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First Eigenvalue of Nonsingular Mixed Unicyclic Graphs with Fixed Number

of Branch Vertices

Chen Ouyang and Bo Zhou*

Abstract. Mixed graphs are graphs whose edges may be directed or undirected. The
first eigenvalue of a mixed graph is the least nonzero eigenvalue of its Laplacian ma-
trix. We determine the unique mixed graphs with minimum first eigenvalue over all
nonsingular mixed unicyclic graphs with fixed number of branch vertices, and the
unique graph with minimum least signless Laplacian eigenvalue over all nonbipartite
unicyclic graphs with fixed number of branch vertices.

1. Introduction

A mixed graph is a graph whose edges may be directed or undirected. This concept
generalizes both the classical approach of orienting all edges and the unoriented approach,
see, e.g., [2,[10]. Let G be a mixed graph with vertex set V(G) = {vi,...,v,} and
edge set E(G). Then G is obtainable from an undirected graph by assigning arbitrary
orientations (two possible directions) to some of its edges. This undirected graph is called
the underlying graph of G, denoted by G. For e € E(G), the sign of e, denoted by
sgng(e) (or sgn(e) simply), is defined as sgng(e) = —1 if e is oriented and sgng(e) = 1
otherwise. The adjacency matrix A(G) of G is defined as the n x n matrix (a;;) such that
a;j = sgn(v, v;) if (vi,v;) € E(G), and a;; = 0 otherwise. For each v € V(G), the degree
of v in G, denoted by dg(v) (or d(v) simply), is the number of neighbors of v in G. The
matrix L(G) = A(G) + D(G) is the Laplacian matrix of G, where D(G) is the degree
diagonal matrix of G whose diagonal entries are vertex degrees of G.

Since L(G) is symmetric and positive semi-definite, the eigenvalues of L(G) are all
nonnegative real numbers. The first eigenvalue of G is the least nonzero eigenvalue of
L(G), denoted by \(G).

Let 8 be the all-oriented graph obtained from G by assigning to each unoriented edge
of G an arbitrary orientation. Note that L(B) is the classical Laplacian matrix of G.
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A mixed graph G is singular (or nonsingular) if L(G) is singular (or nonsingular). A
cycle is nonsingular if and only if it has odd number of unoriented edges, see |1, Lemma 1].
A signature matrix is a diagonal matrix with £1 along its diagonal. Let S be a
signature matrix of order n. Then ST L(G)S is the Laplacian matrix of a mixed graph,
denoted by °G, which has the same underlying graph with G. Obviously, L(G) and L(°G)

have the same spectrum and the singularity of each cycle in G and °G is unchanged.

Lemma 1.1. [1,/15] Let G be a connected mized graph. Then the following statements are

equivalent:
(a) G is singular;
(b) G does not contain a nonsingular cycle;

(c) there exists a signature matriz S such that STL(G)S = L(a)

Suppose G is connected. If G is singular, then by Lemma L(G) and L(a) have the
same spectrum, and hence the first eigenvalue of G is equal to the algebraic connectivity of
G [8]. Suppose that G is nonsingular. By Lemma G contains at least one nonsingular
cycle, and thus G has a spanning nonsingular unicyclic subgraph. Therefore, it is natural
to study the first eigenvalue of a nonsingular mixed unicylic graph.

Fan [5] studied the problems on minimizing and maximizing the first eigenvalue over
all nonsingular mixed unicyclic graphs with fixed girth. Up to a signature matrix, Fan et
al. [7] determined the unique graphs with minimum first eigenvalue over all nonsingular
mixed unicyclic graphs with fixed girth. Liu et al. |13 considered the same question for
mixed graphs with fixed number of pendant vertices, and determined the unique graph
with the minimum first eigenvalue. More results on the eigenvalues of L(G) and related
topics may be found in [4,6,124|15].

An ordinary graph G is a mixed graph with no edge oriented. In this case, L(G) is just
the signless Laplacian matrix of G = G , and \(G) is the least signless Laplacian eigenvalue
of G if G is a connected non-bipartite graph [3]. Let G be a connected non-bipartite graph
on n > 3 vertices. Cardoso et al. [3] showed that the minimum value of A\(G) is attained
solely by the unicyclic graph obtained from a triangle by attaching a path at one of its
terminal vertices.

