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APPROXIMATE SOLUTIONS FOR CONTINUOUS-TIME QUADRATIC
FRACTIONAL PROGRAMMING PROBLEMS

Yung-Yih Lur, Wen-Hsien Ho, Tien-Hung Lu and Ching-Feng Wen*

Abstract. In this article, a hybrid of the parametric method and discretization
approach is proposed for a class of continuous-time quadratic fractional program-
ming problems (CQFP). This approach leads to an approximation algorithm that
solves the problem (CQFP) to any required accuracy. The analysis also shows
that we can predetermine the size of discretization such that the accuracy of the
corresponding approximate solution can be controlled within the predefined error
tolerance. Hence, the trade-off between the quality of the results and the simpli-
fication of the problem can be controlled by the decision maker. Moreover, we
prove the convergence of the searched sequence of approximate solutions.

1. INTRODUCTION

In this article, we shall pay our attention to a class of nonlinear optimal control
problems with linear state constraints. Such a problem is called the continuous-time
quadratic fractional programming problem (in short, the problem (CQFP)). The prob-
lem (CQFP), which will be defined in Section 2, is a generalization of the so-called
continuous-time linear programming problem (in short, the problem (CLP)). The theory
of the problem (CLP), which was originated from the “bottleneck problem” proposed
by Bellman [3], has received considerable attention for a long time. Tyndall [30, 31],
Levison [13] and Grinold [8] established strong duality results with varying algebraic
restrictions on the problem. Meidan and Perold [14], Papageorgiou [17] and Schechter
[26] have also obtained some interesting results of the problem (CLP). Anderson et al.
[1, 2], Fleischer and Sethuraman [6], Pullan [18, 19] and Wang et al. [32] investigated a
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subclass of continuous-time linear programming problem, which is called the separated
continuous-time linear programming problem and can be used to model the job-shop
scheduling problems. In addition, Weiss [33] proposed a simplex-like algorithm to
solve the separated continuous-time linear programming problem. Recently, Wen et al.
[38] developed a numerical method to solve the non-separated continuous-time linear
programming problem. On the other hand, the nonlinear type of continuous-time opti-
mization problems was also studied by Farr and Hanson [4, 5], Grinold [8, 9], Hanson
and Mond [12], Reiland [20, 21], Reiland and Hanson [22], Singh [27], Rojas-Medar
et al. [23], Singh and Farr [28] and Nobakhtian and Pouryayevali [15, 16].

The optimization problem in which the objective function appears as a ratio of two
real-valued function is known as a fractional programming problem. Due to its signif-
icance appearing in the information theory, stochastic programming and decomposition
algorithms for large linear systems, the various theoretical and computational issues
have received particular attention in the last decades. For more details on this topic,
we may refer to Stancu-Minasian [29] and Schaible [24, 25]. In the literature, a number
of optimality principles and duality models for fractional programming problems have
been extended to some continuous-time fractional programming problems, one can con-
sult Zalmai [42, 43, 44, 45]. However, in these works, the computational issues were
not addressed. Recently, Wen and Wu [40, 41], Wen et al. [37] and Wen [34, 35, 36]
have developed computational procedures by combining the parametric method and
discrete approximation method to solve some classes of continuous-time fractional pro-
gramming problems. To the limited knowledge of authors, the numerical methods for
solving the problem (CQFP) are not studied so far. In this paper, by extending the
methodology of [34], a hybrid of the parametric method and discretization approach is
proposed for the problem (CQFP). This approach leads to an approximation algorithm
that solves the problem (CQFP) to any required accuracy. The analysis also shows
that we can predetermine the size of discretization such that the accuracy of the corre-
sponding approximate solution can be controlled within the predefined error tolerance.
Hence, the trade-off between the quality of the results and the simplification of the
problem can be controlled by the decision maker. Moreover, we prove the convergence
of the searched sequence of approximate solutions to the problem (CQFP).

The rest of this paper is organized as follows. In Section 2, we propose the
auxiliary parametric quadratic problems, and establish many useful relations between
the parametric problems and the problem (CQFP), which will be a cornerstone for
designing a practical computational procedure. In Section 3, we propose a discrete
approximation method for solving the auxiliary parametric quadratic problems. In
Section 4, by using the different step sizes of discretization problems, we construct a
sequence of continuous and strictly decreasing upper and lower bound functions with
the unique zeros, respectively. Then, in Section 5, we use the zeros to determine a
sequence of intervals which will shrink to the optimal value of the problem (CQFP) as
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the size of discretization getting larger. Besides, we establish upper bounds of lengths
of these intervals. Especially, we can predetermine the size of discretization such that
the accuracy of the corresponding approximate solution to the problem (CQFP) can be
controlled within the predefined error tolerance. Thereby, a practical approximation
algorithm is proposed. Moreover, we prove the convergence of the searched sequence
of approximate solutions to the problem (CQFP) in Section 6. The paper ends with
conclusions in Section 7.

2. PARAMETRIC CONTINUOUS-TIME QUADRATIC PROGRAMMING PROBLEMS

Given p, ¢ € N. Let L>°([0, T, RP) be the space of all measurable and essentially
bounded functions from a time space [0, 7'] into the p-dimensional Euclidean space R?
and let C([0, 7], RP) be the space of all continuous functions from [0, T'] into the R?.
The problem (CQFP) is formulated as follows:

A+ /O {1 /2x(t)TD(t) x(t) + f(t)Tx(t)} dt

(CQFP) maximize T
£+ /O {1/2x(t)TE(t) x(t) + h(t)Tx(t)} dt
subject to Bx(t) < g(t) + /t Kx(s)ds for all t € [0,T]
0
x(t) € L=([0, T], RY),

where

e x(t) is the decision variable, T > 0 is a given time horizon, and the superscript
“T» denotes the transpose operation of matrices.

e B and K are p x ¢ matrices, g € C([0,7],RE) and RE. = {(21,--,2p)" :
x; >0fori=1,--- p}.

o D(t) = [di;(t)],, s @ symmetric negative semi-definite matrix with d;;(t) €
C([0,T,R), £ € C([0,T],R) and o € Ry E(t) = [eg5(t) ], IS a symmetric
positive semi-definite matrix with e;;(¢) € C([0,T],R), h € C([0,T],R%) and
&> 0.

We also assume that B = [B;j|,xq and K = [Kjj],xq are p x g constant matrices
satisfying

o Kjj>0foralli=1,---,pand j=1,---,¢;

e Bjj>0and >? Bj>0foralli=1,---,pandj=1,---,q



1794 Yung-Yih Lur, Wen-Hsien Ho, Tien-Hung Lu and Ching-Feng Wen

Let us write
[+ ' 1/2x(t) "D(t) x(t) + £(t) "x(t)) + dt
1) A= /OT{ } :
T T
g+/0 [1/23(0) B0 x(t) + h(t) (1)} dt
) ON (@) = [05) (1) ]gxa = D(t) = A B(?)
and
3) a®(t) = £(t) — Ah(t).

