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PRODUCTS OF MULTIPLICATION, COMPOSITION AND
DIFFERENTIATION OPERATORS FROM MIXED-NORM SPACES TO
WEIGHTED-TYPE SPACES

Fang Zhang and Yongmin Liu

Abstract. Let ¢ be an analytic self-map of the unit disk D, H(D) the space
of analytic functions on D and 1,2 € H(D). Recently Stevi¢ and co-workers
defined the following operator

Ty o f(2) = ¥1(2) F(0(2)) + ¥2(2) [ (0(2), | € H(D).
The boundedness and compactness of the operators T, .., ., from mixed-norm

spaces to weighted-type spaces are investigated in this paper.

1. INTRODUCTION

Let H(D) denote the space of all analytic functions in the open unit disc D of
the complex plane C. A positive continuous function ¢ on the interval [0,1) is called
normal if there exist positive numbers a,b,0 < a < b and ¢y € [0, 1), such that

(l‘f(g)a is decreasing for ¢, < t < 1 and tl_iﬁn_ (l‘f(g)a =0
o) _ s increasing for tp <t < 1and lim ()

(1—t2) - (1—t2)a =00

(see, e.g., [20]).
For 0 < p < 00,0 < ¢ < oo and a normal function ¢, the mixed-norm space
H(p, q, ¢) is the space of analytic functions on the unit disk D such that

! /
e = ([ M0 5 rar) "
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where the integral means M, (f, ) are defined by

M (LT yrag)? 0 <r<1
1) = (5= [ reeypan) ™ <<
For 1 < p < oo, H(p, q, ¢) equipped with the norm || - ||, 4. iS @ Banach space. When
0<p<1 | -lpge isaquasinormon H(p,q, ), H(p,q, p) is a Fréchet space but
not a Banach space. If 0 < p = ¢ < oo, then H(p, p, ¢) is the Bergman-type space

Hipp,0) = 1 € HO): [ |70 aa) < ool

where dA(z) denotes the normalized Lebesgue area measure on the unit disk D such
that A(D) = 1. Note that if ¢(r) = (1 — r)@+D/P, then H(p,p, $) is the weighted
Bergman space A% defined for 0 < p < oo and o > —1, as the space of all f € H(D)
such that

£ = [ 15GIPO = |2Praace) <

(see, e.g., [4]).
Let x be a positive continuous function on D (weight). The weighted-type space
H*(D) = H7* consists of all f € H(DD) such that

[ fllmze = sup p(2)|f(2)] < oo.
zeD

It is known that H;° is a Banach space. Let H 5, denote the subspace of H;° consisting
of those f € HOO such that sup u(z)|f(z )\ = 0. This space is called the little

z|—1
weighted-type space. For somla|results on weighted-type spaces see, e.g.[6] and the
related references therein.
Denote by S(DD) the set of analytic self-maps of D. For ¢ € S(DD) the composition
operator C,, is defined by

Cof =fop, feH(D).

It is interesting to provide a function theoretic characterization for ¢ inducing a bounded
or compact composition operator on various spaces. It is well known that the compo-
sition operator is bounded on Hardy space, the Bergman space and the Bloch space.
The composition operator was studied extensively by many people, see, for example,
[1, 19, 31] and references therein.

For ¢y € H(DD), the multiplication operator M, is defined by

Myf=1-f, [feHD).
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Given ¢ € H(D) and ¢ € S(D), the weighted composition operator with symbols
and ¢ is defined as the linear operator on H(ID) given by

WCf)(2) = ¢(2)f(p(2)) = (MyCy f)(2), fe HD), zeD.

Special cases for ¢(z) = 1 and ¢(z) = 2, z € D, are the composition operator C,
and the multiplication operator M,,. For some recent articles on weighted composition
operators on some H°°-type spaces, see, for example, [7, 9, 17, 21, 22, 23] and
references therein.

Let D be the differentiation operator, it is defined by

Df=f, feH(D).

The differentiation operator is typically unbounded on many analytic function spaces.
Products of concrete linear operators between spaces of holomorphic functions have
been the object of study for recent several years, see, e.g. [3, 5, 8, 10, 11, 12, 14, 15,
18, 25, 27, 30, 32] and the related references therein.
The products of composition operator and differentiation operator DC,, and C, D
are defined respectively as follows

DC,f = f'(p)¢/, fe€H(D)

and
CLpr:f/ocp, fe HD).