A vertex of a graph is a branch vertex (or branching vertex) if its degree is at least
three. The branch vertices are often used to analyze graph structures. A tree with at
most one branch vertex is called a spider [11]. The problem of generating spanning trees
with minimum number of branch vertices was introduced by Gargano et al. [9] and has
been studied over the past decade, see, e.g. [14].

In this paper, we determine in Theoremthe unique mixed graphs (up to a signature

matrix) with minimum first eigenvalue in the class of all nonsingular mixed unicyclic
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graphs with n > 5 vertices and k& branch vertices for k = 1,...,|5]. We determine in
Corollary the unique graph with minimum least signless Laplacian eigenvalue in the
class of all nonbipartite unicyclic graphs with n > 5 vertices and k branch vertices for

E=1,..., %]

2. Preliminaries

Let G be a mixed graph with V(G) = {v1,...,v,}. For v € V(G), let Ng(v) be the set of
neighbors of v in G. A first eigenvector of GG is an eigenvector of L(G) corresponding to
A(G). A column vector & = (xy,,...,2y,) € R" can be considered as a function defined

on V(G) which maps vertex v; to x,, i.e., x(v;) = zy, for i = 1,...,n. One can find that

2L = Y (wu+sen(u,v)z)?,
(u,v)€E(G)

and A is an eigenvalue of G with eigenvector x if and only if x # 0 and

A —dg(v))zy = Z sgn(u, v)x,,
uENgG(v)
which is called the eigenequation (of G) at v. Moreover, if G is nonsingular, then for a

nonzero vector x € R",
2T L(G)x

<
AG) 2Tz

with equality if and only if z is a first eigenvector of G.

Let U be the set of mixed unicyclic graphs with all edges oriented except an (arbitrary)
edge on the (unique) cycle. By Lemma and |1, Lemma 1], a mixed unicyclic graph
with unique cycle C is nonsingular if and only if C' has odd number of unoriented edges.

Thus each mixed unicyclic graph in ¢/ is nonsingular.

Lemma 2.1. [5| Let G be a connected mized graph and Gy a spanning nonsingular uni-
cyclic subgraph of G. Then there exists a signature matriz S such that STL(G)S = L(°G)
and °Go € U.

By Lemma to study the spectrum of L(G) for a nonsingular unicyclic graph G, it
suffices to study the spectrum of L(°G) with G € U.

Lemma 2.2. 7| Let G € U and let x be a first eigenvector of G. Then there exists a

signature matriz S such that G € U and Sz is a nonnegative first eigenvector of °G.
A path which starts from w in a mixed graph is a path from w to some other vertex.

Lemma 2.3. [5,|7] Let G be a mized graph in U with n vertices and let x € R™ be a first

etgenvector of G. Then the following statements are true:
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(i) There exists a vertex u on the cycle of G such that x,, # 0;
(ii) There exists at most one vertex v on the cycle of G such that x, = 0;

(iii) For each vertex w on the cycle with d(w) > 3, every path P which starts from w and
contains no vertices of the cycle except w has the property that the entries of x at
the vertices of P form an increasing (decreasing, zero, respectively) sequence along
this path if T, > 0 (x4 < 0, 2y = 0, respectively).

Let I,, be the unit matrix of order n.

Lemma 2.4. Let G,G’ € U with G = G’ and let © be a first eigenvector of G. Suppose
that (v1,vg) is the unique unoriented edge of G'. Then there exists a signature matriz S
such that L(G') = L(°G) and (Sz)y, = T, .