It is not difficult to see that the problem (CQFP) is equivalent to the following
continuous-time optimization problem:

(CP) max A
subjectto  pu—AE+ / ' {1 /2x(t) TON (1) x(t)+a™) (t)Tx(t)} dt=0
0

Bx(t) < g(t) + /Ot Kx(s)ds forall t € [0, T]

x(t) € L=([0,T],RY) and A € R.

That is, if x(t) is feasible for the problem (CQFP) then (x(¢), A) is feasible for the
problem (CP), where X is defined as in (1). Conversely, if (x(t), \) is feasible for the
problem (CP) then x(¢) is feasible for the problem (CQFP) with the objective value .

Remark 2.1. When we say that (x*, \*) is an optimal solution of (CP), it means
that the optimal objective value of (CP) is A*. However, when we say that the optimal
objective value of (CP) is A\*, it does not necessary say that the problem (CP) has
an optimal solution (x*, A*), and it just means that the optimal objective value \* is
obtained by taking the supremum.

For convenience, given any optimization problem (P), we denote by V(P) the
optimal objective value of the problem (P); that is, V'(P) will be obtained by taking the
supremum or infimum. In the sequel, we propose an auxiliary problem associated with
the problem (CP) which will be proposed and formulated as the parametric continuous-
time quadratic programming problem.

Given A > 0, we consider the following continuous-time quadratic programming
problem (in short, the problem (CQP,)):
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(CQP,) maximize u—A¢+ / ' {1 /2x(t) "o () x(t) +aV) (t)Tx(t)} dt
0 t
subject to  Bx(t) < g(t) +/ Kx(s)ds forall t € [0,T]
0
x(t) € L(0, T], RY).

In the literature, the duality theorems of this kind of problems have already been
established by Hanson [11] and Gogia and Gupta [10]. Based on these works, Wen
et al. [39] provided an extended duality theorem and constructed a numerical solutions
method. The numerical solutions method will be utilized to solve the problem (CQP,).

According to Wen et al. [39], the dual problem (DCQP, ) of (CQP, ) can be defined
as follows:

(DCQP,) minimize M—A§+/T {—1/2 u(t)T@(’\)(t)u(t)—i—g(t)Tw(t)}dt
0

T
subject to BT w(t) —/ K Tw(s)ds>0W (t)u(t)+aM(t) for te[0, T,
t

w(-) € L>([0,T],RE) and u(-) € L>([0, T, RY).

Since ©M(t) is symmetric negative semi-definite for all A\ > 0, by the same arguments
given in Wen et al. [39], the weak and strong duality properties can be realized below.

Theorem 2.1. (Weak Duality between (CQP,) and (DCQP,)). Let A > 0. Consid-
ering the primal-dual pair problems (CQP,) and (DCQP, ), for any feasible solutions
xO(t) and (u®(¢), w(t)) of problems (CQP,) and (DCQP,), respectively, we
have

= A+ /O T{1 /2x 01 TN ()xO(#) +aM (1) Tx O (1) Yat

<u-rct | 17200 TOW (u 1) + g(6) WO (1)}

that is, V(CQP,) < V(DCQP,).
Theorem 2.2. (Strong Duality between (CQP,) and (DCQP,)). Let A > 0. There

exist optimal solutions x(M)(¢) and (M (), wM(¢)) of the primal-dual pair problems
(CQP,) and (DCQP,), respectively, such that (M (¢) = aM(t) and

1= A+ /T {1/2 ic(’\)(t)T@(A) ) xN(t) +a™ (t)Ti(’\)(t)} dt
0

= — A+ /T {—1/2 a® @) oM (1) aM @) + g(t)Tv_V(’\)(t)} dt;
0

that is, V(CQP,) = V(DCQP,).
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In order to realize the relations between the problem (CP) and the problem (CQP, ),
we define a function 7 : R — R by F(\) = V(CQP,) for all A > 0. Using the
solvability of the problem (CQP, ) and by a similar argument with [29, Theorem 4.5.2],
we can obtain the following results.

Proposition 2.1. The following statements hold true.

(i) The real-valued function F(\) is convex, hence is continuous.
(i) If A1 < Ag, then F(\1) > F(\9); thatis, the real-valued function F(-) is strictly
decreasing.

Many useful relations between (CQP,) and (CP) are given below. We omit the
proof.

Proposition 2.2. The following statements hold true.
(i) Given any A\ > 0, then F(X\) > 0 if and only if A < V(CP). Equivalently,
F(X) <0 if and only if A > V(CP).
(ii) Suppose that (x(¢), A\*) is an optimal solution of (CP) with V/(CP) = A\*. Then
x(t) is an optimal solution of (CQP,.) with V(CQP,.) = 0; thatis F(\*) = 0.
(iii) If there exists a A* > 0 such that F(\*) = 0, then the optimal solution of the
problem (CQP,.) is also an optimal solution of (CQFP) and V(CQFP) = \*.

By the above propositions, it can be shown that the problem (CQFP) is solvable.
Let1=(1,1,---,1)" € R? and

p
>,
p:= max =1 ,maXtE[O’T] fi®) > 0.
j=1,-,q p p
> By > By
i=1 i=1
We define w*(t) = p e?(T=91 for all ¢ € [0, T] and
* 1 4 T %
4) = et ) sl Wity = 0.
0

Corollary 2.1. There exists a unique \* in the closed interval [n/£, n*] such that
F(N\*) =0. That is,

o % < V(CQFP) < n*, and

e if xXA)(¢) is an optimal solution of the problem (CQP,.), then it is also an
optimal solution of the problem (CQFP).
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Proof. It is obvious that for all A € R, the problem (CQP,) is feasible with the
trivial feasible solution 0(¢) = 0 for all ¢ € [0, T]. Hence,

f(%) = V(CQPx) > u—%fSJr/OT {1/2 -0(t)TeMN @) o(t) + a(’\)(t)TO(t)} dt = 0.

On the other hand, we claim that (0(¢), w*(¢)) is feasible for (DCQP,) for all A > 0.
To see this, it is obvious that w*(¢) > 0. By the definition of 5, pB"1 > K "1 and
for A > 0 we have

pBT1 > 0N (1)o(t) +aM(¢) for t € [0,T),

0 [ €
= peP TR / pe”T=9)dsK T1
_ TR 4 KT - TR
LT VGEB-K)'1+KT1
>(pB-K)'1+K'1=pB"1
> 0N (1)o(t) +aM(t) for t € [0, T

it follows that

and our claim is valid. Thus, by the definition of n* we have

T
F(n*) =V(DCQP,x) < pp —n*§ + /O g(t)Tw*(t)dt = 0.
Therefore, 7 (n*) <0< 7 (%) and the corollary follows by Propositions 2.1 and 2.2. n

From the above discussions, it follows that solving the problem (CQFP) is equiva-
lent to determine the unique root of the nonlinear equation F(\) = 0. However, it is
notoriously difficult to find the exact solution of every (CQP,). In the next section,
given a A in the closed interval [11/€, n*], we shall utilize the discrete approximation
procedure developed by Wen et al. [39] to find the approximate value of F()\) and to
estimate its error bound.

