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Cross Theorems for Separately (-, W)-meromorphic Functions

Thai Thuan Quang* and Lien Vuong Lam

Abstract. It is shown that Rothstein’s theorem holds for (F, W)-meromorphic func-
tions with F' is a sequentially complete locally convex space. We also prove that a
meromorphic function on a Riemann domain D over a separable Banach E with values
in a sequentially complete locally convex space can be extended meromorphically to
the envelope of holomorphy D of D. Using these results, in the remaining parts, we
give a version of Kazarian’s theorem for the class of separately (-, W)-meromorphic
functions with values in a sequentially complete locally convex space and generalize
cross theorem with pluripolar singularities of Jarnicki and Pflug for separately (-, W)-

meromorphic functions with values in a Fréchet space.

1. Introduction

The classical Hartogs theorem states that every separately holomorphic function on prod-
ucts of domains in complex Euclidian spaces is holomorphic. This theorem has been a
source of inspiration for numerous research works in Complex Analysis for many years.
The well known Hartogs theorem on holomorphicity of separately holomorphic functions
was extended to the special subsets in C"*" by several authors, in particular by Siciak [28],
Nguyen Thanh Van and Zeriahi |16], Shiffman [26]. It is easy to see that their results are
true for vector-valued case. However, in the meromorphic case the situation is different,
and more difficult even for scalar functions. Rothstein [22] proved the Hartogs theorem
for scalar meromorphic functions. Later, Kazarian [13| and Shiffman |26] extended the
Rothstein theorem to the special subsets in C™*" for the meromorphic case. We known
that, there are C-valued weakly meromorphic functions which are not meromorphic, and
hence Rothstein’s theorem for vector-valued meromorphic functions not be deduced from

the results for the scalar case.
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The problem of determining the envelope of holomorphy of separately holomorphic
functions defined on some cross sets was studied by several authors. The theorems obtained
in this type are often called cross theorems. In 1970, by using the relative extremal
functions, Siciak [27] established the envelope of holomorphy for separately holomorphic
functions for the case where the cross set has a special shape, a product of domains in C.
Later, Jarnicki and Pflug generated for the cross theorem with singularities [11]. With
the help of generalization of Rothstein’s theorem and extension theorem with pluripolar
singularities, they considered the cross theorem for meromorphic functions |10]. Recently,
Quang and Dai [18] generated Siciak’s result to the class of separately (-, W)-holomorphic

functions.

The paper continues and generalizes the investigations from [18] and [19]. It is also a
continuation of an our earlier work [20] in which, using some results of Grosse-Erdmann [6]
and modifying the argument of Siu [29], some generalizations of the Levi extension theorem

to the class of separately (-, W)-meromorphic functions have been introduced.

In the paper we would like to generalize a result of Kazarian [13] on the crosses (The-
orems and cross theorem with pluripolar singularities of Jarnicki and Pflug [10]
(Theorem to the above class of functions with values in either a sequentially complete
locally convex space or a Fréchet space. The proofs are respectively presented in Sections

and [6]

One of the most important tools used in the proofs of Kazarian’s theorem [13] and cross
theorem with pluripolar singularities of Jarnicki and Pflug [10] is Rothstein’s theorem. So,
before that, the problem to be considered in Section |3|is Rothstein’s theorem for (-, W)-
meromorphic functions with values in a locally complete space (Theorem . The proof
is based on a generalization of the Levi extension theorem (Theorem and modification

the arguments of Kazarian in [13| and of Jarnicki-Pflug in [10].

Another tool that we will use in the proofs is concerning to domains of existence for
Fréchet-valued meromorphic functions. Section[d]is devoted to the discussion this problem
for Fréchet-valued meromorphic functions (Theorem . We prove that a meromorphic
function on a Riemann domain D over a locally convex space E with values in a Fréchet
space I’ can be extended meromorphically to the envelope of holomorphy D of D when

E is a Banach space with a Schauder basis (Theorem |4.4)).

We also review in Section [2| some elements of locally convex spaces and pluripotential

theory pertaining to our work.
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2. Preliminaries

2.1. General notations

We shall use standard notations of the theory of locally convex spaces as presented in the
book of Schaefer [23]. A locally convex space always is a complex vector space with a
locally convex Hausdorff topology.

For a Fréchet space E we always assume that its locally convex structure is generated
by an increasing system {||-||,} of semi-norms. Then we denote by Ej the completion
of the canonically normed space E/ker ||-||,, and wy: E — Ej, denotes the canonical map
and Uy, denotes the set {x € F : ||z||, < 1}. Sometimes it is convenient to assume that
{Uk}1en 1s @ neighbourhood basis of zero (shortly U(E)).

If B is an absolutely convex subset of E we define a norm ||-||3 on E*, the strongly

dual space of E with values in [0, +00] by
[ully = sup {|u(z)| : 2 € B}

Obviously ||-||; is the gauge functional of B°. Instead of ||-|;;, we write ||-|[;. By Ep
we denote the linear hull of B which becomes a normed space in a canonical way if B is
bounded. The space E is called locally complete if every such space Ep is Banach.

For a locally convex space F, a subset W C F’ is called separating if u(x) = 0 for each
u € W implies « = 0. Clearly, this is equivalent to the span of W being weak*-dense (or
dense in the co-topology).

We say that W C F’ determines boundedness if every subset B C F is bounded
whenever u(B) is bounded in C for all w € W. This holds if and only if every o(F, span W)-
bounded set is F-bounded. Obviously, the linear span of such sets is o(F’, F')-dense.
Clearly, if W C F’ determines boundedness in F’, then W is separating.

2.2. Pluripolar sets and pluriregular sets (L-regular sets)

Let X be a complex space and 2 be a set in X. By PSH() we denote the set of all

plurisubharmonic (psh) functions on €.

Definition 2.1. A subset K of X is called pluripolar if for every z € K there exist a
neighbourhood U of z and ¢ € PSH(U), ¢ # —oo such that

KNUcC {7 eU:p(¢)=—oc0}.

It is well known that a subset X of CP is pluripolar if and only if there exists ¢ €
PSH(CP), ¢ # —oo such that

X C{zeCP:p(z) =—0c0}.
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Let K C Q) with  is an open set in X. Put
U (K,Q) ={uecPSH(Q) : ulg <0;ulg <1}.
We denote ug o the relatively extremal function of the couple (K, Q) defined by
hio(z) =sup{u(z):ue % (K,Q)}.
Let w(-, K,Q) := h}ﬂ be the upper-semicontinuous regularization of hg o:

w(z, K,Q) =limsuphgo(z'), z€Q.

05z'—z

Definition 2.2. The point a €  is called the locally pluriregular (or locally L-regular)
point of K if a € KNQ and w(a, KNU,U) = 0 for all neighbourhood U of a in 2. Moreover,
K is said to be locally pluriregular (or locally L-regular) if it is locally pluriregular at every
point a € K.

Denote K* the set of all pluriregular points of K (in ). If K is non-pluripolar, then
K* is non-pluripolar and K \ K* is pluripolar.

Definition 2.3. The set K is said to be pluriregular (or L-regular) if w(-, K NU,U) =0
on K for all neighbourhood U of K.

2.3. The cross

Definition 2.4 (N-fold cross). Let N € N, N > 2, and let @ # A; C D; C CH, k; € N,
where D; is a domain, j = 1,..., N. The set

X

X(Alv"'aAN;Dla"wDN)

N
UAlx'“XAjflXDjXAjJrlx"'XAN
7=1

C Chitthy

is called the N-fold cross associated to the N pairs (A, D;).

