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THE SHARP LOWER BOUND FOR THE SPECTRAL RADIUS OF
CONNECTED GRAPHS WITH THE INDEPENDENCE NUMBER

Ya-Lei Jin and Xiao-Dong Zhang

Abstract. In this paper, we investigate some properties of the Perron vector of
connected graphs. These results are used to characterize all extremal connected
graphs which attain the minimum value among the spectral radii of all connected
graphs with order n = ka and the independence number .. Moreover, all extremal
graphs which attain the maximum value among the spectral radii of clique trees
with order n = ka and the independence number « are characterized.

1. INTRODUCTION

Throughout this paper, we always consider simple graphs. Let G = (V(G), E(G))
be a simple graph with vertex set V(G) = {v1,...,v,} and edge set E(G). Let
A(G) = (ai;) be the (0, 1) adjacency matrix of G with a;; = 1 for v; ~ v; and 0
otherwise, where “ ~ ” stands for the adjacency relation. Let N (v) be the neighbor
set of the vertex v. The characteristic polynomial of A(G) is denoted by (G, x) or
(@) for short. The largest eigenvalue of A(G) is called spectral radius of G, denoted
by A(G). The independence number (also the stability number) of G, denoted by a(G),
is the cardinality of the maximal independent sets of G, where an independent set is
the subset of V(G) such that every pair vertices of this set are not adjacent.

A classical Turan [13] theorem for the independence number stated that the Turan
graph T;, , which consists of « disjoint balanced cliques is the unique graph having
the minimum size among all graphs of order » and the independence number «.. Since
the Turan graph is disconnected, Ore [10] raised a similar problem determining the
minimum number of edges among all connected graphs with order n and the indepen-
dence number «. Recently, this problem was settled independently by Bougard and
Joret [3], and by Gitler and Valencia [5]. In spectral extremal graph theory, Nikiforov
[8] presented the following result.
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Theorem 1.1. [8]. Let G be a simple graph with order n and the independence
number «. Then n
AMG)> ——1
«

with equality if and only if n = ka and G is Turan graph.

Since the above equality holds only if G is disconnected, it may be interesting to
give a sharp lower bound for all connected graphs of order n with the independence
number « and characterize all extremal graphs. Recently, Xu et al. [14] characterized
all extremal graphs with the minimum spectral radius among all connected graphs of
order n and the independence number o = 1,2, [5], [§] +1,n—3,n—2,0r n — 1.
Du and Shi [4] proved the following results.

Theorem 1.2. [4]. Let G be a connected graph of order n = ka > 108 with the
independence number a. If o = 3 or 4, then

ANG) =z A(Pa),

where graph P, . is obtained from a path of order o by replacing each vertex to a
clique of order k£ and has exactly 2« — 2 cut vertices.

Motivated by Theorem 1.2 and the related results, we study some properties of
the extremal graphs having the minimum spectral radius among all connected graphs
with the order » and the independence number «. Before stating our main results, we
need some notations. Let G,, , be the set of all connected graphs of order n with the
independence number o and let 7;, , be the set of all clique trees of order n obtained
from a tree of order a by replacing each vertex to a clique of order [Z] or [Z]. A
graph G of order n with the independence number . and n > 2« is called clique path,
denoted by P, ., if G is obtained from a path of order « by replacing each vertex to
a clique of order |2 | or [2] such that there are exactly 2« — 2 cut vertices. A graph
G of order n with the independence number « is called clique star, denoted by S,, .,
if G is obtained from star K, 1 by replacing each vertex to a clique of order |- |
or [Z2] such that there are exactly a cut vertices. Observe that there has exactly one
clique path and exactly one clique star in G, , for a|n, while there are many clique
paths and clique stars for o f n. Moreover, let

Ao =min{p(G) : G € G, o},
Ap o =max{p(G): G € T, o}
The main results of this paper are stated as follows.

