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REPRESENTATIONS FOR THE PSEUDO DRAZIN INVERSE OF
ELEMENTS IN A BANACH ALGEBRA

Huihui Zhu, Jianlong Chen* and Pedro Patricio

Abstract. In this paper, we investigate the pseudo Drazin invertibility of the
sum and the product of elements in a Banach algebra .. Given pseudo Drazin
invertible elements @ and b such that a?b = aba and b%a = bab, it is shown that
ab is pseudo Drazin invertible and a + b is pseudo Drazin invertible if and only
if s0 is 1 + a*b, and the related formulae are provided.

1. INTRODUCTION

Representations for the pseudo Drazin inverse (abbr. p-Drazin inverse) of the sums
and the products of two elements in certain algebras have attracted wide interest. In
general, it is a challenging task to characterize the p-Drazin inverses of a 4+ b and ab
without additional hypothesis. For instance, given a and b in a Banach algebra . -/ with
p-Drazin inverses a* and b*, respectively. If ab = ba=0 then it follows that a + b is
p-Drazin invertible with (a + b)* = a* + bt (see [8, Theorem 2.5]). Further, if ab=ba,
the authors proved that a + b is p-Drazin invertible if and only if 1 + b is p-Drazin
invertible. In this case, the representations of (a + b)* and 1 4 a*b are given (see [8,
Theorem 2.7]). Note that the condition that ab = ba implies a?b = aba and b%a = bab.
However, the reverse statement may not be true, such as, take a = (§9), b= (99) in
the ring of 2 x 2 matrices.

Motivated by the aforementioned work, we investigate the representations for the p-
Drazin inverse of the sum and product of two elements under the conditions a?b = aba
and b%a = bab in a Banach algebra. Some results on p-Drazin inverses in [8] are
extended. Representations on Drazin inverse (see [1]) of the sum and the product of
elements in various sets can be referred to mathematical literature [2, 3, 4, 6, 7, 9].

Recently, the authors [5] introduced a new kind of generalized inverse, that is p-
Drazin inverse, whose properties and related expressions are obtained in associative
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rings and Banach algebras. Throughout this paper, let .~/ be a Banach algebra with
unity 1 and J(.~/) denote the Jacobson radical of .~/". For any a € .7/, the commutant
and double commutant of a are defined by comm(a) = {z € .~/ : ax = za} and
comm?(a)={z €./ : 2y = yx for all y € comm(a)}. An element a € .-/ is said
to have a p-Drazin inverse if there exists b € .~/ such that the following conditions
hold [5]:

b € comm(a), bab = b, a* — a**1b € J(. /)

for some integer £ > 1. If such a b exists, it is unique and is denoted by af. In a
Banach algebra, the condition b € comm(a) in the above definition is equivalent to
b € comm?(a). According to [5], a* € comm(a). By a! = 1 — aa and .~?P we
denote the strongly spectral idempotent of a and set of p-Drazin invertible elements of
.7/, respectively. Note that some techniques such as matrix decompositions, orthogonal
decomposition of Hilbert space, and spectral theory are not used in this article. The
results in this paper are proved by a purely ring theoretical method.

2. MaIN ResULTS

In this section, we start with some lemmas which play an important role in the
sequel. We will freely use the fact that ata™ = a'lat = 0 and afz = zat for every
x € comm(a) in the context (see [5]).

Lemma 2.1. Let a,b € ./ with a?b = aba and b%a = bab. If a € .-/PP, then
(2.1) (1) (a*)?b = a*ba?,
(2.2) (2)  b%at = ba*.
Proof. (1) As a®b = aba, that is a(ab) = (ab)a, then ab € comm(at).
Hence, (a?)?b = (at)%atab = (a*)?aba* = atbat.

