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CARLEMAN INEQUALITIES FOR FRACTIONAL LAPLACIANS
AND UNIQUE CONTINUATION

Ihyeok Seo

Abstract. We obtain a unique continuation result for fractional Schrodinger
operators with potential in Morrey spaces. This is based on Carleman inequalities
for fractional Laplacians.

1. INTRODUCTION

The aim of this paper is to obtain a unique continuation result for the fractional
Schrodinger operator (—A)*/24+V (), 0 < a < n. Recently, this operator has attracted
interest from mathematics as well as mathematical physics. This is because Laskin [9]
introduced the fractional quantum mechanics governed by the fractional Schrodinger
equation

i0,0(z, ) = (—A)Y2 + V(2))¥(x, 1),

where the fractional Schrodinger operator plays a central role.
More generally, we will consider the following differential inequality

(1.1) \(—A)O‘ﬂu(m)\ <V(x)|lu(z)], zeR" n>3,

where (—A)®/2 is defined for 0 < o < n by means of the Fourier transform F f

~

(= f), as follows: R
FI=2)"2£1(€) = €] F(©)-

The problem is now to find conditions on the potential V' (x) that imply the unique
continuation property which means that a solution of (1.1) vanishing in an open subset
of R™ must vanish identically.

In the classical case o = 2, the property was extensively studied in connection with
the problem of absence of positive eigenvalues of the Schrodinger operator —A+V ().

Among others, Jerison and Kenig [4] proved the property for V € L,Té{f, n > 3. Around
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n/2,00

the same time, an extension to L

assumption that

was obtained by Stein [16] with the smallness

sup hm HXB () VHLn/2oo
ER’U/

is sufficiently small. (Here, xp(,,) denotes the characteristic function of the ball with
center a e R™ and radius » > 0.) Note that this assumption is trivially satisfied for
V e L2 because L"? < L7/>™. Also, the above-mentioned results later turn out to
be optimal in the context of L” potentials (see [5, 7]).

Recently, there was an attempt [13] to deal with the fractional case where n — 1 <
a < n. After that, the author [14] extended Stein’s result completely to 0 < o < n.
Namely, it turns out that (1.1) has the unique continuation property for V' € L,Té{:a’oo
with the corresponding smallness assumption that

sSup hm HXB (a,r) VvHL"/aOo
acR™ T
is sufficiently small. See also [8, 12] for higher orders where «/2 are positive integers,
and for some fractional elliptic equations see [3, 10, 11].
In this paper we improve the class of potentials to the Morrey class £*? which is
defined for « > 0 and 1 < p <n/a by

1
Verl* < ||V]|gar:=  sup \O‘/n / pdy p < 0.
Q cubes in R" ‘Q‘

In particular, £ = LP when p = n/a, and even L™ c L% for p < n/a. Our
result is the following theorem.

Theorem 1.1. Letn > 3 and 0 < o < n. Assume that V' € L%P for p >
(n—1)/a. Let uw € L2 N L?(V) be a solution of (1.1) vanishing in a non-empty open
subset of R™. Then u =0 if

(12) sup hm HXB (a,r) VHLQP
G/ERW/

is sufficiently small. Here, L?(V) = L?(V(z)dx).

Let us give some remarks about the assumptions in the theorem. First, L>N L?(V)
is the solution space for which we have unique continuation. It should be noted that the
space is dense in L2. In fact, consider D,, = {x € R™: V1/2 < n}. Then, for f € L?,
Xp, f is contained in L2 N L?(V), and xp, f — f as n — co. Now the Lebesgue
dominated convergence theorem gives that xp, f — f in L2. Thus, the solution space
is dense in L2

Next, by taking the rescaling u.(z) = wu(ez), the equation (—A)*/%u = Vu
becomes (—A)*/?u. = V.u., where V.(z) = £*V(ex). It is also easy to see that
Vel cae = ||V cow. Hence, £&P is invariant under the scaling.



