TAIWANESE JOURNAL OF MATHEMATICS

Vol. 18, No. 3, pp. 973-988, June 2014

DOI: 10.11650/tjm.18.2014.3608

This paper is available online at http://journal.taiwanmathsoc.org.tw

CERTAIN COMBINATORIAL CONVOLUTION SUMS INVOLVING
DIVISOR FUNCTIONS PRODUCT FORMULA

Daeyeoul Kim and Yoon Kyung Park*

Abstract. It is known that certain combinatorial convolution sums involving two
divisor functions product formulae of arbitrary level can be explicitly expressed
as a linear combination of divisor functions. In this article we deal with cases
for certain combinatorial convolution sums involving three, four, six and twelve
divisor functions product formula and obtain explicit expressions.

1. INTRODUCTION
Let N, d, k, 1 be positive integers. Throughout this paper, we define

JZ(N)::Zdl, o/ (N) :=0/(N;2) = Z d',

dIN dIN
N/d odd
D D
> eN)gV =g [T —a™)8 - ¢M)E,
N=1 N=1

and
(a)y :=(a)(a—1)---(a—N+1).
The exact evaluation of the basic convolution sum

N-1

> ai(m)or(N — m)

m=1

Received July 29, 2013, accepted January 23, 2014.
Communicated by Wen-Ching Li.

2010 Mathematics Subject Classification: 11A05, 11A25, 11F11.
Key words and phrases: Convolution sums, Divisor functions.
*Corresponding author.

973



974 Daeyeoul Kim and Yoon Kyung Park

first appeared in a letter from Besge to Liouville in 1862([10, p.125]). The evaluation of
such sums also appears in the works of Glaisher, Lahiri, Lehmer, Ramanujan, Skoruppa
and Williams. For instance, Ramanujan([9]) obtained

=

-1

(]

o1 ()1 (N — m) = % {505(N) + (1— 6N)or(N)}  and

(1.1) !

2
ol

1 (m)os(N — m) = ;To

1

{21U5<N> + (10 — 30N>03<N> — 01<N>}

3
Il

using only elementary arguments.
Glaisher [4, 5, 6] extended Besge’s formula by replacing o1 (N) with other arith-
metical functions in the convolution sum (1.1), for example, he obtained,

N-1

>~ o3 (m)oi(N —m) = 1 {o3(N) = Noi(N))
and Vot
>~ o m)os(N = m) = == {o3(N) = Noj(V)}.

Recently, D. Kim et al. [8, Table 5 and Theorem 3.5] proved that

N-1

(1.2) > oi(m)o(N —m) = ﬁ{lQa;(N) —17Noi(N) + 5¢(N)}
and
13 Y oim)oima)ai(ms) = o {7 (N) ~3NGH(N) +2N 0T (V)]

mit+motmz=N

The study of convolution sums and their applications is a classical topic and they
play an important role in number theory. In this paper we focus on the combinatorial
convolution sums. For positive integers [ and N, the combinatorial convolution sum

20+1
CUREED SEN (Rt B DI U RN

artaz+--an=20+1 mi+ma+t--Fms=N
ai,as, - ,an odd mg,--,m; odd
UOTRNUTY even

can be evaluated explicitly in terms of divisor functions. We are motivated by Ramanu-
jan’s recursion formula for sums of the product of two Eisenstein series [1, Entry 14,
p. 332] and its proof, and also the following propositions.
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Proposition 1. ([10]). Let k&, N be positive integers. Then

k—1

N —

Sz(%ﬂ) Zm a1 ()20 11 (N — m)
2k+3 k 1 2k+1

= N ——N _1(N)+— B N
4k+202k—|—1( )+<6 )U% 1( >+2k+1z< 2 ) 25 02k+1—25(IN),

j=2
where B; is the j-th Bernoulli number.
Proposition 2. ([2]). For any integers £ > 1 and N > 3, we have

n—1

2k
Z<>2202k,m2NU,( —m;i, N)
r=0 i=1 m=1 1
2
= 031 (N N) — Nnagk 1 ( - Z N — 2i)oar(n; i, N)

N
1+ (=Y o 2n )\ 2 - 2n
2 2k+1 N7 N 2k—1 N7 )

or(n;i, N)= Y d"—(=1)" > d and o}(n;N)

where

din din
QZZ(N) T=—i(N)
Z d" =o.(n) —o.(n/N).
din
FEON)

The aim of this article is to study six certain combinatorial convolution sums of
the analogous type (1.4). More precisely, we prove the following theorems.