(2) Again ab € comm(at) implies b?a* = b%a(at)? = bab(at)? = b(at)%ab =
batb. -

Lemma 2.2. Let a,b € .-/PP with a?b = aba and b%>a = bab. Then
(2.3) (1) {ab,a*d, ab*, a*b*} C comm(a),
(2.4 (2)  {ba,bta, bat, bat} C comm(b).

Proof. (1) As ab € comm(at), then

aatb = (a*)?a’b = (a*)%aba = a*ba.
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Similarly, ba € comm(b*) guarantees that
abta = a(b¥)?ba = aba(b?)? = a?b(b%)? = a?b*.
By abt € comm(a), we obtain
aatbt = (a*)2a?bt = (a%)2aba = atbla.

(2) can be obtained in a similar way of (1). [ |

By Lemmas 2.1 and 2.2, we can get the following result.

Lemma 2.3. Let a,b € .~PP with b = aba and b%a = bab. If £ = 1+ a?b, then
(2.5) {a, ab, a*b, ab*, a*b*} C comm(¢).

Lemma 2.4. Let a,b € .-/PP with a?b = aba and b%>a = bab. Then
(2.6) (1) ab*va = (abh)? = ®(b%)?,
2.7 (2)  (abh)! = abt(bta)t = L OHH for any positive integer i,
(2.8) (3)  (a*D) = a*b(bat)t = (aH) T for any positive integer i

Proof. (1) It follows from Lemma 2.2 that ab*(bta) = a(bta)bt = (abb)abt =
a(ab)bt,

(2) It suffices to show the inductive step. Suppose (ab?)™*! = ab*(bta)’? =
a’T1(b*)**1 then one can see that

(abh) 2 = abt(ab) T = abtabt(bta)’ (29 ab*vra(bta)’ = abt(bta)!
and
(abi)i+2 = a,bi(a,bi)i'H = a,l)ia,i“(bi)i'H = a,i'Ha,bi(bi)i'H = ai+2(bi)i+2.
(3) Use a similar way of (2). [ |

In Lemma 2.4, one can substitute (a, b, a*, b*) for (b, a,b*, at) and get the next
result.

Corollary 2.5. Let a,b € .~/PP with a?b = aba and b%a = bab. Then
(2.9) (1)  batatb = (ba*)? = b*(at)?,
(2.10) (2)  bat) T = bat(at)! = b (aP) T for any positive integer i,

(2.11) (3)  (b*a)™t! = bra(abh)t = (BH ™Y for any positive integer i.
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Lemma 2.6. Let a,b € .~/ with a?b = aba and b%a = bab. Then following hold
for any integer k£ > 0, we have

(1) (ab)®k = aPbF,
k-1

(2) (a+0)k = (" + " a).
=0

Proof. (1) It is obvious for k = 1.
Assume (ab)™ = a"b"™. For n + 1 case, we have
(ab)™™ = ab(ab)™ = aba™b" = a™(ab)n™ = o™ H" L
(2) By induction. ]
Lemma 2.7. Let a,b € .7/, Then
(1) Ifae J(.7)orbe J(.~/), then ab, ba € J(.7/),
(2) Ifac J(./)and b € J(-~/), then (a + b)* € J(./) for integer k > 1.
Let .~/ be a Banach algebra. Given p-Drazin invertible elements a, b € .~/ such that

ab = ba, the authors [5] proved that ab is p-Drazin invertible and (ab)* = b*a* = a*bt.
The following theorem extends the result in [5, Proposition 5.2].

Theorem 2.8. Let a,b € .-/PP, If a®b = aba and b%a = bab, then ab € ./PP and
(ab)t = atbt.

Proof. We prove that = ab! is the p-Drazin inverse of ab, i.e., the following
conditions hold: (1) (ab)x = z(ab); (2) z(ab)x = z; (3) (ab)* — (ab)k 1z € J(./).
(1) Since (ab)a* = a*(ab), we have

(ab)z = (ab)a*bt = a*abb*
= a(a*bh)b = atvtab
= x(ab).

