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SOME ESTIMATES FOR SCHRODINGER TYPE OPERATORS ON
MUSIELAK-ORLICZ-HARDY SPACES

Sibei Yang

Abstract. Let L := —div(AV) + V be a Schrodinger type operator with the
nonnegative potential V' belonging to the reverse Holder class RH,,(R™) for
some qo € [n,00) with n > 3, where A satisfies the uniformly elliptic condition.
Assume that ¢ : R™ x [0, 00) — [0, c0) is a function such that ¢(z, -) is an Orlicz
function, ¢(-,t) € As(R™) (the class of uniformly Muckenhoupt weights) and its
uniformly critical lower type index i(p) € (575, 1], where ag € (0, 1] measures
the regularity of kernels of the semigroup generalized by Ly := —div(AV). In
this article, we first prove that operators VL~!, V/2VL~! and V?L~! are
bounded from the Musielak-Orlicz-Hardy space associated with L, H,, 1,(R™), to
the Musielak-Orlicz space L¥(R™). Moreover, we also obtain the boundedness of
VL~ 'and V2L~ on H,, (R™). All these results are new even when o(z, t) :=
t?, with p € (=£—,1], for all z € R™ and ¢ € [0, 0).

n—+aog?

1. INTRODUCTION

Let L := —A + V be the Schrodinger operator on the Euclidean space R™ with
n > 3. When V is a nonnegative polynomial on R™, the boundedness of VL~1/2,
L2y, VL'V, V12V L~ and V2L~! on LP(R™) with p € (1, 00) was studied
in many articles (see, for example, [38, 46]). In particular, Zhong [46] proved that, in
this case, VL /2, V2L~ and VL~V are classical Calderon-Zygmund operators.

Moreover, Shen [37] generalized these results by extending the nonnegative poly-
nomial V' to the case that V' is nonnegative and belongs to the reverse Holder class
RH,(R™) with some ¢ € [n/2,00]. Recall that it is said that f € RH,(R") with
q € (1,00], if, when ¢ € (1,00), f € L{ (R™) and there exists a positive constant C
such that, for all balls B c R",

(1) {ﬁ/)g\f(ywdy}l/qs%/B\ﬂy)\dy,
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or when ¢ = oo, f € L? (R™) and there exists a positive constant C' such that, for
all balls B C R", esssup e |f(y)| < |—g| [ |f(y)| dy. We remark that RH,(R") C
RH,(R™) for any 1 < ¢ < p < oo and, if V' is a nonnegative polynomial, then
V € RH.(R™) (see, for example, [16, 37]). Specifically, Shen [37] established the
boundedness of L, VL~/2, V2L =" and VL'V on some Lebesgue spaces LP(R"),
where 7 denotes the unit imaginary number, v € R and the ranges of p may depend
on n and g. Moreover, the boundedness of these operators implies immediately the
Sobolev 1?2 ?(R™) regularity for the solution v to the equation —Awu + Vu = f when
f € LP(R™) with some p € (1, oco). Furthermore, Shen [37] also established the
boundedness of VL~! on LP(R™), which, together with the boundedness of V2L~ on
LP(R™), further implies the following maximal inequality in LP(R"™) (see also [1, 6]):

(1.2) I=Afll o @y T IVl p@ny < ClIEA+ V) fl owny »

where f € C°(R™) and C'is a positive constant independent of f. In particular, when
V € RH,(R™), Shen [37, Theorem 0.8] proved that L, VL~'/2 and VL~V are
classical Calderon-Zygmund operators. Moreover, the weighted LP(R"™)-boundedness
of these operators was studied in [42].

Recently, the boundedness of V2L~! and VL' on the Musielak-Orlicz-Hardy
space H,, (R™), associated with L, was studied in [10]. Recall that the Musielak-
Orlicz-Hardy space is a function space of Hardy-type which unify the classical Hardy
space, the weighted Hardy space, the Orlicz-Hardy space and the weighted Orlicz-
Hardy space, in which the spatial and the time variables may not be separable (see
[11, 17, 18, 26, 39, 40, 41, 44] for more details on the developments of Hardy-type
spaces and Musielak-Orlicz spaces). We also remark that the Musielak-Orlicz-Hardy
space appears naturally in many applications (see, for example, [7, 8, 9, 32]).

We point out that this kind of Musielak-Orlicz-Hardy spaces associated with oper-
ators generalizes the (Orlicz-)Hardy space and the (weighted) Hardy space associated
with operators, which has attracted great interests in recent years. Such function spaces
associated with operators play important roles in the study for the boundedness of sin-
gular integrals which may not fall within the scope of the classical Calderon-Zygmund
theory (see, for example, [2, 3, 12, 14, 15, 23, 24, 25, 28, 27, 29, 30, 43]).

From now on, let

(1.3) L := —div(AV) +V

with some nonnegative potential V' on R™ with n > 3, where the coefficients matrix

A = {a;;j}1<i, j<n satisfies the following assumptions:

(A1) Foranyi, j € {1, ..., n}, a;; isa measurable function on R™. Moreover, there
exists a constant A € (0, 1] such that, for all i, j € {1, ..., n} and z, £ € R",

aij() = azi(z) and A|E> < > aii(2)6g < AR

i, j=1
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(A2) There exist constants « € (0,1] and K € (0,00) such that, for all ¢, j €
{1, ..., n},

laijllce ®mny < K,

where, for f € C*(R™), || fllco®n) = SUP, yern oty @) —rw)l

[z—y[>
(As) There exists a constant « € (0, 1] such that, for all 7, j € {1, ..., n}, x € R”
and z € Z",
da
ajj € CH—a (Rn>, a,ij(ac + Z) = a” and Z (;;k

Let L be as in (1.3). Kurata and Sugano [31] studied the boundedness of VL1,
V1/2vL~1 and V2L~! on weighted Lebesgue spaces and Morrey spaces. Denote
by A,(R™) with ¢ € [1,00] the class of Muckenhoupt weights (see, for example,
[18, 19, 21] for their definitions and properties). Specifically, it was proved in [31] that,
when A in (1.3) satisfies the assumption (4;) and V € RH(R"), VL~ is bounded on
the weighted space L%, (R™), with p € (1, 00) and w € A,(R™), and the Morrey space
MI(R™) with 1 < p < ¢ < oo; when A satisfies the assumptions (A4;) and (A42) and
V € RH,(R™), VY/2V L~1 is bounded on LY, (R™), withp € (1, 00) and w € A,(R"),
and M;/(R™) with 1 < p < ¢ < oo; when A satisfies the assumptions (A;), (42) and
(43) and V € RH.(R"), V2L~! is bounded on L%,(R"), with p € (1,00) and
w e Ay(R™), and MJ(R") with 1 < p < ¢ < 0.

Motivated by [10, 31], in this article, we establish the boundedness of the opera-
tors VL~!, VY/2VL~1 and V2L~! on the Musielak-Orlicz-Hardy space H,, 1(R™),
associated with L, where L is as in (1.3).

In order to state the main results of this article, let us first recall some notation
and definitions. Assume that the nonnegative function V' on R™ belongs to the reserve
Holder class RH,,(R™) for some gy € [n/2,00) with n > 3. Denote by W' 2(R")
the usual Sobolev space on R™ equipped with the norm (HfHL2 Ry T IVf3, Rn))w,

where V f denotes the distributional gradient of f. Let V € RHq (R™) and

WLARM = {u € WL2(RM - / () 2V (2) dz < oo} .

Denote by L the maximal-accretive operator (see [35, p. 23, Definition 1.46] for the
definition) on L2(R™) with largest domain D(L) < W;7*(R™) such that, for any
f e D(L) and g € Wy 2(R™),

(L.9)= [ @I Tgmda+ [ S@GEV @) ds

RTL
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where (-, -) denotes the interior product in L?(R") and A satisfies the assumption (A;).
In this sense, for all f € D(L), we write

(1.4) Lf = —div(AV)f + V f.

Now we recall some notions for function spaces of Musielak-Orlicz type. We
first describe the growth function considered in this article. Recall that a function
® : [0,00) — [0,00) is called an Orlicz function if it is nondecreasing, ®(0) = 0,
®(t) > 0 for any t € (0,00) and limy—,oo P(t) = oo (see, for example, [33, 36]).
We point out that, different from the classical definition of Orlicz functions, the Orlicz
functions in this article may not be convex. Moreover, ® is said to be of upper type
p (resp. lower type p) for some p € [0, o), if there exists a positive constant C' such
that, for all s € [1,00) (resp. s € [0,1]) and t € [0, 00), ®(st) < CsPP(t).

For a given function ¢ : R™ x [0, 00) — [0, c0) such that, for any x € R”, ¢(z, -)
is an Orlicz function, ¢ is said to be of uniformly upper type p (resp. uniformly lower
type p) for some p € (0, c0) if there exists a positive constant C' such that, for all
x €R™ t€]0,00) and s € [1,00) (resp. s € [0,1]), ¢(x, st) < CsPp(x,t). Let

(1.5) i(p) :=sup{p € (0,00) : ¢ is of uniformly lower type p}.

Observe that i(¢) may not be attainable, namely, ¢ may not be of uniformly lower type
i(p); see below for some examples.