Theorem 3. Let N > 4 be an even integer with [ € N. Then we have

3 a(”“) S ()™ ol (m)of(ma)o (ms)

a+b+c=2l+1 a b’ ¢ m1+mo+mz=N
a,b,c odd ms3 even
@+ )N ., .
- 39 {U2l+1(N> - 2NU2Z—1(N>} .

Theorem 4. Let N > 4 be an even integer with [ € N. Then we have

> (V) T ctwsimeiin

a,b,c
a+b+c=21+1 mi+mo+mz=N
a,b,c odd m1,meo odd

1 * *
=35 1 O2+3(V) = 2Nog 4, (N) — 16 Y oi(M)og1 (N —2M)
M<—
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Theorem 5. Let N > 4 be an even integer with [ € N. Then we have

> (c—i—d—i—l)_l( 2l > > oa(m1)os(ma)oc(ms)oa(ma)

a,b,e,d
a-+b+c+d=2l mi+mo+mz+ma=N
a,b,c,d odd m1,ma,ms,mq 0dd

1 * * * *
= 8@ {025+3(N)—2N025+1(N)—32(l+1) M%:N 01(M)025+1(N—2M)} :
2

Theorem 6. (1) Let N > 4 be an even integer with [ € N. Then we have

3 a+b ( 2l d> > (=1)™F oy (ma)oy (m2)o; (ms)oy(ma)

c+d+1 \a,b,c
a-+b+c+d=2l +a+ P my+mo+mz+ma=N

a,b,c,d odd ms,myq 0dd

1 . . N ) )
= 6_4{N02l+1(N)_2N202l—1(N)—64l E (3—1\4) al(M)UQZ_l(N—ZM)} )
M<X

(2) Let N > 4 be a positive integer with «, 3,~,6 € NU {0}. Then we obtain

> o (2%my) ot (25ma) ot (27ms) o (20my)
mi+mo+mz+ma=N

ga+B+y+o

s360 L1007 (N) = 85N 03(N) + 153N 05 (N) — 85N707] (N) + 2¢(N)}.

Remark 7. From Theorem 3 to the first part of Theorem 6, we give formula
of multinomial convolution sums as the sum of divisor functions or their binomial
convolution sums. In each case that is not a combinatorial convolution sum, we need
coefficients of new forms. The second part of Theorem 6 is an evidence.

For a positive even integer k,
Bk. [0.9] [0.9] .
Gilz) ===+ Nz:lak_l(N)qN and GR(z) == Nzlgk_1<z\r>qN,

where ¢ = 2™, Note that D and U, are operators defined by D = qdiq = %Md% S0
that

Df(z) = ZNa(N)qN and U, f(z) = Za(rN)qN

for f(2) = > a(N)¢". Gk, (k > 4) is the weight & Eisenstein series and G is weight
2 quasi-modular form for the full modular group SLy(Z). The GY is the Eisenstein
series at the cusp 0, since there are two nonequivalent cusps, 0 and oo on the subgroup
Lo(2), where To(m) = {(¢5) € SLo(Z) : m|c}.
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Remark 8. In the language of modular form our first four theorems give some
identities between modular forms as follows, respectively. Let

20+ 1
B = Y a2 )G () 20268 (02) (G () () VG (29),
a-+bte=21+1 )05
2ta,b,c
20+ 1 0 o . . )
L2(2) = Z a,b,c (Ga—i-l(z) - U2Ga+1(22)) (Gb+1(2) — U2Gb+1(2Z)) (Gc+1(2)),
a+b+c=21+1 » Yy
2ta,b,c
Ly(z) := 3 1 2 ﬁ(G ) = aGorna(22)
e 4 —21,2¢ va3 4+ a4+ 1\ai,ao,as,aq e aj+1{% 2Gg;+1(22)),
j=1"7 El ;+b 2l
Li(z) = Y. T dr1 (a b d> (GO, (2) — 20RGY, 1 (22)) (GY,1(2))
a+b+ctd=21 0,6
2ta,b,c,d

X (G(c)+1(2) - U2G(c)+1(22)) (Gg-i-l(z) - U2G2+1(22))

and
Ri(z) = 2 {DGng( )+ 2D°CY(2)}
Ro(z) i= 312G85+4< )~ 2= DG 1a(2) — 5GY(2)Chal2),
Ry(2) = 128@%“ {G2z+4 = 2D (2) — 3201 + 1GE22)Gh ()}
Ra(z) 1= o DCia(2) — 35 D*G(2) — 5 DCY(=)GY(22).