Definition 2.5. Let N € N, N > 2, and let @ # A; C D; C C%, k; € N, where D; is a
domain, j =1,...,N and let X :=X(Ay,...,An;D1,...,Dy). Put
R N
X = (21,...,ZN)€D1X--'XDNZZLU(Z]‘,AJ‘,DJ')<1
j=1
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Definition 2.6 (Generalized N-fold cross). Let N € N, N > 2, and let @ # A; C D; C
Cki, k; € N, where D; is a domain. Moreover, let S; C Al x A7, j=1,...,N, where
A; :Al Xoee XAJ',1 and Ag{:Aj+1 X XAN. The set

AN,Dl,...,DN;Sl,...,SN)

(A1
N
U (2,25,2") € Ay x Dy x A : (7,2") ¢ S5}

is called the generalized N-fold cross associated to the N triples (A4;, D, S;).

Here, 2’ = (21,...,2j-1) € A} and 2" = (2j41,...,2n) € A].
Remark 2.7. (a) It is clear that T' C X.

(b) X :=X(4y,...,ANn;D1,...,DNy) =T(Ay,...,AN;D1,...,DN; D, ..., D).

(C) If N =2, then T(Al, As; D1, Do; S, 52) = X(Al\SQ, AQ\Sl; Dy, DQ). Consequently,

any generalized 2-fold cross is a 2-fold cross.

Definition 2.8. Let N € N, N > 2, and let @ # D; C C¥ is a domain, k; € N,
j=1,...,N. Let U be an open subset of Dy x --- x Dy and let M C U be a relatively
closed set. For (ay,...,an) € (D1 x---x Dn)NU and j = 1,..., N we define the fiber of

M and the fiber of U over (aj, -, af) as

M(J’?])_{ZJGD ( GM}

aj, zj, a ]

U(/‘a//)::{ZjEDj (],ZJ, j EU}

@js o> j
Remark 2.9. Let N € N, N > 2, and let @ # D; C C% is a domain, k; €N, j =1,...,N.
Let U be an open subset of D; X --- x Dy and let M C U be a relatively closed set. Then
Mgt 2 at) is closed in Ua, -, a) for all (a1,...,an) € (D1x---xDy)NU and j =1,...,N.

2.4. Holomorphic functions and meromorphic functions

Definition 2.10. Let E and F' be locally convex spaces and let D C E be open, D # &.
A function f: D — F is called to be holomorphic if f is continuous and u o f is Gateaux

holomorphic for every u € F’.

By H(D, F') we denote the vector space of all holomorphic functions on D with values
in F. This space equipped with the compact-open topology. Instead of H(D,C) we write
H(D). For details concerning holomorphic functions on locally convex spaces we refer to
the book of Dineen [4].

We denote by H*(D, F') the subspace of all bounded functions in H(D, F'). Instead
of H*(D,C) we write H*(D).
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Now assume that K is a compact subset of E and let H(K) denote the space of germs

of holomorphic functions on K. This space is equipped with the inductive limit topology
H(K) =limind H*(U)
UNK
where U ranges over all neighbourhoods of K in F.

Definition 2.11. Let @ # % C H(X \ M,F). We say that a point a € M is non-
singular with respect to .# (a € Mys #) if there exists an open neighbourhood U of a
such that for each f € % there exists a function f € H(U, F) with f: fonU\ M. If
a € Mgz := M\ My,s # then we say that a is singular with respect to .7.

If My 7z = @, ie., My 7z = M, then we say that M is singular with respect to 7. If
F = H(X \ M, F), then we simply say that M is singular and we skip the index .Z.

Definition 2.12. Let E and F be locally convex spaces and Dy be a dense open subset of
an open set D in . We say that a function f: Dy — F' is meromorphic on D if for every
z € D there exist a neighbourhood U, of z in EF and holomorphic functions Ay, : U, — F),
oy, : U, — C such that

hy,
U.NDg ~—

f

ou, U.NDg

The functions hy, and oy, are called the local numerator and local denominator of f
at z respectively. We say % is the local representation of f at z. In [14], Khue proved
that, if D is a Stein manifold and F' is a sequentially complete locally convex space, this
representation of f is global, that means f = % with h € H(D, F) and 0 € H(D).

We denote
M(D, F) = {f is meromorphic on D} and M(D)= M(D,C).

By

h
P(f) = {z € D : there exists a local representation —2= such that hu (2) #0, 00 (2) = O}
UUZ

and

h
I(f) = {z € D : for every local representation ——= we have hu (2) =0, 00 (2) = O}
O'Uz

we denote the pole set and the indeterminacy set of f respectively. It is shown in [14]

that they are analytic sets in D with

codim P(f) >1 and codimI(f) > 2.
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Definition 2.13 (Separately holomorphic on a generalized N-fold cross). Let N € N,
N >2 and let @ # A; C D; C C*, k; € N, where D; is a domain, let S; C A;- X A;’,
j=1,...,N,and let T := T(Ay,...,An;D1,...,Dn; S1,...,SN) be the generalized N-
fold cross.

We say that a function f: T — F is separately holomorphic if for any j € {1,..., N}

and (a/ € (A} x A])\ S; the function f(a}, -, a}) is holomorphic in D;. Put

.7’ J) ja "y

H(T,F) = {f is separately holomorphic on T'}.

Definition 2.14 (Separately holomorphic on X \ M). Let N € N, N > 2, and let @ #
Aj C Dj C CF, kj € N, where D; is a domain, and let X := X(Ay,..., Ax; D1, ..., Dn).
Moreover, let U be an open neighbourhood of X and let M C U be such that for all
(a1,...,an) € Ay x---x Ay and j € {1,..., N} the fiber Miq,., a7y 1s relatively closed in
D;.

We say that a function f: X \ M — F is separately holomorphic (f € Hs(X \ M, F))
if for any (a1,...,ay) € A1 x --- x Ay and j € {1,..., N} the function f(a}, -, a}) is
holomorphic in the open set D; \ M(a} Lal): Put

Hy (X \ M, F) = {f is separately holomorphic on X \ M}.

Definition 2.15 (Separately meromorphic on 7'\ M). Let N € N, N > 2, and let
@ # A; C Dj C CH, kj € N, where D; is a domain, let S; C Al x A7 j=1,...,N,
and let T':= T(Ay,...,An; D1,...,Dn;S1,...,SN) be the generalized N-fold cross. Let
M cCT,S CT\M be relatively closed.

We say that a function f: (T'\ M)\ S — F is separately meromorphic if for any

(a1,...,an) € (A1 X --- x An) \ S; with (M U S)(y Lalhy 7 Dj and j € {1,..., N} there
exists a function f(a/ aj, - aj) € M( J\AM L)y )such that f(d/ aj, - gf)zf(a;-, - aj)

on D; \(MUS)( Lall):
Observe that f € H(T\ (MUS),F). Put

My(T \ M, F) = {f is separately meromorphic on 7'\ M} .