Theorem 1.3. Fixed o. Then

lim M - l
noo M o
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Theorem 1.4. If n = ka and k > 179H3 then P, , is the only graph having the
minimum spectral radius in G,, . In other words, for any G € G, o, A(G) > APy )
with equality if and only if G is P, ,.

Theorem 1.5. If n = ka, then the clique star is the only graph having the maximum
spectral radius in 7, . In other words, for any G € 7, o, A(G) < A(Sy,o) With
equality if and only if G is Sj, 4.

Remark. Theorem 1.3 may be regarded as a spectral form of the well-known Erdts-
Stone-Simonovits theorem [1], and Theorem 1.4 generalizes the result of Theorem 1.2.
The rest of this paper is organized as follows. In Section 2, we present the proof of
Theorem 1.3 and some relative results. In Sections 3 and 4, we present the proofs of
Theorems 1.4 and 1.5, respectively.

2. A SPECTRAL ERDOS-STONE-SIMONOVITS TYPE THEOREM
In order to prove Theorem 1.3, we need the following lemmas.

Lemma 2.1. [4].
(1) Every nonbipartite triangle free graph of order n has at most 1+% edges.
(2) If G is a K,;1-free graph of order n with chromatic number at least r + 1 > 2,

then |E(G)| < U5 _no g 11 1

T 8r*

Lemma 2.2. [11]. If e = uw is a cut edge of G, then ¥/(G) = (G —e) — (G —
u—v).

Lemma 2.3. [9]. An n x n nonnegative matrix T € R™*"™ is convergent, i.e.
MT) < 1, if and only if (I — 7))~ exists and
[0.9]
(I-T7)"'=> Tk>0,
k=0
where A(T') is the spectral radius of 7.

Lemma 2.4. If n = ka +¢,a > 1, then

k—14 2, t=0,
Anja < ,
’ k+%, 1<t<oa.

Proof. Ift =0, P, is just as the following Fig.1.

Let A(Py), D(Pn ) be the adjacency matrix and degree diagonal matrix of
Pp.o. It is easy to see that A(P, ) and D(Po) tA(Pyq)D(P, ) have the same
eigenvalues. If v € V; or V,, then the sum of the row corresponding to v in
D(Pp.0) Y A(Pyo)D(Pyq) isat most max{k—1+ 15, 5L (k—1)+1} = k—1+ 2.
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If v € V;and 2 < i < a— 1, then the sum of the row corresponding to v in the matrix
D(Pp0) Y A(Pro)D(Prq) is at most max{k — 14 25, k— 1+ 2} =k — 1+ 2.
Hence Ao < AM(Pra) < k—1+ kT21 If 1 <t < a,itis easy to see that P,
is a subgraph of P,iq—tq. Hence Ao < A(Pra) < AM(Prta—ta) < k+ % since

n+ta—t=(k+1)a [
ok (i)
_/ O/
Vi Vy Voo Vo
Gy
Fig. 1.

We are ready to prove Theorem 1.3.

H : >\n,a H _
Proof.  Firstly we show tha_t hn_l SUP,, 00 2 1S é If n = ka, by the Lemma
24, Ao < k— 1+ 725, which implies
A -1+ 1
lim sup == < lim supik1 = —
n—00 n n—00 n «Q

If n=ka +1¢,0 <t < a, by the Lemma 2.4, \,, o < k + 2, which implies

A +2 1
lim sup =% < lim sup k- —
n—oo n n—oo n «

Next we show that lim inf,,, ., 2% is also L. Suppose
A 1 1
liminf Z% = = — 2, 0 < 2 < —.
n—o0 n [0 «

Then there exists an increasing sequence {n;}:°,, and a sequence of graphs {G;}2,
where G; is a graph of order n; with size m; such that A\(G;) < (£ — €)n;. Since
A(Gi) > 2, we have

(G 2 5= = 5=~}
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for large enough . By Lemma 2.1, the chromatic number of G¢ is at most « if 7 is large
enough. Then G; contains a clique of order [“<], which implies A\(G;) > [“%] — 1.