Proof. Let V(G) = V(G') = {v1,...,v,} and Cy = v;---vgu1 be the unique cycle of
G. If (v1,v,) is also the unique unoriented edge of G, then L(G') = L(G) = L(°G) for
S = I,,. Suppose that (v;,v;4+1) is the unique unoriented edge of G, where 1 <1i < g — 1.
Let G and G3 be the two components of G — (v1,vq) — (v, vi41) With v1 € V(G1). Let
S = diag(sy,, . - -, Sv,) such that s, = 1if v € V(G;) and s, = —1 if v € V(G2). Since
L(°G) = STL(G)S, we have sgns(u,v) = 5,5, sgng(u,v). Then

sghs(v1,vg) = Su; Su, 880G (v1,vg) = 1 = sgne (v1, vg),
sgns g (Vi, Vit1) = Su;Svie 880G (Vi, Vig1) = —1 = sgng (v, viy1),
and for (u,v) € E(G1) U E(G2),
sghsq(u,v) = sysysgng(u,v) = —1 = sgne (u, v).
Thus L(G') = L(°G). Since Sy,0, = 1, we have (Sz),, = 2o, . O

For vertex-disjoint nontrivial connected mixed graphs G and Gy with v € V(G1) and
v € V(G2), GiuvGy be the mixed graph obtained from G and G by identifying u and v.

Lemma 2.5. [13] Let G1 and G2 be two vertex-disjoint mized graphs, where G1 € U
with u,v € V(G1), and Gg is an all-oriented nontrivial tree with w € V(G2). Let G
(G, respectively) be the mized graph obtained from Gy and Go by identifying vertex u
(v, respectively) in G1 with vertex w in Ga, see Figure 2.1. Let x be a nonnegative first

eigenvector of G. If x,, < x,, then
ANG) = AN(G)

with equality if and only if v, = x, and dg, (W), = > T,.

2ENgG, (w)
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G G

Figure 2.1: The mixed graphs G and G’ in Lemma [2.5]

For mixed graphs G and G’ in Lemma we say that G’ is obtained from G by

moving G from u to v.

3. Mixed graphs minimizing the first eigenvalue

For a signature matrix S and a mixed graph G, SG = é, and thus a vertex in °G and G
have the same degree.

Let UM (n, k) be the set of nonsingular mixed unicyclic graphs of order n with k
branch vertices, where n > 4 and 1 < k < [§]. Let G be a mixed graph in UM (n, k) with
minimum first eigenvalue. Let UM(n, k) = UM(n,k) NU. By Lemmas and up
to a signature matrix, we may assume that G € ¢ and that z is a unit nonnegative first
eigenvector of G. Then G € UM(n, k).

It is shown in [5] that A(G) < 2, and thus A\(G) < 1, which will be used in our proof.

Let Cy = v1---vgu1 be the unique cycle of G. For v € V(G), let d(v,Cy) be the
length of a shortest path connecting v and some vertex on Cy. Note that d(v,Cy) = 0 if
v e V(CQy).

A pendant path of G is a path, in which one terminal vertex is a branch vertex, the
other terminal vertex is a pendant vertex, and each internal vertex (if any exists) is of

degree two in G.

Lemma 3.1. Fori=1,...,g, letT; be the component of G—E(Cy) containing v;. Suppose

that x,, = 0 for some i. Then
(1) Tvl = Kl; or
(ii) T; = Ko and all vertices on the cycle are branch vertices.

Proof. Suppose that T; 2 K1. We need only to show that T; = K5 and all vertices on the
cycle are branch vertices.

Obviously, v; is a branch vertex. By Lemma[2.3(ii), for each v; € V(Cy) with j # i, we
have z,; > 0 = x,,. Suppose that v; is not a branch vertex for some j # i. Let G’ be the
mixed graph obtained from G by moving 7; from v; to v;. Obviously, G’ € UM(n, k). By
Lemma MG") < M(G), a contradiction. Thus each v; with j # ¢ is a branch vertex.
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Suppose that T; is not a star with center v;. Then there exists a vertex w € V(T;) N
N (v;) such that d(w) > 2. Let T, be the component of G — (v;, w) containing w. Let G”
be the mixed graph obtained from G by moving T}, from w to a pendant vertex v in some
T; with j # i. Obviously, G” € UM(n, k). By Lemma (iii), Ty > Ty, >0 =2y, = Ty
for j # i. By Lemma MG") < M(G), a contradiction. Thus 7; is a star with center
v;. Now suppose that T; 2 Ks. Then there are at least two distinct pendant vertices
at v;. Let z be one such pendant vertex. Let G* be the mixed graph obtained from G
by removing (v;,2) and adding (vj, z) for some j # i. Obviously, G* € UM(n, k). By
Lemma AG*) < A(G), a contradiction. It follows that T; = Ko. O

Lemma 3.2. The degree of each branch vertex in G is three.

