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Analysis of a Frictionless Contact Problem with Adhesion for Piezoelectric

Materials

Soumia Latreche* and Lynda Selmani

Abstract. This paper is devoted to the study of the mathematical model involving
a frictionless contact between an electro-elasto-viscoplastic body and a conductive
adhesive foundation. The process is mechanically dynamic and electrically static.
The contact is modeled with a normal compliance where the adhesion is taken into
account and a regularized electrical conductivity condition. We derive a variational
formulation of the problem and prove its unique weak solution. The proof is based
on nonlinear evolution equations with monotone operators, differential equations and

fixed point arguments.

1. Introduction

Considerable progress has been achieved recently in modeling and mathematical analysis
of various processes involved in contact between deformable bodies. Piezoelectricity is the
ability of certain crystals, like the quartz (also ceramics (BaTiO3, KNbO3, LiNbOsg, ... )
and even the human mandible), to produce a voltage when they are subjected to mechani-
cal stress. The piezoelectric effect is characterized by the coupling between the mechanical
and the electrical properties of the material: it was observed that the appearance of electric
charges on some crystals was due to the action of body forces and surface tractions and,
conversely, the action of the electric field generated strain or stress in the body. This kind
of materials appears usually in the industry as switches in radiotronics, electroacoustics
or measuring equipments (see [11]). Different models have been developed to describe the
interaction between the electric and mechanical fields (see, e.g., [2,/9,[11]) and the refer-
ences therein. Recently, contact problems involving elasto-piezoelectric materials [1,3,/14],
viscoelastic piezoelectric materials |21] or elasto-viscoplastic piezoelectric materials [10]
have been studied. A quasistatic problem with normal compliance for electro-viscoelastic

materials in frictional contact with a conductive foundation was investigated in [13]. The
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adhesive contact between deformable bodies, when a glue is added to prevent relative
motion of the surfaces, has also received recently increased attention in the mathematical
literature. Analysis of models for adhesive contact can be found in [5,6,(15-17,(19] and
recently in the monographs [22]. The bonding field satisfies the restrictions 0 < g < 1,
when 5 =1 at a point of the contact surface, the adhesion is complete and all the bonds
are active, when 8 = 0 all the bonds are inactive, severed, and there is no adhesion, when
0 < B < 1 the adhesion is partial and only a fraction 8 of the bonds is active.

In this paper we deal with the study of a dynamic problem of frictionless adhesive

contact for general electro-elasto-viscoplastic materials of the form

o(t) = Ac(a(t) + Fe(u(t)) — £ E(p(t))
(L.1) )

/ Glo(s) — Ae(it(s)) + £ E(p(s)), e(u(s)), k(s)) ds,
(1.2) (o(t) — Ac(a(t)) + E*B(p(1)), e(u(t)), k(1)),
(1.3) D(t) = Ee(u(t)) - BVa(t),

where u denotes the displacement field, o represents the stress tensor, e(u) is the linearized
strain tensor and D is the electric displacement field. Here A is the viscosity operator,
allowed to be nonlinear, F is the elasticity operator and G is a nonlinear constitutive
function describing the viscoplastic behavior of the material and depending on the internal
state variable k. ¢ is also a nonlinear constitutive function which depends on k. There
is a variety of choices for the internal state variables, for reference in the field see [7].
Some commonly used internal state variables are the plastic strain and a number of tensor
variables that take into account the spatial display of dislocations and the work-hardening
of the material. F is the electric field that satisfies E(¢) = —V, where ¢ is the electric
potential. Also, £ represents the third order piezoelectric tensor, £* is its transposed and
B denotes the electric permittivity tensor.

We assume the decomposition of the form o = o®VF 4 o where o = —£*E(p) =

EVP

E*Vp is the electric part of the stress and o is the elastic-viscoplastic part of the stress

which satisfies
o"VP (1) = Ae(u(t)) + Fe(u / G(a®VP (s) — Ae(u(s)), e(u(s)), k(s)) ds,
k(t) = p(a™P(t (w(t)), e(u(t)), k(t)).

A frictionless contact for elastic-viscoplastic materials with internal state variable was
studied in [18}19].
When G = 0 the constitutive law f reduces to the electro-viscoelastic law
given by and
o(t) = Ae(u(t)) + Fe(u(t)) + E*Ve(t).
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When G = 0 and A = 0 the constitutive law (1.1))—(1.3)) becomes the electro-elastic
constitutive law given by (1.3]) and

o(t) = Fe(u(t)) + EVe(t).

The aim of this paper is to study the evolution process of a piezoelectric body under actions
of volume and surface forces as well as electrical charge. We assume the mechanical process
dynamic and the properties of the body are electro-elasto-viscoplastic described by the
constitutive equations f. The contact is frictionless, modeled with a normal
compliance with adhesion and a regularized electrical conductivity condition. The novelty
in this paper consists on the coupling of adhesion and the conductivity of the foundation
which give us a new and nonstandard boundary conditions.

The rest of the paper is structured as follows. Section [2|is devoted to the basic results
on functional analysis which are fundamental to the study of the problem treated in this
paper. In Section [3]we present the mechanical model, we list the assumptions on the data
and give the variational formulation of the problem. In Section [4] we prove an existence
and uniqueness result based on nonlinear evolution equations with monotone operators,

differential equations and fixed point arguments.

2. Notations and preliminaries

In this section we present the notations and some preliminary material which are necessary
in the study of our problem. For further details, we refer the reader to [4,8]. We denote
by Sy the space of second order symmetric tensors on R? (d = 2,3), while “-” and |-| will
represent the inner product and the Euclidean norm on Sy and R? respectively. Let Q ¢ R¢
be a bounded domain with a regular boundary I' and let v denote the unit outer normal
on I'. Everywhere, the indices ¢, j run between 1 and d, the summation over repeated
indices is implied and the index that follows a comma represents the partial derivative
with respect to the corresponding component of the independent spatial variable.