Hence lim inf,,, @ > 1.1t is a contradiction with A(G;) < (1 — €)n; for all i.
So \ )

lim inf =% = =,

n;—oo N «
This completes the proof. ]

Remark. It follows from Theorem 1.3 that a graph of order n = ka + t with
spectral radius A(G) < (L — €)n for positive number & > 0 has an independent set
with size at least « for large enough n. It is an interesting question to count how many
such independent sets? Denote by i,(G) the number of s-independent set of G and
ks(QG) for the number of s-clique of G. It is easy to see that k(G) = i5(G*). Bollobés
and Nikiforov [2] gave a lower bound for &,1(G) in terms of spectral radius.

Lemma 2.5. [2]. For any graph G of order n, and r > 1,

krt1(G) > <@ 1 1) r(r—1) (;)T-Fl.

n T r+1
By using the above lemma, we present a lower bound for i,(G).

Theorem 2.6. Let G be a simple graph of order n and « > 1 be an positive
integer. If A(G) < 2, then

e 1) SR )

2m(G)

Proof Since <
9dn? — L. So A(G°) > &L

A (C) = hol(GF) > (“;1—%‘”;1) <a—1>a<a—2> (a’jl)a

(-2 e ()

This completes the proof. ]

A(G), we have m(G) < 2, which implies m(G¢) >
n — 1. By the Lemma 2.5, we can get

Remark. It follows from Theorem 2.6 that i4(G) is about O(n®) if A(G) < L.

3. PrRooF oF THEOREMS 1.4 AND 1.5

In order to prove Theorems 1.4 and 1.5, we need some lemmas.
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Lemma 3.1. Let n = ka and k& > % If a connected graph G has the
minimum spectra radius among all graphs in G, o, then G € 7,, ,.

Proof. By Lemma 2.4, A(G) = Ao < k—1+ 727 and G does not contain
Kj+1. Further, we claim that the chromatic number of G¢ is «. Suppose that the
chromatic number of G¢ is at least o + 1. By Lemma 2.1,

nn—1) (a—1)n?> n 17 1

BG) 2 == =5 2 " 16 " 5a
_kn n—k 17 k
T 2 2 16 ' 8n
C(k=Vn k17T k
T2 216 ' 8n’

By k > 17et15 e have

2|E(G)| 117k 2
Hence the chromatic number of G€ is «, i.e., G¢ is an a-partite graph. Assume that
the parts of G¢ are Vi, V5, ..., V. Since G does not contain K1 and n = ka, then
Vil = |Va| = ... = |V4| = k. Moreover, the induced subgraph in G¢ by V;JV;
(7 # j) is not completely bipartite, since G is connected. Note that the spectral radius
of a connected graph is an strictly increasing function with respect to adding an edge.
Hence G € 7, 4. [

Lemma 3.2. Let G be a non-bipartite connected graph of order n and =z =
(71,22, ..., 2,) T be the Perron vector of A(G). If o4(v;) is the number of the closed
walks of length s starting at vertex v;, ¢ = 1,-- -, n, then

lim Us(”i)
s—00 05(v;)

> 1

with equality if and only if z; = x;.

Proof. By spectral decomposition theorem, there exist normal eigenvectors
&9, - -+, &, corresponding to eigenvalues Ao, - - -, A, such that

A= /\<A>$$T + /\25255 + ...+ /\nfnfg

Then
A% = ANA) zxT + N366T + .+ ASEEL
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Let e; be the column vector whose i-th component is 1 and 0 otherwise, i =1, ..., n.
Then og(v;) = el A%¢;. Moreover A\(G) > |\;| for i = 2,...,n, since G is non-
bipartite and connected. Hence
lim 75(vi) = lim 62:148%
s—o0 05(vj) 5= ef Ade