Definition 1.1. Let ¢ : R"x[0, 00) — [0, oo) satisfy that x — ¢(z, t) is measurable
for all t € [0,00). The function ¢ is said to satisfy the uniformly Muckenhoupt
condition for some ¢ € [1, c0), denoted by ¢ € A,(R"), if, when ¢ € (1, 00),

1 IR
ralo)i= s swp [ pteae{ [ oo} <o
te(0,00) Bekn | B B
or, when g = 1,
Ai(p) :== sup sup / x,t) dx | esssup [p(y,t)] ] < oco.
t€(0,00) BCR™ ‘B‘ yeB

Here the first suprema are taken over all ¢ € (0, co) and the second ones over all balls
B CR™

The function ¢ is said to satisfy the uniformly reverse Holder condition for some
q € (1, o0], denoted by ¢ € RH,(R"), if, when ¢ € (1, 00),

1 1/q 1 —1
RH,(p) = sup sup {— / [w(w,t)]qdw} {— / w(w,t)dw} < o0,
te(0,00) Bckn LBl /B |B| /s
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or, when g = oo,

1 -1
RHy (@) := sup sup { esssup ¢(y,t) {—/ o(x,t) da:} < 0.
te(0,00) BCR | yeB |B| /B

Here the first suprema are taken over all ¢ € (0, co) and the second ones over all balls
B CR™

Recall that, in Definition 1.1, A,(R"), with p € [1,00), and RH,(R™), with
q € (1, oo], were respectively introduced by Ky [32] and D. Yang and S. Yang [45].

Let Ao (R™) := Uge[1,00)A¢(R™). The critical indices of ¢ € A (R") are defined
as follows:

(1.6) q(p) :=inf{g € [L,00) 1 p € Ag(R")}
and
(1.7 r(¢) :=sup{q € (1,00] : ¢ € RH,(R")}.

Now we recall the notion of growth functions from Ky [32].
Definition 1.2. A function ¢ : R™ x [0, 00) — [0, c0) is called a growth function
if the following hold:
(i) ¢ is a Musielak-Orlicz function, namely,
@ o(z,): [0,00) — [0, 00) is an Orlicz function for all x € R™;
(b) (-, t) is a measurable function for all ¢ € [0, co).

(ii) ¢ € A(R").
(iii) The function ¢ is of uniformly lower type p for some p € (0, 1] and upper type 1.
Clearly, ¢(x,t) := w(z)®(t) is a growth function if w € A (R™) and @ is an
Orlicz function of lower type p for some p € (0, 1] and upper type 1. A typical example
of such Orlicz function ® is ®(¢) := t?, with p € (0, 1], for all ¢ € [0, 00) (see, for
example, [44, 45] for more examples of such ®). Another typical example of growth
function is ¢(x,t) := [ln(e+|a:|)]é(:—[ln(e+t)]7 for all z € R™ and ¢ € [0, 00) with any
a € (0,1] and 3, v € [0,00); more precisely, ¢ € A;(R"™), ¢ is of uniformly upper
type «, and i(p) = a which is not attainable (see [32]).
Recall that, for a Musielak-Orlicz function ¢ as in Definition 1.2, a measurable
function f on R™ is said to be in the Musielak-Orlicz space L#(R") if

[ sl < .

Moreover, for any f € L?(R"), define

1 fll e mny == inf{/\ € (0,00) : /ncp <x, ‘f&m‘) dz < 1}.
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Let L and ¢ be, respectively, as in (1.4) and Definition 1.2. We remark that, by
A in (1.4) satisfying the assumption (A;) and V' nonnegative, we know that L is a
nonnegative self-adjoint operator in L2(R™). Moreover, the Gaussian upper bound es-
timate for the kernels of the semigroup {e~**};~o (see Lemma 2.6(i) below) further
implies that the semigroup {e~t*};-, satisfies the Davies-Gaffney estimates (see [45,
Assumption (B)] for the definition of the Davies-Gaffney estimate). Thus, L is a non-
negative self-adjoint operator on L?(R") satisfying the Davies-Gaffney estimates. Now
we recall the Musielak-Orlicz-Hardy space H., ,(R™) associated with L introduced in
[45].

For f € L*(R") and = € R", the Lusin area function Sr.(f)(z), associated with

L, is defined by
S =

where I'(z) is the cone defined by I'(z) := {(y,t) € R" x (0,00) : [y —z| <t}. A
function f € L*(R™) is said to be in the set H,, ,(R") if SL(f) € L¥(R™); moreover,
define

1/2
_ 42 2 dydt
2L (£) ) W} ,

1y, ey == SO Lo @ny

:inf{/\e(O,oo): /¢<xW) da;g1}.

The Musielak-Orlicz-Hardy space H.,, ,(R™) is defined to be the completion of H, 1 (R")
respect with to the quasi-norm [| - ||z, &»)-

Moreover, in order to state the main results of this article, we need another necessary
notation. By [4], we know that the following conclusion holds true.

Lemma 1.3. Let Ly := —div(AV) with A satisfying the assumption (A4;) and p;
be the kernel of the heat semigroup e~**0 generated by L. Then, for each y € R"
and ¢t € (0,00), z — p¢(x,y) and = — p(y, x) are Holder continuous functions in
R™ and there exists oy € (0, 1] such that, for any a € (0, ), there exist positive
constants C and co such that, for any z, x + h, y € R" satisfying |h| < Vi,

Ca h @ _Clx_?/|2
e+ hu) = 2o )|+ s+ ) puly, )| < [‘ ‘] e

NG
The first main result of this article is as follows.

Theorem 1.4. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2. Assume
that V € RH,,(R") with go € [n, 00), i(¢) € (7757, 1] and
n

nq(p)/i(p) —ao’

(1.8) (@) <
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where i(¢), q(¢), () and o be, respectively, as in (1.5), (1.6), (1.7) and Lemma
1.3, and [r(¢)]" :=r(p)/[r(¢) — 1].

(i) If A in (1.4) satisfies the assumptions (A4;) and (As), then the operator V L~}
is bounded from H, r,(R") to L¥(R"™).

(ii) If Ain (1.4) satisfies the assumptions (A;) and (A»), then the operator V/2V L~
is bounded from H, r,(R") to L¥(R"™).

(i) If A satisfies the assumptions (A1), (A2) and (Aj3), then the operator V2L !
is bounded from H, r,(R™) to L¥(R™).

To prove Theorem 1.4, we first establish an atomic characterization of the Musielak-
Orlicz-Hardy space H,, 1 (R™) (see Theorem 2.3 below). It is worth pointing out that
the atom used in this article was introduced in [10], which is different from that in
[45], but closer to that in [14, 15] in the spirit; the method used in this article to
establish the atomic decomposition for the space H, 1 (R"™) is similar to that used in
[10, Theorem 2.3], but quite different from that used in [14, 15] (see the introduction
of [10] for more details). Moreover, some upper bound estimates for the fundamental
solution of L (see Lemma 3.1 below) and the boundedness of VL', V/2VL~! and
V2L~! on the Lebesgue space LP(R™) (see Lemmas 3.2 and 3.3 below) are also used
in the proof of Theorem 1.4. Furthermore, we also need some properties for the growth
function ¢ (see Lemma 2.7 below) and the auxiliary function m(-, V') determined by
the potential V' (see (2.1) and Lemmas 2.5 and 3.4 below). In particular, it is worth
pointing out that the technique of smooth cut-off functions (see (3.33) below) and the
special structure of L also play a key role in the proof of Theorem 1.4(iii). Moreover,
different from the proof of [10, Theorem 1.4], the main new ingredient appeared in the
proofs for (i) and (ii) of Theorem 1.4 is that we use the different parting ring technique
of the entire R™ for the different H,, (R"™)-atom (see (3.8), (3.13) and (3.18) below).

Now we recall the definition of the Musielak-Orlicz-Hardy space H,(R™) intro-
duced in [32]. We first state some notions. In what follows, we denote by S(R"™)
the space of all Schwartz functions and by S’'(R™) its dual space (namely, the space
of all tempered distributions). Let N := {1,...} and Z; := {0} UN. For any

0= (01,....00) €Z7, let |0 := 0y + -+ 0, and 8¢ .= —2°—_ For m € N,

83:(191 ~~~8a:%"
define

Sn(R™) =< ¢ € S(R"): sup sup (1+ \x\)(m+2)("+1)\8fqﬁ(x)\ <15.
w€R™ Ben, |B|<m+1

Then, for all f € S'(R™) and 2 € R™, the non-tangential grand maximal function f,
of f is defined by setting,

fm(2) i= sup sup [ xdi(y)l,

PESH (R) ly—z|<t, t€(0,00)
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where, for all t € (0,00), ¢¢(-) := t7"¢(;). When m(p) := [n[q(¢)/i(v) — 1],
where ¢(¢) and i(y) are, respectively, as in (1.6) and (1.5), and [s| for s € R denotes
the maximal integer not more than s, we denote fn*l(w) simply by f*.

Definition 1.5. Let ¢ be as in Definition 1.2. The Musielak-Orlicz-Hardy space
H,(R™) is defined to be the space of all f € S’(R™) such that f* € L¥(R™) with the

quasi-norm || f{| gz, &) := [l F*[| e n)-
Now we state the second main result of this article as follows.

Theorem 1.6. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2. Assume
that (), q(v), () and o are, respectively, as in (1.5), (1.6), (1.7) and Lemma
1.3. Let A in (1.4) satisfy the assumptions (A;), (A2) and (A3), V € RH, (R™) with
qo € [n,00), () € (774, 1] and

(1.9) q(@)[r(e)]

Then

(i) the operator V2L~ is bounded from H,, ,(R") to H,(R™);
(i) the operator V L~! is bounded on H, 1(R").