We use the standard notations for Lebesgue and Sobolev spaces associated to {2 and

I' and introduce the spaces
H=L*0)"={u=(u)|u € L*Q)},
H = {0’ = ((fij) | Oij = 0j; € LQ(Q)},
Hy ={u = (w) [ e(u) € H},
Hi={oc€HH|Divoec H}.

Here € and Div are the deformation and divergence operators, respectively, defined by

(21) e(w) = (eiw)),  eiy(uw) = (i + i), Dive = (o).
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The spaces H, H, Hy and H; are real Hilbert spaces endowed with the canonical inner

products given by
(u,v)g :/uivida:, Vu,v € H,

(O',T)H:/O'ijTZ‘jdw, VO’,TEH,
Q

= U,U)H + (E(’U,),E(’v))y, V’U,,’U € Hlu
= (o,7)y + (Dive,Divr)y, VYo,7 € H;.

The associated norms on the spaces H, H, Hy and H; are denoted by |-|, |5, ||z, and
HHl, respectively. For every v € Hj, we also use the notation yv for the trace of v on I'
and we denote by v, and v, the normal and the tangential components of v on I' given
by

(2.2) Uy, =V-V, V;=7V— Ul

We recall that when o is a regular function then the normal component and the tangential

part of the stress field o on the boundary are defined by
(2.3) o, =(ov) v, or=0v-—o0,V,
and the following Green’s formula holds:

(2.4) (,e(v))y + (Dive,v)g = / ov-vda, VveH.
r

Let T' > 0, for every real Banach space X we use the notations C(0,T; X) and C'(0,T; X)
for the space of continuous and continuously differentiable functions from [0,7] to X,
respectively; C'(0,7; X) is a real Banach space with the norm

- Oy,
WC(O,T,X) tg[lgf}(] F(®)lx

while C*(0,T; X) is a real Banach space with the norm

Floroiron = ma £ + max [ F(1)]

5
We use the dot above to indicate the derivative with respect to the time variable and for
a real number 7, we use r4 to represent its positive part, that is r; = max {0, r}.
Finally, for £ € N and p € [1, oo], we use the classical notation for the Lebesgue spaces
LP(0,T; X) and for the Sobolev spaces W¥*?(0,T; X). Moreover, if X; and X5 are real
Hilbert spaces then X x X5 denotes the product Hilbert space endowed with the canonical

inner product (-, )x, xx,-



Analysis of a Frictionless Contact Problem with Adhesion for Piezoelectric Materials 85

We recall the following standard result for the first order evolution equations (see [22]).
Let V and H be real Hilbert spaces such that V is dense in H and the injection map is
continuous. The space H is identified with its own dual and with a subspace of the dual
V' of V. We write

VcHcV

and we say that the inclusions above define a Gelfand triple. We denote by ||/, || and
||y» the norms on the spaces V, H and V' respectively, and we use (-,-)y’xy for the
duality pairing between V' and V. Note that if f € H then

(f,v)vixv = (fyv)g, Vvel.

Theorem 2.1. Let V', H be as above, and let A: V — V' be hemicontinuous and monotone

operator which satisfies

(2.5) (Au,u)yrey > wluls, +A, YucV,
(2.6) |Auly, < c(luly +1), YueV,

for some constants w > 0, ¢ > 0 and A € R. Then, given ug € H and f € LQ(O,T; V'),

there exists a unique function w which satisfies

w e L*(0,T;V)NC(0,T;H), € L*0,T;V"),
w(t) + Au(t) = f(t), ae te(0,T),

u(0) = uyp.

This theorem will be used in Section [4] to obtain the existence and uniqueness result.

3. Mechanical and variational formulations

The physical setting is as follows. An electro-elasto-viscoplastic body occupies a bounded
domain  C R% (d = 2,3) with a smooth boundary I'. The body is acted upon by body
forces of density f, and has volume electric charges of density qp. It is also constrained
mechanically and electrically on the boundary. We consider a partition of I into three
disjoint parts I'y, 'y and I's, on the one hand, and a partition of I'y U I'y into two parts
I', and T'y, on the other hand such that meas(I';) > 0 and meas(I'y) > 0. Let T > 0
and let [0, 7] be the time interval of interest. The body is clamped on I'y x (0,7"), so the
displacement field vanishes there. Surface traction of density f, acts on I'y x (0,7") and
a body force of density f is applied in © x (0,7"). We also assume that the electrical
potential vanishes on 'y x (0,7") and a surface electrical charge of density g, is prescribed

on I'y x (0, 7). The body is in adhesive contact with a conductive obstacle or foundation,
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over the contact surface I's x (0,7"). Moreover, the process is dynamic, and thus the
inertial terms are included in the equation of motion. Then, the classical formulation of
the mechanical contact problem of electro-elasto-viscoplastic material with internal state

variable is as follows.

Problem 3.1. Find a displacement field w: Q x [0, T] — R, a stress field o: Q x [0, 7] —
Sg, an electric potential field ¢: Q x [0,7] — R, a bonding field 5: I's x [0,7] — R and
an internal state variable field k: Q x [0,7] — R™ such that

B1) o) = () + Fe(u(t) + EVe(t)

/ G(o Ae(u(s)) — E*Vp(s),e(u(s)), k(s))ds in Q x (0,7),
(3.2) k= ¢(oc — Ae(w) — E*Vy,e(u), k) in Q x (0,7),
(3.3) D =E&e(u) — BVyp in Q% (0,7),
(34)  piv=Dive + f, in Q x (0,7),
(3.5) divD = q in Q x (0,7),
(3.6) u=0 on I'y x (0,7),
(3.7) ov =Ff, on I'y x (0,7,
(3.8) —o, = pu(u,) — 1 B*Ry(w) on I's x (0,7,
(3.9)  —or=p(B)Rr(us) on I's x (0,T),
(3.10) —(BOWw (Ry(w,)* + 97 [ Rr (ur)[*) — €a) 4 on I's x (0,T),
(3.11) p=0 on Ty, x (0,7),
(3.12) D.w =g on I'y x (0,7),
(3.13)  D.v =(u,)®(p — vo) on I' x (0,7),
(3.14)  w(0) =wug, u(0)=wvo, k(0)=ko in Q,
(3.15)  B(0) = Bo on I's.

