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ON SOLUTIONS TO MATRIX INEQUALITIES
WITH APPLICATIONS

Xifu Liu

Abstract. In this paper, we first study the solution to linear matrix inequality
AXB + (AXB)* > (>, <, <) C when the matrix G = (A B*) is full
row rank, where C' is a Hermitian matrix. Furthermore, for the applications, we
derive the representations for the Re-nnd {1, 2, ¢ }-inverses for A, i = 3,4, and the
Re-nnd solution to AX B = C, some special matrix equations are also considered.

1. INTRODUCTION

Let C"™*™ denote the set of all m x n matrices over the complex field C, C%;
denote the set of all m x m Hermitian matrices, U,, denote the set of all n x n
unitary matrices. For A € C™*™, its range space, rank, Moore-Penrose inverse [1] and
conjugate transpose will be denoted by R(A), r(A), At and A* respectively. i (A)
and i_(A) denote the numbers of the positive and negative eigenvalues of a Hermitian
matrix A counted with multiplicities, respectively. The identity matrix of order n is
denoted by I,,. Set E4 =1 — AAT and Fy =1 — ATA.

The Hermitian part of A € C™*™ is defined as H(A) = 3 (A+A*). We say that A
is Re-nnd (Re-nonnegative definite) if H(A) > 0and A is Re-pd (Re-positive definite)
if H(A) > 0. Let Alb+%) pe the Re-nnd {i,7,..., k}-inverse of square matrix A.
Recently, some researches on Re-nnd solution and Re-nnd generalized inverse were
done by several authors [2, 3, 4, 6, 12].

In this article, we consider the matrix inequality in the Lowner partial ordering

(1.1) AXB+ (AXB)* > C,

(1.2) AXB+ (AXB)* > C,
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where A € C™*", B € CP*™ and C € CY; are given, X € C"*? is variable matrix.
Specially, when C'is nonnegative definite matrix, this case has been considered by Tian
and Rosen [10]. The case B = I, was studied by Tian [9]; based on Tian’s results,
Nikolov and Cvetkovic-1li¢ [6] derived general expressions for Re-nnd {1, 3}-inverse
and {1,4}-inverse of A € C™*™. Moreover, Tian and Rosen [10] shown that (1.1)
can equivalently be written as

(1.3) AXB+ (AXB)*=C+VV*
for some V. And equation (1.3) is solvable for X if and only if V' V* satisfies
(14) EgVV*=—EqC, EAVV*Ejs = —EACEs, FgVV*Fp = —FpCFg,

where G = (A B*). Generally, it is very difficult to establish a common solution to
equations (1.4), so it is also difficult to solve (1.1). However, in some special cases,
matrix G maybe satisfy some certain conditions. For example, in the study of Re-nnd
{1, 2, 3}-inverse and {1, 2,4}-inverse of A € C™*™, Liu and Fang [4] shown that a
necessary condition is r(A42) = r(A) for the existence of these two Re-nnd generalized
inverses. In order to establish a representation of Re-nnd {1, 2, 3}-inverse, one needs
to solve the following matrix inequality

(1.5) FAVAAT 4 (FaVAAD* > —[AT + (A1),

where V is variable matrix. It is easy to verifythat G = (F  AAT) satisfies r(G) = m
under condition r(A?) = r(A), i.e., G is full row rank.

Cvetkovic-Ilic [2] provided a condition for the existence of Re-nnd solution to
AXB = C, where A € C"™*", B € C™*? and C € C™*P, and the structure of the
general solution was provided. Since the general solution to AX B = C is given by
X = A'CBT + F,W, + W, Ep, thus establishing a expression of the Re-nnd solution
is equivalent to solve the following matrix inequality

(Fa Ep) <W2*) + (W Wa) <EB) > —[ATCB! + (AtCB*.
Here, G = (F4 Ep 1) is also full row rank.
Indeed, when matrix G is full row rank, then (1.4) reduces to

(1.6) EA\VV*Ey = —-FEACEy, FgVV*Fg = —FgCFp.