Similar to the proof of [10, Theorem 1.4], we prove Theorem 1.6(i) by using the
atomic characterization of H,, (R™) established in Theorem 2.3 below, some estimates
for the fundamental solution of L (see Lemma 3.1 below), the boundedness of V L—!
and V2L~! on LP(R") (see Lemmas 3.2 and 3.3 below), and some properties for ¢
(see Lemma 2.7 below) and the auxiliary function m(-, V') (see Lemmas 2.5 and 3.4
below). Moreover, similar to [10, Theorem 1.5], we prove (ii) of Theorem 1.6 via (i)
of this theorem and the atomic characterization of H, 1 (R™) obtained in Theorem 2.3
below.

Moreover, we also have the following two remarks for Theorems 1.4 and 1.6.

Remark 1.7. Let L and ¢ be as in Theorem 1.4.

(i) By Remark 2.4(iii) below, we know that H,(R™) C H,, (R™). Thus, the oper-
ators VL~!, VY2V L~ and V2L~ are also bounded from the space H,(R")
to LP(R™).

(i) When o(z,t) :=tP, withp € (#ao, 1], forall x € R™ and ¢ € [0, 00), it is easy
to see that (1.8) holds true. In this case, denote by H? (R™) the space H,, r.(R™).
Moreover, it is easy to see that L¥(R™) = LP(R"™) and H,(R") = HP(R"),
where HP(R™) denotes the classical Hardy space. Thus, VL', V1/2VL~! and
V2L~! are bounded from H? (R") to LP(R™), and from HP(R™) to LP(R™) by
(i) of this remark.



(i)

(iv)

(V)
(1

(V)2

(V)3
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Let L; := —A+V be the Schroldeger operator on R™. Recall that, when L = L,
namely, A in (1.4) is just the unit matrix, then ap = 1. Let ¢(x,t) := ¥ for
all z € R" and ¢ € [0,00), where p € (%5, 1]. In this case, we denote the
space H,, r,(R™) simply by Hﬁl (R™). It is worth pointing out that the space
HY (R") has been studied in [14, 15, 28, 43]. Observe that, in this case, by the
definitions of i(y), q(¢) and r(y), we easily see that i(¢) = p, ¢(¢) = 1 and
r(¢) = oo and hence the condition (1.8) automatically holds true. We point out

that Theorem 1.4 is new even for H} (R") with p € (5, 1].

For w € A (R™), we denote by ¢, and r,, respectively, the critical indexes of
w defined by a way similar to (1.6) and (1.7). When ¢(x,t) := w(x)t?, with
p € (==—,1], forall z € R™ and ¢ € [0, c0), by the definitions of i(y), ¢(¢)

n+ag’
and r(p), we see that i(¢) = p, q(¢) = ¢, and r(¢) = r,, and hence the
condition (1.8) becomes r/, < m. Theorem 1.4 is also new even in this

case.

We also give some examples of growth functions satisfying the assumptions in
Theorem 1.6.

Assume that p € (;75-,1] and a € (3 — (n + ao),0]. Let p(z,1) := |z|*P
for all z € R™ and ¢ € [0, 00). It is easy to show that i(¢) = p, ¢(¢) = 1 and

r(¢) > ——. From this, we deduce that the assumption (1.8) holds true.

n+ao—n/

Thus, such ¢ satisfies the assumptions of Theorem 1.4.

Assumethatp € (;7%5-,1], 9 € (1, W) anda € (0, (g—1)n). Lety(x,t) :=
|x|¢P for all x € R™ and ¢ € [0, 00). In this case, it is easy to see that i(¢) = p,
q(¢) < g and r(p) = oo. By this and the assumption for ¢, we see that (1.8)
holds true and hence such ¢ satisfies the assumptions of Theorem 1.4.

Let o(x,t) := [1og(e+|a:|)]éi[1og(e+t)]w’ with o € (775, 1] and 8, v € (0, 0),
for all z € R™ and ¢ € [0,00). In this case, it is easy to prove that ¢ satisfies
Definition 1.2, i(¢) = a, q(¢) = 1 and r(¢) = co. Fromthisand a € (75~ 1],
it follows that the assumption (1.8) automatically holds true and hence such ¢
satisfies the assumptions of Theorem 1.6. Moreover, it is worth pointing out
that such a function ¢ naturally appears in the study of the pointwise multiplier

characterization for the BMO-type space (see [34, 32]).

Remark 1.8. Let L and ¢ be as in Theorem 1.6.

(i)
(i)

By Remark 2.4(iii) below, we know that H,(R") C H, r(R™), which, together
with Theorem 1.6(i), implies that V2L ~! is also bounded on H,, 1,(R").

Let o(z,t) := 7, with p € (575, 1], for all z € R™ and ¢ € [0, c0). Then we
know that V2L~ is bounded from HY (R") to HP(R") and on H?(R"); V L~}
is bounded on H? (R™) and from H?(R") to H? (R™). Theorem 1.6 is new even

in this case.
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(iii) Let p(z,t) := ¥ for all 2 € R™ and ¢ € [0, c0), where p € (5%, 1]. Similar
to Remark 1.7(ii), we know that (1.9) automatically holds true. We point out
that Theorem 1.6 is new even for H? (R™) with p € (775> 1]. Moreover, when
L := Ly, where Ly is as in Remark 1.7(ii), (i) and (ii) of Theorem 1.6 are,
respectively, [10, Theorems 1.4 and 1.5].

(iv) When ¢(z,t) := w(z)tP, with w € A (R™) and p € (775-, 1], for all 2 € R”
and t € [0, 00). Similar to Remark 1.7(iii), the condition (1.9) becomes ¢,r/, <
W where r,, and q,, are as in Remark 1.7(iii). Theorem 1.6 is also new
even in this case.

(v) Similar to Remark 1.7(v) and [10, Remark 1(v)], we also have the following
examples of growth functions satisfying the assumptions of Theorem 1.6.

(V)1 Assume that p € (7=, 1] and a € (5 — (n+ ao), 0]. Let (z,t) := [z|*P for
all z € R" and t € [0, 00).

(V)2 Assume that p € (5=, 1), g € (1,52 + [(%132 +p]'/?) and a € (0, (¢ — 1)n).
Let p(z,t) := |z|“P for all z € R™ and ¢ € [0, o).

(V)3 Let p(x,t) := [1og(e+|a:|)]é+[1og(e+t)]w’ with @ € (75-,1] and 3, v € (0,00),
for all z € R™ and t € [0, 00).

As a corollary of Theorem 1.6, we have the following maximal inequality.

Corollary 1.9. Let ¢, L and V' be the same as in Theorem 1.6. Then there exists
a positive constant C' such that, for all f € C>°(R"),

(1.10) I=AF N, @y F WVl @y < CILfla, @ -

Remark 1.10. We point out that (1.10) is a variant of the maximal inequality (1.2)
in the space H, ,(R™) when L := L; is the Schrodinger operator, and hence further
completes (1.2). Indeed, when o(z,t) := P, with p € (#ao, 1], for all z € R™ and

€ [0,00), (1.10) becomes that there exists a positive constant C' such that, for all
f e Ce(R™),

I=Afl e @y + IV llge @y < CILF I gr@ny

which is also new.

The layout of this article is as follows. In Section 2, we establish an atomic
characterization of the space H,, (R™) (see Theorem 2.3 below), which completely
covers [14, Theorem 1.11] by taking (. t) := ¥, with p € (-, 1], for all z € R"
and ¢ € [0,00), and A := T in (1.4), where p is as in (2.2) below and I denotes the
unit matrix. Then, in Sections 3 and 4, we give the proofs of Theorems 1.4 and 1.6,
respectively.
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Finally we make some conventions on notation. Throughout the whole article, we
denote by C' a positive constant which is independent of the main parameters, but it may
vary from line to line. We also use C, g ) to denote a positive constant depending
on the indicated parameters -y, (3, .... The symbol A < B means that A < CB. If
A < Band B < A, then we write A ~ B. For any given normed spaces .A and B
with the corresponding norms || - ||.4 and || - ||, the symbol A C B means that, for
all f € A, then f € Band | f|lg < | f]l.a- For any measurable subset E of R", we
denote by EC the set R" \ £ and by x g its characteristic function. Moreover, for each
ball B C R", let So(B) := 2B and S;(B) := 2/t1B \ 2/B for j € N. Finally, for
q € [1, 0c], we denote by ¢’ the conjugate exponent of ¢, namely, 1/¢+1/¢ = 1.

2. AN ATomIC CHARACTERIZATION OF H,, ,(R")

To prove the main results of this article, similar to [10], in this section, we establish
an atomic characterization of H,, r,(R™). We begin with the definition of (¢, ¢),,,-atoms
introduced in [10, Definition 2.1]. To this end, we need the following auxiliary function
m(-, V) introduced by Shen [37]. More precisely, let V' be as in (1.4). For all x € R",
the auxiliary function m(z, V') is defined by

m(x “1l.=gu r ) : 1 .
(2.1) [m(z, V)] p{ €(0,00): == /B(M)V(y)dygl}

Definition 2.1. Let ¢ and m(-, V') be, respectively, as in Definition 1.2 and (2.1),
and ¢ € (1, oo]. A function a on R™ is called a (¢, ¢),,-atom associated with the ball
B := B([EO, 7’0), if

(i) supp (a) C B;
(i) [lallzaany < |BIY9lxl 7L g
(i) [gn a(z)dz =0if ro < [m(zo, V)]t

Now we recall the definition of the atomic Musielak-Orlicz-Hardy space H, ?(R™)

introduced in [10, Definition 2.2].