3. APPROXIMATE SOLUTIONS TO THE PrROBLEM (CQP,)

Given X € [u/&, n*]. For each n € N, we take

pn:{o f E’ ~~,M,T}

TLTL n
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as a partition of [0, 7], which divides [0, T'] into n subintervals with equal length T'/n.
Fori=1,---,n, we define

(Aml) — | gAmil)

) e [9” qu,

(>\7n) (Avn) (Avn) ()\,n) T q
(6) al = (a'll ’a2l yee ’a'ql > ER
and

() _ (p(n) 5(n) N op

(7) bl = (b” ’b2l ’”.’bpl ) ER—I—?
where

M) _ ) =11
0;; = min {Gij (t):te [TT, ET] }

® I—1_ 1
= min{dij(t) - ~€ij<t> 1t e [%T, ET] },
n : I-1)T IT
o al? = min {fj@) — Ahj(t) it € [% ﬂ }
forj=1,---,qandi=1,---,n
and

- )T IT

(10) bgln):min{gi(t):te [( ]} fori=1,---,pandl=1,---,n.

n n

We note that, since the parameter \ is nonnegative, the constant matrix @m0 js
symmetric negative semi-definite for all » and I.

From Wen et al. [39], the discrete version of the problem (CQP,) can be defined
as the following finite-dimensional quadratic programming problem

QM) maximize p — A+ T Z {1/2 x; @D ) 4 (al(/\’n))TXz}
n
=1
7l
subject to Bx; — —K Y x, < b™ fori=1,---,n
n r=1

xeRy fori=1,---n,
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where, the “empty sum” Z?:1 x; is defined to be the zero vector. The dual problem
(DQYM) of (QYY) is defined by

n

o T .,
(DQW) minimize i — A¢ + — > {—1/2 u 6Dy, + (b! ))Twl}
=1
) T T 1 < (An,l) (A\n)

subject to B'w; — — K Z w, > Ay, 4 ay
(12) n r=l+1

for [=1,2,---.,n

w; eRE fori=1,---,nand

weRiforl=1,---,n,

where the “empty sum” >, y; is defined to be the zero vector.

The duality properties between (Qg)) and (DQ%A)) can be established, one can
refer to [39].

Proposition 3.1. Letx(™ = (x1,---,x,) and (u™, w™) withu™ = (uy,---,uy,)
and w(® = (wy, -, w,) be feasible solutions of (Q}") and (DQY"), respectively.
Then

p A DS 12 B0+ () T
ll

<p— N+ = Z{ 1/2u0] @Dy, + (b)) Tw;}.

That is, V(Q\") < V(DQM).

Proposition 3.2. There exist a feasible solution x = (xy,---,X,) of primal
problem (Qg)) and a feasible solution (u, w) of dual problem (DQ%A)) with u =
(g, -, 0y) andv‘v:(v‘v1,~ wy,) such that x = u and

p— A+ = 2{1/2XT@””><+< M) T}

==+ Z{ 120/ 04Dy + (bf"”) T},
That is, x and (u, w) are optlmal solutions of problems (Q( )) and (DQn ), respec-
tively.

By straightforward modifications of Lemma 3.1 and Lemma 3.2 in [39], we can

see the boundedness of optimal solutions to the problems (Qg)) and (DQ%A)). To see
this, let

(12) 0 = min {Bij : Bij > 0},
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p
(13) v= max {Z; K]} :
(14) C:max{gi<t>:izlu"'upandte[ouT]}u

(15) )= max e max { f;(t) — Ah;(t),0},

(16) m(A) = Jnax - max trerﬁ)%]{dij(t) — Xe;j(t), 0},
T
(17) My =2 exp <&)
g g
and
1 vT
(18) A@@):;{Mumw+7@»em<7;).
Lemma 3.1. Given any n € N, if <x97"), X;W, . ,xﬁf’")) is a feasible solution
of the primal problem (QS"), where xl(’\’") = (azg’l\’"), x;’l\’"), _ ,xég\’"))T € R%, then
M
(19) 0<a(™ < =Lforallj=1,---,gandl=1,---,n
q
and
(20) =X < V(QWN) <y — A+ MyT(VT.

This says that the feasible sets of the problems (Qg)) are uniformly bounded in the

sense that the bounds of azg?") are independent of n and A.

Lemma 3.2. The dual problem (DQ\")) has an optimal solution (w*™ ()

with w = (WM o w™) such that @*) s also an optimal solution of
Q") and

(21) 0< i)™ < My(N)
foralli=1,---,pandl=1,---,n. Moreover, we have

(22) p— A< V(DQY) < p— A+ (%w(k) M} +p¢M2<A>) T.
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Besides, the optimal solutions of the problems (Qg)) and (DQ%A)) can be utilized to
construct the feasible solutions of the problems (CQP,) and (DCQP, ), respectively. To

see this, let x) = (M &P %), where M = (2™, 2 )T
forl =1,---,n, be an optimal solution of the problem (Q\)); and let (x*™), w ()
be an optimal solution of dual problem (DQY"), where w*™ = (wi*™ ... w{M™)
and V_"Z(M) = (u‘)g?’"), e ,u‘);?’"))T fori =1,---,n, such that Lemma 3.2 holds true.
For j =1,---,q, we define the step functions 5:?’") : [0, T] — R as follows:
n . (=1T T

_(A\m) f(?’ ), lfg§t<—

(23) () = J n n
o, ift =T,

where [ = 1,---,n. Then we can form a vector-valued function x(*») : [0, T] — R¢
by +
(24) 0 (1) = (M@0, 587 ), - 7))

In this case, we say that x(*™)(¢) is a natural solution of (CQP,) constructed from
_(Avn)
X .

In order to construct a feasible solution of the problem (DCQP,) by virtue of
(xM) wAn) we need some notations. For i = 1,---,pand j = 1,---,¢q, We

define the step functions as follows

() e (-1T < ir
(>\7n)<t> _ { ay " | - <it<
a

(25) a; n
’ A gy
and
n) . — T
(26) g9; (1) = ' n n
B, ift =T,
wherel =1,---,n, and aé?’") and bgl") are defined in (9) and (10), respectively.

We also define the function @ ™) : [0, T] +— R7*? by
()\771) = ()\771)
o) = 070 .
where
() 0"
N o ] ’
@ 0;;7(t) =

oo, ift=T

ift € [=27,L7) for some 1 <1< n,

and 9."™") is defined in (8).
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Remark 3.1. Since each f;(t)—\ h;(t) is continuous on the compact interval [0, 7]
for j = 1,---,¢, it follows that each f;(t) — A h;(t) is also uniformly continuous
on the compact interval [0, 7] for all j. Therefore, the sequence of step functions
{ay’") ()} converges to f;(t) — Ahj(t) on [0, 7] for all j. Similarly, we can also
conclude that the sequence of step functions {95;’") (t)}>2, converges to 95;) (t) on
[0, T for all 7, j, and the sequence {gi(") (t)}>2, converges to g;(t) on [0, 7] for all i.

For further discussion, we also adopt the following notations:

en(N) = max sup {£(t) = Mr() - af" V() |
J=1sdtefo,T)

(28) .
+M oV (1) — o™ )L
e, e, o {0570 -5 0
(29) €, = max sup {gi(t)—gi(n)(t)}
=1, ,p t€[0,T]
_ T 0m
<0 ) = s s {107}

By Remark 3.1 and Lemma 3.2, we see that for all A > 0,
en(A) — 0, &, — 0, and 6,(A\) — 0, as n — oo.