They have been recently studied, for example, in [5, 8, 10, 11, 12, 14, 18, 25, 27, 29, 30]
(see also the related references therein). Ohon in [18] devoted most of the paper to
finding necessary and sufficient conditions for C,, D to be bounded as well as for C, D
to be compact on the Hardy space H2. The operator DC,, was studied for the first
time in [5], where the boundedness and compactness of DC,, between Bergman and
Hardy spaces are investigated. Li and Stevi¢ in [8, 10, 12] studied the boundedness and
compactness of the operator DC,, between Bloch type space, weighted Bergman space
AP and Bloch type space B”, mixed-norm space and a-Bloch space B as well as
the space of bounded analytic functions and the Bloch-type space. Liu and Yu in [15]
studied the boundedness and compactness of the operator DC,, from H°° and Bloch
spaces to Zygmund spaces. Yang in [28] studied the same problems for operators C, D
and DC,, from Qx (p, q) space to B, and B, o.

The products of differentiation operator and multiplication operator, denoted by
DM, is defined as follows

DMyf =4"-f+4-f, feHD).

Stevi¢ in [26] studied the boundedness and compactness of the products of differen-
tiation and multiplication operators DM, from mixed-norm spaces to weighted-type
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spaces. Liu and Yu in [14] studied the operators DM, from H*° to Zygmund spaces.
Yu and Liu in [30] investigated the same problems for operators DA/, from mixed-
norm spaces to Bloch-type spaces.

Zhu in [32] completely characterized the boundedness and compactness of linear
operators which are obtained by taking products of differentiation, composition and
multiplication operators and which act from Bergman type spaces to Bers spaces. Ku-
mar and Singh investigated the same problem for operators DC, M, acting on A%, and
used the Carleson-type conditions. They also found the essential norm estimates of
MyDC,, in the spirit of the work by Cuckovi¢ and Zhao [2].

The products of composition, multiplication and differentiation operators can be
defined in following six ways

(MyCoDf)(2) = $(2)f'((2));
(MyDCyf)(2) = $(2)¢'(2) [ ((2));
" (CoMyDf)(2) = ¢ (p(2))f ((2));
(DMyCyf)(2) = ¢¥'(2)f(¢(2)) +¥(2)@(2) ' ((2));
(CoDMy f)(2) = ¢'((2))f (0(2)) + ¢ (0(2)) ' (0(2));
(DC My f)(2) = ¢'(0(2))¢'(2) f(2(2) + 1 (2(2)¢'(2) f (0(2));

for ze D and f € H(D).

It is interesting to provide a function theoretic characterization of ) and ¢ when the
six above operators become bounded or compact operators between spaces of analytic
functions in the unit disk, the polydisk and the unit ball.

Note that the operator A/, C,D induces many known operators. If ¢)(z) = 1, then
MyC,D = C,D. When v(z) = ¢/(z), then we get the operator DC,. If we put
¢(z) = z, then MyC,D = MyD, that is, the product of differentiation operator. Also
note that My DC, = My C,D and C,MyD = My.,C,D. Thus the corresponding
characterizations of boundedness and compactness of M, DC, and C,M,D can be
obtained by replacing 1, respectively by ¢ and o in the results stated for M,,C,D.

Let ¢1,v2 € H(D) and ¢ be a holomorphic self-map of . The products of
multiplication composition and differentiation operators are defined as follows

Tyr o f (2) = V1(2) f((2) + ¥2(2) f'(e(2)), [ € H(D).

The operator T, ,,, Was studied by Stevi¢ and co-workers for the first time in [27],
where the boundedness and compactness of T, ., ., between Bergman spaces are in-
vestigated. It is clear that all products of composition, multiplication and differentiation
operators in (1.1) can be obtained from the operator T, 4., ., by fixing +1 and 5. More
specifically we have

MlewD = T(Mmm M¢DC¢> = TO,W“,@? C@M¢D = TOWO%@
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DMyCyp =Ty ypp,pr CoDMy = Tyrop 0 DCo My = T(WO@)%WO@)%@'

Motivated by the results [26, 27], we consider the boundedness and compactness of
the operator Ty, 4, ., from mixed-norm space H (p, ¢, ¢) to weighted-type space H;°.

Throughout this article, the letter C' denotes a positive constant which may vary at
each occurrence but it is independent of the essential variables.