T....T AS  Te ¢T X T¢ ¢T
e; TT €z‘+,\(—j’)s€i§2§2€i+'“+,\(}{)seifnfnei

= lim

s—oo T T, . A3 T T, . s T T, .
€; TT" €j + 34 € §aboej+ -+ NA) €j &nénej

3 |H
oo

This completes the proof. ]

Lemma 3.3. Let n = ka > 2 and G € 7, , be a graph obtained by joining an
edge from a non-cut vertex of a graph H € 7,,_j(14p),a—(1+p) @nd @ non-cut vertex
of Pp(14p),14p (S€€ Fig.2). Let G’ be the graph obtained from G' by deleting the edge
vgvy and adding edge vivy. If H has an induced subgraph P;; containing vy, then
MG > A\G).

Fig. 2.

Proof. Letx = (z(u),u € V(G))T be the Perron vector of G € 7 (n, «) and let
W(s, v;) be the set of all closed walks of length s starting at v;, ¢ = 1,2, 3. We claim
that there exists an injective mapping ¢ from W(s, v3) to W(s, v2). In fact, if W is a
closed walk of length s starting at v5 and containing v, let (1) = W and the starting
is the first time that v3 goes through vs. If W is a closed walk of length s starting at
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vs and containing no vy, then there exists a corresponding closed walk W’/ = (W) of
length s starting at vo and containing no v3 in the subgraph Py (;4.1) 2141 in G, since we
can consider Pyo;4.1),2:41 8 Symmetry on the middle which is an edge or some vertices.
Hence o4(v3) < os(ve). Similarly, there exists an injective mapping ¢ from W(s, vo)
to W(s,v1), which implies o5(v2) < o4(v1). By Lemma 3.2, z(v3) < z(v3) < z(v1).
Hence A\(G) = 2T A(GQ)r = 2T A(G)x — 2(x(v1) — z(v3))2(vs) < 2T A(G)x <
A(G'). Moreover, if A\(G) = A(G’), then z(v;) = x(v3) and z is an eigenvector of
A(G") corresponding to \(G). It is a contradiction, since A\(G)z # A(G’)z. Therefore
AMG) < MG). [

Lemma 3.4. Let n = ka > 2« and G € 7, , be a graph with two vertices
v and v which are in clique of order k. If u is adjacent with uq,us,..., us which
belong to ¢ vertex disjoint clique paths Py, ,,Piis 190 Phiy 1, (t > 1) respectively,
and dg(u) —t = dg(v) = k — 1. Let G’ be the graph obtained from G by deleting
the edge u;u and adding edge ujv. Then A(G') < A(G).

Proof.  Let x be the Perron vector of A(G’), then x(u) < z(v) or z(u) > x(v).
If 2(u) < x(v), then deleting edges wus, ..., uu; and adding edges vus, ..., vu; get the
graph G, then A(G) > 2T A(G)z > 2T A(G")z = M\(G") with equality if and only if x
is the eigenvector of A(G), but it is easy to see that x is not the eigenvector of A(G),
S0 AM(G') < A(G); If z(u) > z(v), then deleting edges vu; and adding edges wu;
get the graph G, then \(G) > 2T A(G)x > 2T A(G")x = A\(G’) with equality if and
only if z is an eigenvector of A(G) corresponding to A(G). It is also easy to see that
x is not an eigenvector of A(G), which implies A\(G’) < A(G). This completes the
proof. ]

Lemma 3.5. Let n = ka > 2 and Hy,; € 7, be a graph obtained by joining
two edges from two non-cut vertices of a graph H € 7;,_r(14p),a—(14+p) With @ non-cut
vertex of P, , and a non-cut vertex of Py ;, H # Kj, and p > [ > 1(see Fig.3). Then
V(Hpy, x) < ¢(Hpgr,i-1, %) for @ > A(Hpy1-1). Furhter A(Hp) > A(Hp41,1-1).-

Vp
Upk K fp 1,k i U1k 'Ullg ,, H :
* Up k Jop-11 k)N vor e :
f+p I’I+p 1 p-H Bk—_l'r_