Now, we are going to construct a feasible solution of the problem (DCQP,) by
virtue of (x*™) wdn)), We define a function wA) () : [0, T] +— RP as follows:

(31) WA (1) = w45, (\)pe!TD1 for t e [l_—lT, iT)
n n

and

where 1 = (1,1,---,1)T € R? and

1
(32) p= max { =L ,
]:17 q p p
> Ba 2. By
=1 =1

Moreover, we define

(33) WO () = WA (1) + €, (N) perT 01
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for all ¢+ € [0, 7], where ¢,(\) is defined as in (28). If x(*™)(¢) is the natural so-
lution of (CQP,) constructed from x(*™ defined as in (24), then we also say that
(xM) (), wdm)(1)) is a natural solution of problem (DCQP,) constructed from the
optimal solution (x™), w(*m) of problem (DQYY).

After some algebraic calculations, it is easy to show the feasibility of natural solu-
tions of (CQP,).

Lemma 3.3. Let x(*™) be an optimal solution of (Qg)). Then the natural solution
x(Am) () of problem (CQP,) constructed from (™) is a feasible solution of (CQP,).
Moreover, we have

(34) F(N) =V(CQP,) > V(QY)
for all n € N.

By a similar argument with the proof of [39, Lemma 4.2], we can establish the
following results.

Lemma 3.4. Let x*™ and (x™)_ w*n)) be optimal solutions of (Q") and
(DQYY), respectively. Let x*™(¢) and w™)(¢) be defined as in (24) and (33),
respectively. Then the following statements hold true.

(i) The natural solution (x*)(¢), w(A™)(t)) is a feasible solution of dual problem
(DCQP,).
(if) We have

T
(35) 0 < 0bj (xA(t), WA (1)) — V(DQY) < 5,(A) / pe’ T Dg(t) T1dt,
0

where Obj (xAm)(¢), wAm) (1)) is the objective value of (DCQP,) at () (t),
wAn)(1)); that is,
Obj (x4 (1), W) (1))
T
= — A+ / {—1 /2xAM () TN (H)xM) (1) + g(t) Tw ) (t)} dt.
0

Lemma 3.3 says that the natural solution x(*™(¢) of problem (CQP, ) constructed

from an optimal solution of (Qg)) is an approximate solution of (CQP,). Based on
Lemma 3.4, we can establish the estimation of its error bound by slightly modifying
the arguments given in [39, Theorem 4.1].

Proposition 3.3. The following statements hold true.
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(i) We have

(36) 0< FN) = V(QM) <en(N),

where

en(N) == En D En(A) (n+ exp (oT) — 1)
37) r ]
Hen(A) + (M) /O p exp (o(T — 1)) (g(t) 1dt.

(if) We have
lim V(DQWY) = lim V(QWY) = F(N).
(i) Let x(™M(¢) be the natural solution of (CQP,). Then the error between the
optimal objective value of (CQP,) and the objective value at x(*™)(¢) is less
than or equal to €, ().

4. LoweR AND UPPER BOUND FUNCTIONS FOR F ()

Due to the difficulty of finding the exact value of F(\), we shall construct lower
and upper bound functions for F(\). To see this, we define

+
@) ) (a3, - ) e e
and
oamnl) _ [pimnl)
(39) 6 [9” qu,
where, fori,j=1,---,gandl =1,---,n,
Lp
~ )\7n n
(40) aég ) — /l—_1T<fj<t> — A h;(t))dt
and
1
Al n
(41) o = /Z__1 {dij(t) — Neij ()} dt.

n

We note that since A > 0, the matrix @m0 is also symmetric nonnegative semi-
definite for all » and .
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Instead of the problems (Qg)) and (DQ%A)), we consider the following relaxed
problem:

(WQW) maximize  p — A\ + Z {1/2 X O ;4 (al(k’n))TXz}
=1
-1

. T
subjectto  Bx; — —K Y x, < b forl=1,---,n
n r=1
xRy fori=1,--- n
Remark 4.1. We have the following observations.

(i) Since the matrix @) is symmetric nonnegative semi-definite for all » and I,
by the same arguments in [39], we see that (\I/Qﬁf)) is also solvable.

(ii) By the mean value theorem for definite integrals, for i« = 1,2,---,p, j =
1,2,---,q,and [ = 1,2, ---, n, there exist t(?’") and ffl") in [=LT, LT such
that ’ ! o

l
7

) _ /TT () — A1)}t = z{f(t()\,n)) bty
Jl 1 J J n Wi\l J\Yj1

n

L
n

Al n T A A
gD = /z—_lT {di;(t) — Xeij(t)} dt = E{dija_z(‘jl ) = xey ™M)}

These imply that %a%’") < a§l ™) and %05?’"’” < 55;’"’” for all 4, j and .

Hence, V(Qg)) < V(\I/Qﬁf)) for all A and n.

(i) Letxm) = (gA) x()  <(W)) be an optimal solution of (QLY). Then
the natural solution x(™(t), constructed from x(*™ and defined as in (24), is
also a feasible solution of problem (CQP, ). Since the objective value of (CQP,)

at x)(¢) is equal to V(WQSY), it follows that
V(EQY) < V(CQPy) = F(N).

Moreover, since the problems (\I/Qﬁf)) and (Qg)) have the same feasible domain
and by Lemma 3.1, we see that every component 7. (t) of x(™A)(t) satisfying

J
_(n,A\) M
0<z (t) < —ql.
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In order to derive a lower bound function of F(\), given any n € N, we define
the function L,, : Ry — R by

(42) L,(A) = V(¥QWM) for A > 0.
By the same arguments for proving Lemma 3.1, we can obtain
(43)  p— A< V(EQW) = L,(\) < p— A6+ Myr(A\)T for all X > 0.

For further discussion, we define

7
(44) €1 = Iax max max {fj (t) — el (1), 0}
and
(45) ¢ =1 MiT.

Since h;;(t) > 0, we have

(46) T(A\) < jglléfqtrer[l&}T{] max{ fi(t) — %hj(t), 0} = forall A > u/é€.

Let
47 ag = max max max d;(t
and
) 6= min min i ey (1)

1:17 q ]:17 q tE[O7T]

Then we have
dij(t) — Neij(t) < ag — Ao forall X >0,

and this implies

(49) m(A) < max{ag — Aae, 0} forall A > 0.

Besides, by (43), (45) and (46), we have

(50) L,(A) <p—X+coforall A > p/g.
In the sequel, we shall provide some useful lemmas for further study.
Lemma 4.1. Let A\; and Ay be two real numbers with 0 < A\; < A9. Then

(51) L,(A1) — Lp(A2) > (A2 — A1) €.
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Proof. ~ We note that L, ()\) = maxycgm) G(x, ), where S(n) is the feasible
region of problem (\I/Q%’\)) and

G AN =p— A+ {1 /2%, 0N %, 4 @“v"))Txl} .
=1

Let x(™1) and x(™2) be feasible for (¥Q\") such that

(52) Lo(\) = G(x™9 ) \) for i =1, 2.