2.5. (-, W)-holomorphic functions and (-, W)-meromorphic functions

Let E, F be locally convex spaces, D an open subset of E, W a subset of F”.
Definition 2.16. A function f: D — F' is called
o (F,W)-holomorphic if uo f € H(D) for all u € W;

o (F,W)-holomorphic, bounded if uo f € H*>(D) for all u € W.
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We denote

HY(D,F)={f: fis (F,W)-holomorphic on D} ;
HWY>(D,F)={f: f is (F,W)-holomorphic, bounded on D} .
Definition 2.17. Let T = T(A4,...,Ax; D1,...,DnN; S, ..., SN) be a generalized N-fold
cross. Let M C T be relatively closed.
We say that a function f: (T'\ M) — F is separately (F, W')-holomorphic on T \ M
if for any j € {1,...,N} and (a},a}) € (A} x AY) the functions (u o f)(a}, -, a}) are
holomorphic on D; \M(% al) for every u € W. We denote

W(T\ M,F)={f: f is separately (F,W)-holomorphic on 7'\ M} ;
HY(T\ M, F) = HY (T'\ M,F) 0 H>(T\ M, F);
HYoo(T\ M, F) = HV>(T\ M,F)NC(T \ M, F).
Definition 2.18. A function f: D — F is called (F,W)-meromorphic if uo f € M(D)

for all w € W. If uwo f has a meromorphic extension u/c-J\f € M(G) with G D D for all
u € W we say that f has an (F, W)-meromorphic extension to G. Put

MY(D,F)={f: f is (F, W)-meromorphic on D} .

Definition 2.19. Let T'=T(Ay,...,Ax; D1,...,Dn; S1, ..., SN) be a generalized N-fold
cross. Let M C T, S C T\ M be relatively closed.

We say that a function f: (T'\ M)\ S — F is separately (F, W)—memmorphic on T\ M
if for any j € {1,..., N} and (a},d}) € (A} x A7)\ S; with (M U S) 7& Dj, there

exist functions (uo f)( aj) € M(Dj\ M,. //)) such that

J’ )
(UOf)( j’ K ) (UOf)( j’ “ )
on Dj\ (MU S)(a}.,a;/) for every u € W. We denote

MY (T \ M,F)={f: f is separately (F,W)-meromorphic on T\ M} .

3. Rothstein’s theorem for (-, W)-meromorphic functions

The aim of this section is to consider the Rothstein theorem for class of (F, W)-meromorphic
functions where F' is a locally complete space.

Throughout this section we shall adopt the following notations:

Ap(s) ={teC:|t—s|<r}; A =A0); A=Ay
AN(s) := Ap(s1) x -+ X Ap(sy), for s =(s1,...,sy) e CN.

The following is the main result of this section.
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Theorem 3.1. (cf. [10,22]) Let f € M(AP x A1 F) where AP C CP, A? C CY are the
unit polydiscs and F is a sequentially complete space. Assume that A C AP is a locally
pluriregular set such that for any a € A we have (P(f))@,.) # A% Let G C C? be a
domain such that A1 C G. Assume that for every a € A the function f, has an (F,W)-
meromorphic extension to G where W is a subspace of F' that determining boundedness.
Then there exist an open neighbourhood Q of (AP x A%) U (A x G) and a function fe
M(Q, F) such that f: f on AP x A1,

The first is a generalization of the Levi extension theorem for (-, W)-meromorphic
functions.

Let F' be a locally convex space, 2 C C a domain and f: Q — F be a meromorphic
function. Then for every point ¢ € {2 there exists some non-negative integer N so that
(A — )N f()\) has a holomorphic extension to t. We write o(f) for the least such number
N, possibly 0. If o;(f) > 0 then ¢ is a pole of f.

Theorem 3.2. Let F' be a sequentially complete locally convex space, W a separating
subset of F' and f € M(D x (A, \ A),F), where v > 1 and D is an open set in C".
Suppose D, is a dense set in D such that for each z € D, there exist a set P, C A,
without limit points in A, and a locally bounded function f; : A, \ P, — F satisfying

() f7 = f. on A\ A

(ii) f7 has an (F,W)-meromorphic extension to A, with P(uo f2) C P, for allu € W
and for allt € P,

zré%(ot(uofz_) < 0.

Then f extends meromorphically to D x A,.
Proof. (a) From the hypotheses (i) and (ii), by Grosse-Erdmann [6, Theorem 4] for each
z € D the function f, is extended to a meromorphic function j/’; on A,.

(b) Now we consider the case where F' is a Fréchet space. As in [29] we may assume

that f is holomorphic on D x (A, \ A). We have a Laurent series expansion

+oo
fz ) = )" Ce()M, 1<\ <r)

k=—o0

where C(z) are holomorphic on D. Let
D, = {z eD: fz has at most p poles},

where the number of the pole points is counted with their multiplicities. Since D = Up D,

there exists some p such that D, is dense in D. Let £ denote the quotient field of
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H(F/  xD), where F{  is the space F’ equipped with the bornological topology associated
to the strongly topological dual F” of F. Note that F _is a bornological (DF')-space.
Consider the subspace ¥ of P! generated by {Vj}>, with

Vi =(C 3y Cpny oo, Cpy) (k> 1),

where C_p(u, 2) = u(C_j(2)) for u € F/ . and z € D. Observe that Cj € A for k > —oo0,
because é\’k is Gateaux holomorphic and bounded on sets of the form B x K where B is
bounded in F}  and K is compact in K, and hence, CA’k is holomorphic [15]. We can check
that dim ¥ < p, that means

for 1 < ki < --- < ki4p. For each z € D), from the meromorphicity of fz, there exist
aop, . ..,ap, € I such that

p +00
<Z am)\m> ( > Ck(z))\k>
m=0 k=—00
is holomorphic on A,. This means

agC_p(2) + -+ apC_p_p(z) =0 for k> 1.

Hence H(z) = 0 for z € D,,. Since D), is dense in D we have H = 0 on F’' x D. Choose
a basis Vi,,..., Vg, of ¥, where ¢ < p. Then for each & > 1 there exist holomorphic

functions a(®), ozgk), ey ozgk) with a®) £ 0 such that
q

(3.1) Py, =3 oMy,

i=1
Since g < p, there exist holomorphic functions Sy, 31,..., 8, on D with values in F' such
that

p ~ ~
(3.2) > BnCp-m=0 onF, xDfor1<i<gq
m=0

where Bm: F! . x D — C are given by

or

Bm(u, 2) =u(Bm(2)), VueF,,, 0<m<p.
From (3.1)) and (3.2) it follows that

p
ZBmC,k,mEO on F' x D for k > 1.
m=0
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Hence,
P 400
g = <Z Bm(u,z))\m> < Z 6’k(u, z)Ak)
m=0 k=—0oc0

is holomorphic on F{_. x D x A,. Then the meromorphic function

» -1

h = <Z B (u, z))\m) g
m=0

is the extension of f, where f: F/ . xDx (A, \A) — Cis given by f(u, 2, A) =u(f(z,N).

Now, for each continuous semi-norm « on F' we consider f, = wq f, where F,, is the Banach

space associated to a and w,: F — F,, is the canonical map. By [§8], f, is extended to a

meromorphic function g, on D x A,. Put

pP= UP(ga)‘

o~

We have P(h) N (F), x D x A,) = P(ga) = F., X P(ga) for every a. Hence

P() =\ J(FL x P(ga)) = F' P
The equality yields that P is a hypersurface in D x A,. Let (29, Ao) € R(P), the regular
locus of P. Then there exist a neighbourhood U of (zp, A\g) in D x A, and a holomorphic
function o on U such that o|pny = 0 and o/(z,A) # 0 for (z,A) € U. Hence oPh is

holomorphic on F{__x U for some p > 0. On the other hand, since h is a

R F'x[(DxA)\P)
holomorphic extension of f which is continuous linear in u € F{  for (z,A) € D x (A, \A),
we infer that oPh so is for (z,A) € D x A,. Thus, oPh induced a holomorphic function
oPh: U — [F_.]'. This yields that % is induced by a meromorphic function h on D x A,

with values in [F{_ ], since codim S(P) > 2, where S(P) is a singular locus of P. Moreover,

bor
by uniqueness and since h = f on [D x (A, \ A)]\ P it follows that h can be considered as a
meromorphic function on D x A, with values in F. Hence f is extended meromorphically
to D x A,.

