4+7B),

and B is defined in ({3.6]).
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Proof. The proof of this lemma consists of two parts. First, we prove that for D = 5B
and n > 25B/7? the eigenvalue A, lies in I,,(D) = [(n7)* — D, (n7)? + D]. We prove the
inequality holds in the second part.

We first prove the existence of the eigenvalue A, in I,,(D) for n > 25B/x%. In order to
prove this fact, we only need to show that w()) changes sign in I,(D). For A = (nm)%+ D,
in virtue of 1 +#/4 <1+t <1+1t/2for 0 <t <1, we obtain

5B 5B
Moreover, by using |sin(nm + t)| > |t| (1 — #2/6), we deduce that
5B 5B
12 —1)"si A —1)"si — —.
(3.12) (=1)"sin(VA) > (=1)"sin <mr+ 4n7r> >
By (3.4), (3.11) and (3.12)), we have (—1)"w()\) > 0. Similarly, for A = (n7)? — D, we get
0.106 5B

It follows from (3.4)), (3.12) and (3.13]) that (—1)"w(A) < 0. Therefore, there is at least one
eigenvalue ), in I,(D) for n > 25B/72. On the other hand, by means of the asymptotic

of {An}o2, (see (3.1)), we see that there is only one A, in I, (D).
We secondly prove (3.9) holds. Using (3.5 we obtain that for A, = p2,

: A cos(pn) [ sin(pa) [ B
sin(py) — — cos(pn) — 7/ q(t) cos(2ppt) dt — 7/ q(t) sin(2pnt) dt| < —,
Pn (pn) 2pn 0 (£) cos( 2o Jo ) ) [ Anl

where A is defined by (2.10). Denote A, = (nm)? + Cy with |Co| < 5B. We know

(3.14) VA, = nm (1 + 2(57‘;)2 + Cl>

with |Cy| < C3/[4(nm)4] and we have

_BO+B)
An2m

snl/3) - (-1 L= )

3.15
( ) 2nm

From (3.14)), we get /A, = (1+Ca)nm, where |Ca| < 3B/(n7m)? and 14/\,, = (1+C3)/(n7)
with |C3] < 2|Cy|. Therefore,

2B |4
(nm)? -

By cos(v/An) = cos(nm + Conm) = (—=1)" + Cy with |Cy| < |Conn|? /2, we calculate
—-1)"A
(1)

nm

(3.16)

. 1
sin(pn) / q(t) sin(2ppt) dt‘ <
2pnJo

+ Cs,

(3.17) 'Acoi(:”)




178 Ying Yang and Guangsheng Wei

where |C5| < |A| (|C3]+|C4| +|C3C4])/(n7) < |A| (14 B)/[2(n7)?]. Let 2¢/A, = 2nm + Cg
with |Cs| < 6B/(nm). Then

(3.18) cos(2y/Apt) = cos(2nmt) 4+ Cr,
where |C7| < 9B/(nm). (3.17)) and (3.18) together yield

1 —1)"¢(n
(3.19) 0028/(::1)/0 q(t) cos(2ppt) dt = (12)n7r() + Cs,

where |Cs| < (1+2B) ||q|| /(n?7). Furthermore, combined with the above discussions, one
infers that

M= (nm)? A en)| _ BO+B)  2Blal , |AI(L+B)

2 2 4n? 2 2 2
(3.20) nm nw nm n2m (n) (nm)
L (42B)dl B
n2m (nm)?’

which implies |\, — (nm)? — 24 — ¢(n)| < C/n by a simple calculation, where C is defined
by (3.10). In all, when n > max {25B/7?,2C/§(A)} we find
5(A)

(3.21) [An — (nm)? — 24| < ¢(n) + -

By virtue of (3.7)), one shows that §(A) < Cy < 1 and, therefore,

2C 25B
3.22 ——2>2C=2B(4+7B
(3.22) e (4+7B) >
which means (3.21]) holds for all n > 2C/§(A). Moreover, by Lemma we deduce that
le(n)] < 0(A)/2, when n > N¢(0,1). Substituting the above inequality into (3.21f), we
obtain the representation (3.9) for each n > N(0,1) := max {Nf(0,1),2C/6(A)} and the

proof of Lemma [3.4] is complete. O

w2’

Consider two other Sturm-Liouville problems Ly, and L, ], which are defined on
interval [0,a] and [a, 1], respectively, where a = m;j/mg is an irreducible fraction with
m1 < mg and my,mg € N. Recall that {u, } - and {4, }5°, are their spectra. Thus,
by the same argument in the proof of Lemma for the given positive 6(A) defined by
(3-7), we easily infer that there exist two positive numbers N,(0,a) and Ne(a, 1) defined

as

(3.23) Ne(o,a):max{Nf(o,a),;(Cm} and Ne(a,l)zmax{Nf(a,l)v?(c;B}

such that for all n > max {N.(0,a), Ne(a,1)} the following inequalities hold:

(3.24) la; | <8(A) and |aj| < 5(A).
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Here a;F are defined in (2:7)—(2-8) and N;(0,a) and Ny(a, 1) are given by Lemma corre-
sponding to the Fourier coefficients for potential ¢ defined on [0, a] and [a, 1], respectively.
Moreover, C_ and Cy in (3.23) are given by

(3.25) C_=B_+5B2 + "2(3B_+2B%),
mi

where B_ = (1+ [ho|)(1 + [h—|) (1 + llq]| €4V with [|q|| := [lq]| .o, and

(3.26) Cy =B, +5B2 +—"2 (3B, +2B2),
mo — MM
where By = (14 |hy[)(1 + [1]) (1 + |lgl| €l with [lg] := [lg]| 5. 1-
Set
ma ma
27 N, = N.(0,1), "2 N(0,a), — "% N.(a,1) b .
(3.27) o {V(0.0), 22,000, (a1}

It is easy to see that the N, defined above only depends on the associated norms of the
potential ¢ and the boundary parameters hg, h; and hi.
We next need to identify V.

Lemma 3.5. Let B be defined as in Lemma (see (3.6])). Then for the eigenvalues
asymptotic (3.1) there exists N;(0,1) defined by

258
s
such that for all n > N;(0,1),
(3.28) |Bn| =24+ ay| < 5B,
where A is defined by (2.10)).
Proof. The proof of this lemma follows Lemma and is therefore omitted. ]

Furthermore, by Lemma we also infer that there exist two numbers N;(0,a) and
Ni(a, 1) for the problems Lo, and Ly, 1), which are defined as

25(?712 — ml)B+
mom2

(3.29) N;(0,a) = ——— and Nj(a,1) =

which imply that for all n > max {N;(0,a), N;(a,1)} the following inequalities hold:

(3.30) 8| < 2258 and |B}| < ——2—5B,,
mi ma —ny
where B = 2A* + o
Set
2M,
(3.31) N; = max { N;(0,1), N;(0,a), Ny(a, 1), ~—2 .
A07T2

where My = max {5B,5maoB_/m1,5maBy /(m2 —m1)} and Ay is defined in (3.7)).

Based on the above discussion, we are now in a position to identify V.
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Theorem 3.6. Let N, and N; be given by (3.27) and (3.31)), respectively. Let the as-
sumptions of Lemma hold. Then N. > N;, that is,

(3.32) N = max {N;, N.} = N,.
Furthermore, we have that the interlacing property (2.17) remains valid for n > Ne.

Proof. In view of the proof of Lemma we only need to verify that N, > N;. By the
same reason as (3.22]), we obtain

°2C 2B 20 2%mB- 2C. _ 25(my—mi)Bs
5(A) = w2 5(A) mam? 7 §(A) mom? '

This implies
(3.33) Ne > max {N;(0,1), N;(0,a), Ni(a,1)}.

Furthermore, because §(A) < Ay, equation (3.10) shows that

2C > E S 10B
5(A) — Ap A07T2'

Similarly, since mgs > m1, we have

2C_mgo S 2C_ S 10meB_
5(A)m1 (5(A) A0m17'('2 ’
20+m2 20+ > 10mgB+
§(A)(mg —my) = 5(A) T Ao(me —my)m?

It follows from My = max {58, 5maB_/m1,5maB+/(me — mq)} that

2M,

.34 Ne > —.
(3.34) > Con?

Combined with the above discussions, one infers that N, > N; and the proof is complete.
O

Conclusion. By the above discussion, if ((1.7)) holds, then

(3.35) N = N, = max {Ne(o, 1), 2 N,(0,a), — 2 N,(a, 1)}

m1 ma —my

and (2.17) holds provided that n = pmg — j > N.
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4. The finiteness theorem

In this section we state and prove the finiteness result for the inverse Sturm-Liouville prob-
lems by three spectra corresponding to the problems Lig 1], Ljoq and Lig 1}, respectively,
involved two different interface parameters hy and h_.

The following theorem is our main result of the paper.

Theorem 4.1. Let hy,h_ € R with hy # h_ and a = mi/ma € (0,1) be an irreducible
fraction, which all are fived. Let {\n}oeo, {pn toeo and {p5 122, be three spectra of the

Sturm-Liouville problems L, L~ and L™ defined by (1.1)—(1.2)), (1.1)—(1.3) and (1.1))—(1.4)),

respectively.

Suppose the inequality (1.7) holds. Let
(4.1) [Ne] = pma — j

for some j =1,2,...,ma, where N, is defined by (3.35) and [-] is a rule to round down

to the nearest integer. Then there exist at most

(4.2) Ko := CPm

pma
triplets (q; ho, h1) corresponding to three spectra {\n}oe o, {tn breo and {ut}5%,.

Proof. As was well known [4], the specification of the spectra {A\,}>, and {uf} -,
uniquely determine w(A\) and w¥ (A, h), respectively. It follows from (2.33)) that

(4.3) W A h)wT A h) =w (A h)wT (A hy) + (hy — ho)w(N).

