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ON THE GENERALIZED CLASS OF CLOSE-TO-CONVEX MAPPINGS
Qinghua Xu* and Taishun Liu

Abstract. In this paper, a class of holomorphic mappings is introduced in the
unit ball of complex Banach space which is the extension of subclass of close-
to-convex functions in C, and then, we give the sharp distortion theorems for
this class of mappings in the unit ball of a complex Hilbert space X or the unit
polydisc in C™ . As an application, a sharp growth theorem for this class is
obtained. These results generalize many known results.

1. INTRODUCTION

In the case of one complex variable, the following distortion theorem is well-known
[20].
o0
Theorem A. Let f(z) = z+ > a;,2™ be a normalized univalent holomorphic
m=2
function on the unit disc U in C. Then

1_‘2‘ !
mg 1f'(2)] <

1+ |z|

- U.
a—|a “©

However, in the case of several complex variables, Cartan [2] pointed out that the
above theorem does not hold.

Until now, we only establish some distortion results for the class of normalized
biholomorphic convex mappings in higher dimensions. Some best-possible results con-
cerning the distortion theorems in several variables were obtained in work of Barnard,
FitzGerald, and Gong [1], Gong and Liu [6], Hamada and Kohr [9, 10], Zhu and Liu
[25].

Recently, Chu, Hamada, Honda and Kohr [3], Hamada, Honda and Kohr [12,
13, 14] obtained respectively the distortion results for convex mappings and linearly
invariant families of locally biholomorphic mappings in the unit ball of a JB*-triple X.
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It is natural to ask whether there exist other subclasses of biholomorphic mappings
which have distortion results in several complex variables. The object of this paper is
to give an affirmative answer to this problem.

In this paper, inspired by the above-cited works (especially [3, 12, 13, 14]) and
[23], we introduce a subclass of holomorphic mappings in higher dimensions which is
the generalization of a subclass of close-to-convex functions in one variable, and we
obtain the sharp distortion and growth theorems for this class.

Let B be the unit ball in a complex Banach space X, Y be a complex Banach
space, N be the set of all positive integers. A holomorphic mapping f : B — Y is
said to be locally biholomorphic if the Fréchet derivative D f(z) has a bounded inverse
for each € B. A holomorphic mapping f : B — Y is said to be biholomorphic if
f(B) is a domain in Y, f~! exists and holomorphic on f(B). If f : B — X is a
holomorphic mapping, then f is said to be normalized if f(0) = 0 and Df(0) = I,
where I represents the identity operator from X into X. Let S(B) be the set of all
normalized biholomorphic mappings, H(B) be the set of all holomorphic mappings
from B into X, (0U)™(0,r) be the distinguished boundary of the polydisc of radius
r with the center 0. Let G C X be a domain, Aut(G) be the automorphism group of
biholomorphic mappings of G onto itself. A domain G is called homogeneous if for
any x,y € G, there exists an f € Aut(G) such that f(x) = y. A complex Banach
space is a JB*-triple if, and only if, its open unit ball is homogeneous [5, 15].

Let X* be the dual space of X. For each x € X \ {0}, we define

T(x) ={Te € X" : [Tl = 1, Ta() = ||[|}-

By the Hahn-Banach theorem, T'(x) is nonempty.

We recall that a JB*-triple is a complex Banach space X equipped with a triple
product {-,-,-} : X3 — X which is conjugate linear in the middle variable, but linear
and symmetric in the other variables, and satisfies

() {a,b,{z,y,2}} = {{a, 0,2}, y, 2} — {2, {b, a, y}, 2} + {2, 9, {a, b, 2} };
(ii) the map aOa : z € X — {a,a,2} € X is hermitian with nonnegative
spectrum;

(iii) [{a,a,a}|| = [lal’

fora,b,z,y,z € X.
Besides the box operator «Oa, a fundamental operator on a JB*-triple X is the
Bergman operator B(a, b) : X — X defined by

B(a,b)(z) =2 —2{a,b,z} + {a,{b,z,b},a} (z€X).

On the open unit ball B of a JB*-triple, each point ¢ € B induces the Mébius trans-
formation ¢, € Aut(B) given by

¢a(z) = a+ Bla,a)*(I + 20a) "'z (z € B),
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where z0a is the box operator (z0a)(y) = {x,a,y}. We have ¢, (0) = a, ;' =¢_,
and
Do(0) = B(a,a)*?,  Dy_,(a) = Bla,a) /2

From [15, Corollary 3.6](see also [4, 11]), we have

" IB0,0)72) = = 10607 = T

whenever ¢ € Aut(B) satisfies ¢(0) = a.
Let G be a domain in a complex Banach space X. For any z € G,§{ € X, the
infinitesimal Carathéodory pseudometric v (z, &) on G is defined by

v6(x,§) = sup{|Dh(z)¢] : h € H(G,U), h(x) =0},

where H (G, U) denotes the family of holomorphic mappings which map G into U.
Each ¢ € Aut(G) is an isometry in this pseudometric:

v6(7,§) = v6(p(x), Dp(x)§)

and for the open unit ball B in a complex Banach space X, one has v5(0, ) = |||
Let K (B) denote the class of normalized convex mappings on B.
We first recall the following definition due to Suffridge [22].