N TN\
. *E,‘“H)_l@ b m r e S

Fig. 3.
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Proof.  Let H,, be the graph obtained from H,,; by deleting the vertex v, and
the edges incident with v, H 2 ; be the graph obtained from H,,; by deleting the vertex
vl+p r and the edges incident Wlth Vl4pk In Hp; and H3 be the graph obtained from

H,; by deleting the vertices v, and viyp and the edges incident with them. Using
Lemma 2.2, we can get

G(Hpps ) = b(Hpr14-1,%) = Y(Hpi1, 2)(Kp, ) — $(Hy y_q, )9 (Kg-1, 7)
(1) - w(Hp l—17x>w(Kk7 x) + w(HZ},l—bx>w(Kk—1vx>
(w(Hll 1T ) z/J(I—I2l 1T ))dj(Kk—hx)'

Using Lemma 2.2 again, we have

W(Hpyy @) —(HZ ), @)
= Y(Hp_1-1, 2) (K1, @) = $(Hy 1, 2)p(Kgo, @)
S — Y(Hpi-2,2)Y(Kg-1,2) + Y(H2 o, 2)(Ky—2, )
= (W(Hpo1-2, 2) (K, @) = (Hp_y o 2)9 (Kym1, )9 (K1, @)
~((Hp1,1-2, ) (K, @) — 9 (Hp_y g, ) (K1, ) ) (K1, 7)
) ~(Hy 11—, )Y (
+(HY 1 o, 2)h(Kg1, 2)Y(Kg—o, )
+¢(H5—1,l—2ax> ( (
—p(H ) g, 2) ¢ (Kg—1, )1 (Kp 2, @)
= (Y(Hp_yy_0:0) = Y(Hp 1y 0, 2)) (W (K1, 2)° — P (Kp—z, )9 (K, )
= (w(Hg}—u—%x) _w(Hg—l,l—27x>><x+1>2k_4'
For o > AN(Hpi1,-1), (z+1)%7* > 0 and o (Ky—1,z) > 0, since Kj_1 is a proper
subgraph of H,.1,-1. So, for @ > A Hpq1,1-1), Y(Hpy,x) — (Hpy1,-1,x) has

the same sign as ¢ (H,,; |, x) = (H2, @), Y(Hy g x) = P(H) 1 5,2), .
O(H) 1 1.00%) = Y(H? 4 ,2), by formula (1) and (2). In addition,

Vo1

A1 B
G(Hy_ 1410, 7) = det(x] — A(Hy 4 0)) = det | ol — vor <B1% 01) ’

Up—I+1,k

v (H, x) = det(zl — A(H} ;1)) = det | 2] — Up—I41,k 0 BY
e e By, A
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where A; is the adjacent matrix of the graph H’ obtained from H,_; .o by deleting
the vertices vo1, vp+1—1,% and the edges which are incident with them. Then

