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Random Attractors for Non-autonomous Stochastic Lattice

FitzHugh-Nagumo Systems with Random Coupled Coefficients

Zhaojuan Wang* and Shengfan Zhou

Abstract. In this paper, we study the non-autonomous stochastic lattice FitzHugh-
Nagumo system with random coupled coefficients and multiplicative white noise. We
consider the existence of random attractors in a weighted space 112) X l% for this system,
and establish the upper semicontinuity of random attractors as the intensity of noise

approaches zero.

1. Introduction

The dynamics of infinite lattice dynamical systems (LDSs) have drawn much attention of
mathematicians and physicists, see [5,30-32,41./42,44-49] and the references therein. Since
most of the realistic systems involve random effects which may play an important role as
intrinsic phenomena rather than just compensation of defects in deterministic models,
stochastic LDSs (SLDSs) then arise naturally while these uncertainties or noise are taken
into account. Recently, many works have been done regarding the existence of random
attractors for SLDSs (see e.g., [68,[11}21-23,26,27},39,/40,43]). Of those, Bates, Lu and
Wang [8] considered the existence of random attractors for first-order non-autonomous
stochastic lattice system driven by multiplicative white noise. Han, Shen and Zhou [22]
considered the existence of random attractors for first-order SLDSs with random coupled
coefficients and multiplicative/additive white noise.

Motivated by [8,22], we will focus our study on the asymptotic behavior of solutions of
the following non-autonomous stochastic lattice FitzHugh-Nagumo system with random

coupled coefficients and multiplicative white noise: for every 7 € R and t > T,

du; = (—fi(ui) +gi(t) + 220 i (Orw)uig s — vi> dt + eu; o dw(t), i€ Z,
dv; = (ou; — dv; + hi(t)) dt + ev; o dw(t), i €Z,

(1.1)
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with the initial data

wi(T) = Uiy, vi(T)=0ir, €L,

where €,0 > 0 and 6 > 0 are constants; u;,v; € R; fi(w;), gi(t), hi(t) € R; msj(w) (j €
{—q,...,0,...,q}, ¢ € N) are random variables; (0;)icr is a metric dynamical system
defined on proper probability space (2, F,P); w(t) is an independent two-sided real-valued
Wiener processes; and o denotes the Stratonovich sense of the stochastic term. If g; and
h; do not depend on ¢ for all ¢ € Z, then we say is an autonomous stochastic system.
System can be regarded as a discrete analogue of the following non-autonomous
stochastic FitzHugh-Nagumo system on R

du = (B(Oww)u + f(u) — v+ g(t)) dt + eu o dw(t),
dv = (ou — 0v + h(t)) dt + ev o dw(t),

u(T) =ur,  v(T) =07

The FitzHugh-Nagumo system is used to describe the signal transmission across axons
in neurobiology (see [24]). The long time behavior of FitzHugh-Nagumo system is in-
vestigated in both deterministic [35] and stochastic cases [2,13,125,36]. The lattice of
FitzHugh-Nagumo system is used to stimulate the propagation of action potentials in
myelinated nerve axons (see [16]). The attractor of lattice FitzHugh-Nagumo system has
been investigated in [30,[33,35] in the deterministic case, in [18,[19L23] in the autonomous
stochastic case. Of those, Huang [23] obtained the random attractor for stochastic lattice
FitzHugh-Nagumo system with additive noise in [? x [2; the same result was obtained by
Gu [19] for stochastic lattice FitzHugh-Nagumo system driven by a-stable Lévy noises in
2 x 2.

In practice, the coupled mode between two nodes (say, adjacent nodes) is usually
random. It is then of great importance to investigate stochastic lattice system with random
coupled coeflicients. To the best of our knowledge, there are no results on stochastic lattice
FitzHugh-Nagumo system with random coupled coefficients.

In this paper, we consider the existence of a compact global random attractor in a
weighted space l% X l% for non-autonomous stochastic lattice FitzHugh-Nagumo system
with random coupled coeflicients, which attracts the random tempered bounded sets
in pullback sense, and establish the upper semicontinuity of the random attractor as the
intensity € of noise approaches zero.

The rest of this paper is organized as follows. In the next section, we recall some
basic concepts related to the random attractor for non-autonomous RDSs. In section
we mainly consider the existence and upper semicontinuity of a compact global random

attractor in a weighted space ll% X l% for system ([1.1]). In Section 4] we give some remarks.
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2. Preliminaries

In this section, we recall some known results from [37] regarding random attractors for
non-autonomous RDSs. All results given in this section are not original and they are
presented here just for the reader’s convenience. The theory of random attractors for
autonomous RDSs can be found in [4,(9/12,/13}/17].

Let (X, ||| x) be a separable Banach space, (2, F,P) be a standard probability space
and {0;: Q — Q,t € R} be a family of measure preserving transformations such that (¢, w)
— fw is measurable, 6y = Idq, 045 = 6:0s for all s,t € R. We often say that
(€, F,P,{0t},cr) is a metric dynamical system.

Definition 2.1. A mapping ®: RT x R x 2 x X — X is called a continuous cocycle on X
over R and (Q,F, P, {0;},.p) if forall 7 € R, w € Qand t,s € R*, the following conditions
(1)—(4) are satisfied:

(1) ®(,7,): RT xQx X — X is (B(R") x F x B(X), B(X))-measurable;
(2) ®(0,7,w,-) is the identity on X;

(3) ®(t+ s, 7w, ) = P(t, 7+ 5,05w, ) o P(s, T,w, *);

(4) ®(t,7,w,-): X — X is continuous.

Hereafter, we assume ® is a continuous cocycle on X over R and (2, F,P, {0;},cr),
and D(X) is the collection of all tempered families of nonempty bounded subsets of X.
Remember that a family D = {D(7,w) : 7 € R,w € Q} of nonempty bounded subsets of
X is said to be tempered if for every o > 0, 7 € R and w € 2, the following holds:

lim e’ sup |z||x = 0.

t——00 z€D(T+t,01w)
Definition 2.2. A family K = {K(r,w): 7€ R,w e Q} € D(X) is called a random
absorbing set for @ if for all 7 € R and w € Q and for every D € D(X), there exists
T =T(D,7,w) > 0 such that

O(t, 7 —t,0_yw,D(T —t,0_4w)) C K(r,w) forallt>T.

If, in addition, K(7,w) is closed in X and is measurable in w with respect to F, then K

is called a closed measurable random absorbing set for ®.

Definition 2.3. A family A = {A(T,w) : 7 € R,w € Q} € D(X) is called a random at-
tractor for @ if the following conditions (1)—(3) are fulfilled: for all t € R*, 7 € R and
w € €,
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(1) A(7,w) is compact in X and is measurable in w with respect to F;
(2) A is invariant, that is,
(I)(ta T, W, A(Ta LU)) = A(T + t, Htw);

(3) For every D ={D(1,w) : 7 € R,w € Q} € D,
tli}m dy(®(t, 7 —t,0_yw, D(T — t,0_w)), A(T,w)) =0,

where dp is the Hausdorff semi-distance given by dg (F, G) = sup,cp infyeq ||u — v|| x,
for any F,G C X.

Next, we provide some sufficient conditions for the existence of random attractors for
non-autonomous RDSs in weighted spaces of infinite sequences.

We first introduce a weighted space [}, of infinite sequences. Let p > 1 be a real number,
and p be a positive-valued function from Z into (0, Mp] C RT, where My is a positive
constant. Define p; = p(i), Vi € Z and1 B = {u= (w)icz : > ez pi|wil’ < oo, u; € R}
with the norm |[juf,,, = (Xiez piluil’)? for u = (wi)icz, € Ip. In particular, I2 is a

separable Hilbert space with the inner product (u,v)p2 = ez piuiv; and norm |Jul| , 5 =

1
(ZiGZ Pi |ul’2) * for u = (wi)iez,v = (vi)icz € li We write H'Hp,Q as HHp’ () ')072 as (-, ')P’
and [|-], as [|-]| if p(i) = 1.