2. SOME LEMMAS

Lemma 2.1. [24]. Assume that p,q € (0,00), ¢ is normal and f € H(p,q, ¢).
Then for each n € N, there is a positive constant C independent of f such that

1/ llp.q.0

, zeD.
(2)(1— [e[2)Tatn ©

11" ()] =03

By standard arguments (see [16, 21]) the following lemmas follows.

Lemma 2.2. Assumethat )y, € H(D)and ¢ € S(D).Then Ty, 4, : H(p, q, $) —
H,;° is compact if and only if Ty, 4, , : H(p,q,¢) — H is bounded and for any
bounded sequence fi in H(p,q, ) which converges to zero uniformly on compact
subsets of D as k — oo, we have || Ty, .y, ¢ frll e — 0 @s k — oo.

Lemma 2.3. A closed set K in H}S, is compact if and only if K is bounded and
satisfies

lim sup p(2)|f(2)| = 0.
l21=1 fek

3. MAIN RESULTS AND PROOFS

Theorem 3.1. Assume that ¢1,¢ € H(D) and ¢ € S(D). Then Ty, .0 :
H(p,q,¢) — Hy° is bounded if and only if

N u(2) 1 (2)] N
M) S e ez B =
and

o) . u(2)[a(2)] .

~eb (e (2))(1 = |p(2)[2)/at

Proof. Suppose that Ty, 4, , : H(p,q, ) — HZ° is bounded, i.e., there exists a
constant C' such that || o, .y, ¢ f|l e < C| flp,q,¢- For a fixed w € D, set

(1wt 1 20(1 — |w[?) a(l — |wl?)?

7o) =) T=mar ~ ar Da—we " T aro)d w2
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where the constant b is from the definition of the normality of the function ¢ and
a=1/g+ b+ 1. A straightforward calculation show that

S0P o 2a(—[uf) (= [Py
fol#) = 4000 (1=wa (=) (1 —we)ard)
Ful) = D+ D) (1= [wp)e

7 (w) = 0,

and sup || fu|lp.q,0 < C (see [24, 26]). Hence,
weD
C = [Ty 0 fip(u) | Hge
> p(w) |11 (w) foo(uw) ((w)) + Pa(w) f ) (P (w))]

2
= O e 2 @D (= [p(@ e
for every w € D. Therefore

p(2) [ (2)]

sup < 00.

zeb ¢(lp(2))(1 = [e(2)]%) /e

For a fixed w € D. Set

(1 — Jw[*)*
Ju(z) = Do) /att+1’
¢(|w]) (1 — wz) !/ttt
where the constant ¢ is from the definition of the normality of the function ¢. A
straightforward calculation show that
g () = L0 uP)
b ¢(Jw]) (1 —wz)H/atrtz
1

Ju (W) = )
) = SuD - w7
and sup | gwllp,q.0 < C (see [13]). Hence,

C > HT% p2,090(w HH°°
)1 0) 0 (9 (0)) + ¥2(10) 5 ()
s Nl D] )
iy (L L0~ L) P ()
D Tetw BT
)l )

o(lp(w)]) (1= |p(w)]?)/a
_ 1+ 1/ u(w)|[va(w)|o(w)] ()1 ()]

¢(lo(w)) (1 = [p(w)P)Vart dlp(w))(L = |p(w)[?)H/e
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for every w € D. Therefore,

(t+ 1+ 1/q)p(w)[¢a(w)] | p(w))]
o(|o(w)]) (1 = |p(w)|?)1/a+

From (1), we get

p(w) |31 (w)]
(Jo(w)) (1 = |p(w) >/’

<C+
¢

p(2)|a(2)]le(2)]

) W e e Tt <>

From (3), we have

(4) H(2)|¢a(2)] < 2p(2) [2(2) [0 (2)]

oy AN A=l P = R D [l P et =

Since f(z) =1,¢9(2) = z € H(p, q, ¢), it follows that

sugu(Z)\l/fl(Z)\ <N Tpy oo f e < C
ze

and

sugu(zwl(zw(@ + P2(2)| < Ty .09l < C.
FAS

It is easy to see that

pu(w)[P2(w)| < [Ty n. 09| e + p(w) 1 (w)p(w)| < C

for every w € . From this and the fact ¢ is normal we obtain

(5)  sup #2)lva(z) <C sup pu(e)a(z)] < oo

w(xi<t dUe()NA = [p())Vett = 7 o) <a

Combining (4) and (5), we get (2) as desired.
For the converse, suppose that (1) and (2) hold. For any f € H(p, q, ¢), by Lemma
2.1, we have

p(2)[91(2)f (9(2)) + ¢2(2) f(0(2))]
(

- I lpae w2 llpge
~ ole(DA = lp(2)P) - dle(2)))(1 = lp(z)[?)H/att

Therefore, Ty, y, : H(p,q,¢) — Hy° is bounded. The proof of the theorem is
complete.