w(H;_HLO, x) = det(zI — Ay)(x — B (2 — A) ™' By),

Y(H} 10 x) = det(x] — Ay)(x — By (xI — A1) ' By),

and 1/1( 10 X) —(H? 1) = det(x] — Ay) (B3 (¢ — A) ™' By — Bf (z] -
A1) B1). A(Hpi14-1) > A(H'), since H' is a proper subgraph of H,1,-1. Thus
(@l — A) L= L1+ 4 A ) fore > \(H 1), by Using Lemma
2.3 and A(Hp11,-1) > A(H'). It is sufficient to prove that Bl A By < BT A By, t =
0,1,2,... with at least one strictly inequality for some ¢. For t = 0, BI B, < B By
holds, since k — 1 = BY By < BI'By; For t = 1, BT Ay By < BT A By holds, since
(k—1)(k —2) = BYA1By < BT A1By; For t > 1, BY Al By, BT AU By ares the
number of walks in Wx(t), Wi (t), respectively, where Ws(t), Wy(t) are the sets of
walks of length ¢ in H' from the vertices Ny, o (vpr1-1%) 10 N\, o (Upri-1.%)
and from vertices Ny, ,,(vo1) t0 N ., ,,(vo1), respectively. Hence B} A1B; <
BI A2B,, since H # K. For t > 2, there exists a injective map ¢; from Wy(t)
to Wi(¢t). In fact, let W € Wh(t). If V(IW)NV(H) = ¢, then there exists a walk
W’ in H’[Up—l+1 {vm, Vp—i+1,k}) such that W/ e Wj(t), since we can consider
the graph H'[UY_, ”1 — {vo1, Yp—i+1,k}] @ symmetry on the middle which is an
edge or some vertlces and let o (W) = W'. fFV(W)NV(H) # ¢, let W =
uP1vp_l+171P2vnggvng4vp_l+171P5v, where u,v € NHp-H—l,O (vp+l_17k), V(Pg) N
Vo1 =6 V(IP)NVo=¢, V(P) NV, 111 = ¢ and V(P;) N Vy = ¢. Then there
isa walk W’ = u’Plvnggvngwp I+1, 1Pavoi PLv" such that o, (W) = W' € Wi (t),
where P/, P! are obtained by the symmetry of the graph H’[Up_l“V {vm, Vp—l41,k}]-
By the definition, ¢; is an injective map for ¢ = 3,4,---. Then ¢(H p 141,00 L) —

Y(H? 1 %) < 0for > A(Hpy1,-1). This completes the proof. [

Corollary 3.6. Let n = ka > 2a and Hy,; € 7, be a graph satisfied the
condition of Lemma 3.5. Then A(Hp ;) > A(Hp41,0).

Proof. By Lemma 3.5, A\(Hj;) > AN Hpt1,1-1) > ... > AN Hpi,0)- ]
Now we are ready to prove the Theorem 1.4.

Proof. It is sufficient to prove that P, ,, is the unique graph with the minimum
spectral radius in 7, ,. Suppose A\(G) = \,., by Lemma 3.1, G € 7, ,. Next
consider the following cases to prove the assertion:

Case 1. |If there are two vertices u and v each of which has at least two pendent
clique paths adjacent with. Suppose that « is adjacent with pendent clique paths Py,
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P, and v is adjacent with pendent clique paths P3, Py. Let Iy, ls, I3, 14 be the lengths
of the pendent clique paths Py, P, P3, Py, respectively. Without loss of generality, let
Iy > I3 > 4. Then deleting the edge incident with P4 and v, and adding it to the end
of P53 get a new graph G’. By Lemma 3.3, A(G) > A(G’), which is a contradiction
with A\(G) = A\ o

Case 2. If there is a vertex u which has at least two pendent clique paths adjacent
with, and there is not another vertex which has at least two pendent clique paths
adjacent with. Suppose that « is adjacent with pendent clique paths P;, Ps,..., P
Assume w is in the clique G; the size of which is k. The degree of V(G1)\{u} is
k — 1, suppose v € V(G1)\{u}. Then deleting some edge uw which is not in G; and
adding edge vw gets the new graph G’. It is easy to see that G’ € G(n, «). By Lemma
3.4, A(G) > A(G"), which contradicts with A(G) = Ay, .

Case 3. If there is not a vertex which has at least two pendent clique paths adjacent
with. By Corollary 3.6, G must be a clique path.

By Cases 1, 2 and 3, the assertion holds. This completes the proof. ]

4. ProOF oF THEOREMS 1.5

Proof. Let G € 7(n,«a) and x be the Perron vector of G. Then we consider the
following cases:

Case 1. There is a cliqgue Gy of order k in G which has two vertices v and v
whose degrees are both larger than k. Without loss of generality, let z(u) > x(v).
Then deleting the edges incident with w; not in G; and adding them to u to get a
new graph G’, then \(G’) > 2T A(G")x > 27 A(G)x = A\(G), by Rayleigh quotient
principle, with equality holding if and only if = is the eigenvector of A(G’). It is easy
to see that = is not the eigenvector of A(G’), which implies A\(G') > A\(G).