We now describe — and provide explanation of the equations and the bound-
ary conditions. First, equations f represent the electro-elasto-viscoplastic consti-
tutive law with internal state variable introduced in the first section. Equations f
represent the equation of motion and equilibrium equation for the electric-displacement
field, respectively. Equations f are the displacement-traction conditions. Condi-
tion represents the normal compliance condition with adhesion where p, is a given
positive function and -, is a given adhesion coefficient. The contribution of the adhesive
to the normal traction is represented by the term 7, 3%R,(u,), the adhesive traction is

tensile and proportional, with proportionality coefficient ,, to the square of the intensity
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of adhesion and to the normal displacement, but as long as it does not exceed the bond

length L. The maximal tensile traction is v, L. R, is the truncation operator defined by

L ifs<—L,
R,(s) =< —s if —L <s<0,
0 if s > 0.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer any
additional traction. The introduction of the operator R,,, together with the operator R,
defined below, is motivated by mathematical arguments but it is not restrictive from the
physical point of view, since no restriction on the size of the parameter L is made in what
follows. Condition represents the adhesive contact condition on the tangential plane,

in which p; is a given function and R, is the truncation operator given by

v if lv| <L,

LY i jv| > L.
v

This condition shows that the shear on the contact surface depends on the bonding field

R, (v) =

and on the tangential displacement, but as long as it does not exceed the bond length L.
The frictional tangential traction is assumed to be much smaller than the adhesive one
and, therefore, omitted.

Equation represents the ordinary differential equation which describes the evo-
lution of the bonding field and it was already used in [5], see also [22] for details. Here,
besides 7, two new adhesion coefficients are involved, v, and €,. Notice that in this model
once debonding occurs, adhesion cannot be reestablished, since 3 < 0. Equations f
(3.12)) represent the electric boundary conditions.

Next, is the electrical contact condition on I's. It represents a regularized
condition which may be obtained as follows. First, we assume that the foundation is
electrically conductive and its potential is maintained at ¢g. When u, < 0 there is no
contact, there are no free electrical charges on the surface and the normal component of

the electric displacement field vanishes. Thus,
(3.16) u, <0 = Dw=0.

When there is contact then wu, is positive the normal component of the electric displace-
ment field or the free charge is assumed to be proportional to the difference between the
potential of the foundation and the body’s surface potential, with [ as the proportionality
factor. Thus,

(3.17) uy, >0 = Dw=1I(p— ).
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We combine (3.16)) and (3.17)) to obtain
(3.18) D.v = IX[0,00)(w) (¥ — ¥0),

where X|o o) is the characteristic function of the interval [0, o0), that is

0 ifr <0,

X[0,00) (T) = ,
1 ifr>0.

Condition describes perfect electrical contact and is somewhat similar to the well-
known Signorini contact condition. Both conditions may be over-idealizations in many
applications. To make it more realistic, we regularize conditions and write it as
in which Ix[g,00)(uy) is replaced with ) which is a regular function which will be

described below, and @ is the truncation function

0 ifs<—L,
P(s)=<s if-L<s<L,
L ifs>1,

where L is a large positive constant. We note that is truncation does not pose any practical
limitations on the applicability of the model, since L my be arbitrarily large, higher than
any possible peak voltage in the system, and therefore in applications ®(¢ — o) = ¢ — po.

The reasons for the regularization of are mathematical. First, we need
to avoid the discontinuity in the free electric charge when contact is established and,
therefore, we regularize the function lx|p ) in with a Lipschitz continuous function
1. A possible choice is

0 if r <0,
(3.19) Y(r) = 1or if0<r<1/6,
l if r>0,

where § > 0 is a small parameter. This choice means that during the process of contact
the electrical conductivity increases as the contact among the surface asperities improves,
and stabilizes when w, reaches the value §. Secondly, we need the term ®(p — ¢g) to
control the boundedness of ¢ — .

Note that when ¢ =0 in then

(3.20) Dv=0 onl3x(0,7),

which decouples the electrical and mechanical problems on the contact surface. Con-

dition ([3.20) models the case when the obstacle is a perfect insulator and was used
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in [3,120,21]. Condition , instead of , introduces strong coupling between
the mechanical and the electric boundary conditions and leads to a new and nonstandard
mathematical model.

In , ug is the initial displacement, v is the initial velocity and kg is the initial
internal state variable. Finally is the initial condition, in which Sy denotes the
initial bonding field. To obtain the variational formulation of Problem we introduce
for the bonding field the set

Z={6:[0,T] - L*(T3) |0 < 0(t) < 1,Vt € [0,T], a.e. onTs}.
For the displacement field we use closed subspace of Hy defined by
V={veH |v=0onTli}.
The set of admissible internal state variables is given by
V={a=(w)|aeLl?Q),1<i<m}.
Since meas(I'1) > 0, the following Korn inequality holds:
W)l = cp o]y, s Vv eV,

where ¢ > 0 is a constant depending only on €2 and I';. We consider the inner product

(-,-)v on V given by

(3.21) (u,v)v = (e(u),e(v))n,

and let |-, be the associated norm. From Korn’s inequality it follows that |-[;; and |-[;,
are equivalent norms on V. Therefore (V,|-];,) is a real Hilbert space. Moreover, by the
Sobolev trace theorem there exists a positive constant ¢y which depends only on 2, I'y
and I's such that

(3.22) V] p2rge S colvly,, VoeV.
For the electric displacement field we use Hilbert spaces
wW="L*Q)" Wi ={DeWw]|divD e L*Q)},
endowed with the inner product
(D, E)y = /QDiEi dz, (D,E)w, = (D,E)w + (divD,div E)r2q),

and the associated norms ||}, and |-[y,, , respectively.
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The electric potential field is to be found in
W={CeH(Q)|¢(=00nT,}.