Proof. Suppose that v € V(G) with dg(v) > 4. Let T, be the component of G — E(Cy)
containing v, and w’ a pendant vertex of T;,. One can easily find a path P connecting w’
and v in T}, and a vertex w € N(v)\V(P) such that d(w,Cy) > d(v,Cy). Suppose without
loss of generality that d(w,Cy) = d(w,v;). By Lemma 2y, > 0. By Lemma [2.3{iii),
xl, > xy > 0. Let @ = G — (v,w) + (v, w) with (w’,w) being oriented. Obviously,

G’ € UM(n, k). By Lemma[2.5] A\(G') < A(G), a contradiction. O

Lemma 3.3. If there are branch vertices outside the cycle, then all the branch vertices
outside the cycle lie on a path which contains a unique vertex on the cycle as a terminal

vertex, and they induce a path.

Proof. Let u and v be two distinct branch vertices not on the cycle of G. By Lemmas
and (iii), Ty, Ty > 0. Suppose without loss of generality that x, > z,. Let v' € Ng(v)
with d(v',Cy) < d(v,Cy), and T, be the component of G — v’ containing v.

Suppose that v ¢ V(T,). Let P = u---w be a shortest path connecting u and a
pendant vertex w (not passing v) such that d(z,Cy) > d(u,Cy) for z € V(P) \ {u}. By
Lemma iii), Ty > Ty > Ty. Let G’ be the mixed graph obtained from G by moving T,
from v to w. Obviously, G’ € UM(n, k). By Lemma 2.5, A\(G') < A(G), a contradiction.
It follows that u € V(T,). Let uy,...,us be all the branch vertices outside the cycle such
that x,, <--- <z,,. Then uy,...,us lie on a path P which contains a unique vertex, say
w on the cycle as a terminal vertex such that d(w,w;) < d(w,u;y;1) fori =1,...,s— 1.
By Lemma [3.2] all these vertices are of degree 3. Suppose that they do not induce a path.
Then for some ¢ with i = 1,...,s—1, the neighbor z of u; in the sub-path of P between u;
and u;11 is of degree 2. Let G” be the mixed graph obtained from G by moving a pendant
path from u; to z. Obviously, G” € UM(n, k). By Lemmas [3.1] and [2.3(iii), z. > 2., > 0.
By Lemma AG") < MG), a contradiction. Thus all these branch vertices induce a
path. ]
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Lemma 3.4. For k > 2, each pendant path is of length one in G.

Proof. Suppose that () = uwyws - - - w; is a pendant path with length at least two, where
d(u) =3 and t > 2. Let v be another branch vertex and v - - - z a pendant path with z being
a pendant vertex, where z # w;. Let G’ be the mixed graph obtained from G by deleting
(wi—1,w) and adding an oriented edge (z,w;). Let G” be the mixed graph obtained
from G by moving the path v---z from v to w;—;. Obviously, G',G" € UM(n, k). If
T, , < Xy, then by Lemma (iii), Xy > Ty, ,, and thus by Lemma AG) < A\G), a
contradiction. If &, , > x,, then by Lemmal[2.5, A(G") < A(G), also a contradiction. [J

Lemma 3.5. Suppose that k > 3 and there is at least one branch vertex outside the cycle.
If there are at least two branch vertices on the cycle, then no vertex outside the cycle is of

degree 2.

Proof. Let v and v be two branch vertices on the cycle. By contradiction, suppose that wy
is a vertex of degree 2 outside Cy such that d(w;, Cy) is as small as possible. By Lemma
there is exactly one path P of length at least 2, which contains all branch vertices outside
Cy and a unique vertex, say v on Cy as a terminal vertex. By Lemma wy € V(P),
and (v,w;) € E(G). Let P = vw; ---w;, where w; is a pendant vertex. Let u’ be the
pendant neighbor of u. Let G' = G — (w1, w2) + (u,w2) and G” = G — (u,u') + (v, w1)
with (u,wsy) and (u/,w) being oriented in G’ and G”, respectively. Obviously, G',G” €
UM(n, k). If 2, > @y, then by Lemma AMG") < MG), a contradiction. If x, < y,,,
then by Lemma AMG") < M@G), also a contradiction. Suppose that z, = z,,. By
Lemma [2.3(1), z, > 0, and thus by Lemma [2.3(iii), , < 2,s. By Lemma AG") <
A(G), a contradiction. O

Lemma 3.6. g = 3.