Definition 1. Let f : B — X be a holomorphic mapping. We say that f is
close-to-convex if there exists a convex mapping g € H(B) such that

(2 Re{Tu[Df(2)(Dg(x))"'u]} >0, z € B, ue X\ {0}, T, € T(u).
Recently, Liu and Liu [19] introduced a class C(B) of holomorphic mappings.

Definition 2. Let f : B — X be a normalized holomorphic mapping. We say that
f € C(B) if there exists a mapping g € K (B) such that

3) Re{T.[(Dg(x))"'Df(x)a]} >0, =€ B\{0}, T;e€T(z).

In one variable, the relations (2) and (3) are equivalent to %ef:(z) >0, zeU.

(=

Therefore, Definitions 1 and 2 are the usual definition of close-to-convex functions on
U.

Remark 1. Suffridge [22] showed that a close-to-convex mapping of B is uni-
valent. However, examples show that the close-to-convex mappings do not satisfy a
growth theorem and do not form a normal family on the Euclidean unit ball in C? or
on the unit polydisc in C2. On the other hand, Liu et al. [19] showed that mappings
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belong to the class C'(B) are not univalent. However, Xu et al. [24] show that at least
in the case of the polydisc, the class C(B) do form a normal family.

Definition 3. Suppose that « € (0,1] and f : U — C is a normalized holomorphic
function. If there exists a function g € K(U) such that
f'(2)

arg
g'(2)

then f is called a strongly close-to-convex function of order oo on U.
Definition 3 was originally introduced by Pommerenke [21].
Recently, Xu et al. [24] extended Definition 3 to higher dimensions as follows.

T
iy 77

zeU,

Definition 4. Suppose that o« € (0,1]and f : B — X is a normalized holomorphic
mapping. If there exists a mapping g € K (B) such that

a, =€ B\{0}, T, € T(x),

@ |org T l(Dg(e) DS @] <

2

then f is called a strongly close-to-convex mapping of order o on B.

When X = C, B = U, the relation (4) is equivalent to |arg f;//((j)) <%, zel,
namely this is the definition of strongly close-to-convex functions of order o on U.
Let C,, (B) denote the class of strongly close-to-convex mappings of order « on B.
It is obvious that C,(B) C C(B) and Ci(B) = C(B).
Now we introduce the following subclass of the mapping class C(B).

Definition 5. Let p € H(U) be a biholomorphic function such that p(0) =

1, p(&) = p(&), for £ € U, Rep(§) > 0 on & € U, and assume p satisfies the following
conditions for » € (0, 1):
{ min [p(§)] = min Rep(€) = p(-r)

max [p(€)] = maxRep(£) = p(r).

)

A mapping f is said to be f € M, (B) if there exists a mapping g € K (B) such that

(6) wi—HTx[(D9($>>_1Df($)x] e p(U), zeB\{0}, T,eT(a).

Remark 2. There are many choices of the function p on U which would provide
interesting subclasses of holomorphic mappings in several complex variables. For
example, if we let

p(f)z(%)a, telU, 0<a<l,
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then it is easily verified that p satisfies the hypotheses of Definition 5. If f € M, (B),
then

g T (Dg(a)) DS (@] < Fo. z € B\{0} Ti € T(a). g € K(B),

that is, the mapping class M,,(B) becomes the aforementioned mapping class C,, (B).

Definition 6. (see [17].) Suppose that 2 is a domain (connected open set) in
X which contains 0. It is said that « = 0 is a zero of order k£ of f(x) if f(0) =
0,---,DF1f(0) =0, but D*f(0) # 0, where k € N.

2. SOME LEMMAS
In order to obtain the desired theorems, we first give the following lemmas.

Lemma 1. (see [7].) Suppose f € H(U), g is a biholomorphic function on U,
£(0) = g(0), f(0) = --- = f5~1)(0) = 0, and f < g. Then

frU) C g(r*U), re(0,1), rU={ceC:|¢ <r}.