Theorem 2.4. Let ® be a continuous cocycle on I5 over R and (Q, F,P, (01)er), and
(Q, F,P,(0t)icr) be a metric dynamical system on the probability space (Q, F,P). Suppose
that

(a) there exists a bounded closed random absorbing set By = {Bo(T,w) : T € R,w € 0} €
D(15) such that for any 7 € R, w € Q and B = {B(1,w) : 7 € R,w € Q} € D(I),
there exists Ty = Ty (1,w, B) > 0 yielding ®(t, 7 —t,0_w, B(T —t,0_w)) C By(T,w),
Vi > Ty

(b) for each T € R, w € Q and for any € > 0, there exist To = Ty(7,e,w, By) > 0 and
Iy = Ip(7,e,w, By) € N such that

Z pi |®i(t, 7 —t, 0w, ur—¢)|P <e, Vit>To, ur—t € Bo(r —t,0_4w).
|3]>Io

Then ® possesses a unique random attractor A in D(Ih) given by, for every T € R and

w € Q,

Alr,w) = () [J @7 —t,0_w, Bo(r — t,0_w)).

T>T1 t>T1
Proof. The proof is based on Theorem 3.1 in [22] and Theorem 2.23 in [37] under slight

modifications, thus we omit it here. ]



Attractors for Non-autonomous Stochastic Lattice FitzHugh-Nagumo Systems 593

3. Random attractors for stochastic lattice FitzHugh-Nagumo system

In this section, we study the existence of a random attractor for non-autonomous stochastic
lattice FitzHugh-Nagumo system (|1.1]) in lg X l%.
Throughout this section, a positive weight function p: Z — R™ is chosen to satisfy

(3.1) 0 < pi) < My, pli) <copli £1), VieZ,

where My and ¢( are positive constants. For example, for i € Z, p(i) = m (a>3)
[31] and p(i) = eIl satisfy condition (3.1)), where ¢ > 0.

3.1. Mathematical setting

Let  be defined by
Q={weCR,R):w(0) =0},

F is the Borel o-algebra induced by the compact open topology of €2, and P is the Wiener
measure on (2, F) (see |4]). Consider the following non-autonomous stochastic lattice
FitzHugh-Nagumo system with random coupled coefficients and multiplicative white noise:

for every T € R and t > 7,
du; = ( jzfq i (Ow)uits + fi(u;) —vi + gi(t)> dt + eu; o dw(t), i€ Z,
(3:2) dv; = (ou; — 0v; + hi(t)) dt + ev; o dw(t), i €7,
wi(T) = Uiy,  Vi(T) = Vir, i €7,
where €,0 > 0 and 6 > 0 are constants, u;,v; € R; fi(w;), gi(t), hi(t) € R; m;j(w) (j €
{—q,...,0,...,q}, ¢ € N) are random variables on probability space (2, F,P);
() =w(-+t) —w(t), forallweQ,teR;

w(t) is an independent two-sided real-valued Wiener process on (2, F,P).
Note that system (3.2]) can be rewritten as abstract ODEs: for every 7 € R and ¢t > 7,

du = (B(Ow)u + f(u) — v+ g(t)) dt + eu o dw(t),
(3-3) dv = (ou — 0v + h(t)) dt + ev o dw(t),
wr) =ur, o(r)=vr,
where u = (uj)iez, v = (vi)iez, f(u) = (fi(ui))iez is a nonlinearity satisfying certain

conditions, g(t) = (gi(t))iez and h(t) = (h;(t));cz are given time dependent sequences,

B(w) is a linear operator defined by

q
(3.4) Bw)u)i = Y mij(w)tig.

Jj=—q
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To convert the problem (3.3]) into random differential equations, let

0
2(Opw) = —/ e’(fiw)(s)ds, teR, weq,
which is an Ornstein-Uhlenbeck process on (2, F,P) and solves the following Ornstein-
Uhlenbeck equation:

dz + zdt = dw(t),

see |4,/11] for detail, where w(t)(w) = w(t,w) = w(t). From [4,|7,/15], it is known that the
random variable |z(w)] is tempered,

t
(3.5) lim M: lim 1/ z(0sw) ds = 0,
0

t—+oo t t—too t

and there is a 0-invariant set Q C Q of full P measure such that ¢ — z(6w) is continuous
in t for every w € Q.
Let H(uw) := e*(0w) Id;z, which is a homeomorphism in lg and the inverse operator of
H is defined as H ! (Qw) := e~ *0) Id;z. By (B.5), both [|H(fw)|| and |7~ (6;w)|| have
sub-exponential growth as ¢ — oo for w € €, then, | H(w)]|| and |H = (w)|| are tempered.
Let u(t,w) = H ™ (Ow)u(t,w) = e~ 0yt w), o(t,w) = H 1 (Bw)v(t, w) = e~ =0w)
w(t,w), w € Q, t € R, then can be written as the following equivalent random system

with random coefficients: for every 7 € R and ¢ > 7,

(le = B(Ow)t + e~ 0) f(e20)y) — § 4 e =0) g (1) + etiz(fw),
(3.6) % =01l — 00 + e~ O (t) — vz(hw),

u(t) =ur, (1) ="70;.

We will consider (3.6|) for w € Q and write Q as Q from now on. In order to obtain the
existence and uniqueness of solutions to problem ({3.6[), we make the following assumptions

on g, hi, f; and the coefficients »; j(w), j € —¢,...,0,...,q, for i € Z:

(A1) Letting B(w) = sup{|ni;(w)|:j € {=¢,...,0,...,q},qeNand i€ Z} > 0, B(Ow)
belongs to L (R) with respect to t € R for each w € Q,

R R
(3.7) til:rtnoo 75/0 B(Osw)ds = 0;
and B(w) is tempered.

(A2) For some positive constants «, § and &,

fi(0)=0, fi(wu<—au®+B, fi(u) <k, VieZ uck.
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(A3) g = (9i)icz € LE (R, 12), h = (hi)icz € L} (R, 12).

loc

(A4) Let A = min{%,d}. There exists a positive constant a € (0, \) such that

0
/ e (lgls +7)I% + (s + T)I2) ds < o0, ¥rER.

—00

3.2. Existence and uniqueness of solutions

In this subsection, we first consider the existence and uniqueness of solutions of (3.6)), then
define a continuous cocycle for the non-autonomous stochastic LDSs in a weighted space.
We call v: [1,7 4+ T) — [% a mild solution of the following random lattice differential

equations
dv
i G(v,t,0w), v= (vi)icz, G=(Gi)iez, te[r,7+T), T ER,

where w € Q, if v € C([r,7 4+ T),12) and
t
vi(t) = vi(T) +/ Gi(v(s),s,0sw)ds, i€Z, te[r,7+T), T €R.

Theorem 3.1. Let T > 0 and (A1)—(A3) hold. Then for every T € R and w € Q
and any initial data (U;,v;) € lg X lf,, problem admits a unique mild solution
(W, 7w, U, ), 0(-, 7, w, Uy, 7)) € C([r, 7 + T),12 X 12) with (u(7, 7,w, Ur, 07 ), 0(7, 7, W,
Ur,vr)) = (Ur,vr), (u(t, 7,w, s, v7),0(t, 7,w, Ur, v;)) being continuous in (ur,v;) € llez;
(U(t, 7, w, Ur, 0y ), 0(t, T, w, Ur, y)) € 12 X 12 if (Ur,v;) € 12 x 2. Then generates a
continuous cocycle U, over (Q, F, P, (0)tcr) with state space l?, X l%: for (ur,v;) € ll2) X llz),
teRY, 7R, andw € Q,

U (t, 7,w,ur,07) = (u(t +7,7,0_rw0, Ur, 07 ), 0(t + 7,7, 0_rw0, Ur, Vs )).
Moreover, for (u;,v;) € 1/2, X lg, teRT, 7€R, and w € Q,
D (t, T, w, Ur, v7) = H(Ow) U (t, 7,0, HH(w)ur, HHw)vr),
defines a continuous cocycle ®. on l% X lg over (0, F, P, (0)icr) associated with (3.3).

We can prove Theorem directly by Theorem 6.1.7 in [28] and Definition We
omit it here.

Note that the above two cocycles ¥, and ®. are equivalent. Therefore cocycle ®, has a
random attractor provided cocycle W, possesses a random attractor. Then, we only need

to consider the cocycle V..
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3.3. Existence of tempered random bounded absorbing set

In this subsection, we study the existence of tempered random bounded absorbing set for

the cocycle ¥, in lf, X lﬁ.