Definition 2.2. Let ¢, m(-,V) and ¢ be as in Definition 2.1. A function f €
L*(R™) is said to be in the set H;7“(R") if f = . Aja; in L*(R™), where, for
each j, a; is a (¢, ¢)m-atom associated with the ball B; and {);}; C C satisfies that

i .
> (B, W) < oo. Define

@ (RM)

. Al
A{Xa;};) :==inf ¢ A € (0,00) : cp<B~,—] <1
({Aa5}) 0.9 30 B N o
and || f|| g arny = inf A({Aja;};), where the infimum is taken over all decompo-
sitions of f as above. The atomic Musielak-Orlicz-Hardy space H;?(R™) is then
defined to be the completion of A7 ?(R™) with respect to the quasi-norm || - || ¢4 (gn).-
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Moreover, by [20], we know that RH,(IR™) has the property of the self-improvement.
Namely, if V€ RH,(R™) for some ¢ € (1, c0), then there exists e € (0, co), depend-
ing only on n and the constant C' in (1.1), such that V' € RH,,(R™). Thus, when
V € RH,(R™) for some ¢ > n/2 with n > 3, there exists ¢y > n/2 such that
V € RH,,(R™). For convenience, in what follows, we always assume that L is as in
(1.4) with V- € RH,,(R™), qo € (n/2,00) and n > 3; moreover, let

(2.2) po :=min{ag, 2—n/q},

where «q is as in Lemma 1.3.
Now we state the main result of this section as follows.

Theorem 2.3. Let ¢ and L be, respectively, as in Definition 1.2 and (1.4). Assume
that i(v), q(¢) and po are, respectively, as in (1.5), (1.6) and (2.2). Let ¢ € (1, 00)
satisfy po +n/q > T;‘ffj)’). Then the spaces H,, (R™) and H,;?(R™) coincide with
equivalent quasi-norms.

Remark 2.4.

(i) Theorem 2.3 completely covers [14, Theorem 1.11] by taking ¢(z, t) := P, with
p € (5151 forall z € R" and ¢ € [0,00), and A := I in (1.4), where [
denotes the unit matrix. Moreover, when A := I, up = min{1,2 —n/qy} and
Theorem 2.3 is just [10, Theorem 2.3].

(if) Let Ly := —A + V, where V is as in (1.4). When L = Lj, we denote the
Musielak-Orlicz-Hardy space H, 1 (R") by H, r,(R"™). By Theorem 2.3 and
[10, Theorem 2.3], we conclude that, when ¢, g and ¢ are as in Theorem 2.3,
H, (R") = H,, r,(R™) with equivalent quasi-norms.

(iii) Let ¢ be as in Theorem 2.3. Similar to [10, Remark 4(ii)], we see that H(R"™) C
H, (R™).

To prove Theorem 2.3, we also need some estimates related to L. For the auxiliary
function m(-, V), we have the following Lemma 2.5, which is just [37, Lemma 1.4].

Lemma 2.5. Let V and m(-, V') be, respectively, as in (1.4) and (2.1). Then there
exist positive constants C7, Cs, C3 and kg such that, for all z, y € R™,

(2.3) C’Q_lm(ac, V) <m(y,V) < Com(z,V) if |z—y| < Ci[m(z, V)]_l,

m(y, V) < Co[l + |z — ylm(z, V)]*om(z, V)

and

Cgﬂl([ﬂ, V)
V) > .
M V) 2 G e, V) D
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Moreover, we also need the following estimates for the kernel of e~*~.

Lemma 2.6. Let L be as in (1.4) and K; the kernel of e~*~. Assume that s is
asin (2.2).

(i) For each t € (0,00), K, is a measurable function on R™ x R™ and, for any
N € N, there exist positive constants C() and « such that, for almost every
(z,y) € R® x R",

—-N

C ale—y|?
0< Ki(z,y) < %e— r {1 +Vim(z, V) + Vim(y, V)}

Moreover, this estimate holds true also for t0; K.

(ii) For each y € R" and t € (0, 00), z — Ky(z,y) and x — K (y, z) are Holder
continuous functions in R™ and, for any N € N and u € (0, o), there exist
positive constants C(, ,y and « such that, for any z, x + h, y € R" satisfying

|h| < V4,
‘Kt([E + h7 y) - Kt<$, y)‘ + ‘Kt<y7 T+ h) - Kt<y7 [L’)‘

Cv,py [IA[]" —ele—u?® -N
< Gz [%] et {1 +Vtm(z, V) + Vtm(y, V)} .

Proof. (i) of this lemma was obtained in [13, Theorem 2.1]. Moreover, similar
to the proof of [14, Theorem 2.11] and [15, Proposition 4.11], we can prove (ii). We
omit the details here. ]

Moreover, we also need some properties of ¢ in Definition 1.2. In what follows, for
any measurable subset £ of R” and ¢ € [0, c0), let (E, t) := [, ¢(x,t) dz. We have
the following properties for A, (R™), whose proofs are similar to those in [19, 21];
see also [22].

Lemma 2.7.
(i) Ai(R™) C Ap(R™) C Ay(R™) for 1 < p < ¢ < c0.
(ii) RHo (R™) C RH,(R™) C RH,(R™) for 1 < ¢ < p < oo.
(iii) If ¢ € A (R™) with p € (1,00), then there exists ¢ € (1,p) such that ¢ €
Ay(R™).
(V) Aco(R™) = Upe(1,00)Ap(R™) = Uge(1,00/RHy (R™).
v) If o € A,(R™) with p € [1, 00), then there exists a positive constant C' such that,
p
. Bs, B
for all balls By, By C R™ with B; C By and ¢ € [0, 00), iEBig < C’[%}p.
(vi) If ¢ € RH,(R™) with ¢ € (1, oc], then there exists a positive constant C' such
that, for all balls B;, B, C R™ with B; C By and ¢t € [0, 0), @(Bat) -

B @(Blvt) -
C[%](q—l)/q.
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Remark 2.8. Denote by A,(R"), p € [1,00], and RH,(R™), ¢ € (1, oo], respec-
tively, the class of Muckenhoupt weights and the class of weights satisfying the reverse
Holder condition. Then the conclusion of Lemma 2.7 also holds true for the classes
A,(R™) and RH,(R™) (see, for example, [19, 21]).

Now we prove Theorem 2.3 by using Lemmas 2.5 through 2.7.

Proof of Theorem 2.3. The proof of Theorem 2.3 is similar to that of [10, Theorem
2.3]. Here we give some necessary details. We first prove

(2.4) HZYR™) N L*(R") C H, (R™") N L*(R™).

Let f € H%Y(R™) N L*(R™). Then there exists a sequence {a;}; of (¢, q)m-atoms
and {)\;}; C C such that

(2.5) f=>_Xa; in L*(R")
j

and

(2.6) 11|z ammy ~ A({Aja5}5),

where, for each j, supp(a;) C B; := B(zj,r;). By using Lemmas 2.5, 2.6 and
2.7, similar to the proof of [22, (4.7)], we know that, for any (¢, ¢)m,-atom a with
supp (a) C B and A € C,

2.7) [ @ s.00@) < (B ¢) .

’ HXBHLV’(R")

From (2.5) and (2.7), it follows that, for all A € (0, ),

SL(f)(HC)) < < A A )
/ncp <x’ A dxwzj:(p BJ’/\HXB]'HLV’(R") ’

which, together with (2.6), implies that f € H, 1(R") N L*(R") and || |z, @) S
| f1l 9 (mmy- Thus, (2.4) holds true.
Moreover, similar to the proof of [10, (2.9)], we obtain that

(2.8) H, 1 (R™) N L*(R™) ¢ HZY(R™) N L*(R™).

By (2.4) and (2.8), we conclude that H,,*(R") N L?(R") = H,, 1(R™) N L*(R")
with equivalent norms, which, together with the fact that H,, ?(R") N L?(R") and
H, (R™) N L%(R") are, respectively, dense in H,Y(R") and H,, (R"), and a den-
sity argument, then implies that the spaces Hy;/(R") and H, (R™) coincide with
equivalent quasi-norms. This finishes the proof of Theorem 2.3. ]
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3. PrRoOOF oF THEOREM 1.4

In this section, we give out the proof of Theorem 1.4. We begin with some useful
auxiliary conclusions. In what follows, we always assume that V' € RH, (R™) with
go € [n,00) and n > 3. Denote by I" the fundamental solution for the operator L as
in (1.4). For T, we have the following estimates.

Lemma 3.1. Let L be as in (1.4) with V € RH,, (R") and ¢y € [n, 00). Denote
the fundamental solution of L by T'.

(i) Assume that the matrix A in (1.4) satisfies the assumption (A;). Then, for any
k € N, there exists a positive constant C(;) such that, for any z, y € R™ with
Clr) 1
v 79 D@ Y S EammenF Fore:

Assume further that A in (1.4) satisfies the assumptions (A;) and (Asz). Then,
for any k € N, there exists a positive constant C'y, such that, for any z, y € R"
with z # v,

(i) [VoI'(2,y)[ <

Cu 1 Cy .
[L+z—y|m@,V)]F Je—y[" 1 and |Vyr(l’, y)l < M Hz—y|m@@,VIF [e—y[" 1’

Ci) 1
<“|> ‘vxvyr@a y)‘ S [1+|J:—y|7}7€1(1’7V)]k [x—y|™

Proof. (i) and (ii) of this lemma were established in [31, Theorem 2.5]. Moreover,
by the fact that V,I'(x, y) is the solution of Lu = 0, [31, (2.5)] and (ii), we conclude
that (iii) holds true, which completes the proof of Lemma 3.1. ]

Moreover, we also need the following L?(R™)-boundedness of VL~!, V1/2v L1
and V2L,
Lemma 3.2. Let L be as in (1.4) with V' € RH, (R™) and gy € [n, c0).