(2) We have
z(ab)z = a*btabatbt = a(a*bh)batdt = aatb(bat)bt
= aa*(brah)bbt = a(a*vh)atvdt = aat (a*p?)bbt

= X.
(3) Note that equality (ab)* = a*b* in Lemma 2.6 (1). We can prove a*TlatbF+1pt
= (ab)**+1atbt by induction.
For k = 0, we have aa*bbt = a*(ab)bt = abatbt.
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For the case of k£ 4 1, we obtain

"Lt et = aafatv vty = a(ab) atbto
= (ab)katabbt = (ab)*abatv?
= (ab)Fatbt.

Since a, b € .~/PP, there exist integers k1, ko such that a** — a"1+1at € J ()
and b*2 — vF2tlat € J().
Take k = max{ki, ko}, it follows that

(ab)k — (ab)k“x = aFbF — oF LGt = gFbF — P la Rt pt

= (a" —d"ah)(F = bF ) + oF et (08 — F TR
+(a® — aFabypkHpt,

It follows from Lemma 2.7 (2) that (ab)¥ — (ab)* 'z € J(./).
Therefore, ab € .~/?P and (ab)* = a*bt. n

Remark 2.9. It is well known that the reverse-order law holds for commutative
p-Drazin invertible elements a, b in a Banach algebra .~ with identity 1. More pre-
cisely, (ab)* = btat=a*b* for commutative p-Drazin invertible elements ¢ and b in .~/
However, Under the conditions a?b = aba and b%*a = bab, (ab)* may not be equal to
bta*. For instance, take a = (19) and b = () in the ring of 2 x 2 matrices. It
follows that (ab)* = (19) while biﬂaiE (5.

The following theorem presents a necessary and sufficient condition for the exis-
tence of (a 4 b)* in a Banach algebra.

Theorem 2.10. Let a, b € .~/PP with a?b = aba and b?>a = bab. Then a+b € .~/PP
and only if 1+ a*b € .~/?P. In this case, we have

(a+b)F = a*(1 + a*b)* + aba (1 + a*b)¥)% + Z (b (—a)ial

+ba Y (i 4+ 1)(b1) 2 (—a) ",
=0
and
(1 +a*b)t = o' + a%at(a + ).

Proof.  Assume a + b € .~/PP. Write 1 + atb = ay + by with a; = ! and
by = a*(a+b).

Lemma 2.2 implies (a*)?(a+b) = a*(a +b)at, (a+b)%a* = (a+b)a*(a+b) and
aiby = brag = 0. Since (at)* = a2a?, it follows from Theorem 2.8 that b, is p-Drazin
invertible and
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(b1)F = [a*(a +)JF = a?ai(a + b)*.

According to [8, Theorem 2.5], it follows that (1 + a*b)} = a™ + a2a*(a + b)*.
Conversely, let &€ = 1 4 a'b be p-Drazin invertible and

x = atet + allb(ateh)? + Z(bi)i“( a)'a'l + bnaz i+ 1) (b2 (—a)lal!

=0
= I1+ T2,
o
where z1 = a*¢t + ab(at¢h)? and 2o = Z:(bi)’+1 T4 bHaZ (i + 1) (bF)" T2
=0
(—a)'a™.

We prove z is the p-Drazin inverse of a + b by three steps.

Step 1. We prove that (a + b)x = x(a + b).

First, we give the following equalities.

By Lemma 2.3 and Corollary 2.5, it follows that (a + b)a"b(a*)? = 0 and hence
(a+ b)ab(ateh)? =0

Similarly, (a + b)b"a(b)% = 0, so (a + b)bnai(i + 1) ()2 (—a)la = 0.