This paper is organized as follows. In section 2, we first present a general solution
to the linear matrix inequality AXB + (AXB)* > (>, <, <) C when the matrix
G = (A B*) is full row rank. In section 3, for the applications, we derive the
representations for the Re-nnd {1, 2, i }-inverses, i = 3,4, and the Re-nnd solution to
AXB=2C.

Before giving the main results, we first introduce several lemmas as follows.
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Lemma 1.1. [5] Let A € C%, B € C™*™ and C' € CP*™ be given. Then

Jax i+[A—BXC — (BXC)*] = min{iy (M), ix(M2)},
cCnxp

min i+[A - BXC - (BXC)"| =r(A B C¥)
XeCnxp

+ max {ix(M1)—r(N1), ix(My)—r(Na)},

A B A C
Ml:(B* 0)’M2:<C’ 0)’
A B C* A B C*
Nl_(B* 0 0)’ NQ_(C 0 0)'

Lemma 1.2. [5] Let A € C%, B € C™*", and denote M = <§* 103) Then

where

Zi(M) = T(B) + Zi(EBAEB>

Lemma 1.3. [10] Let A € C"™*P and B € C?*™ and C' € CY; are given. Then
the matrix equation AX B + (AX B)* = C has a solution X € CP*? if and only if

(A B (A4 B)'C=C, EACE,=0, FsCFy =0,

In this case, the general solution can be written as
1 *
X = S0+ X3),

where X7 and X, are general solutions of the equation AX1B + B*X,A* = C.

Lemma 1.4. [11] Let A; € C™*", B; € CP**, Ay € C™¥, By € C9*F and C €
C™** be known and X; € C™*P, Xy € C*? unknown; M = E4, Ay, N = ByFg,,
S = AsF);. Then the following statements are equivalent:

(i) The system A;X1B; + A3 XoBy = C is solvable;
(if) The following rank equalities are satisfied,

A C\ (A4 0 Ay, C
"\o B) "o B) "\o B

I
5
/?
ol\)
@ o

S
N———

B B
T’(C A1 AQ)ZT’(Al Ag), r Bg =T 1 .
C B
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In this case, the general solution can be expressed as
X, = AlcBl — AlA,MTE,, CBl — AlsAlCFp, N B, Bl
—AlSVENByBl + Fa,U + ZEg,,
Xy = MYE,, OBl + FySTSAICFg, NT + Fop(V — STSVNNT) + WEB,,

where U, V, W and Z are arbitrary matrices over complex field with appropriate
sizes.

Lemma 1.5. [13] Given matrix A, B, C, D € CP*™, The matrix equations AX X*A*
= BB* and CX X*C* = DD* have a common Hermitian nonnegative-definite solu-
tion if and only if AATB = B and there exists T € U,, such that

(1.7) Ecr,(DT — CATB) = 0.

If a common Hermitian nonnegative-definite solution exists, then a representation of
the general common Hermitian nonnegative-definite solution is X X* with

X = A'B + F4(CFA) (DT — CA'B) + FaFcrp, Z,
where Z € C™*" is arbitrary and T' € U,, is a parameter matrix satisfying (1.7).
Lemma 1.6. [10] Let A € C™*", B € C™** and C' € C"*". Then
r(A B)=r(A)+r[(I—-AA")B],

S (é{) = 1(A) + r[C(I — ATA)].

Lemma 1.7. [8] Let A, B € C™*", if R(A) = R(B), then AAT = BBT; similarly
if R(A*) = R(B*), then ATA = B'B.

Lemma 1.8. [7] Let A € CP*9, B € C9*P and C € CP*P be given matrices.
Then the matrix equation AX B = C'is consistent if and only if

AATC =C, CB'B=C.
In this case, the general solution can be expressed as
X = ATCB' + FpY| + Y2E3,

where Y7, Y, are arbitrary with proper sizes.
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2. MAIN REsSuULTS

In this section, our purpose is to derive some necessary and sufficient conditions
for the solvability for linear matrix inequality AX B+ (AXB)* > (>, <, <) C when
the matrix G = (A B*) is full row rank, and establish general expressions..