We may interpret Theorems 3-6 (1) as results for Us-operator of modular form. Then
the identities of Theorem 3-6 (1) are equivalent to

UQLi(Z) = UQRAZ)(Z = 1, 2, 3, 4).
Theorem 9. Let [, N € N with 4|N (N > 8), the ordered subset of 6-tuples
Sy = {m = (mq, ma, ms, my, ms, mg) € N°
6

: Q\ml + ma, Q‘mg + m4,4\m5 + mg and Zm, = N}
=1

and for m € Sy,

(_1>w+m1+m3+m5

M = Gny + ma) (ma + ma) (ms + mg)

Then we have
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Z (a1 +az — 1)(a1 + a2)(as + aa)(as + ag) < 21 )

ai, as, ag, ayq, a5, a
Z?:lai:2l72'fai 1, 42, 43, 44, U5, 6

6
<3 am- [T ot (m)
j=1

meSy
= 279(20)4N {03,_4(N) — 4No3_5(N)} .
Theorem 10. Let [, N € N with 8| N (N > 16), the ordered subset of 12-tuples
Cn :={m=(mq,ma, - - -my1,m12) € N'?: 2|(m1+m2), 2|(ms+my), 2|(ms+ms),

2|(m7 + msg), 2|(mg + mio), 2|(mi1+ mi2), 4|(m1+ma + m3z + my),
12

4\(m5 + meg +my + mg), 8\(m9 + mig +mi1 + m12> and Zm, =N
i=1
and for m € Cy,
(_1>m1+m3+m5+m7+m9+m11

Bm =

(m1 + ma)(ms + ma)(ms + me)(m7 + ms) (mo + mig) (M1 + mi2)
(_1>7n1+m21—7n3+m4+m1;—m2+m5;—m6+m9-;m10

(m1 + mo +ms3 + m4)(m5 + meg +my + mg)(mg +mig +m11 + m12>.

Then we have

Z (a1 + a2)(az + as)(as + ag) (a7 + ag)(ag + aio) (a1 + aiz)

221 a;=2l
a; odd
X (a1 + ag +as + aq — 3)(a1 + ag + ag + ag — 2)(as + ag + a7 + ag — 2)
21
X (ag +aip+ a1 + arg — 2)
ai, az, ag, a4, as, ae, Ay, as, ag, @10, 11, A12

< 3" [ o5 (m)

meCy =1

=2719(20)10N {03_o(N) = 8No3)_1,(N)} .

2. CALCULATION oF CONVOLUTION SuMms

Let " = SLy(Z) or T'y(2). For an even integer & > 2, the space My (I") of modular
forms on I" of weight % is a finite dimensional vector space over C. More precisely,
M}, (SLy(Z)) is spanned by Gy, and Hecke eigenforms and M;,(T'o(2)) by Gy, G and
Hecke eigenforms.

The following proposition and lemma are obtained by using this for a given modular
form on T'o(m) for m = 1,2, 4.
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Proposition 11. Let N > 2 be a positive integer. Then

(1)

NZ_Imal<m>al<N —m) = Nz - Loiw)
2) -
Nz_:imffﬁm)ffl(f\f— m) = %UE( ) ]5—02 3(N) + 1170c(m
O
§m20f<m>ar<w )= i)~ Xt + ().

Proof. It is well-known that the space of quasi-modular forms is a finite demen-
sional vector space.

(1) GYxDGY is a quasi-modular form in the space generated by D?Go, D>GY, DG,
DGY, Gg, GY. Thus GY x DGY is —tD?GY + 1 DGY.

Consider the space AZIE;(FO(Q)) of quasi-modular form of weight 8 on I'y(2)
generated by

D3Gy, D3GY, D*G,4, D*GY, DG, DGY, Gs, GY, As,

where Ag(z) = q[[02, (1 — ¢™)¥(1 — ¢*™)8.
(2) Since DGY(z) x GY(2) is —5D?*GY(z) + 5 DGA(2) + 15528(2), we get the

result.
(3) From the fact that D2GY(z) x G3(z) = —5D3GS(2) + £ D*GY(2) + 135 s (2)
we desire our result. ]