=0
Let y1 = (a +b)afet and yo = (a + b)Y ()" (—a)'a™". Then
=0

(a+b)z = (a+b)[aet + Z(bi)iﬂ(—a)ian]
i=0
= Y1 + Y2

To prove xz(a + b) = y1 + yo2, we check that z1(a + b) = y1 and z3(a + b) = yo.
By Lemma 2.3, we have a*¢t = ¢fat and hence

zi(a+b) = [a'¢ + ab(a () (a + b)

) ta+ b)gi + ab(at)2(a + b)(£4)2
a+b)&t + (aVbat + abatat)(£1)?
a+b)er + allbate(eh)?

a -+ b)éE + a,Hba,if:E

—~ I~/

= yl'

According to b¥a''b = b*(1 — aa®)b = bb* — (b*at)ba = bb* — bbtata = bbtall, (2.12)
we obtain
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xo(a +b) = Z (bH)HY( T4 bnaz i+ 1)(bH)2(=a)ia)(a + b)
=0 i=0

— _i(bi)iﬂ z+1 I +Z bi z+1 z b
i=0

_bHaZ(Z+1><bi>l+2( ’L+1 H+bHaZ Z+ bi ’L+2 )iaHb

=0
- — Z(_bia>i+1aﬂ + Z bi(_bia>iaﬂb _ bHabi Z(Z + 1><_bia>i+1aﬂ
i=0 i=0 i=0
+0Mabty (i + 1)(~bta) brab
=0
= = (=bra)d" + > (=bra)biab — babt > (i + 1)(=bla) e
=0 =0 =0
+bMabt Y (i + 1)(—bta) bbta
=0
= =Y (~bta)™lall + Z “baybtal — abt S i(~bla)ia
=0 i=1
+0Mab obty (i + 1)(—b'a)’a”
=0
= =) (~bta)*Hlal + Z —bta)'bbta™ — babt > " i(—bta)'a""
=0 =1
+babt Z i(—bta)a 4 p"abt Z(—bia)ian
i=1 i=0
= - Z(—bia)iﬂan + Z:(—bia)ibbiaH + ab Z:(—bia)ia,H
=0 =0 =0
—bbtabt Y (—bta)'a"
=0

= - Z(—bia)iﬂan + Z:(—bia)ibbiaH + ab Z:(—bia)ia,H
=0

=0 i=0

—bta Z(—bia) all
=0



356 Huihui Zhu, Jianlong Chen and Pedro Patricio

o0

= abt Z —bta)'al + bbt Z(—bia)ian
=0
=ay ()" (=a) " +0) (b)) (—a)'a"
=0 =0

= y27
Hence, z(a + b) = (a + b)x.
Step 2. We have z(a + b)z = z. Indeed,

z(a+b)z = x(a+ b)[atct + Z(bi)iﬂ(—a)ian]

=0
= (a+b)[atet + > () (—a)'a"[atet + > (b1 (—a)a"]
=0 =0
= (a+b)(a’¢")? + (a+b)a’eh Y " (b")H (—a)'a"
=0
—i—(a—l—b)i bh) ™ (—a) HZ (OH ™ (—a)ia"
=0

= 21+ 29 + 23,

where z; = (a + b)(a*¢h)2, 25 = (a + b)aifiZ(bi)iH(—a)iaH and
=0

a+b Z bi z—l—l a iaH Z(bf;)i—l—l(_a)iaﬂ.
=0 i

Further, we have
2 = (a+b)(a¥€h)? = (a€ + a'b) (aPeh)?
= aé(a*eh)? + ab(ateh)?
(25) atet + a,Hb(a,ifi)2
and
z = (a+Db)a*et io:(bi)i“(—a,)ia,H
i=0

= &laat Y (N (—a)'a + b¢tat > (1) (—a) a"



Representations for the Pseudo Drazin Inverse of Elements in a Banach Algebra 357

= ¢t Z atab*(—bta)lall + bet Z(ai)%bi(—bia)ian
=0 =0

21 —fi Z ai(—abi)’“aH — bfi Z(ai)Q(—abi)’HaH
i=0

=0
D _et 3 (—abt) T ata — bet 3 (—abt) (af) %"
=0 =0
= 0.
Next, we show that z3 = > _(b%)"*!(—a)’a'" + bnaz i+ 1)(bH 2 (—a)’am. (2.13)
=0