Lemma 2. Let p: U — C satisfy the conditions of Definition 1. If

Ty (h(z))
]

(7 epU), z € B\ {0}, T, € T(x),

and x = 0 is the zero of order k£ + 1 of h(x) — z, then

©) lzllp(~ll2l|*) < ReTu((A(x)) < |To(h(x))] < |zlp(l]®).
Proof. Fix z € B\{0}, and denote xy = oy Letq: U —C be given by

Tu(h(ga0))
_ , §#0,
q(f)—{L ¢ £,

Then ¢ € H(U), ¢q(0) = p(0) = 1, and from (7), we deduce that

s ThlEr0) | Teg(hero) _ Teaolhlem) ooy
¢ ¢ ol

Therefore, g < p.
According to hypothesis of Lemma 4, we deduce that

g(€) =1+ Z Tx<Dmh<0><x8’L>>§m—1.

m!
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It is easy to see that the function ¢(¢) satisfies the conditions of Lemma 1, hence we
obtain

q(rU) C p(r*U), 1€ (0,1), rU={¢eC:|¢ <r}.

On the other hand, combining the maximum and minimum principles for harmonic
functions with (2), we deduce that

p(—[€]F) < Req(€) < |q(&)| < p(€[), €€ U.

Setting £ = ||=|| in the above relation, we obtain (8), as desired. This completes the
proof. ]

From Lemma 2, we obtain easily that the following lemma holds true (we omit the
details of the proof here).

Lemma 3. Suppose g € K(B), and x = 0 is the zero of order k + 1(k € N) of
g(xz) —x, f € M, (with respect to g), and = = 0 is the zero of order k£ + 1(k € N)
of f(x) — x, then

lzllp(~llz]l) < ReT:[(Dg(x) ' Df(x)z] < |T:[(Dg(x)) ™ Df(z)z]|
< llzllp(lll), =€ B\{0}, Ty e T(x).

Lemma 4. (see [18].) If g € K(B), and = 0 is the zero of order
k+ 1(k € N) of g(z) — z, then

<1 - %) vB(z,y) < [|[Dg(z)yl| < <1 + %) 78(z,y)

1
L+ [lz]|*)* (1 —[l]l*
foreachx € Band y € X.
Lemma 5. (see [19].)

T2

1—7"‘%“2’ reB, £€X, TI€T<[E>

73<xa f) >

Lemma6. (see[24].) Let B be the open unit ball of a JB*-triple X, g € K(B),
and x = 0 is the zero of order k + 1(k € N) of g(x) — x. Then for (z,y) € B x X,
we have

1
2% ||z]] Iyl
IDg(@)yl < {1+ :
1= |ff?

(1 — |||
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3. MaIN ResuLTs AND THEIR PROOFS

Theorem 1. Suppose g € K(B), and x = 0 is the zero of order k& + 1(k € N) of

g(xz) —x, f € M, (with respect to g), and = = 0 is the zero of order k£ + 1(k € N)
of f(x) — x, then

1 — ||

HDﬂ®M2<1— 2 |zl ) Izl el 2 e B

Proof. Since f € M, (with respect to g), we have
Hi—HTx[(DQ(x))_lDf(a:)x] ep(U), ze B\{0}, T, € T(x).

Let h(z) = (Dg(z))"*Df(x)x. Then, we have Df(x)x = Dg(x)h(x). By Lemma
3, we obtain

|Tz(h(z))| = [[z|lp(=|lz]]), =€ B\ {0}.
From the above relation and Lemmas 4 and 5, we have

2% |||

Df(x)x| =||Dg(x)h(x)]| > | 1 = ———— | vs(x, h(z
IDf()a ug<><w_< u+mww>”( (x)
ZG_ 2er>rnw@m
(

1+ z))x ) 1=l
2% ||| &
k||lx X
>(1- p(—|z]), =€ B\{0}. n
( u+wwﬁ>1—ww

Theorem 2. Suppose g € K(U"™), and z = 0 is the zero of order k£ + 1(k € N)

of g(2) — 2, f € M,, (with respect to g), and z = 0 is the zero of order k + 1(k € N)
of f(z) — z, then

HDf(z>zH§<1+ 28| ) LT

p
(1 —|z|F)% ) 1= Izl

Proof. Need only consider z € U™ and z # 0. For any & € (9U)™(0, ||z]|), we
have

161l = [&2| = - = [&l = ||=||-
Note that
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Set h(z) = (Dg(z))~'Df(z)z. Then there exists an i such that

h(2)|| = |hi(2)] < max h;
B = hi()] < mase  [hi(©)

= max Mh(f)’

ce(Ur©l= | &

= max T:h

= max )\Tg[(Dg(f))_lDf@)f”

£€(dU)™(0,] |l
According to Lemma 3, we have
I Te(Dg(€) ' DfEE < [1Ellp(1€N) = 12 llp(ll2]),
and thus
Ih(2)|| = [(Dg(2)) "D f ()2l < |lzllp(llz[), =€ U™
From the above relation and Lemma 6, we have

2% | 2] ) Ih(2)]

(1= |=|Fyx ) 1= 1=]1?