Firstly, we give a explicit formula for the common solution to (1.6).

Theorem 2.1. Let A € C™*", B € CP*™, C e CY} satisfy EoCE4 < 0,
FpCFp < 0, and denote G = (A B*). If r(G) = m, then there always exists a
common solution VV* to equations (1.6), and a representation of the general common
solution is VV* with

1 1
2.1 V = (=EACE»)2 + (FgAAN[(~FpCFp)2T
' 1
—~(—=EACEA)2]) + AATFp 44 Z,
where Z € C™*™ and T € U,,, are arbitrary matrices.

Proof. In view of Lemma 1.5, there exists a common solution to (1.6) if and only
if there exists T' € U,,, such that

1 1
(2.2) EFBAAT[<_FBCFB>2T_FBEA<_EACEA>2] =0.
Since r(G) = m, it follows from the first equality in Lemma 1.6 that
r(FpAAY) = r(FpA) = r(G) — r(B) = m — r(B) = r(Fp),

means that R(FpAAT) = R(Fp). It follows from Lemma 1.7 that Ey_44: = B'B.
Therefore, (2.2) holds for any T € U,,.
Finally, by Lemma 1.5, we have

1 1 1
V = (~EACE4)2 + AAT(FRAANY[(~FgCFg)2T — FgEA(~EACE)?]
+AA Fp a0t Z.
Hence, (2.1) is evident. ]

According to Theorem 2.1, next, we give a solution to (1.1) under condition
r (A B*) =m.

Theorem 2.2. Let A € C™*", B € CP*™, C € C} be given, X € C"*?
be variable matrix, and denote G = (A B*). If r(G) = m, then the following
statements are equivalent:

(1) Matrix inequality (1.1) is solvable;
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(2) EACEA <0, FBCFB < 0;

(3) iy (f 6‘) —r(A), iy (g %) —r(B).

In this case, a general solution can be expressed as

1
(2.3) X =S (X1+X3),
where
2 X, = AN (C+VV"B — ATB*MT(C + VV*)BT
' —ATS(B)(C + VV*INTA* Bt — ATSY,Ey A*BY + FaYs + Y3 Ep,
5) Xo = MY (C+VV*)(AN + 8T8(B*){(C + VV*)NT

+Fy (Y1 — STSYINNT) + Yy Fy,

with V' is given by (2.1), M = E4B*, N = A*Fp, S = B*Fyj,and Y; (i = 1,2, 3,4)
are arbitrary matrices over complex field with appropriate sizes.

Proof. Note that (1.1) can be rewritten as C' — AXB — (AXB)* < 0. So, (1.1)
is solvable if and only if

n}}nz;[(}' — AXB - (AXB)*]=0.
Applying Lemma 1.1, we get

mini,[C — AXB - (AXB)"]
T (C’ A B*)

(2.6) C[(C A C A BY\ . (CB* C AB*
Tmax e {4 g) 7" a0 0) " B o) "B o0 o

= r(G) + max {if (EACE4) —r(G), it (FgCFp)—r(G)}.

Letting the right hand side of (2.6) be zero yields
i+(EACEL) =0, iy (FpCFp) =0,

which are equivalentto E4CFE4 < 0, FgCFp < 0, while statement (3) is followed
by Lemma 1.2.
Next, we come to solve the matrix inequality (1.1), which can be written as

@.7) AXB+ (AXB)* = C +VV*,
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where V' is given by (2.1). In view of Lemma 1.3, the general solution to (2.7) can be
written as

1
X = (X1 + X3).
where X7 and X are general solutions of the equation
(2.8) AX B+ B*XyA* =C +VV*.

According to (1.6) and r(G) = m, it follows from Lemma 1.4 that (2.8) is solvable,
and

X, = AN(C+VV*B' — AT B*MTEL(C + VV*)B!
—ATS(BNC + VV*)FgNTA*BY — A1SY|ENA*BY + FuYs + Y3E5,

Xy = MTEA(C + VV*) (A + FySTS(B*)1(C + VV*)FgNT
+Fy (Y1 — STSYINNT) + Y, Fy,
where M = E4B*, N = A*Fp, S = B*Fy, and Y;, (i = 1,2,3,4) are arbitrary

matrices over complex field with appropriate sizes. Together with MTE, = MT,
FgNT = NT and F),;ST = S1, then (2.4) and (2.5) are followed. n

A special case of Theorem 2.2 for B = I,,, is given below.