(c) General case. Assume that F' is a sequentially complete locally convex space. As

in notations of (b), put

P = Up(ga)-

First we show that P is a hypersurface in D x A,. Let D’ be a relatively compact open
subset of D and 0 < v < r. For each continuous semi-norm « of F, let n, denote
the number of irreducible branches of P(gy) N (D x A,/). To prove the analyticity of
PN (D x A,) we have to check sup, n, < 0o. Otherwise there exists a sequence {ay} of

continuous semi-norms on F' such that aj /* +o00. Consider the space E = lim proj, Fy,
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and the canonical map w: F' — E. By (b), wo f has a meromorphic extension h: Dx A, —
E. Since P(ga,) C P(h) for k > 1, and hence, the number of irreducible branches of
P(h) N (D' x A,) is equal to +oo. This is impossible. Since D’ and 7’ are arbitrary, P
is a hypersurface. Since u o f has a holomorphic extension to (D x A,) \ P for every
u € F', it follows that f has also a holomorphic extension f to (D x Ay) \ P. It remains
to show that f in fact is meromorphic on (D x A,)\ S(P) and hence, on D x A,.. Given
wy € (D x Ay)\ S(P). After changing of coordinates we can write f in the form

+0o0

FlzN) = > ar(2)AF

k=—00

in the neighbourhood A™ x A of wp, where c¢;(z) are holomorphic on A™. If f is not
meromorphic at wp, then there exists a sequence k; , —oo such that cg; # 0 on A™.
Choose for each j > 1, u; € F' such that u;j o cy; # 0. Consider g = 5o f, where
j>1- By (b), g has a

meromorphic extension to A™ x A. This yields that there exists jy such that

n: F — CN is the map induced by {u;}, that means n(y) = {u;(y)}

Uj O Ck; =0 fOI‘j < jo-
It is impossible. O

We shall prove the following proposition.

Proposition 3.3. Let D; € C™, Dy C C™ be domains and Ay C Dy, Ay C Do be
locally plurireqular subsets. Let F' be a locally complete space and W C F' be a subspace

determining boundedness. Assume that f: X — F is a function such that
(i) for every ai € Ay the function f,, € HV:>°(Dy, F);
(ii) for every as € As the function f® € H">°(Dy, F).
Then there exists exactly one fe H()/(\',F) with ]?: f on X.
For the proof of Proposition we need the following lemma.

Lemma 3.4. Let D1 C C™, Dy C C" be domains and Ay C D1, As C Dy be locally
plurireqular subsets. Then for any f € Hy(X) there exists exactly one fe H()?) with
f: fonX.

Proof. Since A; and A are locally pluriregular we have X C X. Observe that A; x Ay C
X is locally pluriregular, hence, is non-pluripolar. By [l, Theorem 3.4.2] there exists
fe H()A() with f = f on X. Suppose there is a § € H()?) with g = f on X. Then by
the non-pluripolarity of A; x Ay we get g = fon X. Thus fis uniquely determined. [J
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Now we can prove Proposition [3.3] as follows.
Since Ay, Ao are locally pluriregular, they are non-pluripolar, hence, are of uniqueness
and X C X. Then, by [5], for each z € A; and w € Ay we have

f. € H®(Dy,F) and f% € H®(Dy,F).

Now, let ¢ € F’ be an arbitrary continuous linear form on F. Consider the separately
holomorphic function
o f : X - C.

—

By Lemma there exists exactly one gp/c;f € H()/f) with oo f = po f on X. By the

identity principle we can define the mapping
T: F,, — H(X),

given by

T(p)(x) =¢of(), zeX, peR,,
where F} _ is F' equipped with the bornological topology associated with the strong
topology 8. By the uniqueness of extensions cp/;f and by using the identity principle,
it follows that T is linear and has the closed graph. Hence, in view of the closed graph
theorem of Grothendieck [7] we derive that T is continuous.

Now we can define the map f: X — [F}o:]5 by the formula

F@) @) =T)(z), z€X, @€ Ry

For each ¢ € F{ . we have
f(2) () =T()(z) = (po f)(2), z€X

a&hence, we deduce that f: X — [F},o.]’s is holomorphic. Since (¢ oAf)(z) = f(z)(gp) =
(pof)(z) = (po f)(z) for all z € X and for all ¢ € F', we have f = f on the non-
pluripolar set X. However, I is a closed subspace of [F} |5, by the identity principle it
follows that f()? ) C F and hence f: X — F is holomorphic.

It is obvious that wo f is a holomorphic extension of u o (f]| A x AQ) forAall ue W.
From the uniqueness of A; x Ay (because Ay x As is non-pluripolar), by [5] f is uniquely
determined. The proposition is proved.

Since the equality w(z, A1, D1) = 0 for every locally pluriregular point z of A; from

Proposition [3.3] we obtain

Corollary 3.5. Let X be a 2-fold cross and f: X — F a function as in Proposition [3.3]
Assume that z, € Ay is a locally pluriregular point of Ay. Then f can be extended holo-
morphically to a neighbourhood {z.} x D} for all D} C Ds.
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Lemma 3.6. Let f: CP x C? — F be a meromorphic function on a neighbourhood of D X
{0} in CPT9. Then —log(Ry)« is plurisubharmonic on D where Ry(z) is the meromorphic
radius of f, at 0 € C? defined by

R¢(z) =sup{r > 0: f. has a meromorphic extension on Al}

and (Ry)y is the lower semicontinuous regularization of Ry.

The lemma is proved similarly as of Proposition 1.4 and Remark 1.5 in [29] by using
Theorem [3.2

Lemma 3.7. Let D C C™, Gy C C" be domains. Let f: D x Gy — F be a meromorphic
function and let G be an open subset containing Gg, where F' is a sequentially complete
space. Assume that for almost z € D the function f, has an (F,W)-meromorphic extension
to G where W is a subspace of F' that determining boundedness. Then f is extended

meromorphically to D X G.

Proof. The following argument is a small modification of [26].

Let CP(F') denote the projective space associated to F' and w: F'\ {0} — CP(F) the
canonical map. By the uniqueness, we may assume that F' is separable.

Let us consider the following two cases.

Case 1: n=1.

Because for almost z € D the function u o f, is extended meromorphically to G for all
u € W, by [6l Theorem 4], for almost z € D the function f, is extended to a meromorphic
function f: on G.

Let G1 be an arbitrary open set with G; C Go and Dy = D\ mp(I(f) N (D x Gy1)),
where mp: D X G — D is the canonical projection. Then g, is holomorphic on G; for
z € Dy, where g =mo f.

By Corollary and |25, Theorem 1], for every open set Gy with G; C G2 C G there
exist an open subset Dy C D of full measure and a holomorphic function go: Do X Go —
CP(F) such that

g2‘D2><G1 = g‘DQXGl.