Theorem 3.2. If (Al)—(A4) hold, then for every e > 0, 7 € R, w € Q and for any
B={B(r,w):TeR,we N} e D(l?) X l?)), there exists T =T (1,w, B,€) > 0 such that for
allt > T and (Ur—y, Ur—y) € B(T —t,0_4w), the solution (u,v) of (3.6]) satisfies

H’E(Ta T = t> 977'0‘)7 ’qu—ft, 57’*15)”?; + H?](T? T = ta 977—0.2, anta /177'*15) ”2

0 _
+/ efso(7)\+26,z(9rw)+2(1+q+§)ﬁ(0w}))dr Ha(s—f‘T Tt 0w, Ut D t)”2 ds
9 y V=T T—1y ¥YT— p
—t
S 1(67 T’ w)’
where I(e, 7,w) > 0 is given by

0 _
(e, 7 w) = c+c/ o0 (A4 2e2(0,0) 4201+ D) B(0,w) ) dr—2e2(0:0)
—t

(3.8) < (llg(s + )12+ lIA(s + 712 ds

O o~
+c Z ,0@'/ eJi (FAH262(0r0)+2(14q+D)B(0rw) ) dr—2e2(0.) 1
ez 7™

where ¢ is a positive constant independent of T, w, B and €.

(m)

Proof. For each w € (), there exists a sequence M j (t,w) of continuous functions in ¢t € R

(see [1]) such that
t
lim
m—0o0 T

ni(?)(sv w) — Mi,j (GSW)) ds =0,

Vi>0,7TeR, je{—q,...,0,...,q}, g ¢ Nand i € Z, and ‘ng?(t,w)‘ < mii ()| <

B(frw) for t € R.

Consider the following random differential equations:

( diil(m) = B (t, w)u™ + <20 f(e=O)gg(m)) — 5(m)
t
(3.9) e g+ a2 (0w),
do(m) ~ ~ 2
T = 0 — 650 4 e OR(r) 4 50 =),
"™ (r) =, V(1) =75,

where (B, (t,w)u(™); = ;Z:—q 771(?) (t,w)ﬁgfj) It is easy to see that (3.9) has a unique

mild solution (@™ (-, 7,w, %y, 0,), 0" (-, 7,w, Uy, Vy)) € C([r, +00), 1> x 1) N C((1, +0),
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12 x I?) satisfying ([3.9). Taking the inner product of (3.9) with %™ (t) and 7(™)(t) respec-

tively in lf,, we have that

= H~(m H —2 (Bm(t,w)a“(m),a(m))p 2 (om0 f(eez(etwm(m))’a(m))p
(3.10) _9 (fg(mm(m))p P <6_ez<etw) o0, a(m)>p
+ 26 (2(0)a™, a<m>)p ,
and
S, B 2 e o),

Summing the two equations of (3.10) and (3.11]), we find that

a ([ + 5 1T)

—9 (Bm(t, w)ym),g(m)) Iy ( e2(010) f (2O 7)), a<m>)

(3.12) Ly ’
N 2( —e2(0) g (1), ﬁ<m>)p ‘vz (efez(Htw)h(t),’ﬁ(m)>p
et [ + 2 - [

Note that

(3.13) 2 (e 0eg(e), 7)< T 2 +aH @,

(3.14) %(e—ez(etUJ)h(t) 5(m)>p < 6—25 2(0rw) () H L2 H~(m H

(3.15)



598 Zhaojuan Wang and Shengfan Zhou
where ¢ = Y_7_, cf. By (A2), we have

92 <676z(9tw)f(eez(9tw)ﬂ(m))7 ﬁ(m)) -9 Z piefez(Gtw) fi(eez(etw)agm)) . ﬁ(m)
P

)

1E€EL
_ 26—2ez(9tw) Z pifi(eez(ﬁtw)al(m)) . eez(Gtw)ﬂgm)
€L
3.16
(3.16) < 9e 20 Y ( (e O) (M) 2 +5)
1EZ
< 2aH m)’ +28e 20 N
1E€EL
From (3.12))—(3.16]), we obtain that for ¢t > 0,
d 2 1 2 o 2
a0, 5 17l,) = 5 171,
dt(Hu p+O'U p +2u
< (m(@tw) +2(1+q + §)B(6w) — g) H H + (2e2(61w) — H m)H
6—262(9tuJ) G—Zez(ew (6w
e g+ S IR+ 2872 S

€L

Recalling that A = min {%, 5}, then we have

i (L + 517 + 5 ),
< (=2 + 2e2(0) + 21 + g + DB(Ow) ) <Ha<m> H2 41 Hw HQ)

e—2€z(0rw) e—2ez(0uw) —2ez(0rw)
g2+ S B+ 2862 Y

€L

Then we obtain that for ¢ > 0,

2
AN | CARICR e R ||

p O P
B L 2
u(m)(s, T—t,Ww, Ur—t, vT_t)H ds

+a/T o (“A26(6,0)+2(1+g+)B(0r) dr
T—1 P

2
<6ff (FA+2e2(0,w)+2(1++9)B(0rw)) d <”~T t|| + = ”UT ¢ >

(3.17)
T - —~ 1
ST (=2 42ez(0rw)+2(1+¢+q) B(0rw)) dr—2ez(0sw) [ = 2, 2
s Qﬂwﬁm+5amwm0ds

+2IBZpZ / o7 (A+2e2(0,0)+2(14+q+3) B(9;w)) dr—2ez(0sw) o
i€Z T
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From (3.17)) and by replacing w by 6_,w, we have

~ - - 2 1 - - 2
Hu(m)(r, T —1,0_7w,Ur ¢, Ur—t)” + — Hv(m) (1,7 —t,0_rw, Ur—y, ’Ur—t)H
p O p
L@ /T ST (A +2e2(0rr)+2(14q+DB(0,—7w)) dr
2 T—1

2
X Hﬂ(m)(s,T —t, Q,Tw,ﬂ.r,t,f)f,t)H ds
p

.(~ € r Aer d ~ 2 ]- ~ 2
(31g) S emTelernrnie) T(rruT_t||p+arrvT_t\|p)

/ ef —A2ez(0,w)+2(14q+q) B(Orw)) dr—2ez(0sw)
—t

1 1
(3 Nt 4 713+ 5 s+ 713 ) s

+252p1/ s (FA2ex( (0rw)+2(1+q+3)B(0rw)) dr—2ez(0sw) ds.

€L

Note that (3.18)) holds with ﬂ(m)(T, T—t,W, Ur—t, Ur—¢) and o(m) (1, 7—t,w, Ur—t,Vr—¢) being

replaced by w(7, 7 — t,w, ur—¢, V7—¢) and O(7, T — t,w, Ur_¢, Vr—¢), then we have

- - [ ~ -
1T(7, T =, 0 v, Ty, Tr—e)|)2 + = |07, T — £, 00, Ur g, Ty 1)
P s P

+ g /T ef;(7)\+2ez(Gr,fw)+2(1+q+®E(QT7Tw)) dr
2 T—t

x ||u(s, 7 —t,0_rw, ﬁT—t7:l\)/7'_t)”;2) ds

< LAt 2e2(0rw)+2(1 40+ D)B(6,w) dr <Hm_t”2 n 1 WT—tHQ)
(3.19) Foo ’

/ ef —A+2e2(0,w)+2(14q+§) B(6rw)) dr—2ez(0,w)
—t

1 1
(s + 72+ o s + I ) s

+2ﬁz Di / ef (—A+2e2(0rw)+2(1+q+) B(0rw)) dr—2ez(0sw) ds.
IEL -

By (3.5)) and (3.7)), we find that there exists T} = T1(w) > 0 such that for ¢ > T7,

A
(6, AN
/ﬁ WS T

and

0 A
< —t.
/ z2(Osw) ds < 85t

—t
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By (A4) and (Ur—¢, Ur—¢) € B(T —t,0_4w) € D(lf, X lz), we have

i e (A 262(0r0) 1 2(1 4 +)B(0rw)) dr (||~T g2+t IIUT tH>

t——+o00
. —At 2
<limsupe @ [|B(1 —t,0_w)];
t——+o0
<0.