One can see that

— a+b i bi z+1 iaH i(bi)i—i—l(_a)iaﬂ
=0 i =
B3O ()l Y ) ()l + 0 3 () (—a)al Y () ()l
=0 =0 =0 =0
bbian—i—i bi 7 H i bi z+1 ial'[_,’_ai(bi)i-i-l(_a)ian i(bi)i-i-l(_a)iaﬂ
i=1 =0 =0 =0
= bbii(bi)iﬂ(—a)ian—bbiaaii(bi)iﬂ(—a)ian—i—i(—bia)iani(bi)iﬂ(—a)ian
i=0 i=1 =0

=0

+a Z(bi)i-i-l(_a)iaﬂ Z(bi)i-i-l(_a)ian
1=0 i=0

o

Il
=)

(b") (—a)'a" — bbtaat Y (bF) (—a) " + > (=bra)'a™ D (b1 (—a)'a"
i=1 =0

% =0

+a Z(bi)i-i-l(_a)iaﬂ Z(bi)i-i-l(_a)ian
1=0 i=0

i bi z+1 +bbi§:(—abi i+1 i H+Z bi i HZ bi z+1 a iaH
=0 =0

+a D) (a3 () (—a)ial
=0 1=0
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,Fgg

s
Il
=)

(b11+1 +Z bi zHZbiH—l aial'[
+a2(bi)i+1(_a)ial'[ Z(bi)i+1(_a)iaﬂ
0 =0

(OH) " (—a)ia + di + do,

'Fnﬂé% t,

s
Il
=)

where - -
di = Z(—biCL)iaH Z(bft)i—t—l (_a>iaH
=1 =0
and - .
dy=ay (b1)*(—a)'a™ > (") (—a)'a",
=0 =0

Noting equality (2.13). We only need to prove

di +dy = bnaz i+ 1)(bH) 2 (—a)lal.

=0
Note that
bHaZ i+ 1 bi H2(_g)igM
= aZ(i + 1) (Y2 (—a)ia — bbiaz i+ 1) (652 (—a)ial.
i=0

We next prove that

= —bbiaz i+ 1)(bH) 2 (—a)'a! and dy = az i+ 1)(bH 2 (—a)lal,
=0
As bbt commutes with b*a, then

dy = Z —bta) ZHZ (1) (—a)a™ P2 ST (—bbibta)ia™ Y (~bta)bta™
i=1 =1 =0

= bbiz ~b*a) ZHZ —bra)'bla = —bb* Y "(—bfa) 'blaa™ D (—bla)'bia"
=1 =1 =0
@2 bbiz —bta)' S (~bla) (baa)tat = —bb'S " (~bta)’ Y (~bfa)ib (braa)a"!
=0 =0

o

i= 0
= —bbii —bta) f: —bra)i(b)2aa A —pbt (bt af: ~bla)' 3 (~bla)a"
=0

1= =0 =0
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(24) —b(bi) abiz ZZ z o 24 —bbi 22 i+ 1)( o
=0 =0 =0
CLY ppta(rh)2 S (i + 1)) (~a)ia"
=0
= —bbiaz (042 (—a)lal.
Similarly,

o

= a i(bi)i“(—a)ian i(bi)iﬂ(—a)iaﬂ (210) aY_(~bta)'vta" i(—bia)ibia
7 =0 =0

=0
0 0 0

(“)az “bla)' Y (~bra)bta bt ) a3 (<) 3 (~bta)bibta”
=0

=0 =0

S S e S )3
= =0 =0 =0

= a2 Y (i + D(=bta)a "= a2 Y (i + 1)) (—a)'a”
i=0 1=0

II

= az D" 2 (—a) a".