Let fo: Dy X Go — F be the meromorphic function induced by g». Then

f2’D2><G1 = f‘DQXGl‘

By [24], the envelope of holomorphy of (D x Go) U (D2 x G2) contains D x Ga. Then, fo
and hence f has a meromorphic extension to D x G3. Since G is arbitrary, f is extended
to D x G.
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Case 2: n > 1.

We can easily reduce the lemma to the case Gp = A", G = A% with R > 1. Suppose
that the lemma has been verified for Gp = A", G = A'j{l. Assume that for all u € W
the function w o f, has a meromorphic extension on A%, where z € D \ A such that
mes(A) = 0. For each r € (0, R) put

B:{(z7£)EDXAZ{Z}XArx{g}CI(f)}7
C=(AxA)UB.

Then mes(C) = 0 and uo f, ¢ has a meromorphic extension to A% for (z,€) € (DxA)\C
for all w € W. By the inductive assumption (with D is replaced by D x A,), it follows
that f can be extended meromorphically to D x Az_l x A.

Similarly, let

B':{(z,w) EDXA}Z{l L (z,w) XATCI(f)}7
C'=(Ax AT HUB.

Then we also have mes(C’) = 0 and u o f,, has a meromorphic extension to Ap for
(z,w) ¢ C' for all w € W. Hence, by Case 1, f can be extended meromorphically to
D x A%,. O

We are now in a position to prove the Rothstein theorem.

Proof of Theorem 3] (i) The case where G = A%,.
For each z € D, let R¢(z) denote the meromorphic radius of f, at 0 € C4. Obviously,
Ry >1on A? and Ry > R on A. Using Lemma [3.7 with D = AP we can easily conclude

that f extends meromorphically to the Hartogs domain
Q= {(z,w) € AP x C?: |w| < (Ry)«(2)}-

By Lemma and Ry > R on A, using the local pluriregularity of A we conclude that
(Rf)« = Ron A. Thus A x A}, C Q, and therefore Q2 is the required neighbourhood.

(ii) The case where G is arbitrary.

Fix a € A. Let Gg denote the set of all b € G such that there exist r, > 0 and
f € M(AP(a,b), F) with ARF9(a,b) € AP x G such that for all @ € AN AP, (a) the
function u o °f, has a meromorphic extension (u o °f,) on Af, (b) for all u € W.

Obviously Gy is open, Gy # @ (A? C Gp). Using (i) one can prove that Gy is closed
in G. Thus Gy = G.

Moreover, one can prove that if Af, (b1)NAf, (b2) # @ then bif = b2f on Ag;tq((a, b1))
N Ag;; %((a,by)). This gives a meromorphic extension of f to an open neighbourhood of
a X G. Since a was arbitrary, we get the required neighbourhood €2. The proof of the

Rothstein theorem is complete. O
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4. Domains of existence for Fréchet-valued meromorphic functions

Let D be a Riemann domain over a Banach space E and f: D — F be a holomorphic
function on D with values in a Banach space F. By D? we denote the domain of existence

of f over E. Hirschowitz [9] proved that if E is separable the set
Zh = {x eF':Dh= D’;*f}

is not a first category set. Moreover, he also showed that in the general case this result is
not true.

In the first part of this section we study the above problem for meromorphic functions.
Then the obtained result is used to extend Fréchet-valued meromorphic functions.

Now, as in [2], by the sheaf theory method we can construct a Riemann domain Dy
over E (which is called the domain of existence of f) such that it is the largest domain on
which f can be extended to a meromorphic function f

We shall prove the following theorem.

Theorem 4.1. Let D be a Riemann domain over a separable Banach space E and f be a

meromorphic function on D with values in a Banach space F. Then the set
ZF ={z* e F': D} = D\ ;}
is dense in F'.
For the proof of Theorem we need the following lemmas.

Lemma 4.2. Let D be an open set in a Banach space E and S an analytic set in D with
codim S > 2. Then every meromorphic function f on D\ S with values in a Banach space

F can be extended meromorphically to D.

Proof. Given f: D\ S — F a meromorphic function.

(i) First consider the case where ' = C. Let fo: (D \ S)\ I(f) — CP! be the
holomorphic function defined by f, where CP' is the complex projective space. Then f is
defined uniquely by the analytic set T'(f) in (D \ S) x CP! given by

D(f) i= Clipgyecet (2 Jo(2)) € (D 8) x CP'}.

By the Remmert-Stein-Ramis theorem [21], Clp, cp1 I'(f) is an analytic set in D x CP*
defining a meromorphic extension of f to D.

(ii) Now assume that F' is an arbitrary Banach space. By (i) for every z* € F’, the
meromorphic function z*f on D\ S can be extended to a meromorphic function a;*? on
D. On the other hand, by the Remmert-Stein-Ramis theorem [21], V' = CI[P(f)] is an
analytic set in D. We can assume that V' # @ and hence codim V' = 1.
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Fix zp € S. Take a neighbourhood W of zy in D such that
wnV=12Zo)

where Z(o) is the zero-set of a holomorphic function o on W.

For each pair (k,n) we put
A(kz,n) = {.1‘* cF: O'nl'/;f S H(Z(] + Uk)}

where Uy = {z € E 1 ||z]| < 1}
By the factoriality of the local ring OF ., of germs of holomorphic functions at zo [17],

we can find holomorphic functions g and 8 on zy + U for some k such that

g

w7l -

20+Uyg B B

and gy, the germ of g at y, is prime with respect to g, for all y € 29 + Uj. This implies
that
P(a*f)N (20 + Ux) = Z(B) €V N (20 + Ux) = Z(0) N (20 + Ug).

Hence there exist i, n and v € H(z9 + U;) such that
n‘ZO“FUi = 75‘20+Ui'
We prove that the sets A ) are closed. Let {x;} C Ay and z; — ¥ in F’. Then

{a"x/;;?} C H(zp + Uy) and this sequence converges to oz f in H((20+Ug)\ V). Since

codim V' = 1, by the maximum principle, it follows that {a"x/ﬁ'} converges to U”E‘? in
H(zp + Uy,). This means that 2* € A ) and hence A ) is closed in F”.

Using the Baire theorem to F' = Utk,n) Atkn) We can find (k,n) such that o"z* f is
holomorphic on zg + Uy, for all z* € F’. Thus ¢"f is holomorphic at 2y and hence f is

meromorphic at zp. The lemma is proved. O

Lemma 4.3. Let D be an open set in a Banach space E and S an analytic set in D with
codim S = 1. Assume that G is an open subset of D such that every irreducible branch of
S meets G. Then every meromorphic function f on (D \ S)UG with values in a Banach

space F' can be extended meromorphically to D.

Proof. It suffices to show that f can be meromorphically extended to every z € dG N S.
Given zp € OGN S. By Lemma we can assume that zo € R(S), the regular locus of
S, and zg = 0 € E. Take a neighbourhood U of zy of the form A x V', where A is the
open unit disc in C and V is connected neighbourhood of zero in a Banach space such
that R(S)NU =0 x V. Consider the Laurent expansion of f in A x V at (0,0)

+00

fta = Y ala)rt

k=—00
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where ay are holomorphic functions on V.
Since f is meromorphic on G and zy € G, we can find a non-empty open subset W
of V such that f is meromorphic on A x W. This yields that there exists kg such that

ar(z) =0 for every z € W and every k < k.
By the connectedness of V' we have
ar =0 for every k < kg.
Thus f is meromorphic at zg. ]
Now we can prove Theorem as follows.