Therefore, there exists Ty = To(7,w, B, €) > 0 such that for all ¢t > T,

~ " 1 -
B20) el R R (7 g2 <

Note that z(f;w) and B(@tw) are tempered. Then by (A4), we can verify the following

integrals are convergent

/ ef —A+2e2(0,w)+2(14q+§) B(0rw)) dr—2ez(05w)
—t

1 1
< (S lats 4 B + 5 InGs+ 7)IE ) s

+26Z i / ol (FAF2e2(0,0)+2(14q+)B(0,w)) dr—2ez(05w) 74
€L -

(3.21)

< Q.

Thus the theorem follows from (3.19), (3.20) and (3.21)). O

3.4. Existence of random attractor

Theorem 3.3. Assume that (A1)—(A4) hold. Then the continuous cocycle V. associated
with (3.6) has a unique random attractor o = {.(T,w) : 7 € R,w € Q} € D(I2 x 12).

Proof. By Theorem it suffices to prove that for every ¢ > 0, ¢ >0, 7 € R, w € 2 and
for any B = {B(1,w) : T € R,w € Q} € D(lg X l/%), there exist T' = T'(7,w, B, €,£) > 0 and
R = R(7,w,€,e) > 1 such that for all t > T and (u,—¢, v7—¢) € B(1 —t,0_w), the solution

u,v) of (3.6]) satisfies

322) Y g (m(m 0w, Ty, Tyy) |+ [Ty T — t,e_Tw,aT_t,m_t)F) <e.
li|>R

Choose a smooth increasing function y: R™ — [0, 1] such that

0, 0<s<1,

1, s>2,

x(s) =

and there exists a positive constant ¢, such that |x'(s)| < ¢, for s € RT.



Attractors for Non-autonomous Stochastic Lattice FitzHugh-Nagumo Systems 601

Let (u(7,7 — t,w, Ur—t, Ur—t),0(T, T — t,w, Ur—t,Vr—¢)) be a mild solution of with
(Ur—t,Ur—y) € lg X lﬁ. For any given N > 0 define Qy: lg X lg — 2 x 12 (u,0) =
(Ui, Vi)iez, — Qn(,0) = ((QNU)i, (QnV)i)iez by ((Qn);, (QnD);) = (u;,7;) if |j| < N
and ((Qnu)j, (Qnv);) = (0,0) otherwise.

For any n > 1, let (a(™),50™) = (@) (1,7 — t,w, Qnlir—t, Qnlr—s), 0™ (1,7 — t, w,
Qntir—t, Qnir—t)) = (ﬂgm), 5§m))iez be the solution of . Then taking the inner product

(e () am, x () 56m) of @) in 12 x 12, we obtain
d Y (a0 o L [y
i oo () (e 2 )
—9 <Bm(t,w)fl(m), Y (M) a«(m)> +2 <e—ez(6tw)f( ez(@tw)"*(m))’x <‘Z’> ~(m)>
p p
e (0] 3 o (2]
, O

+ 2e2(f,w) ZPZXC |> (@m™)? += 2 (e2(Bw) — me(' ’) ™2,

1€EZ 1E€EZ

<

(3.23)

For each term of (3.23)), it has been checked that

(o (2)e)
2%(. () m)zm H])

Jj=—q

< B(6iw) > pix (’:,') (( _q ~§Ta)’2)

i
1EL
<50 [ 35 (05 -+ (452 i o (2 i)
+(1+20)B(0) > pix <‘Zr|> ‘ﬂz(m)‘z
~ e
< S oo 0o+ oo T () 7

P

r

i —ez(Orw ez(Orw)~(m ~\m
=2) pix <|r‘>€ 00) fi (= O™y ™)

1E€EL
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— 22[%)( <|Zr‘) e—25z(9tw)fi(eez(Gtw)ﬂgm)) . eez(Qtw)ﬂgm)

1€Z
—2ez(Otw) ZPZX <’ |> < < etw)ulm)> +,8>
1€ZL
< 2aZpZX<H>( Zm)> +26€ 2ez(61w) ZplX<H>
€7
2<e—ez Orw) () <‘ ’>~(m> _2ZPZX<’ ‘) ez(Gtw)gi(t).agm)
€7
672ez(9tw ‘ | 5
<———) pix < > l9:(1)]
€L
i1\ ~(m)|?
€7

Qe

<€ez(9tw h(t), x <| |> ~(m) > == szx <| |> e Oty . 5™
P

1EZ
< I o (1Y
- oo pix r ‘

1€EZL
2
)

6 d
+ o2 PX <7~)
1€EZ

Putting above inequalities into (3.23)), we obtain

a o () (S [T

< (262(00) + 201 + 4 + DBOw) — ) D pix <‘ ’) W }
1€EZL
1 6*262(9%0) i
(3.24) o (2ez(0iw) = 9) )D_pix <| |) Ui ‘ A > pix <|T) lg:(t)[*
ez i€z
6—25z(0tw) rq 14 2(] B\ 0.0) 11 -~ )
*&,Ejme’)m<ﬂ ! rj(t>H¢>H
j P
1€EZL
) —2ez(0rw) ; M .
+ 66 ZEZZp X .

Recalling A = min {%, 5}, multiplying (3.24]) by eJo 2e2(0:0) 42044+ DBO:w) =N dr a1 then
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integrating over [ —t, 7| with ¢t > 0, we obtain

> (1)

1€Z

X <‘1’Z§m) (7—’ T—1,w, QnﬂT,t, Qnijq——t)

2 1 | (m) _ 2
’ + p ‘vi (1,7 —t,w, Qniir_s, anme)‘
< ef t(26z(9rw)+2(1+q+§)6(9rw) A)dr (HQnaT t||2 + l ”Qn”b/‘r t||2)

—tlp ™ —tllp

+ qu (1+ 2@ / T (2¢2(0rw)+2(14q+7) B(0rw)—A) dr

2
Bo.w) HW)(S, T~ t,w, Quiir_s, Qn@_t)”p ds

i Z X <M> / o7 (2e2(0r)+2(1+q+D)B(6,w) ~A) dr—2ez(65)
r T—1

1€Z

Ll ()2 + L 1hi ()2
< (HlaP + 5 )R ) ds
+26/ T (2e2( Tw)+2(1+q+~),8( rw)—A dr7262(95w)zpix m ds
T

1€EZL

Replacing w in the above by 6_,w, we obtain that

(3.25)
o ()
PiX
- T
1€Z
~(m) ~ =~ P ~ ~ 7
XYy (1,7 —t,0_7w, Qniir ¢, anrft)‘ + =1y (7,7 —t,0_7w, Qniir ¢, anrft))
g

< SR NE (10,5 2+ 0,0 )

4 cxq(1 +2q) /0 o2 2e2(0,0)+2(1+q+9)B(0rw) ) dr

~ 2
x B(0sw) Ha<m>(s T — 0w, Qulir s, Qn’ﬁT_t)Hp ds

+ZP1X< >/ ef (2ez( rw)+2(1+q+A)5( W) =) dr—2ez(05w)

€L

Lo 2, 1 2
(ot + 0P + il + )P ) ds

0 . .
+283 / o7 0 1214 DI ) dr26:0.) 3™ <W> ds
—t icZ

r
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By substituting m by my and letting £ — oo in (3.25]), then we have that

(3.26)
()
PiX
. T
1€EZ
X (‘ﬁz(Ta T —t, H—Twa QnaT—tv Qnar—t)|2 + l |5i(77 T —t, Q—TW; Qnﬁﬂ'—ta QnaT—t)‘2>
< efgt(252(97"“])"’_2(1""‘1'“7)3(97““)_)‘) dr <HQnuT t” + = HQTLUT ¢l )

0 _
N cyq(1+27) / o0 262(0,)+2(1 4 +2)B(Brw)—A) dr

X 3(6’ w)lu(s+ 7,7 —t,0_rw, Qnir_y, QnaT—t)HZdS
+ Z PiX (| |> / f (2e2(0rw) +2(1+‘I+~):8(9rw) A) dr—2ez(0sw)

€L

I 9 1. 2
X <a|g,(s+7')] +$|hl(s+r)\ >ds

0 ~
n 2/8/ efso(2EZ(0TW)+2(l+q+®6(9TW)_/\) dr—2ez(0sw) Z DiX (|7,‘ )
—t

€L

We now estimate each term on the right-hand side of (3.26). For the first term on the
right-hand side of (3.26)), since (Qnur—_¢, Qnvr—¢) € B(T — t,0_4w), and B is tempered,
then there exists 71 = T1(7,e,w, B) > 0 such that if ¢ > T}, then

(3.27) eJ2e2e2(0r) +2(14 a8 B(Orw) ) d (HQnuT 2+ = HanT tl >

For the second term on the right-hand side of (3.26)), by (A1) and Theorem there
exist Ty = To(7,e,w, B) > 0 and Ry = Ry(e,w) > 0 such that for all ¢ > Ty and r > Ry,

cyq(1+2q) /0 efso(252’(97«0.))—&-2(1—1—(1-1-(})3(97"&))—)x) dr

2 o~ ~ ~ ~
(3.28) X B(Osw) ||u(s + 7,7 — 1,0 _rw, Qniir—¢, Qnir—¢) ”i ds

<e.