Theorem 3.2. Assume that ¢1,¢, € H(D) and ¢ € S(D). Then Ty, .0 :
H(p,q,¢) — Hy° is compact if and only if Ty, 4, ,, : H(p,q,¢) — H;° is bounded,
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. e
(©) o1 BN — e PV
and

. () [2(2) L

D1 o2 (1 |p(z) BT

Proof. Suppose that Ty, v, : H(p, g, ¢) — HS° is compact. Then let {zj }ren
be a sequence in D such that |¢(z;)| — 1 as & — oo. We can use the test functions
in Theorem 3.2. Let

fe(2) = fo(a) (2)-

2 1

I = D@+ 2) plp N (= [ BV
Fp(1)) = 0 and sup|| fullpgs < C. For |z| = r < 1, using the fact that ¢ is
keN

We have

normal, we have
C

W(l —|p(z)]) = 0 (k — o0),

G <

that is, fx converges to 0 uniformly on compact subsets of D, using the compactness
of Ty o + H(p,q,¢) — HZ° and Lemma 2.2, we obtain

2 1
a+1)(a+2) ¢(Je(zr) (1 = lo(zx)]?)
as k — oo. From this, and |p(z)| — 1, it follows that

el
e (le D (1 — (D

and consequently (6) holds.
In order to prove (7), choose

u(2k>\¢1(2k)\( 77 < 1T fill e — 0,

gk(z> = gg@(zk)(z>
We have

1
92 (1) = SN e PV
o 1+ (= () ) 5
9P () = oD~ ez P2 1/a
and

sup [|gklp.q.6 < C,
keN
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and g converges to 0 uniformly on compact subsets of D. The lemma 2.2 implies that
[Ty ol re = 0.
It follows that
(t+1+ 1/q)plzk)|v2(zr)|lo(20)]
O(le(zr) (1 = lo(zi)[2) /0t
p(zr) |91 (20)|
< Ty, 090l e +
eI T (e () N (1 = L (z)[2) s

— 0,

as k — oo. From this, and |p(z)| — 1, it follows that

. )l ()| .y
k=0 p([o(ze)) (1 — o () [2) /ot

and consequently (7) holds.

Conversely, assume that T'y, y, , : H(p, q, ¢) — H° is bounded and the conditions
(6) and (7) hold. For any bounded sequence { fx} in H(p, q, $) with fi — 0 uniformly
on compact subsets of ID. To establish the assertion, it suffices, in view of Lemma 2.2,
to show that || Ty, yy,e fkl| e — 0, s k — oco. We assume that || fi||p,q,6 < 1. From
(6) and (7), there exists a § € (0,1), when 6 < |¢(z)| < 1, we have

(D)) () lnl2)]
B RN eE@PY T sleEN - e P

From the proof of Theorem 3.1, we see that
sup (1(z)|1h1(2)] < C.
zeD

and
sup u(2)|¢2(2)] < C.
zeD

Since f; — 0 uniformly on compact subsets of I, Cauchy’s estimate gives that f;
converges to 0 uniformly on compact subsets of D, there exists a Ky € N such that
k > K implies that

(9) sup pu(2)[¥1(2) fe(0(2))[ + sup  p(2)|eha(2) fr(p(2))] < Ce.

lp(2)|<d lp(2)|<d
From (8), (9) and Lemma 2.1, we have

1Ty 0. ficll Hpe = iggu(@\wl(zm(w(@) +1p2(2) fr.(e(2))]
< sup p(2)|i(2) fr(e(2)| + sup  p(z)|ba(2) fi(e(2))]
le(2)|<6 le(2)|<6
. p()la () p()la )
+|w(z)1|)>5(¢(\<ﬁ(2>\)(1—\w(2>\2)1/q+¢(\<ﬁ(2>\)(1—\w(@?)”‘”l
(C+1)e,

)

A



1936 Fang Zhang and Yongmin Liu

when k > Kj. By using Lemma 3.2, it follows that the operator Ty, ., ,, : H(p, q, $) —
Hp* is compact.