Proof of Theorem [£1] Given f: D — F a meromorphic function, where D is a Riemann

domain over separable Banach space F and F is a Banach space. Put

D’ =D\ P(f) and fo=f]|p-

By the Hirschowitz’s result in [9] it suffices to consider the case where there exists x{ €

ZM(fo) \ Z™(f). Since
(D))}, = (D°)5;; and  DP\ (D)} = P(f),
by the local biholomorphicity of the canonical map D¥ — D;”S o 1t follows that D7 is

contained in Dg% 7 as an open set. We first have the following relations

~

m A\ DY =P(3f)\ P(f) and P(f) C P(z3f).
Indeed, let z € D\ D™f, but = ¢ P(z5f) \ P(f). Then

z€ (DO = (DO} € DY
which is impossible.

The inverse inclusion is trivial. The second relation follows from that
(D)} = (D°)as 1o

Let 2o € aR(P(]?)), the boundary of R(P(f)) in R(P(J?z‘]!\f)). We may assume that zp =
0 € E. Take a neighbourhood U of zy of the form A x V', where A is the open unit disc
in C and V is a connected neighbourhood of zero in a Banach space. As in Lemma
consider the Laurent expansion of fin A x V at (0,0)

+o0

fit) = 3 a)tt

k=—00
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where aj are holomorphic functions on V.
Since zgp € OR(P(f)) we can find a non-empty open subset W of V such that fis
meromorphic on A x W. As in Lemma [4.3] we infer that for some ko we have

ap =0 for every k < kg.

Hence f is meromorphic at zp.

Thus we can write

P(ai )\ Clom (P() = | U X; | US(P@5/))

Jj=1

where X are irreducible branches and S (P(;S\f )) is the singular locus of P(:U/S? ). Since
codim P(l/‘é!\f) > 2, by Lemma M we have

P(x5f)\ Clpr. (P() = [ X;.
’ =1
For each j > 1 take z; € R(X;) and write in a neighbourhood Uj; of z; of the form A x V;
as in Lemma [4.3] the Laurent expansion of f at (0,0)

+o00

fltz2)= > al(2)t"

k=—o00

We may assume that
ai;«éO for every k < 0 and j > 1.

Put
Aj = {a:* cF . x*(ai) # 0 for every k < 0} ,
Gf = {x* eF: x*(ai) # O}.

Obviously, Gé? is open for every k < 0 and j7 > 1. Moreover, Gf is dense in F’. Indeed, in

the converse case we can find 7 € F’ and € > 0 such that
(] — x*)(afc) =0 forevery z* € F' with ||z*]| < e.

Then ai = 0 which is impossible. By the Baire theorem

T=()4=()G
j=1 k<0
i>1

is dense in F".
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For each z* € T consider the continuous linear map O,«: F — C? given by (zf, z*).
Then the set
* 2
Zz* = {y e C*: D;Ti@z*f = ngz*f}

is dense in C2. Then the set
Z ={y' Oy 1 y" € Zp-,a" €T}

is dense in F’. Indeed, given z* € F' and € > 0. Take z] € T such that ||z* — z]| < e.
Since Z,» is dense in C?, there exists y = (a,b) € Z,» such that

9
(gl + [l + 1)

+1b—-1| <
with |b| < 1. Then

Hy*@w»l« — x*H = |lazy + bz} — z¥||

< lal flzoll +[bl [l27 = 2™ + [b = 1| [lp[| <e.

Since Dg |, C D3, by Lemma IZEI, O,+ f is not meromorphic at every point belonging
to U;>1 X, we infer that
Dye,.;=Ds,.; =Dy

for all y*©,« € Z. Theorem 4.1]is proved. O
Now, using Theorem [£.I] we prove the following result.

Theorem 4.4. Let f: D — F be a meromorphic function, where D is a Riemann domain
over a Banach space E with a Schauder basis and F' is a sequentially complete space. Then

f can be extended meromorphically to ]3, the envelope of holomorphy of D.

Proof. As in the proof of Theorem [3.2] it suffices to consider the space F is Fréchet.

Given f: D — F a meromorphic function as in Theorem Cover D by a sequence
of open sets U; such that for every j > 1 there exist bounded holomorphic functions h;
and o; on U; for which f’Uj = Z—j Since F' is a Fréchet space there exists a sequence
€; \ 0 such that

B =conv | J e;h;(Uj)
Jj=1
is bounded. It is easy to see that in the fact f is a meromorphic function on D with
values in the canonical Banach space Fp generated by B. From Theorem and from
the pseudoconvexity of the domain of existence of a scalar meromorphic function [2] it
m

follows that Dy is pseudoconvex. Since E has a Schauder basis, Df is a domain of

holomorphy [21]. This implies that f can be meromorphically extended to D. O
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5. A generalization of the Kazarian theorem

In [13] Kazarian proved that if f is a separately meromorphic function on a 2-fold cross
X =X(E,F;D,G) = (D x F)U(E x G) where D C C", G C C™ are domains and
E C D, F C G are pluriregular compact sets then there exists a meromorphic function f
on

X ={(z,w) € Dx G :w(z E,D) +w(w, F,G) < 1}
such that f: fon X.

The following theorem is a generalization of this result for the class of separately

(-, W)-meromorphic functions.

Theorem 5.1. Let D; C C™, Dy C C™ be domains and Ay C Dy, As C D5 be locally
plurireqular compact subsets. Let F' be a sequentially complete locally convex space, W be
a separating subset of F' and f: X = X(A1, Ag; D1, Do) — F be a function such that

(1) fO?" every ay € Aly fal € MW(D27F);
(ii) for every as € Ay, f22 € MW (D1, F)

where fq,(w) := f(a1,w) for allw € Dy and f*2(z) := f(z,a2) for all z € Dy. Then f is
extended meromorphically to

~

X = {(2:1,22) € D1 x Dy :w(zl,Al,Dl) —l—w(ZQ,AQ,DQ) < 1}.

Some lemmas in the previous section and the following proposition will be used to

prove the theorem.

Proposition 5.2. Let f: X — F be as in the Theorem [5.1]. Then there exist open subsets
DY c Dy, DY C Dy and non-pluripolar compact sets AY C Ay N DY, A € Ay N DY such
that

flyo: X0 == (D} x AQ) U (A} x DY) = F

18 separately holomorphic.

Proof. Recall that if S is a pluripolar closed set in Dy x Dy then the sets

Sl::{ZGAl:{Z}XDQCS}
Sy :={w e Ay : Dy x {w} C S}

are pluripolar. Since A;\S; and A3\ Sy are non-pluripolar, by Bedford and Taylor 3| there
exist locally pluriregular points zg € A; \ S1 and wy € Ay \ Sy for A; and Ay respectively.
Choose a € D; and b € D9 such that (a,wg) ¢ S and (z0,b) ¢ S. Let r > 0 be sufficiently

small such that
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7% := (B(a,r) x (B(wo,r) N A2)) U ((B(20,7) N A1) x B(b,r)) C X\ S.

Note that A} := B(z9,7) N Ay and A9 := B(wp, ) N As are non-pluripolar.

It remains to show that f is separately holomorphic on Z%. Given z; € AY. By the

hypothesis, u o f,, has a meromorphic extension u/o\f », On DY := B(b, r) such that

—_—
uo fy,

=uo f, for all u € W.

DY\I(uof ) HDY\I1(uo] )

—_— —_— . . 0
Thus wo f, and hence, u o f, is holomorphic on Dj, because

DY\I(uof.))

codimI(uo f,)>2 and {z}x (DI\I(uof,))C X\S.