Corollary 2.1. Let A € C™*", C' € C}; be given, X € C™*™ be variable matrix.
Then the following statements are equivalent:

(1) Matrix inequality AX + (AX)* > C is solvable;
(2) FEACE4 4 <0;

(3) iy (f g‘) — r(A).

In this case, the general solution can be expressed as

1
X=3 (AT(C +VV*) (I + Ea) + FaYi + [(ATY,)* — A%]A*) ,

1
where V = (—EACEy)2 +AA'Z, and Z, Y1, Y5 are arbitrary matrices over complex
field with appropriate sizes.

Theorem 23. Let A € C™", B € CP*™, C € C} be given, X € C™?
be variable matrix, and denote G = (A B*). If r(G) = m, then the following
statements are equivalent:

(1) Matrix inequality (1.2) is solvable;
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(2) i_(EACEs) =m—r(A)and i_(FgCFp) =m — r(B);

(3) EACEA < 0, FBCFB < 0, T(EACEA> = m — T’(A) and T(FBCFB> =
m — r(B);

(5 D) me (6 %)

In this case, the general solution of X can be expressed by (2.3) with Z in V' given
by (2.1) such that »(V) = m.

Proof. Note that (1.2) can be rewritten as C' — AXB — (AXB)* < 0. So, (1.2)
is solvable if and only if

m)fgxi_[C' — AXB - (AXB)'| =

Applying Lemma 1.1, we get

maxi_[C'— AXB — (AXB)"] = mm{ (g gl) - <g %)}

= min{i_(EACE4) +1(4), i_(FgCFp)+r(B)}

(2.9) = m.
On the other hand, i _(EACEA) +1r(A) < r(EACEA) +1r(A) < r(Ea)+7r(A) =m,
similarly, i_(FgCFg) + r(B) < m. Then, (2.9) is equivalent to i_(EACE4) =
m—r(A)and i_(FgCFp) =m—r(B). Hence, the equivalence of statements (1)-(4)

is proved.
Since the matrix inequality (1.2), which can be written as

AXB+ (AXB)*=C+VV*,
where VV* > 0, i.e.,, r(V) =m. [
Similarly, we can prove the following results.

Theorem 24. Let A € C™", B € CP*™, C € C}; be given, X € C™?
be variable matrix, and denote G = (A B*). If r(G) = m, then the following
statements are equivalent:

(1) Matrix inequality AX B + (AX B)* < C' is solvable;
(2) EACEA 0, FBCFB 0;

0 (5 ) (§ )
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In this case, a general solution can be expressed as
(2.10) X:%<X1+X§>a
where
X, = ANC - vVv*)B! - A'B*M'(C — VV*)BT
—ATS(B)N(C —VV*)NTA*BT — ATSY|ExA*BT + F4Y, 4+ Y3Ep,
Xy = MY (C = VV*) (A" + 519(B*){(C - VV*)NT

+Fy (Ve — STSYINNT) + Y, Fy,
1 1 1
V = (EACEA)2 + (FpAAN[(FCFp)2T — (EsCEA)2] + AATFp i Z,

where M = E4B*, N = A*Fp, S = B*Fy,and Z € C™*™, T € U, Y; (i =
1,2, 3,4) are arbitrary matrices over complex field with appropriate sizes.

Theorem 25. Let A € C™", B € CP*™, C e C} be given, X € C™?
be variable matrix, and denote G = (A B*). If r(G) = m, then the following
statements are equivalent:

(1) Matrix inequality AX B + (AX B)* < C'is solvable;
(2) i+ (EACEA) =m —r(A) and ip (FgCFp) =m — r(B);

(3) EACEA > 0, FBCFB > 0, T(EACEA> = m — T’(A) and T(FBCFB> =
m — r(B);

5 ) men(§ )

In this case, the general solution of X can be expressed by (2.10) with Z in V' given
by Theorem 2.4 such that (V') = m.