Denote by {vy, },~, the increasing sequence of the zeros of w™ (A, hy )w™ (X, h—), which can
be obtained from (4.3)), since h4 and h_ are known. Recall that {v;" }zo and {v;r 20
are the zeros of w™ (A, hy) and w™ (A, h_). Therefore,

(4.4) {on}olg = {U;}ZO U {vj}j’ozo.

Unfortunately, v, and U;_ cannot be identified immediately from {v,},~, for each i, €
Np. In other words, we do not know which one of {U@'_ };’ZO U {vj}]?’ozo is equal to v, for
every n € Ny, when {,u;}jio, {,u,j}}’-io and {\,},—, are known a priori.

In order to identify v;” and v;-r from {v,},2, for each i,j € Ny, we need to show two
parts. In the first part we treat the case where n > N.. Without loss of generality, we

assume hy > h_. Similarly for hy < h_. Let

(4.5) (kYoo = {17 oo U ) 152
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(counting multiplicity). Then by Lemmas and we see that, for all n > N, the

following strict inequalities

(4.6) fn < Ap < pipa1 and  pp < U < fnai

hold, where N, is defined by (3.35]), which together with the interlacing properties p; <
v; < p;,q and ,uj < U;-r < M;F_H for all ¢, j € Ny implies

Uy 3 pn = gt and pgn = g,
v i pn = g, and ppgn = gy,

Uy if pin = pi, and ping1 = gy,

where m and m/ are the indices corresponding to (| and (| . The relationship (4.7
helps us to identify v;” and v+ from {v,}2 ZIN.] prov1ded that n > N,.
Secondly, we treat the case where n < N.. In thls case, we cannot know a priori the

number of {U } _o belonging to the set {v,}Y m[ N Thus, we need to consider

pm1—1 + pm mi)—1
(4.8) o= YT U Y™
and

pmi1—1 + pm2 my)—1
(4.9) == {oy PPN U o] ,
and label “( i)” or “(+,7)” to each element of {Un}ﬁr’:%_l as one of {v; ?Z)l_l or
{U+ }p (mama)-1 so that the interlacing properties
(4.10) pp <vp <pryy o and pf <ol <pf

pmi—1

fori=20,1,. ..,pml —land j=0,1,...,p(ma —my) — 1 are satisfied, when {ul ie0
and {,u+ P (m2 ™)1 are given a priori. Once this labelling is given, by using Borg’s two-
spectra theorem [4], from and there exist unique potential ¢ on [0, a] and hg
corresponding to {Uﬁ };’io, { “;}zo’ and unique potential g on [a, 1] and hy corresponding
to {v 120, {17 1520

The number of all the distinguishable permutations of the elements of §* is Ky :=
Chs, each of permutations can be regarded as the elements of {vn}ff;%_l. Note that
some of the permutations may not satisfy ; however, our goal is to find the most
possibility of the triplets (q; ho, h1).

Combined with the above discussions, one infers that there exist at most Kq triplets
(¢; ho, h1) when hy, h_ and the three spectra {\,}°% o, {p, b and {pt}50 ) are given.
This completes the proof. O
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Note that we have not considered the condition in the above proof, and therefore
the number of triplets (g; ho, k1) is not more than in most situations. The purpose
of the following corollary is to extend the above result to a more precise situation that the
first element of the set o is fixed and is satisfied.

Corollary 4.2. With the same notation as in Theorem suppose the inequality (1.7))
holds. Fix the first element of the set o&, and let [N,.] be the same as in Theorem [4.1]
Then there exist at most

(4.11) Ky :=CP™_ 4 cPmog

prma— pma2—2
triplets (q; ho, h1) corresponding to three spectra {\n}oo o, {tn }reo and {u}}5%,.

Proof. From the proof of Theorem we only need to prove the largest number of the
distinguishable permutations of the elements of 6% is K when the first element of o is
fixed and is satisfied.

If assuming that pd is the first element of o, then the second one is pi or pg.
Obviously, if gy is its second element, then from the largest number of the distin-
guishable permutations of the elements of 6* is K7; if uf is its second, then their number
is C’g::;_l. Moreover, this fact remains valid for the first element of o* to be o - In all
cases, there are at most K possibility of the distinguishable permutations of the elements
of 6%,

Therefore, there exist at most K7 triplets (g; ho, h1) corresponding to {\, }or o, {tn }reo
and {u;}}5° . This completes the proof. O

Remark 4.3. In Corollary we only consider that the first element of o is fixed.

Moreover, we can compute the exact number when a and p are known a priori, which is

related to the order of the elements in o*.

In particular, suppose the interlacing condition (2.17)) holds for all n € Ny, i.e., [N.] =

0. We have the following uniqueness result.

Corollary 4.4. With the same notation as in Theorem suppose that one of the

interlacing properties (2.31)) or (2.32)) holds for all n € No := NU{0}. Then hg, h1 and
the potential q a.e. on [0,1] are uniquely determined by h, h— and three spectra {\,},~,

{kn Yoo and {:} }olo-
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