By the definition of x(™1), we have G(x(™1), A1) —G(x(™2), \;) > 0, and this implies

(53) = @<X(n71)7 Al) - @<X(n72)7 Al) + @<X(n72)7 Al) - @<X(n72)7 AQ)
> G(x™2) A)) — G(x™?) \y)
We define
1
(54) EMD = [é(”’l)} , where e = |7 e (t)dt
Y Jgxq “ Eir

and

Lp
(55) h) = R ... ,R{D) T where hgn’l) = /Z__IT hj(t)dt for j=1,---,q.

n

We note that since E(t) is positive semi-definite, so is £ for all n and 1. Then

Gx™2 \) — Gx™2 \y)

n

T A~ ~
= (AQ — A1> Z {1/2 Xl(an) E(n,l) Xl(n,Q) + (h(n,l)>TXl(n,2)} + <A2 _ A1>§
=1

> (A2 — A1)€ ( since E(™Y is positive semi-definite and h™" > 0.)
Thus, by (53), we obtain (51). ]

Lemma 4.2. The following statements hold true.

(i) Foreach n € N, L,(\) is a continuous, convex and strictly decreasing function
of .

(ii) For each n € N and A\ > 0, we have V(Qg)) < Lp(\) < F(N).



1808 Yung-Yih Lur, Wen-Hsien Ho, Tien-Hung Lu and Ching-Feng Wen

(i) Let

1 )

(56) nt = :

Then % > p/¢ and there exists a unique A% € [p/€, n*] such that L,(\L) =0

for each n € N.

Proof. It is easy to obtain (i), we omit the proof. The part (ii) follows by

Remark 4.1 (ii) and (iii).

To prove part (iii), it is obvious that n* > /€. Since nt = “”2—62 and by (50), we

have
Lo(n*) <p—nt€+ea=0.

On the other hand, by (43), we also have L,(n/§) > 0. The continuity of L, ()\)
says that there exists A2 € [u/€, %] such that L, (\Z) = 0. Finally, by part (i), the
strictly decreasing property of L,, shows the uniqueness of root A%, This completes the

proof.
In order to derive the upper bound function of F (), let

& BulN) = M (),

where Ms(\) is defined as in (18), and let

é\n</\> =€ p- gn</\> ’ (n + exp (pT) - 1)

(58) +(en(A)+5n(A)>/O p-exp (p(T — 1) (g(t)) "1dt.

Using (30) and (37), we immediately have
(59) 0n(X) < 6n(N) and ,(A) < ().

Moreover, using (46) and (49), we obtain

(60) Sn(N) < . (My-7(A) +c1)-exp <g) for all A > g,

no o
where 7 : Ry — R is a piecewise linear function defined as follows:

(61) 7(A) = max{ag — A ae, 0} forall A > 0.

We also note that 7(-) is increasing if . < 0, and 7(-) is decreasing if a. > 0.
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Lemma 4.3. Suppose that the functions f;, h;, d;; and e;; are Lipschitz continuous
for1 <i<gand1l < j <gq. Then, forall n € Nand \ > % there exist d > 0,
rn, > 0 and s, > 0 such that

(62) 0<&,(\) <

(LT XN +TA) R+ sy

S

and r,, — 0, s,, — 0 as n — oo.

Proof.  From (28), we have

en(A) = max  max {ma}x {£i(t) = Ahy(8)} — a%’n)}

j=1,-,ql=1,--,n tEIl")

(63)
(A) (Amn,0)
M ax X e, { tg;}ff) 0;; (1) — 03 } :

where l l

-1

™= [—T, —T] .

n n

Therefore, there exist j, € {1,---,q} and ¢;,t2 € Il(”) for some [ such that

max Imax {max) {£;(t) = Xhj(t)} — aﬁz\,n)}

(64) J=1,,ql=1,n te]l("

= fia(t1) = AR, (1) — [fia (t2) — ARy, (22)] -

Similarly, there exist ig, j, € {1,---,q} and t3,t4 € Il(”) for some [ such that
max max max < max Ggf\) (t) — Ggf\’n’l)
(65) i=1,-,qj=1,- ,ql=1,-,n tEIl(") J J
= diyj, (t3) — Aeigy, (t3) — [digs, (ta) — Aeigy, (t0)] -

Let c3 be a common Lipschitz constant of the functions f;(t), h;(t), d;;(t) and e;;(t)
(¢=1,---,qand j =1, ---,q.) Then, by (64) and (65), we have

(66)  en(N) = fia(t1) = fia(t2) = Alhjo (1) = o (22)]

+My {d;y;, (t3) — digg, (ta) — X [eqgj, (t3) — €y, (ta)] }
C3 ‘tl — tg‘ + /\03 ‘tl — tg‘ + M1{03 ‘tg — t4‘ + /\03 ‘tg — t4‘}

IN

(67) < (1+/\)(1+M1)~03~%.
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Now, we define

T
(69) o= [ o e (o(T = 1) (s0) 1t
(69) Ty = :—UMl exp <g) [P+ €n(n+exp(pT) — 1) + c4]
(70 S = Lerexp (%) [p+ n(n + exp(pT) — 1) + ¢4
(71) d = 0304<1 + M1>T

Then, for all X\ > % we have

é\n</\> =€p P gn</\> ’ (n + exp (pT) - 1)

(A) P+ 5 + 1 - en(A) (by (60), (69) and (70) )
< F(N) Tt m + e5ea(1+ ) (1 + M) - % (by (67))

(I +X)+7T(A) rp+ sp.

It is easy to see that £,,(A\) > 0 and d > 0. Finally, since €, — 0 as n — oo, it says
that r,, — 0 and s, — 0 as n — oo. This completes the proof. ]

Let n° be a positive number such that
(72) n°>n and §-n° —p—co >0,
where n* and ¢, are defined as in (4) and (45), respectively. Define

73) B { 7(p/€) = max{ag — % ‘e, 0}, if e >0,

Te =

7(n°) = max{ag —n° - e, 0}, if ae <O.
For n € N, we define the function U,,(-) : R+ — R as follows:

(74) Un(N) = LaX) + 204 2) 4 7 1 50,

where d, r, and s,, are defined in (71), (69) and (70), respectively.

Lemma 4.4. Suppose that the functions f;, h;, d;; and e;; are Lipschitz continuous
for1 <i<gand1<j<gq. The following statements hold true.
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(i) For each n € N, U,(\) is a continuous and convex function of A. Moreover, if
n > d/¢ then U, (X) is strictly decreasing.
(ii) Foreachn € N, if ae > 0 then Ly, (A) < F(A) < Up(A) for all A > £; on the
other hand, if a. < 0 then L, (\) < F(\) < U, () for all % <A <n°.
(iii) For each n € N with n > d/¢, we define
Te Tn+ i+ ca+ (d/n) + sy,
(75) M = :
§—(d/n)
Then & < n7) and there exists a unique A" € [u/€, 7] such that U, (A7) = 0.
Moreover, we have

(76) ny —

B+
§

Proof. By part (i) of Lemma 4.2, it is easy to see that U,,(\) is continuous and
convex. Now, we are going to show that U,, () is strictly decreasing for n sufficiently
large. To see this, let \; < Ag, then by Lemma 4.1 we have

as n — oo.