3. APPLICATIONS

In the following contents, we consider some applications of Theorem 2.2 in the
Re-nnd generalized inverses and Re-nnd solution. Next, we first prove an auxiliary
result.

Lemma 3.1. Let A € C™*™ satisfy r(A?) = r(A). Then

(1) 7(FaEA) = r(Fa) = r(Ex);
(2) FAEA(FAEA) = Fa, (FAEA)'FAEA = Ea, Ep,p, = ATA, Fp,p, = AAT,
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Proof. On account of Lemma 1.6, we have

r(FAEA) =1(EaFA) =1 <§ {Z’) —2r(A) =m—r(A) =r(Fa) =r(E4),

which means that (1) holds, and R(FaE4) = R(Fa), R[(FaEA)*] = R(E4). Hence,
(2) can be proved by Lemma 1.7. [ ]

In the following theorem, we present a general expression of A(1’2’3).

Theorem 3.1. Let A € C"™*™. Then the following statements are equivalent:

1 2 :
e 3) exists;

(1) 4
(2) (AT)2A is Re-nnd and r(A) = r(A2);
(3) A2AT is Re-nnd and r(A) = r(A2);
(4) A*A%is Re-nnd and r(A) = r(A?);
(5) A* AAT is Re-nnd and r(A) = r(A?).

In this case, a general expression of A(1’2’3) can be expressed as
(3.) A9 = At 4 (B + X3),
where
65.2) X = Fa[VV*— AT— (AT)*JAAT— FAMT[VV*— AT — (AT)*]AAT
3.2

—FASAATVV* — AT — (AN INTAAT— F4SY | EnF4AAT,
3 Xy = MI[VV*— AT (A1) ]Fa+ AATSTS AATVV* — AT — (AT)|NT
3.3

+AATFy (Y1 —STSYINNT)Fy,
V =J—(EsFx)'J,

1
with J = [(A")2A4 + ((A1)2A4)*]2, M = ATA2AT, N = FoE4, S = AATFy, and
Y7 € C™*™ is arbitrary.

Proof. The equivalence of the statements (1)-(5) is given by [Theorem 2.1, 2].
Since A123) — AT + F X AAT, then AL%%) exists if and only if there exists
some X such that A(1:23) is Re-nnd, i.e.,

(3.4) FAXAAT + (FAXAAT* > —[AT 4 (AT)"].

According to r(A) = r(A?), it follows that r(G) = r (F4 AAT) = m. By Theorem
2.2, the solution of X to (3.4) can be written as
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X = 2(Xi+X3),
where
X| = FaA[VV* — AT — (AN]JAAT — FAAATMT[VV* — AT — (AT)*]AAT
—FASAATVV* — AT — (AT ]NTF4AAT
—FASYiENFAAAT + ATAY) + Y3Ey,
Xy = MI[VV* — AT — (AN)*|Fy + STSAAT[VV* — AT — (AT)*|N'T
+Fy(Yr — STSYINNT) + Y, ATA,
V = J — FA(EAFA) EAATAJ + FoFg,p,Z = J — (EAFa)'J.
Substituting X into A(123) = AT + Fy X AAT and denote
X = FaAX1AAT = F4[VV* — AT — (AN)*|AAT — FAMT[VV* — AT — (AT)*]AAT
—FASAATVV* — AT — (AT INTAAT — F4SY,EnF4AAT,
Xy = AATXoFy = MT[VV* — AT — (AN)*]|F4 + AATSTSAAT[VV* — AT
—(ANINT + AATFy (Y — STSYINNTYFy,
which yields (3.1), (3.2) and (3.3) respectively. The proof is complete. ]

Together with A4 = ((A4*)(1:23))" and Theorem 3.1, the following corollary
is evident.