Hence z3 = » (69" (=a)'a" +b"ay (i + 1)(6")**(~a)a".
1=0 i=0

359

II

Step 3. We show that (a + b)* — (a + b)**1z € J(.~/) for some integer k > 1

We have
(a+b) — (a+b)x
= (a+b) —[af¢! + > (") (=) a")(a +b)?
=0
) (a4 b) - lat(a+ )’ = S () (—a)'a(a + b)?

=0

(a+b) —&rala* (a+ b)) Zb““ a)'a™(a® + ab + ba + b?)

i=0
= at+a'b— {i Z bi Z'H —a)tala? Z(bi)i"’l(—a)ianab
=0 i=0

_Z bi z+1 z Hba_Z(bfL)z—i-l( )z Hb2

=0
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(211) aé + a'b — a(e? — ) + 2:(—bia)i"’1aaH + Z(—bia)”lanb
=0 =0

= (=bta)bbtaa™ — > bH(—bta)ia"b?
i=0 i=0

= a+ alh — gia(§2 _ aH) — bbtaall + Z(_bia)i-i-lanb
=0

— > b (~ba)'a"p’
1=0

24 aé + a'b — *a(€? — a) — bbtaa + Z(—bia)iﬂanb
=0

= (=bta)'bta"v?
=0

aé + a'b — ta(€? — a) — bbtaa + Z(—bia)iﬂanb
=0

(2.12)

= (~bta)'bbtab
1=0

24 aé 4 a'b — ra(€? — a") — bbtaa™ + Z(—bia)iﬂanb
=0

— > bt (—bta)’a"b
=0

= af+a'b— {ia§2 + {iaan — bbtaa' — bbta'lb
= (a& - tag?) + raa + (a™b — bbtallb) — bbraal
ale™ + taa + "a'b — bbtaal.

Next, we show [(a + b) — (a + b)2x]* € J(./).

Firstly, We prove (a&é™ + ¢taa'l)™ € J(.~/) for some integer m; > 1.

By Lemma 2.3, it follows that (a¢¢h)kr = aF1(¢cthkr € J(.-/) and (¢taa'l)F2 =
(€92 (aa)*2 € J(-).

Again, Lemma 2.3 guarantees that a£¢'™ commutes with ¢faa'l. Take m; = k1+k,
it follows from Lemma 2.7 (2) that (a&&¢ +&aall)™ = a1 (E¢)M 4 (€h)k2 (aall)k2 €
J().

Secondly, we present (b"a'lb — bbtaa'l)™2 € J(.~/) for some mgy > 1.

By induction, we obtain (bab)*s = plal(bb)ks 16!y € J (/) and (bbtaalt)*
= bb(aa™)*s € J(.-/). One can see that

(bbraa™)?bMah = bb*aa v a bbbt aa™ = 0

and
(oMb bbraa')? = bMab(bbtaa!t)bMalb = 0.
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It follows from Lemma 2.6 (2) that

(b"ab — bbtaa)™2
mo—1

= > Chy (0" )™ 7 (<bbFaa)! + (=bbaa™)™> (B"aTb)] € T ()
=0

for mo = ks + ka.
Pose a; = afé + ¢taa'l and ay = bMal'b — bbtaall. By virtue of Lemma 2.3 and
Corollary 2.5, it is straight forward to check

(a1)2a2 = a1a2a1 and (a2)2a1 = a9a10a2.

Hence, there exists k = m + my such that
(a1 +a2)* => "Ci_1(a}"ab + a5 ~'a}) € J(.1),
i=0

that is (a + b)* — (a + b)) = [(a +b) — (a +b)%2]* = (a1 +a2)k € J()
This completes the proof. ]

Corollary 2.11. [8, Theorem 2.7]. If a,b € .~/?P and ab = ba, then a +b € ./PP
if and only if 1 + a*b € .~/PP. In this case, we have

(a+b)" = (1+a'D)fa’ + b1 (~bla)'a",
=0

and
(1+a*b) =o' + a%a*(a + b)E.
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