Since meas(I'y) > 0, the Friedrichs-Poincaré inequality holds:

(3.23) Vel = cr llmgy. VCEW,

where cp > 0 is a constant which depends only on 2 and I';. On W we use the inner
product

(3.24) (@, Ow = (Ve, VOw,

and ||y, the associated norm. It follows from (3.23) that |-[;, and ||y, are equivalent
norms on W and therefore (W, |-|;,) is a real Hilbert space. By the Sobolev trace theorem,

there exists a constant ¢y depending only on 2, I', and I's such that

(3.25) |C|L2(F3) < |<|W7 Ve Ww.

Moreover, when D € W is a regular function, the following Green’s type formula holds:
(3.26) (D, V) + (div.D, () 2(q) = / D.w(da, V(e HY(Q).
r

In the study of the mechanical problem (3.1)—(3.15)) we make the following assumptions.
The viscosity operator A: 2 x S; — Sy satisfies

(3.27a) There exist constants C'y,C% > 0 such that
|A(x,e)| < Clle| +C%, Ve€ Sy ae e
(3.27b) There exists a constant m_4 > 0 such that
(A, e1) — Az, €2)) - (€1 — €2) = maler — €2|27 Vel ez € 54, ae. o € (.
(3.27¢) « — A(x,e) is Lebesgue measurable on  for all € € Sj.

(3.27d) e~ A(z,e) is continuous on Sy, a.e. & € .
The elasticity operator F: Q) x S; — Sy satisfies

(3.28a) There exists a constant Lr > 0 such that

|F(x,e1) — F(x,e2)| < Lrler —ea|, Vei1,es € Sy, ae. x e
(3.28b) x — F(x,€) is Lebesgue measurable on (Q for all € € S,.
(3.28¢) x+— F(x,0) is in H.
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The viscoplasticity operator G: 2 X Sg x Sg x R™ — §; satisfies

(3.29a) There exists a constant Lg > 0 such that
G(x,01,e1,k1) — G(x,02,€2,k2)| < Lg(|o1 — o2| + |e1 — 2| + |k1 — k2|),
Voi,09,€1,62 € Sg and ki,ko € R™, a.e. x € Q.
(3.29b) For any o,e € Sy and k € R™, x — G(x,0,¢, k) is Lebesgue measurable on (.
(3.29¢) x+— G(«,0,0,0) is in H.

The function ¢: Q x S; x Sg x R™ — R™ satisfies

(3.30a) There exists a constant Ly > 0 such that
9(x, 01,61, k1) — d(, 02,2, k2)| < Ly(|lo1 — 02| + |61 — &2| + |k1 — k2),
Voi,09,61,62 € Sg and k1, ks € R™, ae. x € Q.
(3.30b) For any o,e € Sy and k € R™, ¢ — ¢(x,0,¢, k) is Lebesgue measurable on €.
(3.30c) @« — ¢(x,0,0,0) belongs to L*(Q)™.

The electric permittivity tensor B = (b;;): Q x R? — RY satisfies

(3.31a) B(z,E) = (bjj(z)E;), VE=(E;)€R? aec xzcQ.
(3.31b) bij =bj; € L>(Q).
(3.31c) There exists a constant mp > 0 such that

BE.E > mp|E’, VE=(E;)eR% aec xecQ.

The piezoelectric tensor £:  x S; — RY satisfies

(3.32a) E(x, 1) = (eiju(T)TjK), VT = (1) € Sq, a.e. € Q.
(3.32b) €ijk = €ikj € LOO(Q)

The normal compliance function p,: I's x R — R satisfies

(3.33a) There exists a constant L, > 0 such that

Py (2,71) — pu(2,72)| < Ly |r1 — 1|, Vri,m2 € R, ae & €T3
(3.33b) for any r € R, ® — p,(x,r) is Lebesgue measurable on I's.
(3.33¢) py(x,7) =0 for all r <0, a.e. ¢ € I's.
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The tangential contact function p,: I's x R — R satisfies

(3.34a) There exists a constant L; > 0 such that

Ipr(x,d1) — pr(x,d2)| < L;|d1 —da|, Vdi,ds €R, ae xels.
(3.34b) There exists M, > 0 such that |p,(x,d)| < M;, Vd € R, a.e. © € I's.
(3.34c) for any d € R, & — p,(x,d) is Lebesgue measurable on I's.
(3.34d) The mapping « — p,(x,0) belongs to L*(I's).

An example of a normal compliance function p, which satisfies conditions ({3.33) is p,(r) =
¢, 4+ where ¢, is a positive constant and ry = max {0, r}.

The surface electrical conductivity function ¥ : I's x R — R satisfies

(3.35a) There exists a constant Ly, > 0 such that
[Y(x,u1) — Y(x,uz)| < Ly |ug —ug|, Yui,uz € R, ae. xels.
3.35b) There exists My, > 0 such that z,u)| < My, Vu e R, ae. x €T;3.
(] P
(3.35¢) @« — ¢ (x,u) is measurable on I's for all u € R.

(3.35d) ¢(x,u) =0 for all u <0.