Case 2. For each cliqgue G of order k in G, there is only one vertex in Gy
whose degree is larger than & — 1. For any graph H, let E1(H) = {e = wv €
E(H)|d(u) > k,d(v) > k} and n(H) = |E1(H)|. Let wv € E;(G), without loss
of generality, suppose z(u) > z(v) and vu,vvy,...,vv, are all the edges incident
with v which are not in any clique of order k. Then deleting the edges vuvy, ..., voy
and adding edges wvy, ..., uv; to get a new graph G’, obviously G’ € T (n,«) and
MG > 2TAGN2" > 2T A(G)2T = M\(G) with equality holding if and only if z is
an eigenvector of A(G’). It is easy to find that x is not the eigenvector of A(G’), so
AMG) > AMG) and n(G') < n(G).

Since G € T (n, o), then by Cases 1 and 2, it is easy to see that A(G) < A(Sy,q)
with equality holding if and only if G = S, ..



430

Ya-Lei Jin and Xiao-Dong Zhang

ACKNOWLEDGMENT

The authors are grateful to the anonymous referee for the useful comments and
suggestion to the earlier version of this paper.

10.

11.

12.

13.

14.

REFERENCES

. J. A. Bondy and U. S. R. Murty, Graph Theory with Applications, Graduate Texts in
Mathematics series 244, Springer Verlag, 2008.

B. Bollobas and V. Nikiforov, Cliques and the spectral radius, J. Combin. Theory Ser.
B, 97 (2007), 859-865.

N. Bougard and G. Joret, Turan’s theorem and k-connected graphs, J. Graph Theory, 58
(2008), 1-13.

X. Du and L.-S. Shi, Graphs with small independence number minimizing the spectral
radius, Discrete Math. Algorithm and Appl., 5(3) (2013), 1350017.

I. Gitler and C. E. Valencia, On bounds for some graph invariants, Bol. Soc. Mat.
Mexicana, 16 (2010), 73-94.

V. Nikiforov, Bounds on graph eigenvalues Il, Linear Algebra Appl., 427 (2007), 183-
189.

V. Nikiforov, More spectral bounds on the clique and independence numbers, J. Combin.
Theory Ser. B, 99 (2009), 819-826.

V. Nikiforov, Some new results in extremal graph theory. Surveys in combinatorics
2011, 141-181, London Math. Soc. Lecture Note Ser., 392, Cambridge Univ. Press,
Cambridge, 2011.

R. Oldenburger, Infinite powers of matrices and characteristic roots, Duke Math. J., 6
(1940), 357-361.

O. Ore, Theory of Graphs, American Mathematical Society Colloquium Publications,
Vol. XXXVIII, American Mathematical Society, Providence, RI, 1962,

A. J. Schwenk, Computing the characteristic polynomial of a graph, in: Graphs and
Combinatorics, Lecture Notes in Mathematics, Vol. 406, 1974, pp. 153-172.

D. Stevanovit and P. Hansen, The minimum spectral radius of graphs with a given clique
number, Electron. J. Linear Algebra, 17 (2008), 110-117.

P. Turén, On an extremal problem in graph theory (in Hungarian), Mat Fiz. Lapok, 48
(1941), 436-452.

M. Xu, Y. Hong, J. L. Shu and M. Q. Zhai, The minimum spectral radius of graphs with
a given independence number, Linear Algebra Appl., 431 (2009), 937-945.



The Sharp Lower Bound for the Spectral Radius of Connected Graphs 431

Ya-Lei Jin and Xiao-Dong Zhang
Department of Mathematics and MOE-LSC
Shanghai Jiao Tong University

800 Dongchuan Road

Shanghai 200240

P. R. China

E-mail: xiaodong@sjtu.edu.cn