1

2% ||z]] 2]

<|1+ p(lzl), z€U". =
( (1= ll=fi%y% J 1= =2

From Theorems 1 and 2 (the case of £k = 1), we easily obtain the following sharp

distortion theorems.

Theorem 3. If f € M, (U™), then

1D f(2)z]l = [[Dg(2)h(z)]| < <1 +

& —I|l% z)z & 2 P n
By < 1052l < L e, 2 e o

These estimates are sharp.
The following Example 1 shows that the estimations of Theorem 3 are sharp.

©)

Example 1. Let

10)  f(z) = (/O ﬁp(t)dt,~~ /O (1_1t>2p(t)dt)/, ceun

and

21 Zn,

/
— R , cUm.
g<Z> <1_Zl 1—Zn) :

It is not difficult to check that
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ge K(U™) and f e My,(U™) (with respect to g).
By using (10), we have

21 Zn,

>2p<21>’... ¥

(11) Df(z)z = <<1_721

Taking z = (r,0,---,0) or z = (—r,0,---,0)(0 < r < 1) in (11), then the equalities
of the estimations (9) hold. [ |

Theorem 4. If f € M,(B), then

(12) |Df ()] > %m—uxum reB.

When B is the open unit ball of a complex Hilbert space X, the above estimate is
sharp.

In order to see that the estimation of Theorem 4 is sharp, it suffices to consider the
following example.

Example 2. Let B be the open unit ball of a complex Hilbert space X. Suppose
€ (0,1], if

(ze) 1
@ jw=e | O/, s B =1
then f € M, (B) and the equality of (13) holds.
Proof. Let

h(z) = /O ﬁp(t)dt, ceU
Then

_ h({z,¢€))
f<x> - <$, €> T

A short computation yields
(14) Dy (@) = (. e))r = ol ).

On the other hand, according to [8], we have

X

g9(z)



624 Qinghua Xu and Taishun Liu

Thus, we conclude that

(15) (Dg(x))™' = (1= (z,e))(I - (-, e)x).
By using (14) and (15), we deduce that

T TA(Po(e) DS @)e] = pl(e.)).
which means that
[ € Mp(B) (with respect to g).

In addition, From (14), we obtain

(16) IDs)l = | gyt

Taking x = —re (0 <r < 1) in (14), then the equality of the estimation (10) holds. m
Now, from the above theorem, we obtain the following growth result.

Theorem 5. If f € M, (U™), then

an 15N < [ el = <o

The above estimate is sharp.

Proof. Suppose z € U™\ {0} be such that f(z) # 0 and f € M,(U"). Let
G : [0,1] — R be given by

e = O o gcpen,

fi(2)
where | f;(2)] = [17(z)]] = max {|fi(=)]}.
From Theorem 3, we have
- , Lf S
If(2)| = / G'(t)dt = / ) Df;(tz)zdt

s/uDﬂmth

N
sA o

Taking z = (r,0,---,0)(0 < r < 1) in (10), then the equality of the estimation (17)
holds. ]
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In view of Remark 2, if we set
1 «
() = (%) L feU O<ac<l1
in Theorems 1, 2, 3, 4 and 5, respectively, we can readily deduce the following corollary,
which we merely state here without proofs.
Corollary 1.

(i) Suppose g € K(B), and = = 0 is the zero of order k+ 1(k € N) of g(z) — z, f
is a strongly close-to-convex mapping of order o with respect to g, and z = 0
is the zero of order k + 1(k € N) of f(z) — «, then

HDf(a:)xHZ<1_ 2% | ) [E] (1—uwu’“)o‘, reB.

1+ z|fF)% ) 1=zl N1+ [lz]l*

(ii) Suppose g € K(U™), and z = 0 is the zero of order k + 1(k € N) of g(z) — z,
f is a strongly close-to-convex mapping of order o with respect to ¢, and z = 0
is the zero of order k£ + 1(k € N) of f(z) — z, then

1 (e
2% 1 k
HW(Z)ZHS(H dEl ) L (LY eom

(1= |z|)x ) L= llzll> \1 = l=||F

(iii) If f € Co(U™), then
|[2]] <1— HZH)O‘ |[2]] <1+HZH)°‘ n
<||Df(z)z|| < , zeU".
T EEAVENE DA A N e = A e P
These estimates are sharp.
(iv) If f € Cy(B), then

lel  (1—Je]\°
IPF @)l = T e <1+ uxu) » 2€5B.

When B is the open unit ball of a complex Hilbert space X, the above estimate
is sharp.
1 1+«
< +HZH) |, seum
1— =]l

(v) If f € Cy(U™), then
Remark 3. These results in (i), (ii), (iii), (iv) and (v) of Corollary 1 were proven
earlier by Xu et al. [24].

1
(1+a)

IF G < 5

The above estimate is sharp.
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