Un(A) = Un(ha) = (A1) = La(A) + (1 = )

> (g - A)E+ %(Al ~ )

= (A2— A1) <§—%),

and this implies that U,, () is strictly decreasing for n > %.
To prove part (ii), we have

FA) < V(QW) 4+ ¢,()) (by part (i) of Proposition 3.3)
77) < Lp(N) +E,(N) (by (59) and part (ii) of Lemma 4.2)

<l@Qy+%~ﬂ+Ay+%QM%+&ﬁmaHAz% (by (62))
We note that if o, < 0 then

ﬂMg%m%mmnggAgﬁ.

Hence, by Lemma 4.2 (ii), (74) and (77), we see that L, (\) < F(\) < U,(A) for all
% < A < n°. Similarly, if ., > 0 then

7O\ <7(E) forall A > £,
§ §
and this implies that L,,(\) < F(A) < Un(A) for all A > £.
Finally, we prove part (iii) by the following two cases:

3
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e a.>0. Sincen >d/¢, ie, &—(d/n) > 0, it follows that

Y > (/&) -+ p+ca+(d/n) + s,
" 3

We claim that U, (1/€) > 0 and U, (nY) < 0. To see this, we first obtain, from
(43) and (62), that L,,(p/€) > 0and £ - (1 + X) +7(u/€) -7 + s, > 0. Hence,
by (74), we have U, (/&) > 0. On the other hand, by (50) and (74), we have

> £
RS

Un(/\)Su—/\§+02+%~(1+/\)+%(u/§)~rn+sn for all A >

IR

Hence, by (75), we have

d N
Un(nY) Su—n3§+02+;(1+n§{)+7f(u/€)~rn+sn:0.

Therefore, by our claim and the continuity of U,,()), there exists AU € [u/&,nY]
such that U, (A\Y) = 0. Besides, by part (i), the strictly decreasing property of
U, shows that there exists a unique AV € [u/&,nY] such that U,(\Y) = 0.
Moreover, since r, — 0 and s,, — 0 as n — oo and by (75), we can obtain (76).

e a, < 0. By a similar argument with the case that o, > 0.

Moreover, from (75), it is easy to see nY — ‘“2—62 asn — oo. We complete this
proof. ]

Remark 4.2. Let AL and AU be the roots of equations L,,(A) = 0 and U, (\) = 0,
respectively.

(i) Since & < A} < n°and by Lemma4.4 (i), we have L,(A) < F (A7) < Un(Af)
for all n € N.
(i) By the following two cases, we see that L,,(A\Y) < F(\Y) < U, (\Y) for all n
large enough.
Given n € N with n > d/¢.
e For the case of a. > 0, since /¢ < AY and by Lemma 4.4 (ii), we have
La(A) < F(X) S Un(A).

e For the case of o, < 0, since%e~rn+%~(1+no)+sn—>0a5n—>oo
and £ - n° — u — co > 0 by (72), it follows that, for all » large enough,

- d
(78) 7re~rn+g~(1+no)+sn§§~no—u—02.

Hence, if n € N satisfies the inequalities n > d /& and (78), then, by (75),
we have
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U
<n, <n°

s
§
and this implies L,(A\Y) < F(AY) < U,(\Y) by Lemma 4.4 (ii).

For the remainder of this paper, we adopt the following notation:

min{neN:n>%}, if e >0
(79)  Ne= min{neN:n>%and%e~rn+%~(1+no)

+Sn§§'no—ﬂ—02}, ifae<0~

Therefore, we see that L,,(\Y) < F(\Y) < U, (A\Y) for all n € N withn > N,.

< AV for all n € N with n > N,. To see this, since
= 0 and by part (ii), we have

(iii) We have & < Ap

Ln</\7l{> - Un</\g>
La(A)) S Un(AY) = La(A7).

This implies AV > AL since L, () is strictly decreasing.

5. APPROXIMATE SoLUTIONS To (CQFP)

In this section, we are going to show that it is possible to generate an approximate
solution of (CQFP) according to a pre-determined error bound.

Lemma 5.1. Given n € N with n > N,. Let AL and AU be the roots of equations
L,(X\) =0and U,(\) = 0, respectively. Then the following statements hold true.

(i) The sequences {\L}o°, and {A\Y}2, are bounded and
d o~
(80) E(1+nn)+7re~rn+sn—>0a5n—>oo,
where n¥ and 7. are given in (75) and (73), respectively.
(if) We have
(81) 0< A —Af <

d ~
E(l—i—ng)—i-wewn—i-sn

and \Y —\E — 0 asn — oco.
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Proof.  To prove part (i), since A2 € [u/&, n*] for all n and n’ is independent on
n by Lemma 4.2, the sequence {\2}2°, is bounded. Similarly, since \Y € [u/&, nY]
and the sequence {nY} is convergent by Lemma 4.4, the sequence {\Y}°  is also
bounded. Since r, — 0 and s, — 0 as n — oo by Lemma 4.3 and the sequence
{nY1e, is bounded by (76), we obtain (80).

For proving part (ii), from Remark 4.2, we have \Y > A\L. Since

(82) Ln(A)) =0

and

(83) Un(Ag):Ln(Ag)+§(1+Ag)+%e- Tn+ $p =0,
n

by subtracting (83) from (82), we obtain

d ~
0= Ln(A7) = La(A) =~ (14 A)) = e 1= 50
> (AU —ALye — §(1 +AY) — 7. - 1y — s, (by Lemma 4.1)
n
and this implies

1|d ~
(84) OS/\g—/\ﬁSg E(1+A§{>+7re.rn+sn .
Thus we obtain (81), since A\Y < nY. Finally, from (80), we have A\l — A\l — 0 as
n — oo. This completes the proof. ]

The following results are very useful for designing a practical algorithm.

Theorem 5.1. Suppose that the functions f;, h;, d;; and e;; are Lipschitz contin-
uous for 1 <i < gand 1< j <gq. Let\* =V(CQFP). Given any n € N with
n > N, then the following statements hold true.

(i) We have
d

d ~
(85) — —(14+A)) = e T — 50 SF(AL) SOSFA) < (14A7) 47 - 7 + s
This also implies A2 < A* < AU,
(ii) For the given n, we take a number \* from the interval [A%, AU]. Let x(*%)(¢) be

ni)»’'n

the natural solution of problem (CQP,. ) constructed from the optimal solution

of problem (¥Q\*)) and defined as in (23). Then x(*+)(¢) is feasible for the
problems (CQP,.) and (CQFP). Let
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2 (x99 0)

(86) T . . . . .
=pu—NE+ / {1/2 x(A%) (t>T@(An) () x(A%) (t) + a(An) (t>T)—<(An) (t)} dt
0

be the objective value of (CQP,.) at the feasible solution x(A)(¢), and let

[+ / ' {1 /2% ()T D (1) A0 (1) 4 £(£) T (t)} dt
0

x(A%) (t)) = —
’ ( ) E+ / {1 /2% () TE) M) (1) + h(t) TxMn) (t)} dt
0

be the objective value of (CQFP) at the feasible solution x(*»)(¢). Then

(87) 0 < V(CQFP) — ¢ (i@i) (t)) < Er (i@i)(t)) ,
where
Er (R(W (t))
(88) =AU _ L4 _  (xM)(1))]

£+ / {1 72z () TE() M) (¢) + h(t) TxAW) (t)} dt.
0

Moreover, we have

(89) 0< Br (X09(1)) <

2 [d Uy~
_E[E(1+nn)+we~rn+sn]

and Er (x*7)(t)) — 0asn — oo. In other words, the natural solution x(*»)(¢)
is an approximate solution of (CQFP) with error bound Er (x*%)(t)).