(i) Assume that A in (1.4) satisfies the assumption (A;). Then, for any p €
(1, qo], there exists a positive constant C,,) such that, for all f € LP(R"),
VL ()l o @ry < Cipyllf1l o mry-

(ii) Assume that A in (1.4) satisfies the assumptions (A;) and (Ay). Then, for any
p € (1,2qo], there exists a positive constant C',,y such that, for all f € LP(R"),

|vizeeis)| < Collflin.

Lr(R™)
The proofs of (i) and (ii) of Lemma 3.2 are, respectively, similar to that of [37,
Theorems 3.1 and 4.13] and we omit the details.

Lemma 3.3. Let L be as in (1.4) with V- € RH,, (R™) and gy € [n, 00). Assume
that A satisfies the assumptions (A4;), (A2) and (As). Then, for any p € (1, qo|, there
exists a positive constant C(,,) such that, for all f € LP(R™), || V2L (f)

Cio)l Nl o (rny-

’LP(R") <



1308 Sibei Yang

Proof. Let Ly := —div(AV). Then L = Ly + V. It was proved in [5, Theorem
B] (see also [31, Theorem 2.7]) that V2L, is bounded on LP(R™) for any p € (1, o),
which, together with Lemma 3.2(i), implies that, for all f € LP(R™) with p € (1, qo],

IV2L™ flleny S IL0L ™ Flle@ny ~ 1L = V)L fllo@ey S If v eny-
This finishes the proof of Lemma 3.3. ]

Furthermore, we need the following estimates for the potential V', which were
established in [37, Lemma 1.2].

Lemma 3.4. Let V € RH,,(R™) with gy € [n/2, 00). Then there exists a positive
constant C' such that, for all z € R” and 0 < r < R < o0,

1 / R\w 2 1
Vy dySC’(—) / V(y) dy.
2 JBr) ) r B2 Jp(aR) W

Moreover, if 7 := [m(z, V)]~ with 2 € R", then L5 Jpen VW) dy=1.

Now we prove Theorem 1.4 by using Lemmas 3.1 through 3.4.

Proof of Theorem 1.4. We first prove (i) of Theorem 1.4. Let f € H, (R™) N
L*(R™). Recall that, in this case, 19 = ap. By the assumption [r(¢)]’ < OIS
we see that there exists

¢ e (Fol it —ar)

Thus, ¢ > [r(v)] and ag +n/q > nq(p)/i(p). From this and Theorem 2.3, it follows
that there exist {\;}; C C and a sequence {a;}; of (¢, ¢),,-atoms such that

(32) f=2 Xiaiin L2R™) and £, ,en) ~ A({ D).

To finish the proof of Theorem 1.4(i), it suffices to prove that, for all A € C and
(¢, ¢)m-atoms a supported in the ball B := B(xg, ro),

63 [ VI 0@l do S e (BN Ixal )

If (3.3) holds true, from this, (3.2) and Lemma 3.2, we further deduce that, for all
A€ (0,00),

[ o (a0 ,, SRe Vi)
SZ@(B il )

Y Mxall e mn)
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which implies that VL= (f)|lze@ny S Ifla, @) By this and the fact that
H, (R")NL%(R") is dense in Hy, 1, (R”) we further conclude that VL —! is bounded
from H, 1 (R") to L¥(R").

Now we prove (3.3). We first write

(3.4) © (a:, \VL_l(/\a)(a:)\) der = AB@ (a:, \VL_l(/\a)(a:)\) da:—l—/R

Rn 7L\4B

= I+ 1.

Moreover, from (3.1) and the definitions of i(y), ¢(¢) and (), we deduce that there
exist po € (0, (i(p)) and g € (¢(¢), 00) such that ¢ is of uniformly lower type po,
¢ € Az(R™) NRH, (R™) and

(3.5) oo+ s
q Po

For I;,1, by the uniformly upper type 1 and lower type py properties of o, Holder’s

inequality, Lemma 3.2(i), ¢ € RHy(R") C RH(,/,,(R™) and Lemma 2.7(v), we

know that

a/po

s [ e (o il ) [\vL—1<a><x>\uxBumRn)
4B
+ VL @) @) XIS oy | da
S Ieleqen IV @)l [0 (= NI )| o
(36) FIXB IR ey IVE T @y |o (5 MBI )|

N HXBHL«p(Rn)HaHLq(Rn)\B‘_l/q@ (4B, ‘/\H’XBHZw(Rn)>

L(a/po)/(4B)

X I oyl ey | BP9 (4B, NI 2 )
< @ (BBl @) -

Now we estimate the term I; » by considering the following two cases for r.

Case 1. 7o > [m(xo, V)]~L. In this case, for any given z € S;(B) := 2/t B\
(2/B) with j € N and j > 2, from Lemma 2.5, we deduce that, for all y € B,

2rom{zo, V) > 23/ (R0 o (2, V),

- >
‘33 y‘m(x, V) ~ [1 —|—2jr0m($o,v>]k0/(l+ko) ~

where kg is as in Lemma 2.5, which, together with Lemma 3.1(i), implies that, for all
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x € S;(B) with j > 2 and any k£ € N,

i )
VIR @) £ V) | e v
(3.7) S (2rg)? 2 MR [rgm (o, V) *lall 1)V ()

< 9—[k/(1+ko)+n—2]j [rom(xo, V)]_kr(%HXBHZ;(R" V().

)

By (3.7) and the uniformly upper type 1 and lower type po properties of ¢, we conclude
that, for any j € N with j > 2,

H, i /Sj(B)cp(a:,\VL_ (Aa)(@)]) do

< o W/ Otko)+n =211 (20, V)] ~*r2

X xz, |A -1 o ) Vix)dx
a8) . P (& Plxsl ) V)

+2—[k/(1+k0)+n—2]jp0 [rom(xo, V)]—kporgpo

<o (Nl ) V@) do = By 4 5
S;(B)

Now we estimate the term E;. From [r(¢)]’ < @i —an < n/(n—1),n>3
and o € [n, 00), it follows that [r(¢)]" < go and hence ¢ € RH,, (R"). Moreover,
by Ve RH,(R"™), Remark 2.8 and Lemma 2.7(iv), we conclude that there exists
qo € (1,00) such that V' € Az (R"). Thus, from ¢ € RH, (R") N Az(R"), V €
RH,, (R™) N Ag,(R™), Lemma 2.7(v) and Remark 2.8, we deduce that, for any k& € N,

E; < 9—[k/(1+ko)+n—2]j [rom(zo, V)]_krg

xVllzaocs, o [0 ( IXBIEE @) [ g s,
J

@9 SO VAV @ B) (218, N s
5 2—[k/(1+k0)+2n—7l(§0+§)—2]j [TOm(-TO, V)]—kr(()Q—ﬂ)V(B)(p (B, |)\| HXB HZ;(R"))

< 9 [/ (ko) +2n=n@o+0) =203 [ o (1 V)]—(k+7z—n§0—2)(p(B, BY HXBHZ;(W)) ;
where k is as in Lemma 2.5 and V(B) := [V (z) d.
For F;, similar to (3.9), we know that, for any k£ € N,

F; <27 [k/(14ko)+2n—n(qo+q/po)—2jpo

(3.10) _
X[rom (o, V)] 802005 (B, Il L gy )
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Taking % enough large in (3.8), (3.9) and (3.10) and then using (3.8), (3.9), (3.10)
and the fact that rom(xo, V') > 1, we conclude that

o0

L12S Z H; < Z 9K/ (ko) +2n—n(Go+3/po)~2jpo (B, Al HXBHZ;(WL))
: e

(3.11) =
<S¢ (BMIal g ) -

Case 2. 79 € (0, [m(xo,V)]™1). In this case, let jo € N such that
2007y < [m(zo, V)] 7 < 2000,

For any z € S;(B) with j € {2, ..., jo + 2}, by [z, a(z)dz = 0, the mean valued
theorem, Lemma 3.1(ii) and Holder’s inequality, we conclude that, for any k € N,

’VL_I(a) (a:)’:V(a:)

[ [Pe) = Do zo)laly) dy

(3.12) gV(x)/B\vyr(a:,yl)H(y—xo)a(yﬂdy

S (2jr0>_(n_1)7’g+1[1 + 2j7’0m($0, V)]_kHXBHZ;(Rn V(f]:),

)

where y; := z¢ + 0(y — xo) with 8 € (0,1). From this, the uniformly upper type 1
and lower type po properties of ¢, it follows that, for any j € {2, ..., jo + 2},

5, ::/Sj(B) ¢ (2, VL (Aa)(2)]) da

< (2jr0)_("_1)rg+1[1 + 2jr0m(a:0, V)]_k

(3.13) <o (N el ) V) do
S;(B)

+(27rg) = (PO (TP 2T, V)] R

<[ o (NIl ) [V @) do = K+ M,
S;(B)

J

For K;, by Holder’s inequality, ¢ € RH, (R") N Az(R"), V € RHy(R"), Lemma
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2.7(v) and Lemma 3.4, we see that, for any k£ € N,
K; < (2j7“0)_(7l_1)7“g+1[1 + 2j7“0m(.1‘0, V)]_kHVHLqO(Sj(B))