Proof. Suppose that g > 4.

Let T; be the component of G — E(Cy) containing v; for i = 1,...,g. If there are
branch vertices outside the cycle, then by Lemma [3.3] all these branch vertices lie on a
path which contains a unique vertex, say v; on the cycle as a terminal vertex, and they
induce a path.

For any 4 and j with i # j such that d(v;) > d(v;) = 2, we have z,, > x,;. Otherwise,
Ty; < Ty;. Let G* be the mixed graph obtained from G by moving T; from v; to v;.
Obviously, G* € UM(n, k). By Lemma 2.5, A\(G*) < A\(G), a contradiction.

Case 1. vy is the only branch vertex on the cycle.
For ¢« # 1, x,, > x,, > 0. Note that A\(G) < 1. If (vi,v2) is unoriented, then by

eigenequation at va, we have z,, = g;”(lc;)f”; < 0, a contradiction. Thus (v1,vs) is oriented.

Similarly, (vi,vy) is oriented.
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Suppose without loss of generality that z,, < x,,. Let G' = G — (v1,v,) + (v2,vy),
where (v2,vy) is oriented. Obviously, G’ € UM(n, k) with girth g — 1. Then

MG) = NG > xTL(G)x — :UTL(G’)x = (Ty, — xvg)Z — (Ty, — xvg)Q
= Ty + Tyy — 24, (T, — Tyy) > 0,

a contradiction. Hence g = 3.
Case 2. There are at least two branch vertices and at least one vertex of degree 2 on the
cycle.

There exist branch vertices u and v and a path Q = uwy - - - wyv in the cycle such that
d(w;) =2 fori=1,...,t, where t > 1. Then x, > z,.

Suppose that @ is all-oriented. Suppose without loss of generality that x, > z,. If
(u,v) € E(Q), then by letting G' = G — (u,v) + (v, w1) with (v,w;) being unoriented, we
have G’ € UM(n, k) with girth ¢ — 1, and

MG) = NG > 2T L(G)z — 2T LGNz = (24 + 20)? — (Ty + T, )
= (Ty + 22y + Ty ) (Ty, — Ty ) > 0,

a contradiction. If (u,v) ¢ E(G), then by letting G” = G — (u,w1) + (u,v) with (u,v)
being oriented, we have G” € UM(n, k) with girth g — ¢ for g — ¢ > 3, and

MG) = MG > 2T L(G)x — T L(G")x = (24 — Ty )? — (T4 — 20)?
= 27y — Ty — Tuy ) (To — Tuy) > 0,

a contradiction.

Suppose that () has an unoriented edge. If there exists a vertex of degree 2 outside Q
on the cycle, then we may find another path connecting two branch vertices in the cycle
with all internal vertices of degree 2 such that the edges of this path are all-oriented and
thus by similar argument as above, we arrive at a contradiction.

Now suppose that each vertex on the cycle but not on @) is branch vertex. Suppose
first that ¢ > 2. If (u,w;) is unoriented, then by the eigenequation at wi, we have
Ty = “?E&ﬁg < 0, a contradiction. Thus (u,w) is oriented.

Let o' ¢ V(Cy) be a neighbor of v, and let G’ = G — (u, w1) + (v,w1) — (v,v") + (u, '),
where (v,w;) and (u,v’) are oriented. Obviously, G’ € UM(n, k) with girth ¢ + 1 for
3<t+1<g. By Lemmal[2.3(iii), z,, > , > zy,. We have

MG) = NG > 2T L(G)x — 2T L(G)z

= (my — xw1)2 — (w0 — xw1)2 + (T — xv)Q — (@ — xU)Z

= (Ty + Ty — 2%, ) (Ty, — @) + (2T — Ty — Ty) (T, — )

(224 — 224, ) (X — X4)

0.