Theorem 3.3. Assume that ¢1,¢2 € H(D) and ¢ € S(D). Then Ty, .0 :
H(p,q,¢)— H 2%, is bounded if and only if Ty, 4, ¢ H(p,q,¢) — H;° is bounded,

(10) |i|ir31 u(2)[¢1(2)] = 0,
and
(11) |i|ir31 (1(2)[¢2(2)] = 0,

Proof. Suppose that Ty, y, , : H(p,q,¢) — Hy% is bounded. Then it is clear that

Ty - H(p, q, ¢) — H;° is bounded.
Taking the functions f(z) = 1 and f(z) = z, respectively, we obtain

lim u(2)[¢1(2)| =0

|z[—1

and
é}g}l ()1 (2)p(2) + tha2(z)| = 0.
Since
1(2)[1(2)e(2) + 2(2)| = w(z)|[Y2(2)] — u(2)[¥1(2)e(2)],
1(2)[2(2)] < p(z)|e1(2)e(2)] + w(z)[P1(2)e(2) + Ya(2)],
we get

lim (=)l ()| = 0.
Conversely, assume that Ty, 4, : H(p, ¢, $) — H° is bounded and the conditions
(10), (11) hold. For each polynomial p(z), we get

(12) () Ty 0,0)P(2) | = 1(2)|[Y1(2)P(0(2)) + Y2(2)P' (0(2))]-

Since sup p(¢(z)) < oo and sup p’(¢(z)) < oo, from (12) it follows that Ty, ., ,p €
zeD z€eD
Hp5,. From the set of all polynomials is dense in H (p, g, ¢), we have that for every

f c H(p, q, ¢), there is a sequence of polynomials {py } ren such that || f —p|/p.q,6 — O
as k — oo. Hence

1Ty o0 f — T¢17¢'27¢’pkHHﬁ° <Ny 0l - Lf = Prllpge — O
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as k — oo, by using the boundedness of the operator Ty, y, , : H(p,q,¢) — H°.
Since H:5, is a closed subset of H:°, we obtain Ty, v, o(H (p, q,¢)) C H%. There-
fore Ty, s+ H(p, q, ¢) — HSY is bounded.

Theorem 3.4. Assume that ¢1,¢2 € H(D) and ¢ € S(D). Then Ty, p,.0 :
H(p,q,¢) — HZ, is compact if and only if

o u@mEl
(13) 2 Sl @N e
and
» - u(2)|a(2) L

=1 (| e(2))) (1 = [(2)[?) /9t

Proof. Assume that conditions (13) and (14) hold. Then it is clear that (1) and (2)
hold. Hence Ty, y,., : H(p,q,¢) — H;° is bounded by Theorem 3.1. Since

() Ty i 0 f (2)]
p(2)[1(2) f(0(2) + ¥2(2) f'(0(2))]
pE0 e w22l fllpge
= o(le()) A= le()A)Me T (le(2) (L = l(2)[2)/att
Taking the supremum in above inequality over all f € H(p, ¢, ¢) such that || f||p.q.0 < 1
and letting |z| — 1, yields

lim  sup  p(2)| Ty 0.0 f(2)] =0.
21— 1 £1lp,q,0<1

Hence, by Lemma 2.3 we see that the operator Ty, .y, » : H(p, q, ¢) — H5 is compact.
Now assume that Ty, y, , : H(p,q,¢) — HpY is compact. Then Ty, 4, o :
H(p,q, ¢) — Hy5, is bounded, and by taking the function f(z) = 1, it follows that

(16) sup p(z)[¢1(2)| = 0.

|z[—1

Since Ty, o+ H(p,q, ¢) — H% is compact, then Ty, 4, © H(p,q,¢) — H° is

compact, by Theorem 3.2 we have

- p(2) v (2)] _
le(2)|=1 d(Jo(2)])(1 — |@(2)|?) /4

It follows that for every ¢ > 0, there exists § € (0, 1) such that

()1 (2)
a7) o)1 — e P

<e,
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when ¢ < |¢(z)| < 1. Using (16) we see that there exists 7 € (0, 1) such that

(18) w2z <e inf o(t)(1 - )1/,

t€[0,4]

when 7 < |z| < 1.
Therefore, when 7 < |z| < 1 and 0 < |¢(2)| < 1, by (17) we have

eme ]

15) SN — e <

On the other hand, when § < |¢(z)| < 1 and |p(z)| < §, by (18) we obtain
w(r(2) P

20 PG~ eGP = T o)1 - s =

From (19) and (20), we obtain (13), as desired. Similarly, the result (14) holds. This
completes the proof of the theorem.
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