<[l (- NIl )

L(S;(B))

< (29r0)~Cr DB 14+ 2 rm (0, V)]~ (2B, A sl 7 ) V(27 B)
3.14 j —(2n— n j - j - j
(3.14) < (2rg) @D 4 90 im(g, V)] Fp (QJB,|>\|HXBHL;(R”)) V(27 B)

5 2—(n+k+1_"®[7“0m(‘r0’ V)]_k |:

1 n/qo—2
2irgm(zg, V')

o (B NI )
2R LD g V)00 (B, Al )
For M, similar to (3.14), we have
M; < 9—(n+k+n/qo—1-ng/po)po [rom(zo, V)]—(k+n/qo—2)po
%@ (ByIMIXBI 7 eny )

Taking kK =2 —n/qo in (3.14) and (3.15) and then using (3.13), (3.14), (3.15), (3.5),
ap € (0,1] and ¢ > 1, we further conclude that

(3.15)

Jo+2 jo+2 B
S5 Y oty (B, \/\\HXBHZ},(R")>
j=2 j=2

< @ (BN Ixlzhen)

From the definition of jo, we deduce that 2/rgm(xq, V) > 8 for any j € N with
~ -1

j > jo+ 3. Let By := B([IZmF{)) with F() = [m(azg,V)] . Then U]Q.;jo+35j(B> C

U?‘;Qsj(éo). By Lemma 2.5, we see that, for any = € S;(By) with j > 2 and y € B,

(3.16)

27 [m(xo, V)] tm(xo, V) 93/ (1+ko)

_ V) > ‘

where kg is as in Lemma 2.5. From this, [, a(z)dx = 0, the mean valued theorem,

Lemma 3.1(ii) and Holder’s inequality, it follows that, for any = € Sj(Eg) with
je{2,...}and k € N,

VL @ @)| = Vi) | [ [Dey) - T zo)laly) dy

(3.17)

IN

V() /B IV,T (e, 1) |y — o)) dy

S 2_[k/(1+k0)+n—1]jr61+1 [m(azg, V)]n—l HXBHZ;(Rn)V(x>7
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where y; := zo + 0(y — xo) with 8 € (0,1). By (3.17), the uniformly upper type 1
and lower type po properties of o, we conclude that, for any j € {2, ...},

3, = /Sj(éo)cp(a:,\VL_ (Aa)(x)]) de

< 2—[k/(1+k0)+”_1]j1%_"r6l+1/ N @(%WHXBHZ;(R")> V(z) dz

S;(Bo)

(318) +2—[k‘/(1+k‘0)+n—l]jpo;;(()n—l)por(()n—f—l)po

<[ (o Il ) V@) da

S;(Bo

=: Kj + Mj.

For f{j, from Holder’s inequality, ¢ € RH,, (R")NAGR"), V' € RHy,(R")NAg (R"),
Lemma 2.7(v), (3.5) and 7y > rg, we deduce that, for any & € N,

f{j < 2—[k/(1+ko)+n—1]jfé—nr(7)t+1 I VHL‘JO(S]-(EO))

x| (- NIl ZA ) |

S 2 WOk TR (9 By, Nl ey ) V(2 Bo)

L% (S;(Bo))

(3.19) 2 _ 5
- W/t 200t Ui ( By, [l o) V(B

k) (1o +2m—n(aado)—1]; [0 ] ™ 1
< 9 0 n—n(G+do)—1]5 | 70 B
S 2 [7’0] ¥ (B, \/\\HXBHL“,(R"O

< 2_[k/(1+k0)+2n—n(q~+q~o)—1]J¢ B, ‘/\‘HXBHZ;(R")>

For M, similar to (3.19), we obtain that
(320) M] S 2—[k/(1+ko)+2n—n(q~/p0+§0)—l]jpo(p <B’ ‘A‘HXBHZ;(R”)> .

Taking % large enough in (3.19) and (3.20) and then using (3.18), (3.19) and (3.20),
we know that

ij < 22 [k/(1+ko)+2n—n(q/po+go)— l]jpo(P (B’ ‘/\‘HXBHZ;(R")>
(3.21) j=2 §=2

S ¢ (BBl @n))
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which, together with (3.16) and U3, 55;(B) C U]‘?‘;QSj(EO), implies that, in this
case,

Jo 00
Lo S Y 0+ 30 5o (B NIl -
§=2 §=2

From this, (3.4), (3.6) and (3.11), it follows that (3.3) holds true, which completes the
proof of Theorem 1.4(i).

Now we prove (ii) of this theorem. Let ¢ be as in the proof of (i). Similar to the
proof of (i), it suffices to prove that, for all A € C and (¢, ¢),,-atoms a supported in
the ball B := B(x(), T’0>,

(3.22) / o (a:

Now we prove (3.22). We first write

/n ¢ (a: ’VI/QVL_I(/\a)(a:)D da::ABcp (a:

%_/" =111 + 1.
R\4B

V1/2vL—1</\a><g;>D dz < ¢ (B, \/\‘HXBHZ;(R")> '

V2L (a) (@) D dx
(3.23)

For I 1, similar to (3.6), we see that

(3.24) L1 S ¢ (B NIxallpan ) -
Now we estimate the term I » by considering the following two cases for r.
Case 1. 7o > [m(zg,V)]~L. In this case, by using Lemmas 2.5 and 3.1, similar
to (3.7), we conclude that, for any given « € S;(B) with j € Nand j > 2 and k € N,

(3.25) ’Vl/ZVL_l(GJ) (33)’ < o7 W/ QFko)Fn =iy [rgm(, V)]_kHXBHZ«}»(Rn)v

where kg is as in Lemma 2.2. From (3.25), the uniformly upper type 1 and lower type
po properties of ¢, Holder’s inequality and Lemma 2.7(v), and similar to (3.8), we
deduce that, for any & € N,

Jj = /ﬂ <p(x,
S5;j(B)

k +M_@__O_"a

- ~1Jpoj -
S I (5 o )

Taking & enough large in (3.26), then we see that
ad ad —[L—FM—@—@—l]poj _1

Lo 30,5y o lEmTE o (B, \/\\HXB\]M(R,L)>
j=2 j=2

< @ (B W Ixalztgn)

VY29 L (a) (@) D dx
(3.26)

(3.27)
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Case 2. 1 € (0,[m(xo,V)]™1). In this case, similar to Case 2 of the proof of
(i), let jo € N such that 2j0—1r0 < [m(zo, V)7t < 2907, For any z € S;(B) with
j€A2, ..., jo+2}, by [p.a(z)dx = 0, the mean valued theorem, Lemma 3.1(iii)
and Holder’s inequality, similar to (3.12), we see that, for any k € N,

V29 LY a) (@) S (2ro) L+ 2irom(ao, VI sl g g (V@) 2

From this, the uniformly upper type 1 and lower type po properties of ¢, Holder’s
inequality, ¢ € RH,, (R") N Ag(R"), V € RHy,(R"), Lemma 2.7(v) and Lemma 3.4,
where g is as (3.5), similar to (3.16), it follows that, for any j € {2, ..., jo + 2},

Jo+2

(3:26) >3 S (B NIl e ) -
j=2

Moreover, by [p,a(z)dz = 0, the mean valued theorem, Lemma 3.1(iii) and
Holder’s inequality, S|m|Iar to (3.17), we conclude that, for any = € S](BO) with
je{2,...}and k € N,

(3.29) ’V1/2VL—1< ) )’ < 9= [k/(1+ko)+n]j n“”oHXBHL«p Rn)[v<x>]1/2’

where By = B(xg,7o) with 7 := [m(z0,V)]™!, and k¢ is as in Lemma 2.5. By
(3.29), the uniformly upper type 1 and lower type py properties of ¢, Holder’s inequality,
¢ € RHy, (R") N AG(R"), V' € RH,y,(R™) N Ag, (R") and Lemma 2.7(v), similar to
(3.21), we conclude that

5=y
Z] JZ;/S]'(Eo(p

=2

(a:, VI/ZVL_I(a)D d

3n ”fJO

+————— _
< 22 e 0% (B IMIsl g )

S @ (B MIsl g ) -

which, together with (3.28) and U3, 55;(B) C U2,5; (BO) implies that, in this

case,
Jo+2

Iy S ZJ +Z <o (B NIsl gy ) -

From this, (3.23), (3.24) and (3.27), we further deduce that (3.22) holds true, which
completes the proof of Theorem 1.4(ii).
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Finally, we prove (iii) of this theorem. Let ¢ be as in the proof of (i). Similar to
the proof of (i), it suffices to prove that, for all A € C and (¢, ¢),,-atoms a supported
in the ball B := B(xq, o),

(3.30) /R" % (a:,

Now we prove (3.30). We first write

/Rnw (, V2L (Na)(2)]) du = /IGB(P (a,

VAL 0a)(@)]) de S o (B, A Xl 7 g ) -

V2L (\a) (2)]) d

(3.31)
+/ ce=iIgn 4 I3
R"\16B
For I3 1, similar to (3.6), we see that
(3:32) a1 S ¢ (B N Ixall pn ) -

Now we estimate the term I3 » by considering the following two cases for r.