For the third term on the right-hand side of (3.26)), by (A4), there exist Ry =
Ry(e,w) > 0 and T3 = T3(e,w) > 0, such that if » > Ry and ¢ > T3, then

ZplX <| |)/ f (2e2(0rw)+2(14+q+7)B(0rw)—A) dr—2ez(0sw)

€L

(3.29) 1, 2, 1. )
< (~lails + 1) + ——Ihi(s + 1) ) ds
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For the last term on the right-hand side of (3.26)), there exist R3 = R3(s,w) > 0 and
Ty = Ty(e,w) > 0, such that if » > Rg and ¢t > Ty, then

0 - .
(3.30) 25/ o2 2z (0,0) +2(1+q+2)B(0,0)~N) 200 3™ (Z|> ds < e,
—t

- T
1€EZ

Let T' = max {11, T>,75,T4} and R = 2max { Ry, R, R3}. Then it follows from (3.27))—
(3.30) that, for all £ > T" and r > R, we obtain

sz‘

li{|>R
~ - ~ 1. ~ -
X (‘Ui(T, T — ta 0—7'(-“)7 QnuT—t7 Q'rL’UT—t)|2 + ; |Ui(7_7 T — ta 9—Twa QnuT—t7 QnUT—t)‘2>

< A4e

for any n > 1. Let n — oo, we have that (3.22)) holds. This completes the proof. O

3.5. Upper semicontinuity of random attractors

In this subsection, we consider an upper semicontinuity of random attractors A(7,w) to
Ao(7,w) as € — 0. First let us present a criteria concerning upper semicontinuity of non-
autonomous random attractors with respect to a parameter in [38]. Similar results can
be found in [20,29] for deterministic equations and in [10,:34] for autonomous stochastic

equations.

Theorem 3.4. Suppose ®. is a continuous cocycle on X over R and (0, F,P,{0:},cr)-
Suppose that

(i) ®¢ has a closed measurable random absorbing set K, = {K (T,w) : 7 € R,w € Q} in
D(X) and a unique random attractor Ac = {Ac(1,w) : 7 € R,w € Q} in D(X).

(ii) For each T € R and w € (2,
Ko(r,w) ={u e X :||ul|xy <ro(t,w)}
and

limsup || Kc(7,w)||x =limsup sup |z|y < ro(r,w),
e—0 e—=0 zeK (rw)

where 1o(T,w) is a positive valued tempered random variable.
(iii) There exists eg > 0 such that, for every 7 € R and w € (Q,

U Ac(1,w) is precompact in X.

le|<eo
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(iv) Fort >0, 7 €R, we Q, ¢, = 0 when n — oo, and x,,x9 € X with x, — xo when
n — oo, it holds:

lim @, (t,7,w,z,) = Po(t, T, w, x0).
n—oo
Then for T € R and w € Q,

distx (Ae(7,w), Ag(T,w)) =  sup inf |lu—v|[[y =0 ase—0.
uE A (1.w) V€A (T,W)

The main result of this subsection is as follows. Let I(e,7,w) be as in Theorem
We have

Theorem 3.5. Assume that (A1)—(A4) hold. Then for every T € R and w € Q, we have

1
dist Ac(1,w), Ag(T,w)) = su inf a—ul?+|v—v|*)?
ppAelr) Ao(rw)) = sup a7 o)

—0 ase—0.

Proof. The proof is based on Theorem Let us check that ®. satisfies the conditions
(i)—(iv) in Theorem (3.4 one by one.

(i) By Theorems and ®, has a closed measurable random absorbing set B, =
{Bc(r,w) : 7 € R,w € Q} in D(I2 x 13),

Be(r,w) = {(a,%}) el x> \|a||§ + Ha”i < I(e, T,w)}

and a unique random attractor A. = {A(7,w) : 7 € R,w € Q} in D(lg X l%), foreach 7 € R
and w € Q,
Ac(1,w) C Be(1,w).

(ii) Given |e| < 1. By (3.8)),
Ie,7,w) < I(1,7,w) < 0,

and

limsup I (e, 7,w) < I(1,7,w).
e—0

So, for every 7 € R and w € €2,

1
lim sup HBE(T,w)Hp =limsup sup |zl <I2(1,7,w).
e—0 e—0 mGBe(’T,W) PP

Moreover,
Bo(r,w) = {(w,v) € 2 x 2 Jull2 + Jvl]2 < 1(1,7,)}
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is a closed tempered random absorbing set for the continuous cocycle ®( associated with

the limiting system

du = (B(6w)u + f(u) — v+ g(t)) dt,
(3.31) dv = (ou — dv + h(t)) dt,
u(t) =ur (1) =07,

and

(3.32) U Ad(r,w) € | Be(r,w) € Bo(r,w).

(iii) Given [¢] < 1. Let us prove the precompactness of [J,.<; Ae(7,w) for every 7 € R
and w € €2, which means that for any € > 0, the set [J.<; Ae(7,w) has a finite covering
of balls of radius € > 0 in l/% X l?). By Theorem forevery e > 0,¢> 0,7 € R, w €
there exist ' = T'(1,w, B,¢,e) > 0 and R = R(T w,€,e) > 1 such that for all ¢t > T" and
(ﬂ(e) 7 ) € Bo(T —t,0_4w), the solution (u(9), (<)) of ( (3-6) satisfies

Tt Ur—t

Z Pi (‘ ()(T T—1,0_ Tw,ug)t,f)ie)t)‘ —}—‘ 2 (r,7—t,0_ Tw,u(T)t, 56) )‘ > <e,
li|>R

which along with (3.32]) and the invariance of A(7,w), we have for every 7 € R, w € Q,
t>T

sup
(@), 7)) el <1 Ae(Tw)

Zpl <‘ ()(TT_tQ Tw7u7(_)t,57(_6)t)‘ _|_) TT—te Tw,u(T)t, f_e)t)’)gff
[i{|>R

On the other hand, by (3.32)) we find that the set

@ 5N y<r - @9,509) € | Adr,w)
le|<1

is bounded in a finite-dimensional space and hence U| <1 A (7,w) is precompact in lf) X li.

(iv) Let © = (a(©,5()) and ¢ = (u,v) be mild solutions of 1j and (3.31)) with
initial data (u(f),vgs)) and (ur,v,), respectively, and set U = a9 —u, V = 79 — o,
W= (UV)=3 —¢. Let (ﬂ(f),ﬂge)), (ur,vs) € l2 X l2 then it follows from Theorem.

~(e ~(€) (6) @ . © 2. 2

that 3 (-, 7,w, %, 0,7), ©(-, T, w, tr, 7 ), W (e, 7w, us” 0 up, vr) € O([r, +00), 12 x 17).