A\
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If \(G) = A(G’), then z,, = x, and z is also a first eigenvector of G'. But by applying
Lemma [2.3[iii) to G', we have x, > z,,. Thus A(G) > A(G'), a contradiction.

Next suppose that ¢ = 1. Then v has a branch neighbor w different from u. Let w’
be the neighbor of w outside the cycle. Then z,, > z,, > 0, and thus by Lemma (iii),
Ty > Ty Since @ = uwiv has an unoriented edge, we have sgn(v,w;) = — sgn(u, w),
and by the eigenequation at wy, sgn(u,w1)(zy — zy) = (AMG) — 2)xy, < 0. If 2, > x,,
then sgn(u,w;) = —1, and thus (u,w,) is oriented. If x,, = x,, then one of (u,w;), (w1, v),
say (u,w;) is oriented.

Let v/ be a neighbor of u outside the cycle. By Lemma (iii), Tyt > Ty = Ty If
Ty < Ty, then by letting G’ = G — (u,w1) + (w,w1) — (w,w’) + (u,w") with (w,w;) and
(u,w") being oriented, we have G’ € UM(n, k) with girth 3, and

MG) = NG > 2TL(G)x — 2T L(G)z = (24 — Tw) (2T — 224,) > 0,

a contradiction.
Suppose that z,, > x,. Let G' = G — (v,w) + (u,v) — (u,u’) + (v/, w) with (u,v) and
(v, w) being oriented. Then G’ € UM(n, k) with girth 3, and

MG) = MG > 2T L(G)x — 2T LGz = (x4 — 24) (220 — 22,) > 0.

If M(G) = M@&), then z,, = z, and z is also a first eigenvector of G’. But by applying
Lemma[2.3(iii) to G’, we have x,, > z,. It follows that A\(G) > A(G’), also a contradiction.
Thus g = 3.

Case 3. Each vertex on the cycle is a branch vertex.

By our choice of v; and by Lemma@, T, 2 Ky fori#1. Fori=2 ...,g,let u; be
the unique pendant neighbor of v;. Let A = A\(G).

Subcase 3.1. T7 2 Ks.

Suppose that A is not a simple eigenvalue. We may find two linearly independent first
eigenvectors 2’ and z” of G. If T 2 K, then for the first eigenvector 2* = zy 2’ — 7, 2",
xy,, = 0, which, together with Lemma implies that for some signature matrix S, the
nonnegative first eigenvector Sx* have zero entry at vy, a contradiction to Lemma [3.1
Thus A is simple.

Since T7 22 K5, we have by Lemmathat Zy, > 0. Let G’ be a mixed graph in U such
that G’ = G and (v1,vg) is the unique unoriented edge of G’. Obviously, G’ € UM(n, k).
By Lemma there exists a signature matrix S such that L(G') = L(°G). Let 2’ = Sx.
Then 7, > 0 and it is easy to see that 2’ is a first eigenvector of G'.

Define y € R™ as yo, = —24 ., ,, Yu, = —Ty,,, , for i =2,....9, and y, =
otherwise. It is easy to check by the eigenequations that y is a first eigenvector of G’.
Since L(G') = L(°G) = STL(G)S, X is also a simple first eigenvalue of L(G’), and thus
y = a'. Then z;, = —x which implies that 2’ # x and thus S # I,,.

Vg+2—4i?
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By the eigenequations at v; and uy of °G, we have

(A —3)a}, = —a), + ), —a, and (A— 1)z, =2

U1 u2 v2”

Let a = i, = —a), and b = % Note that z;, > 0 and S # I,. By the argument
of Lemma we have Sy », = —1, which implies that a = —a:fuq = xy, > 0. By
Lemma [2.3(ii) and (iii), a > 0 and b > 1. Then ), = %2 > 0 and thus 3— A —b > 0.