Case 1. 79 > [m(xo, V)] . In this case, let yp € C°(R) such that ¥(t) = 0
when t € (—o0,1/2] U [4,00), and ¢ (t) = 1 when t € [1,2]. For any j € N and
z € R", let ¢;(z) := w(w). Then, when j € N with j > 5, ¢;a = 0, which,

2irg

together with the definition of L, shows that
L(y;L7 Y (a))
= VL™ a) — div(AV;) L™ (a) — AV - VL™ a)
~div(AVL ™ (a))y; — AVL ™ (a) - Vi,
(3.33)
= LL™(a)y; — div(AVY;) L™ (a)
—AVY; - VL™ (a) — AVL ! (a) - V¥,
= —div(AV;) L™ a) — AVi; - VL™ a) — AVL  (a) - V).

This, together with the fact that ¢»; = 1 on S;(B) with j € Nand j > 5, Lemma 3.3,
the assumption (A;) and Holder’s inequality, implies that

/ ’VQL_l(a)’q dx
S;(B)

J

3 = [ Ve @)@ de s [ (He @)@ de

i (

S [ [ @ @AV @) dot [ Vi) L7 @) de
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Moreover, from the assumption (As), we deduce that

(3.35) —div(AV) = Zn: Zn: airi,

i=1 k=1
which, together with the assumption (A;) and (3.34), implies that
/ V2L (a)|" da
(3.36) S;(B)
N / |L7 Y (a) (2) V()| dx+/ V() - VLY (a)()| da.
Rn Rn

For all z € S;(B) with j > 5, by Lemma 3.1(i), (2.3) and Holder’s inequality, we
conclude that, for any k£ € N,

la(y)]

a
1+ |z —y|m(y, V)]*lz — y|n—2

la(y)]
S /B [L+ 2rgm(zo, V)]F(29rg)n—2 Y

< 2_jk(2jr0>_(n_2)HaHLq(R")‘B‘I/q/ < 2_j(k+"_2)7’(%HXBHZ«;1>(Rn

LY a) ()| < /B [ dy

)7
which, together with the fact that, for all z € R™, |V2¢;(2)| < (27r¢) 2, implies that

(3.37) / L7 () (2) V() |" do S 279D B x| L2 -
Rn

Furthermore, by using Lemma 3.1(ii) and the fact that, for all = € R", |V¢;(2)| <
(277) L, similar to the proof of [10, (3.11)], we see that

(3.38) / VL (a)(2) - Vi) |" da S 2799559 B ||xg | 14 -

Thus, from (3.36), (3.37) and (3.38), it follows that, for all j € N with j > 5,

(3.39) / V2L (a)|" dar S 2799F+n 1D | B x| 12 -
S;(B)

Then, by using the uniformly upper type 1 and lower type py properties of o, Holder’s

inequality, (3.39), ¢ € RHy(R") N Az(R™) and Lemma 2.7(v), similar to (3.6), we

know that, for any j; € N with 5 > 5 and any given k € N,

/S 5 % (a:, VQL_I(/\a)(a:)’) dr < 2_jp°("+k_nq~/p°)<ﬂ (B, ‘A‘HXBHZ#I’(RN)> )

J
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which further implies that

(3.40) I30 = / o (z
JZ; S;(B)

V2L ) @)]) dr < ¢ (BNl e ) -

Case 2. 7o € (0, [m(zo, V)]™1). In this case, similar to the proof of [10, (3.14)],
we know that, for all z € S;(B) with j € Nand j > 5,

L7 (@)(@)] S 270l e gy and [VLT (@) (@)| S 277" rollxB Lo gy
By this, similar to the proof of (3.39), we conclude that

By [ VL@@ de S 2Bl
S,(B)

J
Then, from the uniformly upper type 1 and lower type po properties of ¢, Holder’s
inequality, (3.41), ¢ € RHy(R™) N Az(R™) and Lemma 2.7(v), similar to (3.6), it
follows that, for any j € N with j > 5,

/S - © (ac, VQL_l(/\a)(ac)’) da < 27Ipo(nt1-nd/po), (B, ‘A‘HXBHZ;(RR)> )

J

which, together with (3.5) and o € (0, 1], further implies that, in this case,

I30 = / vz,
JZ; 5,(B) (

By this, (3.31), (3.32) and (3.40), we conclude that (3.30) holds true, which completes
the proof of (iii) and hence the proof of Theorem 1.4. ]

V2L 0a)(@)) de S o (B, IAIxEl 7 ey ) -

4, ProoF oF THEOREM 1.6

In this section, we give out the proof of Theorem 1.6. To this end, we need the
molecular characterization of H,(R™) established in [22, Theorem 4.13]. To state
the molecular characterization of the space H,(R™), we first recall the definitions of
(¢, ¢, s, €)-molecules and molecular Musielak-Orlicz-Hardy spaces HZ; =€ (R™).

,mol

Definition 4.1. Let ¢ be as in Definition 1.2, ¢ € (1,00), s € Z4 and ¢ € (0, c0).
A function oo € L4(R™) is called a (¢, ¢, s, €)-molecule associated with the ball B, if
(i) foreach j € Zy, [lallacs;(B)) < 2—1‘6\213\1/61\];@9H;;(Rn), where Sy(B) := 2B
and Sy.(B) := 2B\ (2*B) when k € N;
(i) Jgn a(2)2? dz =0 for all B € Z7 with 8| < s.
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Definition 4.2. Let ¢ be as in Definition 1.2, ¢ € (1,00), s € Z4 and ¢ € (0, c0).
The molecular Musielak-Orlicz-Hardy space, HZ; > (R™), is defined to be the space
of all f € S'(R") satisfying that f = . A;a; in S'(R™), where {A;}; C C, {a;}; is
a sequence of (¢, g, s, €)-molecules, respectively, associated to the balls {B;};, and

D¢ (B‘ il ) < o0,
; )

7 lIxs; e mn

where, for each j, the molecule «; is associated with the ball B;. Moreover, define

7 2= int {4 (e} }.

where the infimum is taken over all the decompositions of f as above and

. Al
A ot ) = inf ) : E B, — ) <15.
({/\]O‘]}) - {/\ € (0,00) - i < 7 Mxs,llze@ny ) ~

Then we have the following conclusion, which is just [22, Theorem 4.11].

Lemma 4.3. Let ¢ be as in Definition 1.2. Assume that s € Z, with s >
[n(a(p)/i(p) — 1)], € € (max{n + s,nq(p)/i(¢)},o0) and p € (q(¢)[r(¢)]’, ),
where ¢(¢), i(¢) and r(p) are, respectively, as in (1.5), (1.6) and (1.7). Then H,(R")
and HJ' 76 (R™) coincide with equivalent quasi-norms.

Now we prove Theorem 1.6 by using Theorem 2.3, Lemmas 3.1, 3.3 and 4.3.

Proof of Theorem 1.6. We first prove (i) of this theorem. Let f € H, (R™) N
L?(R™). We first recall that, in this case, po = ag. From g(¢)[r(p)]’ <

- n
. . nq(p)/i(¢)—ao’
it follows that there exists

n
4.1 € (qlo)r(v)], . ) .
. e (Ol =
Thus, ¢ > q(@)[r(e)]) and ap + n/q > nqg(y)/i(p). By this and Theorem 2.3,
we know that there exist {\;}; C C and a sequence {a;}; of (¢, q)n-atoms such
that f = >, Aja; in L?*(R™) and [ £, L &e) ~ A({Aja;};), which, together with
Lemma 3.3, ¢o € [n,00) and n > 3, implies that

(4.2) VLN (f) =D NVEL T (a))
J

in L2(R"). Let p € (¢(¢)[r(®)], q]. To finish the proof of Theorem 1.6, it suffices to
prove that, for any (¢, q),-atom a supported in the ball B := B(xg, o), V2L !(a)
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is a harmless constant multiple of a (¢, p, 0, €)-molecule associated with the ball B
for some £ > nq(¢)/i(p). If this claim holds true, from this, (4.2), Lemma 4.3 and
1fll&, o @ny ~ A({Aja;}5), we further deduce that f € H,(R") and

V2L () ey S AUN3E) S 1L, )

which is desired.
Now we prove that V2L~!(a) is a harmless constant multiple of a (¢, p, 0, ¢)-
molecule by considering the following two cases for rg.

Case 1. rg € [[m(z0, V)] !, 00). In this case, to prove that [, VZL™!(a)dz = 0,
we first prove that VL= (a), V2L (a) € L*(R™). Write

(4.3) / VL™ ydx_Z/ VL™ (a)(z)| da =: ZI

When j € {0, 1, 2}, by Fubini’s theorem, Lemma 3.1(ii) and Holder’s inequality, we

conclude that
< [ [ IV dyds
s;(B) /B

varr Z, dx 3 |la d
(4.4) : /B {/5]-(3)‘ (z,9) } la(y)l dy
= /B {/g.(g) o=y dx} la(y)| dy

J

/ —
< rollall ey S rollall Lageny| BIYT S ro| Bl x5 £é @ny:

where S;(B) := 2/+2B\ (2-1B) with j € Z,, and 2B := (). When j € N with
4 > 3, from Lemma 3.1(ii), (2.3) and ro > [m(xo, V)] 7}, it follows that, for all £ € N
and xz € Sj(B),

§ a(y)
VL@@ S [ T PR

la(v)|
5/3[2jrom<xo, V@t

< 27 (@r0) M lall ey £ 27 rollxs gy

~

which implies that, for all j € N with j > 3,
(4.5) 1 < 2D Bl xa1 7L .

By (4.3), (4.4) and (4.5), we know that VL~!(a) € L*(R").
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Now we prove that V2L~!(a) € L'(R"). Write

(4.6) /R V2L (a) ()] dz = jf;/sj(m V2L (a) ()] dae = jfguj.