Let

G (4,7, w, 0, 01)) = @™ (t, 7, w, 79, 50D, 5O (8, 7, w, 7l 59))

T
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and

Sp(m) (t7 T,W, Ur, UT) = (U(m) (t, T,W, Ur, UT): U(m) (t7 T, W, Ur, UT))

be the solutions of the following random differential equations with initial data

r d'd;zm) =B, (t, W)H(E,m) 4 efez(Otw)f(eez(t%w)a(e,m)) _ g(em)
+ e*ﬁZ(GtW)g(t) + Eﬂ(e,m)z(etw),
(3.33) Jolem) ) ! )
i = O"LL(QW) — 61)(67771) + 6—6z(9tw)h(t) + 6’1)(67m)z(0tw)’
aem(r) =, sl (r) =5,

and

(m)

du =B, (t, w)u(m) + f(u(m ) — o™ ¥ g(t),

(m)

(3.34) dvdt = u™ — 5 4 h(1),

WM () =, oM(r) = vy,

respectively. Then, @™ (-, 7, w ug),vge)),go(m)(~,7',w,u7,117) e C([r, +oo),lg X lz) and

satisfy the differential equations (3 and (3.34)) respectively. Moreover, (ﬁ(e)(‘, T, W, ﬂg),
S)) and (-, T,w,ur,v;) € C([r, —i—oo),lg X l%) are limit functions of subsequences of
{(p(am)(.,T,w,ﬂgg),’ﬁf))} and {¢(m)(-,r,w,u7,v7)} e C([r, —i—oo),l%xlg). So W(t,T,w,ﬁ(Te),

~(€)

U7, ur,vr) is a limit function of a subsequence of

Y YT )

{W(m) (t, 7w, 0, 0D ur,vr) = GO, T, w, ﬂse),ﬁge)) — oMt w, un, 2}7-)}

in l% X l2 and W(m)(t, T,w,ﬂ.(f),'ﬁ.(f),uﬂw) = (U( )(t T, W uS-e),@(- ),uT,vT) V(m)(t,T,w,

1726) ) 17$ ), ur, v;)) satisfies

(m)
dUdt _ Bm(t,w)U(m) + e—ez(etw)f(eez(etw)a(e,m)) _ f( (m)) v(m)
+ —ez(Orw) t) — q(t) + 0 ~(e,m)’
T oUM — V) 4 e=e2O) p(t) — h(t) + ez(Gpw)v(&™),
\U(m) (1) = 17(:) —u,, V()= USE) Ur.

Taking the inner product of (3.35) m ) with (U™, V(™) in lg X l%, we get
sa (o2 vl)

= (Bm(t, W) U™, U(m))p + (e—ezwtw) FeFO)gem)y £ (m)y, U<m>)
+ (e 0g(t) — g(t),U™)

N g HVWHZ + % (e_ez(etw)h(t) — h(t), V(m))p + (U (O,0) (™) V(m)) _

p

(3.36) p

+ <ez(9tw) (em) U(m))

P p
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We now estimate the terms in (3.36)):

<]B3m(t,w)U(m),U(m))p S ( Z 0" ny)

(3.37) i€Z j=—q
< (1+q+7)B0w) HU(

2(e—ez(9tw) _ 1)2

(338) (e Og() —g(0),U™) < ; lg@®I2 + = . = o]
(339) 2 (DR - b)) < ((;;‘” 12+ 55 Vel
(EZ(Qtw) (e, m), U(m))p = % epiz(etw)ﬂge’m) . Ui(m)

= Z epiz(0nw) (Ui(m) _ Uz(m)> . Ui(m)
(3.40) ieL )

=Y epiz(B) (Uz(m‘ . U@,(m))

1EZ
< (ext0) + ) [+ 22 o)

N (m) _y(m)) Ly
= > Uplz(Gtw) (Vl v ) Vi
(3.41) € 2 (m)  y,(m)
€7
1 5 lez (0w
1 2 (m) 2@ |1 om)
< 2 (et + ) [+ = o]
(e_gz(etw)f(eez(etw)a(e,m)) _ f(u(m))7 U(m)
1)
Y ( —ea00) f, (oe0u) o)) _ fi(ugﬂﬂ)) U™
1€EZ
<37 piem ) g2 Oglom)y gt N7 piem s ) f e Oy () )
ez 1EZ
_ Z Pz’fi(ugm)) : Ui(m) + Z Pie_gz(etw)fz‘(ugm)) ' Uz‘(m)
i€Z =
+ Z etw ez(@tw) (m . U(m) o Z 'e—EZ(Qtw)f,(u(m)) . U(m)
Pz P Pi 1 \Yy 7
ez €L

<D pie o0 )fi(e“”t“’ﬁf’m)) — e fo)

1EL
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(342) + sz fz (m) — e Qtw)fz(uz(m)>) U, )‘
€L
+ Zpie_ez(etw) ’fi(eez(etw)ugm)) . fz(USm))’ ) Ui(m)‘
iE€EZ

< 2o -l

i |1—e™ ¢ 9’5‘“‘

Hiw™) = )| - [

€L
+ Z Hpie—ez(Gtw) ‘1 o eez(Gtw)’ . ’ul(m)‘ X U(m)’
iE€EZ
S+ S 0 ]|
1€EZ €L
2 2 2
< 5£ HU(m)H + Ii(l + efez(atw))Q ‘1 _ eez(Gtw)‘ . Hu(m)H ]
4 p P
Then it follows from f that
d 2 1 2
ad (m) 2y m)
i (e + 2 velf)
~ 2
< <2ez(6?tw) +2(14 g+ q)B(0w) + 3&) HU(’”)H + M HV H
p

N <§:>I2 H”“”’HZ + (o) 1)2 (4 lg@1; + 5 Hh(t)IIZ)

+(Mez(iw)\z+&<1+6_6z<etw>>2’ (o) )H H

By applying Gronwall’s inequality to (3.43)) from 7 to ¢ 4+ 7, we have

2 1 )
HU(m)(t +7.7 W?“S)ﬁpﬂﬁr,vr) + = HV(m)(t + 7,7, W,Uf(r)aa(r ),UnUT)
p O
< effw(2ez(9rw)+2(1+q+6)3(9rw)+3n)dr <Ha(:) o, 2 n l H,ﬁgﬁ) B UTHZ)
g P
t+1 N )
+ / T (2e(0r) +2(1 4+ DB(Or) +3r)dr |2 (W) 7 H”(m) (5,700,107 07) 2
T 60- y Ly Wy Uy Ur p
t+1 N
+/ ef:+7'(262(97-0&1)+2(1+q+@5(9rw)+3n)dr,« (e*w«'(@sw) B 1)2
4 1
< (aE + 5 Il ) s
N /t-i-f eszT(262(9Tw)+2(1+(1+®E(0Tm)+3ﬁ)dr
4 W) |2 . ,
* (W(Qw)’ + R(1 4 e (0:))2 ‘1 - eez(esw)‘ > ”“(m)(s,ﬂw,un%) ds.
: p
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We now replace w in the above by 0_,w to yield

(3.44)
2
HUm)t—i—TTQ Tw,ug),vp,uT,vT) —HV (t+7,71,0_rw, u()v()uT,vT)
p
< efo (262(9rw)+2(1+q+®5(ﬁrw)+3/€)dr <‘ a7(_ —u, = ’ v, )
bt eorw)+201 B(0,w)+3r)dr [€2( SW)P 2
+/ efs( EZ( Tw)+ ( +q+(7)ﬁ( Tw)+ K) rdi Hv(m)(s + 7—’ 7-7 077’(&}7 UT7 UT) ds
o P
t —~
+ / efst(2€z(er)+2(1+q+¢}')ﬁ(erw)+3ﬁ)dr (e—ez(ﬁsw) B 1)2
< (L llats + DI+ 5 IAGs + 72 ) ds
Q@ P o P
t —~
+/ efst(26z(9rw)+2(1+q+§)ﬁ(9rw)+3n)d’/‘
4)ez(Ow)|? 2 2 2
% <|€Z(Hw)‘ +K (1 + e—ez(esw)> ’1 _ eez(st)’ > Hu(m)(s T 0w, ur,vr) || ds.
o

By (3.34)), we have that

2
H (m)(t—l-T T,0_rw, ur,vr)

—I—H t—l—TT(97-w Ur, Ur)

P
<c+ C/ oIl (FAF2(1+a+D)B(0,w) ) dr (HQ(S + T)Hi + [|h(s + T)Hf,) ds

+eS / S22+ DB 6rw) ) dr g

€L

(3.45)

< I(tw),

where Z(t,w) is a positive-valued and continuous in ¢ but independent of e.
From ((3.44)) and ([3.45)), we see that for T € R, t € RT, w € Q, ¢ — 0 and (ﬂ(:),?ge)),
(ur,vr) € 12 X 12 with (ﬂS-), 7(-6)) — (ur,v;r),

lim S0(6 m)(t LT, 0 Tw7u( €) '277(’6)) — ga(m)(t +7,7,0_;w,ur,v.)  in lz X lz.

e—0

Let {e,} C [~1,1] be a sequence of numbers with €, — 0 when n — 4oco. Thus & (¢ +
T, T, H_Tw,ﬁ(f),'ﬁgﬁ)) and o(t + 7,7,0_rw, ur,v;) being limit functions of subsequences of
{(ﬁ(e’m)(t +7,7,0_rw, us),vf))} and {(p(m)(t +7,7, H_Tw,uT,vT)} in lg X lg imply that
forteR, teRT, weQ, e —0and (ﬂS-E"),%FS-E")), (ur,vr) € lg X lg with (aﬁﬁ"),’ﬁﬁﬁ")) —

(ur,v;), the following holds:
ILm Gt + 7,7, 0_rw, 0l )y = o(t + 7,7, 0_rw, ur,v;) in lz X li.