Let G" = G’ — (v1,v4) + (v2,v4) — (u2,v2) + (ug,v1), where (vg,v,) is unoriented and

(ug,v1) is oriented. Obviously, G"” € UM(n, k) with girth ¢ — 1. We have

A — )\(G//) Z .CCITL(G/)LE/ . SL‘,TL(G/,){L‘/
! 2

aw/ 2 / /
- (xvl +x q) - ($U2 +:L"ug)

2 2
(N2 _a _ a
= (2, —a)” + (1 — a> (1 — ;le)

A
:2a(x;1—a)1_)\

g 20 N\ A
I \E S N A A R
g2 (FAD)

1-NB-r—0)
> 0,

a contradiction. Thus g = 3.
Subcase 3.2. Th = K.

Let u; be the unique pendant neighbor of v;. Considering the symmetry of CNJ, we may
assume that (v1,vy) is the unique unoriented edge of G. Define y € R" as y,, = =y, _,

and Yy, = Ty,,,_, fori=1,...,g. It is easy to check that y is a first eigenvectors of G.

Let z = 2 +y. Then z is also a first eigenvector of G and for each ¢, z,, = xy, + Yo, =
Yvgy1—i + Togi1—i = Rvgyi—i+
Let G' = G — (v1,v2) + (v1,v9-1) — (ug—1,V9-1) + (ug—1,v2), where (v1,v4-1) and

(ug—1,v2) are oriented. Then G’ € UM(n, k) with girth 3. Since z,, = z,,_,, we have

A= NG > TL(G)z — 2T L(G)2

2

= (2v; — sz)Q — (20, — 211971)2 + (’Zugfl - Z'Ugfl) - (Zugfl - Zv2)2

=0,

and equality implies that z is also a first eigenvector of G’. This is impossible, because
applying Lemma (iii) to G', we have z,,_; < zy,. Hence A > A(G’), a contradiction.
Thus g = 3. O
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For k = 1,...,[2], let A* be a mixed graph in UM(n, k) such that the underlying

graph Aﬁ is an n-vertex unicyclic graph with girth 3 and k branch vertices (all of degree

three) as displayed in Figure 3.1.

: — o — o
® k—2 k—3

®—=@ > branch —9 > branch

*—o vertices .| vertices

k—1 .
¢—¢ * branch
. | vertices

1<k<Z2-1 k=21 withoddn>5 k=2 with even n > 6

2 2

w3

Figure 3.1: The graph A%, where (n,k) = (4,1),orn > 5 and 1 < k < L5].

Theorem 3.7. Let G € UM(n, k), where (n,k) = (4,1), orn > 5 and 1 < k < [F].
Then A(G) > MN(AF) with equality if and only if, up to a signature matriz, G = Ak,

Proof. Let G be a mixed graph in UM (n, k) with minimum first eigenvalue. By the
discussion at the beginning of Section [3| up to a signature matrix, G € UM(n, k), and by

Lemmas [3.2H3.6, we have:
(i) the degree of each branch vertex is 3;
1) all branch vertices outside 1f any exists) induce a path;
ii) all b h i ide Cy (if i ind h
(iii) for k > 2, the length of each pendant path is 1;

(iv) for k > 3, if there is at least one branch vertex outside Cy, and there is at least 2

branch vertices on the cycle, then no vertex outside C, is of degree 2;
(v) the girth G is 3.

From (i), (ii) and (iii), we find that besides k branch vertices of degree 3, G has k pendant
vertices and n—2k vertices of degree 2. If k = 1, then from (i) and (v), the only one branch
vertex is of degree 3 and the length of the unique cycle is 3, and thus, up to a signature
matrix, G = Al. If k > 2, then by considering the number of vertices of degree 2, and

from (i)—(v), up to a signature matrix, G = Ak, O

Recall that for a connected nonbipartite graph G on n > 3 vertices, A(G) > A(Al)
with equality if and only if G = K}L, see [3].
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Corollary 3.8. Let G be a nonbipartite unicyclic graph with n vertices and k branch
vertices, where (n,k) = (4,1), orn >5 and 1 < k < |3]|. Then A\ (G) > An(AE) with
equality if and only if G = &fl

Proof. By Lemma G and &fb are nonsingular mixed graphs. By Lemma there
exist signature matrices S, Sz such that SlG,S2£7’fL € UM(n, k). By Theorem |3.7, we
have A(G) = M(51G) > MAF) = A(AF) with equality if and only if S1G = S2AF

ny 1.e.,

G = Ak, O
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