By the choice of ¢ and gy > n, we see that ¢ < m <n/(n—ap) <n < qo,
which, together with p < ¢, implies that p < go. When j € {0, 1, ..., 4}, from
p < qo, Lemma 3.3 and Holder’s inequality, it follows that

1/p
47) II; < {/S'(B) ’VQL—l(a,)(a:)’p da:} ‘Sj(B)‘l/p

J
S Nall o | S3(B)Y S 1BIlIXE] 15 gy

For j > 5, by (3.41) and Holder’s inequality, we see that, for any given k£ € N,

1/q
/ V2L~ (a)(x)| dz < {/ V2L~ (a)(x)|* da:} |27 B|M/4
S;(B) S;(B)

J J
_ik _
< 29 |Blllxsl L gy

From this, (4.6) and (4.7), we deduce that V2L~!(a) € L'(R").
To prove that [, V2L (a)(z) dz = 0, we borrow some ideas from the proof of
[27, Theorem 7.4]. Take a family of functions, {¢;};en C C2°(R™), such that

(i) X721 ¢j(z) =1 for almost every = € R™;
(i) for each j € N, supp (¢;) C 2B;j, ¢; =1 on Bjand 0 < ¢; < 1;

(iii) there exists a positive constant C' such that, for all j € N and z € R", |¢;(x)| +
V()| < C;

(iv) there exists Ny € N such that Y~7%, xap; < No.
Using the properties of {¢;} jen and the facts that VL~ (a), V2L (a) € L}(R"),
we see that

V2L (a)(z) do = Z V(¢; VL (a))(x) dz.

Rn Rn

For each j € N, let n; € C:°(R™) such that ; = 1 on 2B; and supp (n;) C 4B;.
Then, by integral by parts, we conclude that, for each i € {1, 2, ..., n},

[ AT [ ) HOTE i),

(4.8)

=~ | 6@ VL @)@ T P dr =0,
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which implies that [, V?L™'(a)(z) dz = 0. Moreover, from the boundedness of
V2L~! on LP(R™) and (3.39), we deduce that, for each j € Z, and any given k € N,

IV2L7H @) ags ay = 275 122B P oy

Thus, V2L~ (a) is a harmless constant multiple of a (¢, p, 0, k+n)-molecule, which
is desired.

Case 2. 1o € (0,[m(zo,V)]™'). In this case, similar to the proof of Case 1,
we need to prove that VL=!(a), V2L~ (a) € L'(R™). We first prove VL !(a) €
LY(R™). From the proof of (4.4), it follows that (4.4) is also valid in this case. When
j € Nwith j > 5, by using Lemma 3.1(iii), [ a(z)dxz = 0, the mean valued theorem
and Holder’s inequality, similar to [10, (3.14)], we know that, for all £ € N and
T € Sj(B),

4.9) VL™ (a)(@)| S 277 ro[rom (o, V)] 7 IIxB 7 g

which further implies that

/S,(B) VL™ (a) ()] dar S 277 F[rom(zo, V)] ~*ro| BIlIXBI 16 gy

J

From this, (4.3) and (4.4), it follows that VL~!(a) € L'(R"™).

Now we prove that V2L~1(a) € L'(R"). In this case, we see that, for each
j €40, ..., 4}, (4.7) also holds true. When j € N with j > 5, similar to the proof of
[10, (3.14)], we know that, for all z € S;(B),

274 @)(@)] £ Pl ey a0 VLT @)(@)] S 27" ol 2y
By this, similar to the proof of (3.39), we conclude that

1/p
(4.10) {/ V2L (a)(2)]" da:} S 27V B Pxs  h ny
5;(B)

which, together with Holder’s inequality, implies that, for each j € N with 5 > 5,
| @) do 2Bl o
S;(B)
From this, (4.6) and (4.7), it follows that V2L~!(a) € L*(R™). Then, by (4.8), we
see that [, VZL™!(a)(x)dz = 0. From this and (4.10), we deduce that V2L~ (a)

is a harmless constant multiple of a (¢, p, 0, n + 1)-molecule, which is desired. This
finishes the proof of Theorem 1.6(i).
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Now we prove (ii) of this theorem by using Theorem 2.3 and (i). Let f €
H, (R")NL?(R™) and g be as in (4.1). By Theorem 2.3, we conclude that there exist
{A;}; € Cand a sequence {a;}; of (¢, g)m-atoms such that f =3, Aja; in L?(R™)
and || fllg,, &) ~ A({Aja;};), which, together with Lemma 3.2(i), go € [n, o0) and
n >3, |mpI|es that

(4.12) VLT'(f) =) AVL!

in L2(R"). Let p € (1,q]. To finish the proof of Theorem 1.6(ii), it suffices to
prove that, for any (¢, q).,-atom a supported in the ball B := B(xzg,ro), there exist
{wi}; € C and a sequence {«;}; of (¢, p)m,-atoms such that

(4.12) VL Ya) = Z iy

in L2(R™) and, for all A € (0, o),

(413) 0 (B L)) <y (B, ;) ,

AllxB: | Lern AllxB | e rn)

where, for each i, supp («;) C B;. If (4.12) and (4.13) hold true, from these, (4.11)
and || fllm,, & ~ A({Aja;};), it follows that VL7Y(f) € Hy, (R™) and

VI g, ey S AN S IFla,, L@,

which is desired.
Now we prove (4.12) and (4.13) by considering the following two cases for rg.

Case 1. rg € [[2m(zo, V)71, 00). In this case, let S;(B) with j € Zy be as in
the proof of (i). Then,

(4.14) Z VL~ Z b;.
By Lemma 3.2(i), we know that
o]l oy < VL™ (@) ooeny S Nallogany S 1BIYPlIxsll 2 gn)-
From this, supp (b1) C 2B and 2rq > [m(zo, V)], we deduce that there exists a

positive constant Cyy such that bO/C’O isa (p, p)-atom. Let ug := 5’0 and o := bo/é’o.
Then, by = poa and, for all A € (0, ),

Ho 1
415 ¢ <2B, 7) <o (B, 7) .
( ) Allx2Bll e /\HXBHLw(Rn)
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Moreover, by (3.35), (3.39) and Holder’s inequality, we conclude that, for any i € N
and k € (n[q()/i(y) — aol, 00),

Ibill oy = [div(AVET(@))| s, ) S |

< 2—i(k+n)‘2i+lB‘1/pHXBHL<P(R"

VLD s, )

)7
which, together with supp (b;) C 2i+1B, implies that there exists a positive constant

by
C, such that Pl peen) sa -atom. Let
! Ci2- l(H")ngzHBHL«P(Rn) (@, P)m

B C127 14| xgi1 g Lo ) X8l e rr)bi

Mg =

and o; ;= —— .
IXBllLe®n) C127 i+ || xgi1 | Lo ()

Then, «; is a (¢, p)m-atom and b; = p;a;. Moreover, from k > nlg(v)/i(¢) — ao]
and the definitions of i(y) and ¢(¢), we deduce that there exist py € (0,i(y)) and
q € (q(y), 00) such that ¢ is of uniformly lower type pg, ¢ € Az(R") and k + nog >
ng/po. By this, the definition of 1; and Lemma 2.7(v), we further conclude that, for
all X € (0, 00),

o

: AHX i+1 H n
(4.16) = T )1 1
< 2—i[(k‘+n)p0_nﬂ)gp <B’ 7) S ® <B7 7) ’
S MlIxall e @n)

— Allxsl e ®m)

which, together with (4.14) and (4.15), implies that (4.12) and (4.13) hold true in this
case.

Case 2. 1o € (0,[2m(z0, V)]™'). In this case, from Case 2 of the proof of
Theorem 1.6(i), it follows that VL~!(a), VZL—I(a) € L'(R™), which, together with
(3.35) and the assumption (Al) implies that VL~1(a), div(AVL~!(a)) € LY(R").
Then, by the fact that [, a(x) dz = 0 and repeating the proof of (4.8), we conclude
that

/ AV(AVL 0)) (@) dr =,

which, together with —div(AVL™(a))+ VL !(a) = a and [, a(z) dz = 0, implies
that

VL (a)(z) de = / [a(z) + div(AVL Y (@))(2)] de = 0.

n

Rn

Fori € Z,, let m; := fSi( az)dx, x; = | ( ) and M; := axg,(p) — miXi- Then

o0

o
Z R Y miXis
=0

=0
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For any j € Ny, let Nj := 3772 smy.. From [, VL™!(a)(x) dx = 0, it follows that
o o
VL a) =Y M+ > Niva(Xit1 — Xi)-
i=0 i=0

It is obvious that, for each i € Z, [p. M;(x)dz = 0 and [5, Nip1[Xit1(z) —
Xi(x)]dx = 0. By using Lemma 3.2(i) and (4.10), similar to the proofs of (4.15)
and (4.16), we know that there exist {11 ;}icz,, {2,i}iez,. C C and two sequences
{a1,i}ticz, and {az ;}icz, Of (@, p)m-atoms such that M; = puy o1 5, Nip1(Xig1 —
Xi) = p2,icz ; and, for all A € (0, c0),

Z o <2i+1B Wl,i‘ ) i Z o <2i+lB \MZi\ )

i€y Allxair gl e n) i€Zy Allxi+1 Bl Lo (rr)

1
<olB ——~
~Y ()0 ) )
< /\HXBHLW(R"))

which, together with (4.16), implies that (4.12) and (4.13) hold true in this case. This
finishes the proof of (ii) and hence the proof of Theorem 1.6.
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