The proof is completed. O
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4. Remarks

If the coupled linear operator B(w) in (3.4]) is a constant operator B satisfying —B =
D*D = DD*, where (Du); = Z;jfm djuitj, Vu = (ui)iez, |dj| < ¢ (constant), —m <
j < m (constant), and D* is the adjoint of D, then the condition (A1) can be removed.

1]

[2]

References

R. A. Adams and J. J. F. Fournier, Sobolev Spaces, Second edition, Pure and Applied
Mathematics (Amsterdam), 140, Elsevier/Academic press, Amsterdam, 2003.

A. Adili and B. Wang, Random attractors for non-autonomous stochasitic FitzHugh-
Nagumo systems with multiplicative noise, Discrete Contin. Dyn. Systs., Supplement,
(2013), 1-10.

A. Adili and B. Wang, Random attractors for stochastic FitzHugh-Nagumo systems
driven by deterministic non-autonomous forcing, Discrete Contin. Dyn. Syst. Ser. B
18 (2013), no. 3, 643-666. http://dx.doi.org/10.3934/dcdsb.2013.18.643

L. Arnold, Random Dynamical Systems, Springer Mongraphs in Mathematics,
Springer-Verlag, Berlin, 1998. http://dx.doi.org/10.1007/978-3-662-12878-7

P. W. Bates, K. Lu and B. Wang, Attractors for lattice dynamical systems, Internat.
J. Bifur. Chaos Appl. Sci. Engrg. 11 (2001), no. 1, 143-153.
http://dx.doi.org/10.1142/50218127401002031

P. W. Bates, H. Lisei and K. Lu, Attractors for stochastic lattice dynamical systems,
Stoch. Dyn. 6 (2006), no. 1, 1-21. http://dx.doi.org/10.1142/50219493706001621

P. W. Bates, K. Lu and B. Wang, Random attractors for stochastic reaction-diffusion
equations on unbounded domains, J. Differential Equations 246 (2009), no. 2, 845—
869. http://dx.doi.org/10.1016/3.jde.2008.05.017

, Attractors of non-autonomous stochastic lattice systems in weighted spaces,
Phys. D 289, (2014), 32-50. http://dx.doi.org/10.1016/j.physd.2014.08.004

I. Chueshov, Monotone Random Systems Theory and Applications, Lecture Notes in
Mathematics, 1779, Springer-Verlag, Berlin, 2002.
http://dx.doi.org/10.1007/b83277

T. Caraballo and J. A. Langa, On the upper semicontinuity of cocycle attractors for
nonautonomous and random dynamical systems, Dynamics of Continuous, Discrete
and Impulsive Systems Series A: Mathematical Analysis, 10 (2003), 491-513.


http://dx.doi.org/10.3934/dcdsb.2013.18.643
http://dx.doi.org/10.1007/978-3-662-12878-7
http://dx.doi.org/10.1142/s0218127401002031
http://dx.doi.org/10.1142/s0219493706001621
http://dx.doi.org/10.1016/j.jde.2008.05.017
http://dx.doi.org/10.1016/j.physd.2014.08.004
http://dx.doi.org/10.1007/b83277

[11]

[17]

[19]

Attractors for Non-autonomous Stochastic Lattice FitzHugh-Nagumo Systems 613

T. Caraballo and K. Lu, Attractors for stochastic lattice dynamical systems with a
multiplicative noise, Front. Math. China 3 (2008), no. 3, 317-335.
http://dx.doi.org/10.1007/s11464-008-0028-7

H. Crauel, A. Debussche and F. Flandoli, Random attractors, J. Dynam. Differential
Equations 9 (1997), no. 2, 307-341. http://dx.doi.org/10.1007/b£02219225

H. Crauel and F. Flandoli, Attractors for random dynamical systems, Probab. Theory
Related Fields 100 (1994), no. 3, 365-393. http://dx.doi.org/10.1007/b£f01193705

H. Crauel, P. E. Kloeden and M. Yang, Random attractors of stochastic reaction-
diffusion equations on variable domains, Stoch. Dyn. 11 (2011), no. 2-3, 301-314.
http://dx.doi.org/10.1142/50219493711003292

J. Duan, K. Lu and B. Schmalfuss, Invariant manifolds for stochastic partial differ-
ential equations, Ann. Probab. 31 (2003), no. 4, 2109-2135.
http://dx.doi.org/10.1214/aop/1068646380

C. E. Elmer and E. S. Van Vleck, Spatially discrete FitzHugh-Nagumo equations,
SIAM J. Appl. Math. 65 (2005), no. 4, 1153-1174.
http://dx.doi.org/10.1137/s003613990343687x

F. Flandoli and B. Schmalfuss, Random attractors for the 3D stochastic Navier-Stokes
equation with multiplicative white noise, Stochastics Stochastics Rep. 59 (1996), no. 1-
2, 21-45. http://dx.doi.org/10.1080/17442509608834083

A. Gu and Y. Li, Singleton sets random attractor for stochastic FitzHugh-Nagumo
lattice equations driven by fractional Brownian motions, Commun. Nonlinear Sci.
Numer. Simul. 19 (2014), no. 11, 3929-3937.
http://dx.doi.org/10.1016/j.cnsns.2014.04.005

A. Gu, Y. Li and J. Li, Random attractors on lattice of stochastic FitzHugh-Nagumo
systems driven by a-stable Lévy noises, Internat. J. Bifur. Chaos Appl. Sci. Engrg.
24 (2014), no. 10, 1450123, 9 pp. http://dx.doi.org/10.1142/50218127414501235

J. K. Hale and G. Raugel, Upper semicontinuity of the attractor for a singularly
perturbed hyperbolic equation, J. Differential Equations 73 (1988), no. 2, 197-214.
http://dx.doi.org/10.1016/0022-0396(88)90104-0

X. Han, Random attractors for stochastic sine-Gordon lattice systems with multiplica-
tive white noise, J. Math. Anal. Appl. 376 (2011), no. 2, 481-493.
http://dx.doi.org/10.1016/j.jmaa.2010.11.032


http://dx.doi.org/10.1007/s11464-008-0028-7
http://dx.doi.org/10.1007/bf02219225
http://dx.doi.org/10.1007/bf01193705
http://dx.doi.org/10.1142/s0219493711003292
http://dx.doi.org/10.1214/aop/1068646380
http://dx.doi.org/10.1137/s003613990343687x
http://dx.doi.org/10.1080/17442509608834083
http://dx.doi.org/10.1016/j.cnsns.2014.04.005
http://dx.doi.org/10.1142/s0218127414501235
http://dx.doi.org/10.1016/0022-0396(88)90104-0
http://dx.doi.org/10.1016/j.jmaa.2010.11.032

614

22]

[24]

Zhaojuan Wang and Shengfan Zhou

X. Han, W. Shen and S. Zhou, Random attractors for stochastic lattice dynamical
systems in weighted spaces, J. Differential Equations 250 (2011), no. 3, 1235-1266.
http://dx.doi.org/10.1016/j.jde.2010.10.018

J. Huang, The random attractor of stochastic FitzHugh-Nagumo equations in an in-
finite lattice with white noises, Phys. D. 233 (2007), no. 2, 83-94.
http://dx.doi.org/10.1016/j.physd.2007.06.008

Christopher K. R. T. Jones, Stability of the traveling wave solution of the FitzHugh-
Nagumo system, Trans. Amer. Math. Soc. 286 (1984), no. 2, 431-469.
http://dx.doi.org/10.1090/s0002-9947-1984-0760971-6