Since A9 is non-pluripolar, by [5, Theorem 2.2], the function le is holomorphic on DY.
Similarly, f%1 is holomorphic on D{ = B(a,r) for w; € AY. O

Proof of Theorem [5.1] From Proposition there exists X° C X such that f | o 1S sepa-
rately holomorphic. In the case where A} and A§ are locally pluriregular (then A9 = (A%)*
and A9 = (A49)*), by Quang and Dai |19, Theorem 4.5], the function f extends holomorphi-
cally to the neighbourhood X0 = {(21,22) € D1 x D3 : w(z1, A}, DY) 4+ w(ze, A, DJ) < 1}
of X0,

By Corollary the function f extends holomorphically to an open neighbourhood
Ui x G of {2} x A for all 2, € Hyo = {z € AV : z is a locally pluripolar point of A{},
where U, C D and A9 C GY C DY. Let E; C Ay NU, be an arbitrary compact set. Then
by the hypothesis, for each z, € A; \ S; the function u o f,, is meromorphic on Dy for
all u € W. Because f is holomorphic on U, x GY by Lemma f has a meromorphic
extension f to a neighbourhood of Hg, x Dy. That means for each relatively compact
domain D) C Dy with Ay C D), there exists a neighbourhood Ug, of Hg, such that fis
meromorphic on Ug, x Dj.

Now, we prove that

Tlicansorve <oy = Fiansnve, oy

Indeed, fix a w, € As \ S2. The functions fw* and f“* are meromorphic on U Hg, C D1
and coincide on the non-pluripolar set Hg,. By the unique theorem, f“* = f** on Ug,.
Now, we fix z, € (A1 NUg,) \ Si. Then, the meromorphic functions f.. and f.. on D,
coincide on the non-pluripolar set As \ S2. This implies that f.. = f.. on D). Since z, is
arbitrary we have

F=f on[(A1\S1)NUg] x Dj.
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Thus, for each fix w, € Ag \ S the function u o fw* is meromorphic on D; for all
u € W. Again by Lemma fhas a meromorphic extension f on a neighbourhood of
Dy x Ha,. That means for each relatively compact domain D} C Dy with A; C D] there
exists a neighbourhood Uga, of H 4, such that f is meromorphic on D x Uag,.

Now, because fis meromorphic on a neighbourhood of Dy x H 4,, for each fix z, € A1\
S7 the function uofz* is meromorphic on Dy. Using the same argument as above, we deduce
that fhas a meromorphic extension (we use the same denote f) on a neighbourhood of
(D1 x Ha,) U (Ha, x Dy). But, by locally pluriregularity of A;, A2 we have Hs, = A
and Hy, = Az. Thus, the function f extends meromorphically to a neighbourhood of
(D1 x A2) U (A1 x D).

The theorem is proved. ]

Theorem 5.3. Let D be an open in C" and Ay, As be mon-pluripolar compact sets in
D and C™ respectively. Let F' be a sequentially complete locally convexr space, W be a
separating subset of F' and f: X = X(A1, A2; D,C™) — F be a function such that

(i) for every ai € A1, fo, € MWV(D, F),
(ii) for every ag € A, f%2 € MW (C™, F).
Then f can be extended meromorphically to D x C™.
Proof. Put
Hjp, ={z € A;: Ay not thin at z} U {z € Ay : A1 N B(z,r) is not pluripolar}
and
Hy, = {w € Ay : A not thin at w} U {w € Ay : Ay N B(w,r) is not pluripolar} .

Since if A; is locally pluriregular at z, then z is not thin for A; and since every non-
pluripolar set contains a pluriregular point, it follows that A;\ H 4, is pluripolar. Similarly,
Ag \ Hy, is also pluripolar. Then by N. T. Van and Zeriahi [16] we have

H=DxC" where H=(Dx Hy,)U (Hg, xC™).

By the same argument as in the proof of Theorem[5.1] f can be extended to a meromorphic
function on a neighbourhood Z of H. Since Z > H = D x C™ it follows that f has a

meromorphic extension on D x C™. O
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6. Cross theorems for (-, W)-meromorphic functions with pluripolar singularities

In this section we shall consider an extension of the cross theorem for separately mero-
morphic functions with pluripolar singularities of Jarnicki and Pflug in [10] to the case of
separately (-, W)-meromorphic functions.

In order to do that we need some results on the extension of separately (-, W)-
holomorphic functions.

First of all, we generalize the extension theorem for separately holomorphic functions

with singularities which was proved in [11] to separately (F, W)-holomorphic functions.

Theorem 6.1. Let D; C Ck be a pseudoconver domain, let Aj C Dj be a locally
pluriregular set, k; € N, j = 1,2, and let U be an open neighbourhood of 2-fold cross
X :=X(A1,A2;D1,D3). Let M C U be a relatively closed subset of U such that

Y1 = N1(A1, Aos M) = {2 € Ay : M(.,,) is not pluripolar}
S 1= N(Ay, Ao; M) = {21 € Ay : M., ) is not pluripolar}
are pluripolar. Put
X":=T(Ay, As; D1, D9; 31, 52) = X(A1 \ X2, A2 \ 1; D1, Ds).

Let F be a sequentially complete locally convex space and let W C F' be a subspace which
determines boundedness in F.

Then there exists a relatively closed pluripolar subset M c X such that
(1) MNX' C M;
(2) for every f € HY"™(X'\ M, F) there is ezactly one fe H‘X’()?\]\//.T, F) with f=1
on X'\ M;
(3) M is singular with respect to the family {f fe HZV’OO(X' \ M, F)},

(4) X\ M s a pseudoconvez domain.

Proof. For each z € Ay \ 3o and w € Ay \ 31 we write
Di\ My = J D1\ M())a and Dy\ M= |J(D2\ Mg
acl psedJ
where (D1 \ M(.))acr and (D2 \ M(, .y)ges are connected components of D1\ M. ., and
Dy \ M, .y respectively.
For each zp € A1 \ X2 and wy € A2 \ X1 put
fro(w) := f(z0,w) for all w € Dy,
fY(z) :== f(z,wp) forall z € D;y.
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By the hypothesis f € HY"™°(X'\ M, F) for each z € A1 \ 33 and w € Ay \ £1 we have
wo f, € H®(Dy\ M(,.)) and wo f* € H®(Dy \ M )

Since A; is locally pluriregular and ¥; is pluripolar, the set A; \ ¥; (4,5 = 1,2, # j)
is non-pluripolar, hence, is of uniqueness. Then, by [5, Theorem 2.2], for each z € A; \ X»
and w € As \ 31 we have

fep € HO((D2\ M(; ), F) and % € H>((D1\ M(. y))as F)

forall o € I and B € J, where f, 3 = fz‘(DQ\M(z"))ﬁ and f¥% = f ‘(Dl\M(.,w))a' Because
(D1\ M. ))o and (D2 \ M, y)p are connected components of D1\ M.,y and Do\ M, .

respectively, the families {f; 3} 5. ; and {f**},¢; define functions
f- € H(D2 \ M(; ), F) and f*“ € H>®(Dy\ M., F)

respectively.
Now, let ¢ € F’ be an arbitrary continuous linear form on F. Consider the separately

holomorphic function
pof: X'\M — C.