We also suppose that the mass density satisfies

(3.36) p € L=(Q), there exists p* > 0 such that p(x) > p*, a.e. ¢ € Q.
The body forces and surface tractions have the regularity

(3.37) fo € L*(0,T;H), fy€ L*(0,T;L*(T9)%),
(3.38) g € WHP(0,T; L2 (), g € WHP(0, T L*(Ty)).

The adhesion coefficients satisfy
(3.39) Yo, % € L®(T3), €4 € L2(T3), 7, Vr €qa >0 a.e. on I's.
The initial data satisfy

(3.40) ug €V, vo€ H, koeYy.
(341) BO S LQ(Fg), 0< 60 <1 a.e.onlj.

Finally, the given potential satisfies
(3.42) wo € L3(T3).
We will use a modified inner product on the Hilbert space H = L?(2)¢ given by

((u,v))g = (pu,v)yg, Vu,v € H,
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that is, it is weighted with p, and we let ||-||; the associated norm, i.e.,
1/2
o]l = (pv,0)}°, Vo€ H.

It follows from assumption that ||-||;; and |-|; are equivalent norms on H, and also
the inclusion mapping of (V,|-|,) into (H, ||-||;) is continuous and dense. We denote by
V' the dual space of V. Identifying H with its own dual we obtain the Gelfand triple
V C H C V'. We use the notation (-, )y xy for the duality between V' and V' and recall
that
(u,v)yrxy = ((w,v))g, VYVue H YVveV.

We define four mappings j: L?(I'3) x V. xV = R, h: V. x W — W, £:[0,T] — V' and
q: [0,T] — W, respectively, by

(3.43)  j(Buw) = / ol d + /

I's

pT(ﬂ)RT(uT).'UTda—/ 7V52R,,(u,,)vl,da,

I's

(344) (h‘(u’7 90)7()W - - 1/J(UV)¢((,O—Q00>Cda,
(3.45) (£(£),v)vry = /Q foltywdr+ [ fat)vda
(346)  (q(t),Ow = /Q ao(H)C d — /F a(1)C da

for all u,v € V, ¢, € W and t € [0,T]. Note that
(3.47) feL*0,T;V"), qeWlr,T;W).

Using standard arguments based on Green’s formulas (2.4) and (3.26)), we can derive the

following variational formulation of Problem [3.1] as follows.

Problem 3.2. Find a displacement field w: [0,7] — V, a stress field o: [0,7] — H, an
electric potential field : [0, 7] — W, a bonding field 3: [0,T] — L?(I'3) and an internal
state variable field k: [0,7] — Y such that for a.e. t € (0,7),

(1) = As(ilt) + Fe(ult) + E°Tp(0)
(3.48)
/ G(o(s) ~ Ae(i(s)) — E"Vip(s).e(u(s). k(s)) ds.

(3.49) P(a(t) — Ae(a(t)) — V(1) e(u(t)), k(1))

(3.50) (ﬂ(t)”v)v'xv + (o), e()n +(B(1), u(t),v) = (f(t),v)vxv, VveV,
(3.51) (BVe(t), VO u — (Ee(u(t)), VO + (h(u(t), ¢(t), Ow = (¢(t), Qw, V(e W,
(3.52) B(t) = —(B() (v (Ru (un (1))? + 77 | Re(ur () ) — )

(3.53) u(0) =ug, u(0)=wvy, Kk(0)==ko, B(0)=



94 Soumia Latreche and Lynda Selmani

To study this problem we make the following smallness assumption

mp

~2 )
€

where My, mp and ¢y are given in (3.35)), (3.31) and (3.25)) respectively. Removing this
assumption remains a task for future research, since it is made for mathematical reasons,

(3.54) My <

and does not seem to relate to any inherent physical constraints of the problem.
The existence of the unique solution to Problem is proved in the next section. To

this end, we consider the following remark which is used in different places of the paper.

Remark 3.3. We note that, in Problems and we do not need to impose explicitly
the restriction 0 < 8 < 1. Indeed, equation guarantees that f(x,t) < fo(x) and,
therefore, assumption shows that S(x,t) < 1 for t > 0, a.e. € I's. On the other
hand, if S(x,t9) = 0 at time tp, then it follows from that B(x,t) = 0 for all t > tg
and therefore, f(x,t) = 0 for all t > t¢, a.e. € I's. We conclude that 0 < g(x,t) <1 for
all t € [0,T], a.e. x € I's.

4. Existence and uniqueness result

Our main existence and uniqueness result is the following.

Theorem 4.1. Let the assumptions (3.27)~(3.42) and (3.54) hold. Then Problem [3.2] has

a unique solution {u, o, k,p, 5} satisfying

(4.1) we HY(0,T;V)NnCH0,T; H), e L*0,T;V"),
(4.2) o € L*(0,T;H), Dive € L*(0,T;V"),

(4.3) kcwh20,T;Y),

(4.4) p € WHP(0,T; W),

(4.5) B e Whe(0,T; L*(T3)) N Z.

We conclude that, under the assumption f and , the mechanical

problem ({3.1] - has a unique weak solutlon Wlth the regularlty . . The
proof of this theorem will be carried out in several steps.

In the first step we let n = (n*,n?) € L%(0,T;V' x Y) be given, and prove that there

exists a unique solution u,, of the following intermediate problem.

Problem 4.2. Find a displacement field u,: [0,7] — V such that for a.e. t € (0,7T),

(4.6) (i (1), )vrxv + (Ae(@y (1)), (v)) + (0" (t), v)vixv = (F(t),0)vixy, Vv eV,
(4.7) uy(0) = ug, u,(0) = vo.
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Concerning Problem [1.2] we have the following result.
Lemma 4.3. There exists a unique solution to Problem with the regularity (4.1)).