Y. Lv and W. Wang, Limit dynamics for the stochastic FitzHugh-Nagumo system,
Nonlinear Anal. Real World Appl. 11 (2010), no. 4, 3091-3105.
http://dx.doi.org/10.1016/j.nonrwa.2009.11.004

Y. Lv and J. Sun, Asymptotic behavior of stochastic discrete complex Ginzburg-
Landau equations, Phys. D. 221 (2006), no. 2, 157-169.
http://dx.doi.org/10.1016/j.physd.2006.07.023

, Dynamical behavior for stochastic lattice systems, Chaos Solitons Fractals 27
(2006), no. 4, 1080-1090. http://dx.doi.org/10.1016/j.chaos.2005.04.089

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Applied Mathematical Sciences, 44, Springer-Verlag, New York, 1983.
http://dx.doi.org/10.1007/978-1-4612-55661-1

G. Raugel and G. R. Sell, Navier-Stokes equations on thin 3D domains I: Global
attractors and global regularity of solutions, J. Amer. Math. Soc. 6 (1993), no. 3,
503-568. http://dx.doi.org/10.1090/s0894-0347-1993-1179539-4

E. Van Vleck and B. Wang, Attractors for lattice FitzHugh-Nagumo systems, Phys.
D. 212 (2005), no. 3-4, 317-336. http://dx.doi.org/10.1016/j.physd.2005.10.006

B. Wang, Dynamics of systems on infinite lattices, J. Differential Equations 221
(2006), no. 1, 224-245. http://dx.doi.org/10.1016/j.jde.2005.01.003

, Asymptotic behavior of non-autonomous lattice systems, J. Math. Anal. Appl.
331 (2007), no. 1, 121-136. http://dx.doi.org/10.1016/j. jmaa.2006.08.070

, Dynamical behavior of the almost-periodic discrete FitzHugh-Nagumo sys-
tems, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 17 (2007), no. 5, 1673-1685.
http://dx.doi.org/10.1142/s0218127407017987



http://dx.doi.org/10.1016/j.jde.2010.10.018
http://dx.doi.org/10.1016/j.physd.2007.06.008
http://dx.doi.org/10.1090/s0002-9947-1984-0760971-6
http://dx.doi.org/10.1016/j.nonrwa.2009.11.004
http://dx.doi.org/10.1016/j.physd.2006.07.023
http://dx.doi.org/10.1016/j.chaos.2005.04.089
http://dx.doi.org/10.1007/978-1-4612-5561-1
http://dx.doi.org/10.1090/s0894-0347-1993-1179539-4
http://dx.doi.org/10.1016/j.physd.2005.10.006
http://dx.doi.org/10.1016/j.jde.2005.01.003
http://dx.doi.org/10.1016/j.jmaa.2006.08.070
http://dx.doi.org/10.1142/s0218127407017987

[36]

[43]

Attractors for Non-autonomous Stochastic Lattice FitzHugh-Nagumo Systems 615

, Upper semicontinuity of random attractors for non-compact random dynam-
ical systems, Electron. J. Differential Equations 2009 (2009), no. 139, 18 pp.

, Pullback attractors for the non-autonomous FitzHugh-Nagumo system on
unbounded domains, Nonlinear Anal. 70 (2009), no. 11, 3799-3815.
http://dx.doi.org/10.1016/3.na.2008.07.011

, Random attractors for the stochastic FitzHugh-Nagumo system on unbounded

domains, Nonlinear Anal. 71 (2009), no. 7-8, 2811-2828.
http://dx.doi.org/10.1016/j.na.2009.01.131

, Sufficient and necessary criteria for existence of pullback attractors for non-

compact random dynamical systems, J. Differential Equations 253 (2012), no. 5, 1544~
1583. http://dx.doi.org/10.1016/3.jde.2012.05.015

, Existence and upper semicontinuity of attractors for stochastic equations with

deterministic non-autonomous terms, Stoch. Dyn. 14 (2014), no. 4, 1450009, 31 pp.
http://dx.doi.org/10.1142/50219493714500099

Y. Wang, Y. Liu and Z. Wang, Random attractors for partly dissipative stochastic
lattice dynamical systems, J. Difference Equ. Appl. 14 (2008), no. 8, 799-817.
http://dx.doi.org/10.1080/10236190701859542

X. Wang, S. Li and D. Xu, Random attractors for second-order stochastic lattice
dynamical systems, Nonlinear Anal. 72 (2010), no. 1, 483-494.
http://dx.doi.org/10.1016/].na.2009.06.094

C. Zhao and S. Zhou, Attractors of retarded first order lattice systems, Nonlinearity
20 (2007), no. 8, 1987-2006. http://dx.doi.org/10.1088/0951-7715/20/8/010

, Compact uniform attractors for dissipative lattice dynamical systems with
delays, Discrete Contin. Dyn. Syst. 21 (2008), no. 2, 643-663.
http://dx.doi.org/10.3934/dcds.2008.21.643

, Sufficient conditions for the existence of global random attractors for stochas-

tic lattice dynamical systems and applications, J. Math. Anal. Appl. 354 (2009), no. 1,
78-95. http://dx.doi.org/10.1016/j. jmaa.2008.12.036

X. Q. Zhao and S. Zhou, Kernel sections for processes and monautonomous lattice
systems, Discrete Contin. Dyn. Syst. Ser. B 9 (2008), no. 3-4, 763-785.
http://dx.doi.org/10.3934/dcdsb.2008.9.763


http://dx.doi.org/10.1016/j.na.2008.07.011
http://dx.doi.org/10.1016/j.na.2009.01.131
http://dx.doi.org/10.1016/j.jde.2012.05.015
http://dx.doi.org/10.1142/s0219493714500099
http://dx.doi.org/10.1080/10236190701859542
http://dx.doi.org/10.1016/j.na.2009.06.094
http://dx.doi.org/10.1088/0951-7715/20/8/010
http://dx.doi.org/10.3934/dcds.2008.21.643
http://dx.doi.org/10.1016/j.jmaa.2008.12.036
http://dx.doi.org/10.3934/dcdsb.2008.9.763

616

[45]

[46]

[47]

[49]

Zhaojuan Wang and Shengfan Zhou

C. Zhao, S. Zhou and W. Wang, Compact kernel sections for lattice systems with
delays, Nonlinear Anal. 70 (2009), no. 3, 1330-1348.
http://dx.doi.org/10.1016/j.na.2008.02.015

S. Zhou, Attractors for second order lattice dynamical systems, J. Differential Equa-
tions 179 (2002), no. 2, 605-624. http://dx.doi.org/10.1006/jdeq.2001.4032

, Attractors for first order dissipative lattice dynamical systems, Phys. D. 178
(2003), no. 1-2, 51-61. http://dx.doi.org/10.1016/s0167-2789(02) 00807-2

, Attractors and approzimations for lattice dynamical systems, J. Differential
Equations 200 (2004), no. 2, 342-368.
http://dx.doi.org/10.1016/j.jde.2004.02.005

S. Zhou and W. Shi, Attractors and dimension of dissipative lattice systems, J. Dif-
ferential Equations 224 (2006), no. 1, 172-204.
http://dx.doi.org/10.1016/j.jde.2005.06.024

Zhaojuan Wang
School of Mathematical Science, Huaiyin Normal University, Huaian 223300, P. R. China

E-mail address: wangzhaojuan2006@163. com

Shengfan Zhou
Department of Mathematics, Zhejiang Normal University, Jinhua 321004, P. R. China

E-mail address: zhoushengfan@yahoo.com


http://dx.doi.org/10.1016/j.na.2008.02.015
http://dx.doi.org/10.1006/jdeq.2001.4032
http://dx.doi.org/10.1016/s0167-2789(02)00807-2
http://dx.doi.org/10.1016/j.jde.2004.02.005
http://dx.doi.org/10.1016/j.jde.2005.06.024

	Introduction
	Preliminaries
	Random attractors for stochastic lattice FitzHugh-Nagumo system
	Mathematical setting
	Existence and uniqueness of solutions
	Existence of tempered random bounded absorbing set
	Existence of random attractor
	Upper semicontinuity of random attractors

	Remarks