Proof.  To prove part (i), since L, (A\L) = 0, by (36), (59), (62) and by remark 4.1-
(iii), it follows that

0 < FOE) = FOL) — Lu(AL) < FOAL) — V(QYH)
(90) d
n

< ea(M) < EAE) < S+ AD) + e+ s

Similarly, we also have

0< FA]) = La(A)) < &(A]) <

S

<1+/\7I{>+%e' Tn + Sn,
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which implies
d ~
(91) Ln(A0) < FOR) < Ln(Ag) + —(L+ A7) + Fe - 7+ 5.
Since L,(AY) + 2(1+ AY) + 7 - rn + 85 = Un(AY) = 0, from (91), we have
d ~

—E(1+A£{) — T T — 50 < FOAY) <0.

Therefore, from (90), we obtain the desired inequalities (85).
To prove part (ii), it is obvious that x(*»)(¢) is a feasible solution of (CQFP). From
(86), we obtain

[+ / ' {1 /2% () T D (1) AW () 4 £(£) Tx M) (t)} dt
0
= o (xO) * ! AT x(A%) Tx(%)
¢ (x@) 3 (64 [ {20 B0 + b <0 }ar),
which implies

[+ / ' {1 /2x%) ()T D) P9 (1) + £(2) Tx AW (t)} dt
0

£+ / ' {1 /2x0) () TE() M) (1) + h(t)TiWJ(t)} dt
0
v, ()—(0\2) (t))

£+ / ' {1 J2x () TE(#) M) (1) + h(t) TxOn) (t)} dt
0

=\ +

)

i.e.,
2 (x09)

£+ / ' {1 /25 () TE () %) (1) + h(t) TxAn) (t)} dt.
0

@ (X0 (0) =+

Since A* > ¢ (xM)(¢)) and AL < A* < AU, we obtain
0< A\ —op ()—((%) (t))
v, ()—((AZ)(w)

— (V=N - —
£+ /O {12539 T B D (1) + h(t) =W (1)} ae
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< N =M+

@ (x*0)|
¢+AT{U2ﬂ%M> E(1)xO0(1) +h() =) (1)} di

[ (x"W(0)]
¢+ /O ' {17259 T B(1) % (1) + h(t) XV (t)} dt
- Er( (* *>(t)).

Furthermore, since L,(AL) = 0, X > AL and by remark 4.1-(iii), we have
L,(\%) < L,(A\L) =0 and

(92) B (x00 (1)) = V(M) = L,(\;) 0.

Hence,
Er (i%) (t))
<AV ALy % [~ (x%9(1))] (by (88) and (92))

P A LS

n n

IN

IA
M= =
Sla S

£
1+ + 7. - rn—l—sn—Ln(/\g)]

(L+AY) + e rp+ sn] + l[—Ln(/\;;)] (by (84) and (92))

IN

(since \* <AV and L, (-) is strictly decreasing.)

| &

722N \CITa SN V]
r

~ ) d ~
Q1+XDH+7,- rn—i—sn] (since Ln<A5{>+E<1+A5{>+%. T+ Sp = 0)

a s

< E(1+nf{)+%e~ rn—i—sn] (since AU < nY).

Finally, using (80) and (89), we have Er (x*+)(¢)) — 0 as n — oc. This completes
the proof. m

According to Theorem 5.1, we are in a position to provide a computational proce-
dure to obtain the approximate solution of (CQFP). For n > N., we define

(93) wn:—[%(1+ng)+%e~rn+sn],

where d, 7, s,,, 7. and n¥ are defined in (71), (69), (70), (73) and (75), respectively.
By (89), we have
0< Er( % *)(t)> < wy.
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Suppose that the error tolerance ¢ is pre-determined by the decision-makers. By calcu-
lating w,, according to (93), we can determine the natural number n € N such that

wp < eand n > N,

which also says that
0< Er (i%) (t)) <e

This also means that the corresponding approximate solution x(*)(¢) is acceptable,
since the error tolerance ¢ is attained. Now, the computational procedure is given
below.

Computational Procedure:

e Step 1.1. Set the error tolerance e and the initial number n such that n > N,,
where N, is defined in (79).

e Step 1.2. Evaluate w,, as defined in (93).

e Step 1.3. If w,, > e thenset n «— n+1 and go to Step 1.2; otherwise go to Step
14.

e Step 1.4. Find a number X} from the interval [\Z, \Y], where AL and \U are
the roots of equations L,,(\) = 0 and U, (\) = 0, respectively.

e Step 1.5. Find the optimal solution of finite-dimensional quadratic programming
problem (\I/Q%W) using well-known efficient algorithms. Use this optimal so-
lution to construct the natural solution x*#) () according to (24). Evaluate the
error bound Er (x*)(t)) defined in (88).

e Step 1.6. Return x(*2)(¢) as an approximate optimal solution of the original
problem (CQFP) with error bound Er (x*n)(¢)) <'e.

For Step 1.4, by using the convexity of L, (\) and inequality (51), we can utilize
the regula falsi method to find a number A% € [AZ, \Y]. Note that \; € (AL, \Y] is
equivalent to that A\’ satisfies one of the following conditions:

o L,(\)=0
e Un(A;) =0
e L,(\:) <0andU,(\:) > 0.

This method starts with two given numbers 5~ and 5V, where

gl = % and 8V = g + % L (L),

It is obvious that L, (5%) > 0. By Lemma 4.1, we have
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Lul8) < La(8) — €+ (8" = 69 = (") — € {0 + § - Lu(89) - | =0

Calculate U, (8Y). If U,(BY) > 0 then gV € [\EL, AV, since, in this case, L, (8Y) <

n»’m

0 and U,(BY) > 0. Otherwise, a straight line is drawn between the two points
(B, L,(B%)) and (BY, L,(B8Y)). The intersection between this line and the \-axis
defines a new 3V, calculated according to the following expression

gt —pY
(8Y) = Ln(B")
Thus, we have the following subroutine for finding \* € [\Z, \Y].
Subroutine for finding A% € [}, \V]:
o Step 2.1. Let 5" = £ and gV = ¥ + ¢ - L, (8"). Calculate L, (8%).
e Step 2.2. Calculate L, (8Y) and U, (8Y).
e Step 2.3. If U,(BY) > 0 then STOP and return \* = sV. Otherwise, set
BL_ U
(8Y) = Ln(5")

'Ln<ﬂL>~

U L
B

BB L"),

and go to Step 2.2.