Proof. We use the abstract existence and uniqueness result given by Theorem 2.1 We
define the operator A: V — V' by

(4.8) (Au,v)yrwy = (Ae(u),e(v))y, Yu,veV.
It follows from (4.8]) and (3.21)) that
(4.9) |Au — Av|y, < c|Ae(u) — Ae(v)|y, Yu,veV.

Keeping in mind (3.27) and Krasnoselski theorem (see for example [12]) we deduce that

A:V — V' is continuous, and so hemicontinuous.

Now, by (3.27b)) and (3.21]), we find
(4.10) (Au — Av,u — v)yrxy zmA\u—vﬁ/, Yu,v eV,
i.e., A: V — V' is monotone. Choosing v = 0y in (4.10) we obtain

(Au,u)yrxy > my \Uﬁ/ - ’A0V|V/ |u\v
1

— Aoy %, VueV.
2mA| vy u <

1 2
> QmA |u|v -

Thus, A satisfies condition (2.5) with w = "4 and X\ = ﬁ |AOy |2,
Next, by (4.8]), (3.27a]) and (3.21)) we deduce that

|Auly, < c(|uly, +1), YueV,

where ¢ is a positive constant. This implies that A satisfies condition (2.6]). Finally, we
recall that by ([3.47) and (3.40) we have f —n' € L?(0,T;V’) and vy € H. It follows now
from Theorem that there exists a unique function v, which satisfies

(4.11) v, € L*(0,T;V)NC(0,T; H), v,¢c L*0,T;V"),
(4.12) Oy (1) + Avy(t) +n'(t) = £(1), ae. t€(0,T),
(4.13) v,(0) = vo.

Let u,: [0,7] — V be defined by
¢
(4.14) uy(t) = / vy(s)ds +ug, Vtel[0,T].
0

It follows from (4.8) and (4.11)—(4.14) that u, is a solution to Problem with the
regularity (4.1)). This concludes the existence part of Lemma The uniqueness of the

solution follows from the uniqueness of the solution to problem (4.12)—(4.13)), guaranteed
by Theorem O
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In the second step we use the displacement field obtained in Lemma[4.3]and we consider

the following variational problem.

Problem 4.4. Find the electric potential field ¢, : [0,T] — W

(4.15)  (BVey(t), VQu — (Ee(uy(t), VO i + (h(uny(t), on(t)), Ow = (a(t), Ow
for all ¢ € W and ¢ € [0,T].
We have the following result for Problem [£.4]

Lemma 4.5. Problem has unique solution y, which satisfies the regularity (4.4]).
Moreover, if ¢; represent the solution to Problem QV,, for m;, i = 1,2, then there exists
c > 0 such that

(4.16) p1(t) = pa(O)lyy < clun(t) —u2(t)ly, Vtel0,T].

Proof. Let t € [0,T]. We use the Riesz representation theorem to define the operator
Ay(t): W — W by

(4.17) (A (), OQw = (BV @, VO i = (Ee(uq(1)), VO i + (h(uy(t), ), Ow
for all ¢, € W. Let 1,2 € W, assumptions and imply
(An(t)e1r — Ay(t)p2, o1 — 02)w
>mp|p1 — 2l + N U (uny (1) (P01 — o) — D(p2 — o)) (1 — p2) da.
The positivity of ¢ combined with the monotonicity of the function & give us

(4.18) (A (t)p1 — Ap(t)pa, 1 — p2)w > mp|p1 — @a2lhy

then A, (t) is a strongly monotone operator on W. On the other hand, using again (3.31]),

(3-32)), (3.35) and (3.44) we have
(An(t)p1 — Ay(t)p2, Ow

(4.19)
SCB|<P1—<P2|W’C‘W+/F My o1 — ol [Clda, ¥ €W,
3

where cp is a positive constant which depends on B. It follows from (4.19) and (3.25)
that

(Ay(t)p1 — Ay ()2, Ow < (e + Mycg) le1 — @2l ¢l »

thus,

(4.20) Ayt p1 = Ap(t)ealyy < (cB + Mych) le1 — @2lyy
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which shows that A,: W — W is Lipschitz continuous. Since A, is a strongly monotone
Lipschitz continuous operator on W, we deduce that there exists a unique element ¢, (t) €
W such that

(4.21) Ap(t)pn(t) = q(1).

We combine now (4.17) and (4.21) to show that ¢,(t) € W is the unique solution to the
nonlinear variational equation (4.15]).
Next, we show that ¢, € WHP(0,T;W). To this end, let t1,t € [0,7] and for the

sake of simplicity, we write o, (t;) = @i, un(ti) = us, q(t;) = ¢; for i = 1,2. Using (4.15)),
(3-31), (3-32) and (3.44) we find

2
mp |1 — 2l < celur —waly [p1 — w2l + a1 — qly l01 — w21y

4.22
(422 +/F [ (u1)P(e1 — po) — P(u2)P(p2 — vo)l lp1 — 2| da,

where c¢ is a positive constant which depends on the piezoelectric tensor £.
We use the bounds [(u;)| < My, |P(p1 — ¢o)| < L, the Lipschitz continuity of the
function ¢ and @, and inequality (3.25) to obtain

g 9 (u1)@(p1 — @o) — Y (u2)P(p2 — o)l lp1 — 2| da

<My [ lor—gaffdat Lyl [ Jur =l o1 ~ ol da
Fg FS
< My o1 — ¢l + Ly Leogo [ur — ualy o1 — @alyy
Inserting the last inequality in (4.22]) yield
(4.23)  mplpr — palyy < (ce + LyLeoto) [ur — ualy + la1 — galyy + Mycg |01 — @2ly, -
It follows from inequality (4.23)) and assumption (3.54]) that
(4.24) o1 = waly < e(fur —ualy + g1 — q2ly)-
Since u,, € CY(0,T;H) and ¢ € WP(0,T; W), inequality ([4.24) implies that ¢, €
Whp(0,T;W).
Let ¢y, = ¢; and u,, = u; for i = 1,2. We use (4.15) and arguments similar to those
used in the proof of (4.23)) to obtain
mp |p1(t) — 2(t)ly < (ce + Ly Leoto) [ur () — ua(t)ly + My o1 (t) — 2(t)
for all t € [0, T]. This inequality combined with assumption (3.54)) leads to (4.16]). O
In the third step we use the displacement field u, obtained in Lemma and we

consider the following initial-value problem.