Corollary 3.1. Let A € C™ ™. Then the following statements are equivalent:
(1) A ALY exists;
(2) (AT)2 is Re-nnd and r(A) = r(A?);
(3) ATA2is Re-nnd and r(A) = r(A2);
(4) A2A* is Re-nnd and r(A) = r(A?);
(5) ATAA# is Re-nnd and r(A) = r(A?).
In this case, a general expression of Aﬁ’2’4) can be expressed as
1 -~ -
A7(n£72’4) = AT + §(Xf + XQ),

where
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X| = EA[VV* — AT — (AN)*JATA — E4MT[VV* — AT — (AT)*]ATA
—EASATA[VV* — AT — (AT INTATA — EASYI|ENEAAT A,
Xy = MT[VV* — AT — (A")]Es + ATASTSATA[VV* — AT — (AT)*]NT
+ATAF) (Y1 — STSYINNT)E 4,
V = J— (FaEx)'J,

1
with J = [A(AT)?2 + (A(A1)2)*]2, M = A(AT)2A, N = EsFa, S = ATAFy;, and
Y7 € C™*™ is arbitrary.

Remark. Recently, Liu and Fang [4] gave some representations for Aﬁ’zg) and

Aﬁ’Z"L), which are limited. The general representations for Aﬁ’zg) and A$£’2’4) are
provided by Theorem 3.1 and Corollary 3.1 respectively.
Theorem 3.2. Let A € C™*", B € C™P and C' € C™*P be given matrices.

Then, the following statements are equivalent:
(1) There exists a Re-nnd solution to consistent matrix equation AX B = C;

(2) Ex[ATCB' + (ATCBY*|Ey > 0;
0o -C A

(3) i (C’* 0 B*) =r(4* B);
A* B 0

(4) Fg <CO* (0;') Fg <0, where G = (A* B).

In this case, a general expression for this Re-nnd solution can be written as

(3.5) X =A'CB' + (Fa 0) (%) + (3//21) (EOB) :

where

(3.6) (%) = SNV~ [AICB! + (ATCB))(I + En)

+FyY) + [(HY:)* — HY,)H"),

1
with H = (Fa Ep), V = (Ex[ATCB' + (ATCB")*|Ey))2 + HH'Z, Z € C™",
Y; € C?™™ and Y, € C™*2" are arbitrary.

Proof. According to the assumption and Lemma 1.8, we have that AATC = C
and CB'B = C, the solution X to AX B = C can be expressed as

(3.7) X = ATCB' + FAW, + W, Ep,
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where Wy, Wy € C™*™ are arbitrary.
Hence, X is Re-nnd if and only if

(Fa Ep) <$21) + (Wi Wa) @2) > —[ATCB' + (ATCB*]

is solvable. On account of Corollary 2.1, statement (2) and (3.6) are obvious. Com-

bining (3.7) and (3.6) produces (3.5).
Next, we show that statements (2), (3) and (4) are equivalent. By Lemma 1.2,
statement (2) is equivalent to i_ (Egx[ATCB' + (ATCB")*|Ey) =0, e,

ATCB' + (ATCB")* Es- Ep
(3.8) r(Fa Ep)=i_ E 4 0 0
Eg 0 0

In view of Lemma 1.6, we can compute that

r(Fa Ep)
(3.9) <In A% 0

(74 B) B =k (47 B) () - o(B).

Together with Lemma 1.2 and the fact i (M) = i+ (PM P*), where M is Hermitian,
and P is nonsingular, then we have

ATCBT + (ATCB")* Ea- Ep
i E 0 0)
Ep 0 0
ATCBT + (ATCcBHY* I, I, 0 0
I, 0 0 A* 0
=i I, 0 0 0 B|-r)-rB)
(3.10) 0 A 0 0 0
0 0 B 0 0
0 I, I, —(CBH* 0
I, 0 0 A* 0
=i_ I, 0 0 0 B| —r(A) —r(B)
—CBT A4 0 0 0
0 0 B* 0 0
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o I, I, 0 O
I, 0 0 A* 0
=i |I, 0 0 0 B|-r(A)-rB)
0o A 0 0 C
0 0 B* C* 0
0 I, O 0 0
I, 0 O A* 0
=i |0 0 0 —-A* B|-r(A)—r(B)
0 A -A 0 C
0O 0 B* C* 0
0 I, O 0 0
I, 0 O 0 0
= i]0 0 0 —-A* B|-r(A)—r(B)
o 0o -A 0 C
o 0o B C* 0
0 I 0 —-A* B
= i <I g) +i- -4 0 C|-r(A)—-r(B)
" B* C* 0
0 A* B
=n+i_|A 0 —-C|—-r(A)—r(B)
B* -C* 0
0 -C A
=n+i_|-C* 0 B*| —-r(A)—r(B).
A* B 0
Substituting (3.9) and (3.10) into (3.8) yields statements (3) and (4). ]