We have to mention that the evaluations of Step 1.2 are independent of Step 1.4
and Step 1.5, i.e., we can estimate the rough error bound w,, of the desired approximate
solution x(#) (¢) without using the results of Step 1.4 and Step 1.5. It also means that
we can save the computational time, since the main successive iterations occur in Steps
1.1-1.3, where the workload does not need the heavy computation.

6. THE CONVERGENCE OF APPROXIMATE SOLUTIONS

Finally, we shall demonstrate the convergent property of the sequence {x(*2)(t)}
that are natural solutions of (CQP,.. ) constructed from the optimal solutions of problems

(\I/QWL)). We recall that the dual space of the separable Banach space L![0, T] can be
identified with L>°[0, T']. The following lemmas are very useful for further discussion.

Lemma 6.1. (Friedman [7]). Let {fx} be a sequence in L°>°([0,T],R). If the
sequence { fx} is uniformly bounded with respect to || - ||, then there exists a subse-
quence { fx, } which weakly-star converges to fo € L>°([0, T, R). In other words, for
any g € L'([0,T],R), we have

im [ 5, (0= [ pigtoar

kj—o0
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Lemma 6.2. If the sequence { fx}72, is uniformly bounded on [0, 7] with respect
to || - |loo, @and weakly-star converges to fy € L>([0, 7], R), then

fo(t) <limsup fx(t) a.e. in [0,T]
k—o0
and
fo(t) > likm inf fi(¢) a.e. in [0, 7.
— 00
Proof.  The results follow from the similar arguments of Levinson [13, Lemma
2.1]. ]

Theorem 6.1. We consider the sequence {x(*~)(¢)} that is obtained according to
part (ii) of Theorem 5.1. Then the sequence {x(*)(¢)} has a subsequence {x*7.)(£)}
which weakly-star converges to an optimal solution x*)(¢) of (CQFP).

Proof.  According to Remark 4.1 (iii), we see that the sequence {x(*»)(¢)} of
vector-valued functions are uniformly bounded with respect to || - || in which the
bounds are independent of . Using Lemma 6.1, there exists a subsequence {x(*n.) (¢)}
which weakly-star converges to x(*)(¢). Since Ey"“)(t) > 0 for all t € [0,7)] and
j=1,---,¢q,using Lemma 6.2, it follows that

2(t) > liminf 2" (t) > 0 ae. in [0, T),

Ny —00

i.e., x((t) > 0 ae. in [0,T]. Considering the feasibility of x(*».)(¢), we have
t
(94) BxYw)(t) < g(t) + / KxPn)(s)ds for all t € [0, T]
0

From (94), since B is nonnegative, by taking the limit superior and applying Lemma 6.2,
it follows that

t
95)  Bx™(t) <limsup BxPm)(t) < / Kx™(s)ds + g(t) ae. in [0,T]
My —00 0

Let Ap be the subset of [0, 7] such that the inequality of (95) is violated and let \;
be the subset of [0, 7] such that x(*)(¢) # 0. Then, we define N' = Ny U N and

QIN
() ) X (t)ift g N
X <t>_{o ift € N,

where the set A/ has measure zero. We see that the subsequence {x(*)(¢)} is also
weakly-star converges to x*)(¢). We remain to show that x*)(¢) is an optimal solution
of (CQFP). It is obvious that x*)(¢) > 0 for all t € [0, 7] and x*)(¢t) = x™*)(¢) ae.
in [0, T]. We consider the following cases.
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e For t ¢ N, from (95), we have
t t
Bx™¥(t) = Bx¥(t) < g(t) +/ Kx¥(s)ds = g(t) +/ Kx)(s)ds.
0 0

e For t € N, since B is nonnegative, using (94) and weak-star convergence, we
also have

Bx™(t) = 0 < limsup Bx ) (1)

t t
< g(t) +/ Kx®(s)ds = g(t) +/ Kx™)(s)ds.
0 0

Therefore, we obtain
t
BxU(t) < g(t) + / Kx™)(s)ds for all t € [0,T],
0

which says that x*)(¢) is a feasible solution of (CQFP).
Now we are going to show that x*)(¢) is an optimal solution of (CQFP). To
see this, for given ¢ € [0, 77, we let the function ¢p(y(-) : RY — R be defined by

dpw)(x) = %XTD(t)erf(t)Tx for all x € R?. Since D(t) is a negative semi-definite
matrix for all ¢, ¢p(;)(-) is concave. Hence, we have

(1) (i%“) (t>>

S(* < (* T (_(ax S(* H
< o) (XV(1) + Vopu (x (1) (x4 () - x(1)) ae. in [0, 7],
where V¢ p ) is the gradient of ¢p(;). This implies

/OT ép(1) (iww)(t)) dt

< /O " (X0 di+ /0 [Fo00 & ®) (x40 -x0) ] dr

Since {x(*n) (1)} weakly-star converges to x(*)(t) and V¢ ) (x*)(t)) € L1([0, 7], R9),
we have

(96)

T T \
(97) lim [ [VopeE2m) " (x4 (1) —x(0)] dt =o.
Ny —00 0
Therefore, by (96) we obtain
T * * *
lim p+ / {1/2 %(Ah) ) TD(t) (L) (t) + f<t>"l')—((>\nu)<t>} dt
Ny —00 0

(98) -
< pu+ / {1/2 ()T D) x™)(¢) +f<t>T>-<<*><t>}dt.
0
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Similarly, we can also show that

T
lim &+ / {1/2 xn) (1) TE(t) xPw) (1) + h(t>T>-<%>(t>} dt
ny —0o0 0

(99) -
> p+ / {1 /25 TE) x5t + h<t>T>-<<*><t>} dt.
0

Furthermore, by (87), we have

(100) 0 < V(CQFP) — ¢ (i%u)(t)) < Er (i%u)(t)) ,
where
© ()—((Aiu)@))
T
(101) [+ / {1 /2x0m) ()T D(t) ) (8) 4 £(8) Tx ) (t)} dt
_ 0

— :
£+ /O {1 /2% (1) TE(t) xP) (1) + h(t) TxPnw) (t)} dt
Since Er (iww)(t)> — 0 as n, — oo, We obtain

V(CQFP) = lim w(i@iu)(t)).

Ny —00

By considering the weak-star convergence on (101), we obtain that

V(CQFP) = lim ¢ (i@iu)(t))

Ny —00

< ¢ (x“(1)) (by (98) and (99))

V (CQFP) (since x(*)(¢) is a feasible solution of (CQFP)),

IN

which also says that x(*)(¢) is an optimal solution of (CQFP), and the proof is
complete. -

7. CONCLUSIONS

Based on the theoretical properties and computational method presented in [34, 39],
an interval-type algorithm has been successfully proposed to solve a class of continuous-
time quadratic fractional programming problems. The proposed computational proce-
dure is a hybrid of the parametric method and discretization approach. Fortunately,



Approximate Solutions for Continuous-time Quadratic Fractional Programming Problems 1823

the estimate for the size of discretization and the error bound of approximate solutions
have also been obtained. Thereby, we can predetermine the size of discretization such
that the accuracy of the corresponding approximate solution can be controlled within
the predefined error tolerance. Hence, the trade-off between the quality of the results
and the simplificaton of the problem can be controlled by the decision-makers.
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