98 Soumia Latreche and Lynda Selmani

Problem 4.6. Find the adhesion field 3,: [0,7] — L*(I's) such that
(425)  Byl®) = = (Ba() (3 (Rl (0)) + 77 | Re (s () ) —a)
(4.26) B(0) = Bo.
We have the following result.
Lemma 4.7. Problem has a unique solution B, € Wh>(0,T; L*(T3)) N Z.

Proof. For the sake of simplicity we suppress the dependence of various functions on I's,
and note that the equalities and inequalities below are valid a.e. on I's.
Consider the mapping F,: [0,T] x L?(T'3) — L*(I'3) defined by

Fy(t,8) = = (B (w(Rulugu (0)) + 7 | Re (e () — €0)

for all ¢ € [0,7] and 8 € L?(T'3). It follows from the properties of the truncation operator

+

R, and R that I}, is Lipschitz continuous with respect to the second variable, uniformly in
time. Moreover, for all 3 € L?(I's), the mapping t — F, (¢, 3) belongs to L>(0, T; L*(T's)).
Thus using a version of Cauchy-Lipschitz theorem we deduce that there exists a unique
function B, € WH(0,T; L*(T'3)) solution to Problem Also, the arguments used in
Remark show that 0 < ,(t) < 1 for all t € [0,77], a.e. on I'3. Therefore, from the
definition of the set Z, we find that 3, € Z, which concludes the proof of Lemma O

Now, define k,, € W12(0,T;Y) by

(4.27) oy (t) = ko + /0 "n2(s) ds.

In the fourth step we use the displacement field u, obtained in Lemma and k, defined
in (4.27) to consider the following Cauchy problem for the stress field.

Problem 4.8. Find a stress field o,: [0,7] — H such that

t
(4.28) (1) = Fe(un(t) + [ G(oy(s)elun(s) ky(s) ds. Vi [0.7]
0
In the study of Problem [4.8] we have the following result.

Lemma 4.9. There is a unique solution to Problem and it satisfies oy € Wh2(0,T; H).
Moreover, if o; and w; represent the solutions to Problem SV;,, PV, respectively, and k;
is defined in (4.27) for n, € L*(0,T;V' xY), i = 1,2, then there exists ¢ > 0 such that

|o1(t) — aa(t) 3,
< (Jut) —walof + [ fusls) —wats) s+ [ o)~ o) )

for allt € [0,T].

(4.29)
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Proof. We introduce the operator A,: L*(0,T;H) — L?(0,T;H) defined by

(4.30) Apor(t) = Fe(uy(t / Glo (), Ky (s)) ds

for all o € L*(0,T;H) and t € [0,T]. For o1,09 € L?(0,T;H) we use and (3.29)
to obtain, for all ¢ € [0, 77,

Ayor1 () — Ayora(®)ly, < Lo /0 01(5) — 0o (s)]5, ds.

It follows from this inequality that for p large enough, the power A} is a contraction on
the Banach space L?(0,T;H), and therefore there exists a unique o, € L?(0,T;H) such
that A,o, = o,. Moreover, o, is the unique solution to Problem Using , the
regularity of w,, the regularity of k; and the properties of the operators F and G, it
follows that o, € W12(0,T;H).

Consider now (ny,m,) € L*(0,T;V’' x Y), and for i = 1,2, denote w,, = u;, oy, = 0;
and k,, = k;. We have

oi(t) = Fe(u;(t / G(oi(s),e(ui(s)), ki(s))ds, Vtel0,T],

and using the properties (3.28) and (3.29)) of F and G, we find

(1) — oa(0) <c(|u1<>—u2< 2+ /u 9 — ug(s)? ds

/|o’1 —oa(s ]Hds—}—/ |k1(s )|Yds>

for all ¢ € [0, T]. Using now Gronwall argument to deduce the estimate (4.29)). O

(4.31)

Finally as a consequence of these results and using the properties of F, £, G, ¢ and j

for t € [0, 7], we consider the element
(4.32) An(t) = (Aln(t), An(t)) € V' x Y,
defined by
(A'n(t), v)vrcy = (Fe(uy(t), e(v)y, + (£ Viy(t),e(v)),,
(4.33) </ G0 (5), (uy (s )),kn(s))ds,s(v)>H

+ 7 (By(t), uy(t),v), YvoeV

and

(4.34) A2n(t) = p(oy(t), e(uy(t)), k(1))
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Here, for every g € L*(0,T;V’' X Y), uy, ¢y, By and o, represent the displacement field,
the electric potential field, the adhesion field and the stress field obtained in Lemmas
respectively, and k,, is the internal state variable given by . We have
the following result.

Lemma 4.10. The operator A has a unique fized point n* € L?(0,T; V' x Y).