Three simple consequences of Theorem 3.2 are given below.

Corollary 3.2. Let A,C € C™*"™ be given. Then there exists a Re-nnd solution
to consistent matrix equation AX = C if and only if ATCATA or CA* is Re-nnd. In
this case, a general expression for this Re-nnd solution can be written as

1
X = AlC+ S (VV* —[ATC+ (ATC)']) (L + ATA) + FaY Fa,

1
where V = [ATCATA 4 (ATCAYA)*|2 + FaZ, Y,Z € C™™ are arbitrary with
Y*=-Y.

Corollary 3.3. Let B,C € C™ ™ be given. Then there exists a Re-nnd solution
to consistent matrix equation X B = C'if and only if BBTC'B' or B*C' is Re-nnd. In
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this case, a general expression for this Re-nnd solution can be written as

1
X = CB' + (I, + BB') (Vv —[CB! +(CB"))) Ep + EpY Ep,

1
where V = [BB'CB' + (BB'CB")*|2 + EpZ, Y,Z € C™ " are arbitrary with
Y*=-Y.

Corollary 3.4. Let A € C™*™ and C € C™*"™ pe given matrices. Then there
exists a Re-nnd solution to consistent matrix equation AX A* = C if and only if
ATC(AT)* or C is Re-nnd. In this case, a general expression for this Re-nnd solution
can be written as

X = ATC(AT)* + %FA(In + Fy) 7t (VV* —Af(C + C’*)(AT)*> (I, + ATA)

3T+ AT4) (VV* = AT(C + C)(AD)) Fa(l + Fa) ™' Fa

1
2
1

+2[FaAY) — FA(Iy + Fa) YFp(Y1 + Y3)| + =[FaYs Fa

1
2[ 2
—Fa(In+ Fa) ' (Y3 + Yy) Fa]
1. o 1
+§[Y2*FA — (Y1 + Vo) *Fa(IL, + Fa) ' Fa] + §[FAY4FA

—FaA(Ys + Y3)*Fa(I, + Fa) ' Fa),

1 -
where V = (AT(C + C*)(AN)")2 + FuZ, Z € C™™ and Y; € C™" (i = 1,2,3,4)
are arbitrary.

Proof. It is easy to verify that

Fao—Fa(L,+Fa)"'Fy

.I.
H = (FA FA) —
(In—i-FA)_lFA

Fa(I, + Fy)™! Fa(l, + Fa)"'Fy

FA(In—l-FA)_l B FA(In—i-FA)_lFA ’

Fa(Iy+Fa) 'Fa Fa(l,+ Fa)"'F4

T:
(I, + Fa)"1Fy (I, + Fa)"'Fy | HH' = Iy
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1 .
So, V = (AT(C+ C*)(A")*)2 + FaZ. Denote Y; = <Y1) Y, = (Y3 Yi). By
Theorem 3.2, we get
(Fa 0)FyYy = FaYy — Fa(I, + Fa) ' Fa(Y1 + Ya),
<FA O) [(HY2)* — H'Y5]H* = FAY; Fa — Fa(In+ Fa) ™' (Ys + Ya) Fa,

* 0 V7 \/ Vo * —
Vr () = T Fa - (+ )"l + F)

« (0 ~ ~ AN _
HIHY, — (H'Y2)"] <FA) = FAYiFp — FA(Y3 + Y1) "Fa(In + Fa) "' Fa.
According to the above analyses, this corollary is obvious. ]
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