Carleman Inequalities and Unique Continuation 1535

The above theorem is a consequence of the following Carleman inequalities which
can be seen as natural extensions to the fractional Laplacians (—A)®/2 of those in [2]
for the case o = 2.

Proposition 1.2. Let n > 3 and 0 < a < n. Assume that V' € L*P for p >
(n —1)/a. Then there exist sequence {¢,, : m = 0,1,...} and constants C, 3 > 0
independent of m and r such that

Ixnlel ™2 £l gy < CllxaonVilges 21772 (=8) 2| 2

for f,(—A)*/2f € C3°(R™\ {0}). Here, t,, — 0o as m — oo,

Throughout the paper, we will use the letter C' to denote positive constants possibly
different at each occurrence.

2. UNIQUE CONTINUATION

Here we prove Theorem 1.1 assuming Proposition 1.2 which will be shown in the
next section.

Without loss of generality, we may prove that the solution « must vanish identically
if it vanishes in a sufficiently small neighborhood of the origin.

Since we are assuming that « € L? N L?(V) vanishes near the origin, by (1.1),
(—A)*/?y € L?(V 1) vanishes also near the origin. Now, from the Carleman inequal-
ity in Proposition 1.2 (with a standard limiting argument involving a Cg° approximate
identity), one can easily see that

x50, ‘x‘_tm_%uHL%V)

(2.1) 5 R )

S CHXB(O,T)VHL(MPH‘IE‘_ mT 5 ( A a/ uHL2 )
Note also that from (1.1)
121772 (=2)* 2| Loy -1y < Cllxsoml2l ™7 ul| gy,

+ (= xp el ™ F (=2 2| Loy
So, if we choose  small enough so that HXB(OW)VHQW is sufficiently small (see (1.2)),
then the first term on the right-hand side can be absorbed into the left-hand side of
(2.1). Thus we get

HXB(O,r)\m\_tm T uHLz <CH L= xB(o,m)|x]” b= ( A a/QUHLz
-1)

n—«

=200l oy

< C’r_tm -

)7
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which in turn implies

r t77l+n_a 2
X0 ()™ 7wl oy < CNEAYull ) < oo
By letting m — oo we conclude that w = 0 on B(0,7). Now, u = 0 by a standard
connectedness argument.

3. CARLEMAN INEQUALITIES

In this section we will obtain the Carleman inequality in Proposition 1.2 by using
Stein’s complex interpolation [15], as in [2], on an analytic family of operators S5
defined by
V(z)2a

SE9) = S = 2373) e

K.(z,y)V(y)2 g(y)dy,

where 0 < Rez < n and

— m—1 .
— M R —n+z 1 g J —n+z
ko) = (1 o=y = 30 (o) s =),

= !

Here, S%? coincides with the analytic family of operators St in [2]. Note also that

af (=) () _ f@V(@)'?
(3.1) . <V<y>1/2‘y‘t+(n—a)/2) (x) = ||t —e)/2

(see Lemma 2.1 in [13]).
Let m be nonnegative integers. Now it is enough to show that there exist constants
C, 3 > 0 independent of m and » such that

(3.2) IXB(0,r)Se™“gllL2 < CHXB(O,T)VHgmpHgHL?

forg>(n—-1)/a,0<e<alg—(n—1)/a)and t,, =m — 1+ (1 —e)/2. Indeed,
from (3.1) and (3.2),

@)V (x)'/2

(=A)*2f(y)
XB(0,r) ‘x‘tm—l—(n—a)ﬂ

V(y)l/2y|tm+(n=e)/2

< CHXB(O,T)VHga,p

)

L2 2
which is equivalent to
f(@) 5 [[(=2)*"f(y)
r <C nVllze.
’XB((L ”g;‘t,,ﬁ—(n—a)/Q L2(V) - HXB(O’ ) H‘C P ‘y‘t7n+(n_a)/2 L2(V-1)

as desired.
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To show (3.2), we use Stein’s complex interpolation between the following two
estimates for the cases of Rez =0and n — 1 < Rez < ag:

(3.3) IxB OT)Stm’ gllz2 < CeM g 2
and
my 1+ 2
(3.4) X80, T)Sn Trerindllze < Cech'HXB 0,r VHZZP =)/ “Noll L2,

wherey e R,p> (n—1)/a, 0<e<ap—(n—1)/a)and t,, =m—1+(1—¢)/2.
Indeed, sincen —1<n—1+¢e¢ <ap<nandp>1, we can easily get (3.2) using
the complex interpolation between (3.3) and (3.4).

It remains to show (3.3) and (3.4). The first estimate (3.3) follows immediately
from Lemma 2.3 in [4]. Indeed, consider the family of operators T given by

1

L9@) = {0 =272 Jue

H.(x,y)9(y)ly|"dy,

where

10N
Hala) = Clal o (o =l = 3 2 (1) o =
j=0 7

Then it is clear that (3.3) follows from

HT mgHL2 ddf/lafln) < C@ |’y|HgHL2 da,’/la:|n)

which is Lemma 2.3 of [4].
For the second one, we first recall from [2] (see (3.9) there) that

o=yl —mf = (52) s =y

]l

1+ R
<Cec|lmz|<M)m " ez‘x_y‘—n—I—REZ

|y

for n — 1 < Rez < n. From this, we then get

s=0

‘Stnn ( >‘ SC€C|’Y|V(x>(n—1+8)/2a/ ‘x_y‘n—l—l—e—nv(y)(n—1+6)/2a‘g(y>‘dy

n

1+5+wg
if 0 < € < 1. Hence it follows that

x5, r)S " tetin 9l L2

(3.5)
< Cehl HXB(O,T)In—H—e(V(y>(n_1+6)/2a‘g(y>‘) HL2(V("—1+E)/0)7
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where I, denotes the fractional integral operator defined for 0 < o < n by

i) = [ LY ay

n |z =yl

Here we will use the following lemma to show (3.4), which characterizes weighted L?
inequalities for I, due to Kerman and Sawyer [6] (see Theorem 2.3 there and also
Lemma 2.1 in [1]):

Lemma 3.1. Let 0 < a < n. Assume that w is a nonnegative measurable function
on R™. Then there exists a constant C,, depending on w such that the following two
equivalent estimates

Has2fllL2(w) < Cullfllz2
and
[ Lay2fllz2 < Cull fllz2 ()

are valid for all measurable functions f if and only if

(3.6) sup</ da:) //Q‘x_ = ad zdy

is finite. Here the sup is taken over all dyadic cubes @ in R", and the constant C,,
may be taken to be a constant multiple of the square root of (3.6).

Indeed, it is known that ||w||ze» < oo for p > 1 is a sufficient condition for the
finiteness of (3.6) (see Subsection 2.2 in [1]). Namely, (3.6) < C|jw||za.r for p > 1.
Using this fact and applying the above lemma with & = n — 1 + ¢, from (3.5) and
Iojoloyo = 1o, we see that for 1 < g <n/(n—1+c¢)

HXB(O T)St"“1+5+1'ngL2
c n— anl/2 n— a
< CeMlxpnV " VL2 e o o102V () 922 g () 2

< Ce MoV 92 2

L7L—1+E,q
_ 1/2
X Hv(n H—g)/aHL/"—H-E qHV n-lte) /2agHL2 V—(n— 1+E)/Q)
_ 1/2 _ 1/2
= CeMxpon VOV L2 VO 2 gl e

14€)/2 1+e)/2
= CeM|xpomn VHLTL q(nglia()l/a HVHZL q(nglia?/a lgllzz-

Since (n—1)/a< (n—14¢)/a<g(n—14¢)/a<n/aand V € L*P, by choosing
g,€ S0 that p = g(n — 1 + &)/a, we now get the desired estimate (3.4).
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