Proof. Let ny,my € L?(0,T;V' x Y). Write for i = 1,2,

’U,m = Uy;, um‘ = Uni = Uy, 9077,' = @i, /Bm' = ﬂia O'm. = 0y, km = kz

Using (3.21)), (3.28), (3.29)), (3.32), (3.33), (3.34) and the definition of R,, R, we have

Aty () — Ay (87
(4.35) sc <|u1(t) - u2(t)|%/ + [p1(t) — pa(t |W / lo1(s )|H ds

t
4 / fua(s) — wa(s) [ ds + / ex(s) — ka(s)|2 ds + By (1) — ﬂ2<t>|%z(p3>) ,
0 0
and, keeping in mind (4.29)) and (4.16)), we find

2
’Alnl(t) - Aan(t) \v <

t
: (|u1<t> (O + /O jua(s) — wa(s)|2 ds

(4.36)
/ () = Ralo)f- s + 5106~ B0y )

By similar arguments, from (4.34]), (4.29)) and (3.30)) it follows that

| A%, (8) — A2y (2)]5
< c(Joi(t) = oa(t), + lua(t) = wa(B)f} + ka(t) = Ra(®)} )

(4.37) c <|u1(t) —us(t)| + |k (t) — ko) + /Ot w1 (s) — ua(s) [} ds
+ [ o)~ kats)f as).
Consequently,
Ay (6) = Ay (0) .y
(438) = ( [un (£) = ua(f + [ka(t) = ka0 + [81(5) — B 72 r,

/|’U,1 —u2 |Vd$—|—/ |k1 )|Yd8> VtE[O,T].
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Moreover, from (|4.6) we obtain
(b1 — 2,01 — v2)vixy + (Ae(v1) — Ae(v2), e(v1 — v2)) + (N} — M3, V1 — V2)yrxy =0

a.e. t € (0,7). We integer this equality with respect to time, and use the initial conditions
v1(0) = v2(0) = v, condition (3.21]) and (3.27)) to find

t t
ma [ oa(s) = va(s)fp s < = [ (mh(s) = mblo).01(5) = val) .y
for all ¢ € [0,7]. Then, using the inequality 2ab < a?/v + vb?> we obtain

(4.39) /0 [v1(s) — va(s)|3 ds < c/o |n1(s) — n3(s) 2 ds, Vtel0,T].

Vl

On the other hand, from the Cauchy problem (4.25)—(4.26) we can write
! 2 2
8it) = o~ [ (8:5) (o0 (Rultom(6))* + ¢ IRl (o)) — ) d,
0 +
So

51000 = 5oy < [ [5106) (s (00 = 525 (Ruln ()

L2(T'3)

ds.
L2(T'3)

e /0 [51(5) R aa1 () — 5a(8) [ R (1 (5))

Note that 51 = 81 — B2 + B2 and using the definitions of R, and R, give us

51000 = a0y < [ 19006 = 8oy s+ [ un(s) = wals)e s
We apply Gronwall’s inequality and use the relation to conclude that
(L.40) 0= By < [ n) — o) ds
Furthermore, from we have
(@.41) t) ~ ka0 < [ i(s) ~ mh(o) s
Since w1 and uy have the same initial value we get

| () — ua(t / [v1(s) — va(s)[{ ds.
From this inequality, and we obtain
[Amy () — A’?z(t)ﬁ/'x}f

< ([ Iorls) — st s+ ) ~ a0 + [ la(s) —kats) ds) . vee fo.7)
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It follows now from (4.39) and (4.41]) that

t
Ay (t) — Ana(®)2y < ¢ /0 () — 71a(5) By .

Reiterating the previous inequality n times, we find that

cT
|A"ny — AnQ’LQ (0,T;V'xY) /’771 )‘V/des

This inequality shows that for a sufficiently large n the operator A™ is a contraction on
the Banach space L?(0,T;V’ x Y), and so A has a unique fixed point. O

Now, we have all the ingredients to prove Theorem

Proof of Theorem [£1]. Let n, = (n',n?) € L?(0,T; V' xY) be the fixed point of A defined

by (4.32)—(4.34) and denote
(442) U = uny,, k= knw © = ©n,, B = 57]*7

(4.43) o=Ae() +EVo+oy,.

We prove that (u, o, k, ¢, 3) satisfies (3.48)—(3.53)) and (4.1)—(4.5)). Indeed, we write (4.28])
for n = n, and use (4.42)—(4.43]) we obtain (3.48]). We use (4.6)) for 7 = n, and the first
equality in (4.42)) to find

(4.44) (ib, v)yruy + (Ae(it),e(v)3 + (0" (1), v)vrxv = (F(1), v)vixv

for all v € V, a.e. t € (0,T). The equalities A(n,) = n' and A%(n,) = n? combined with
(4.33), (4.34), (4.42) and (4.43)) show that

(0 (0), vy = (Fe(ult)), e(@))n + (E Vo, e(0))n
. s))—&*F s),e(u(s)), k(s))ds,e(v
(4.45) (/ Glo(s) — Ac(ir(s)) — E7Vip(s). e(u(s), k(s)) ds, e ))H

+j(B(t),u(t),v), VvoeV

and

(4.46) n*(t) = ¢ (a(t) — Ae(iu(t)) — E'V(t), e(uqy (1)), ky(t) -

From (4.46]) and (4.27) we see that (3.49) is satisfied. We substitute (4.45)) in (4.44]) and
use (3.48)) to see that (3.50)) is satisfied. We write now (4.15)) and (4.25)) for n = n, and

use (IAZ) to find (F51) and (B52).
Next, (3.53)), the regularities (4.1]), (4.3)), (4.4) and (4.5) follow from Lemmas [4.3]

and the relation (4.27). The regularity o € L?(0,7;H) follows from Lemma
assumptions (3.27)), (3.32) and (4.43)). Finally, (3.50)) implies that

ptt =Dive + f, in V' ae. te (0,7),
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and from (3.36) and (3.37) we find that Dive € L?(0,T;V’). We deduce that the regu-
larity (4.2]) holds. The uniqueness of the solution follows from the uniqueness of the fixed
point of the operator /A combined with the unique solvability of Problems 44 and

guaranteed by Lemmas [4.7 and O
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