By aresult of Jarnicki and Pflug [10, Theorem 1.1] there exists a relatively closed pluripolar
subset M C X’ such that

(1) MNX' C M;

(27) there is exactly one go/o\f € HOO()/(\’ \ ]\//.7) with go/;f =po fon X"\ M;
(3") M is singular with respect to the family {go/a“ cpofe HYV™®(X'\ M)},
(4) X\ M is a pseudoconvex domain.

Note that, since X1, Y5 are pluripolar, we have X = X.
By the identity principle we can define the mapping

T:F,, — H(X\M),

given by

T()(2) =pof(2), 2€ X\ M, peF,,

where F{  is F' equipped with the bornological topology associated with the strong
topology .

By the uniqueness of extensions go/é\f and by using the identity principle, it follows
that T is linear and has the closed graph. Hence, in view of the closed graph theorem of

Grothendieck [7, Introduction, Theoreme B] we derive that 7" is continuous.
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Now we can define the map f: X \ M — [Fporls by the formula

FR) (@) =Tp)(2), z€ X\ M, g€ F,.

For each ¢ € F{ _ we have

FE) ) =T(p)(z) = (po N)(z), ze€ X\ M

and hence, we deduce that f: X \ M — [F}or]s 1s holomorphic.

Since (po f)(2) = f(2)(¢) = (po f)(2) = (po f)(z) for all z € X'\ M and for all
o € F', we have f = f on the non-pluripolar set X’ \ M. Thus, (2) is proved.

However, F' is a closed subspace of [F{)OY]/’B, by the identity principle it follows that
f: X\ M — F is holomorphic.

Obviously, (3’) implies (3). The theorem is proved. O

Theorem 6.2. Let D; be a Riemann domain over CFi, let Aj C Dj be a locally pluriregular
set, kj € N, and let X; C E? C A; be such that Z? is pluripolar, i,7 = 1,2, 1 # j. Consider

2-fold crosses

X = X(Al,AQ;D17D2>,
T :=T(A1,A2;D1,Dy; 51, %9) = X(A1 \ X2, A2 \ ¥1; D1, D2),
TO :=T(A1, Ag; D1, Dg; 39, 59) = X(A; \ 59, Az \ £%; Dy, Dy)

and the center of TY
(T =T N A x Ay = (A} x A) \ (29 x X29).

Let M C T be relatively closed satisfying

(a) for any a1 € A1\ o, ags € Ax\ X1 the fibers Ma, .y, M(.qy) are closed in Dy and
D1 respectively;

b) for any a; € Ay Y9, ag € A\ XV the fibers M., oy, M. 4.y are pluripolar in Do and
2 1 (a1,) (-,a2)
D1 respectively.

Let F be a sequentially complete locally convex space and let W C F' be a subspace which

determines boundedness in F' and let

HY (X \M,F) if$=%=2,

fe W
Hg°(T \ M, F) otherwise.

Then there exist T' := T(A1, Ag; D1, Do; 3, X)) with Z? C ¥} C A, X pluripolar, i,j =
1,2 and a relatively closed pluripolar set M C X such that
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(1) M N (e(TYUT') C M;
(2) there exists an f € H®(X \ M, F) with f = f on (c(T°) UT')\ M;
(3) F(X\M) c f(T\ M),

Proof. 1t is sufficient to prove for the case H, v ST\ M, F) because the remain can be
proved in a similar way.

Because T° ¢ T we can consider f := f‘TO\M' By f € HY"™°(T \ M, F), for each
ai € A;\'Z; (i # j), the functions u o %, and u o °f%2 admit holomorphic extensions
fay € H®(Dy \ Mg, ) and Fay € H®(Dy \ M. q,)) respectively. Since X? is pluripolar
and A; is locally pluriregular (i,j = 1,2), the sets 4; \ X9 are non-pluripolar. Then,
by [5, Theorem 2.2] and similar arguments as in the proof of Theorem the functions
.., °f% admit (unique) holomorphic extensions fal € H*(Ds \ M, ., F) and f‘” €
H> (D1 \ M(.q4,), F') respectively. Thus, by the uniqueness of holomorphic extensions we
have

pofe HYV>Y(T\ M), YockF.

Now, by [12, Theorem 10.2.9] there exist 7" := T (A1, Ag; D1, Do; ¥, X)) with 29- - E; C
A;, Z;. pluripolar, 7,7 = 1,2, and a relatively closed pluripolar set M c X such that

(1) M N (c«(TOUT') C M;
(2") there exists a po f € H®(X \ M) with gpo J = po f on (¢(T°) UT')\ M for all
p € F

(3) @o f(X\ M) Cpo f(T\M).

By the identity principle we can define the mapping
T:F,, — H(X\M),
given by
T(p)(2) =¢o f(z), z€X\M, g€ F,,

where F{  is F' equipped with the bornological topology associated with the strong
topology .

From now, the proof of (2) runs as in the last part in the proof of Theorem|[6.1] Because
F’ is separating, from (3’) we obtain (3). O

From this theorem, as in [12] (see Theorem 10.2.9 implies Theorem 10.2.12) we get the

following.
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Theorem 6.3. Assume that D;, A;, %, E(;, X, T, Ty and function f are as in Theorem
where M C T is analytic in the sense that M =T NS where S C U is an analytic subset
of an open neighbourhood U C X of T with codim S > 1. Then there exist an analytic set
M c X and an open netghbourhood Uy C U of T' such that

1) ]/W\OU[)CS;

2) there exists an f € HOO()A(\M,F) with f = f onT\ M;

4

(

(

(3 M is singular with respect to f;

(4) f U = X then M is the union of all one codimensional components of S;
(

)
)
)
5) F(X\ M) C f(T\ M).

Now we prove the cross theorem for separately (-, W)-meromorphic functions with

pluripolar singularities.

Theorem 6.4. Let A;,D;, X, M,]\//f and F,W be as in Theorem . Let S € X\ M be
relatively closed and let f: (X \ M)\ S — F be a separately (F, W)-meromorphic function
on X\ M, (i.e., f€ MY (X\ M,F)) such that

¥1(S) :=%1(A1, A9 S) = {zg € Ay : S(.,z) 18 not pluripolar},
¥9(S) = 39(A1, A2; S) = {z1 € A1: 5, is not pluripolar}

are pluripolar. Put Qy = M U S. Then there exists exactly one ]/”\6 M()? \ ]\//T, F) such
that

(i) fe H(X\ @f,F), where the set @f is constructed via Theorem (in the same
way as M for M), (note that M c ij),’

(ii) f=f on X\ Qf, where
X = T(Ay, Ag; D1, Do; X1(Qy), £2(Qy)).

Proof. Fix a function f € M¥(X \ M,F)n HY(X \ Q;,F). By Theorem there
exists exactly one f € H(X \ @f, F) with f = f on X%\ Q. It remains to prove that
feMX\M,F).

By Theorem it is sufficient to prove that fE M(Q\]\/Z, F) where Q C X isan open
neig}fzourhood of X } Consequently, by virtue of Theorem the function J?extends to
X\ M.

Fix a1 € A1\ 22(Qy). Take ag € D2\ (Qf)(q,,) and let 7 > 0 be such that A,(a) C
X\ Qy, where a = (ay,az). Take a Dy C Da\ My, ). We may assume that A, (a1) x D) C
)?\J\/j and A, (az) C Di. By the Rothstein theorem (Theorem with A := A1NA(a1)
we get an open set €, D A x D} such that fextends meromorphically to €,. The proof
of Theorem [6.4] is complete. O
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