Lemma 12. Let N > 3 be a positive integer. Then

(1)
> itmi(N =2m) = (V) - Tt (N) - St
) 2 1 N 1
Tt m)o3 (N — 2m) = S03(N) = T 03(N) + S-eo(N),

where ¢ [Tx_; (1 —¢*)'2 =331 c6(N)g".
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> oHm)o3(N — 2m) = ot (N) — o8 (N) + SoelN) + el

‘. 2
m<3

Proof. We omit the proof of this lemma because the calculation is routine. Actually,
we used the modular form on I (4). |

Remark 13. When the coefficients ¢(N) is an N-th coefficient of normalized new
form Ag(z) of weight 8 on I'5(2) then

c(p™h) = e(p")elp) — pTe(p™t), p#2

c(MN) = c(M)c(N), if ged(M, N) =1,

and its expansion is ¢ —8¢% +12¢> +64¢* —210¢° —96¢° +1016¢" —512¢® —2043¢° +
1680¢'° + O(q'h).

Remark 14. Let « be a fixed integer with « > 3, and let
1
Pyra(z) = cz(z +1) (e = 2)z + 5 - a)

denote the ath order pyramidal number [3]. These combinatorial humbers play an
important role in number theory and discrete mathematics. In fact, if N =2¢+ 1 isa
prime number, then from Lemma 12 (1), we obtain

* * 1
D~ oimof(N —2m) = Sq*(q +1) = Pyrs(a).
m<%
3. PrROOFs oF THEOREMS

Before starting our proofs, we need the following lemma.
Lemma 15. (1) Let N be a positive integer. Then

k—1 Qk 2N —1
Z( ) 3 (1) 05y g0 1 (M)0Fes1 (2N —m) = Noj,_y(2N).
s=0

2s+1
m=1

(2) Let N > 2 be a positive integer. Then

-1 N-1

i <2k+1) Z 091—2k—1(M) 03441 (N —m) {U2z+1 N)—Noz_1(N)}.

k=0
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(3) Let NV be a positive integer. Then

k-1 N

2k 1
> < ) > ook-2e-1(2m — 1)o9511(2N = 2m + 1) = L0541 (2N).
s=0 m=1

25 +1
(4) Let N > 4 be an even positive integer. Then

!

N N . .
Z <2k 1) Z mogg—i ( U2l+1—2k(§—m) = —22l+4{O'QH_I(N)—QNO'QZ_I(N)}.
k=

Proof. (1) isin [7, (16)], (2) in [7, (10)] and (3) in [7, (15)]. From that

, , N N . N )
Z m02k—1(m)02l+1—2k(§ —m) = Z (5 - m)02k—1(5 —m)og1-ok(m),

N N
m<5 m<5

the left hand side of (4) is

z
4 Z <2k - 1) Z 02k-1(M)o21112k(5 —m) = Houna (5) = Soua(5)}

N . .
= —221+4{U2Z+I(N> - 2NU21—1(N)}~

The first equality is same to (2) if we consider % instead of V. ]

Proof of the Theorem 3. Consider

2+1 . )
> <a+b>(ab6> S () (m)ag (ma)o (ms)
a+b+c=20+1 e my+mo+mz=N
a,b,c odd mg even

20+ 1)!  (a+Db)
= 2 (a+b—1)lc alb!

a+b+c=21+1
a,b,c odd

(3.1) X Z( > ymte *(ml)%(m2)>0 (N —2M)

M< % mi1+mo=2M

(2[ + 1)!
_ el
S S (2k — 1)le!
c odd
2M—-1

k—
x Z (Z (23k1> Z (D)™ oy 25 1(M1)05441 (2M — m1)> S(N—-2M),

mi=l
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where we put a + b = 2k and b = 2s + 1. By Lemma 15 (1), (3.1) becomes

yoo Ut Z Moy (2M)a3(N — 2M)

(2k — 1)lel

2k+c=21+1

c odd
! N

22l 21+ 1) Z <2k: B 1) Z Moy, 1(M)0'§l+1—2k(5 - M)
k=1 M<

204+ )N X

= (T {025+1(N) - 2N<72z—1(N)} :

Lemma 15 (4) is used in last equality.
On the other hand,

S @(®r) T e morn

a+b+c=20+1 mi+mo+mg=N
a,b,c odd mg even

3 ) T o emmon

a+b+c=20+1 mi+mo+mz=N
a,b,c odd mg3 even

Our assertion turns out.

Proof of the Theorem 4. The equation to solve can be written as

S OGS cmeimaoim)

a+b+c=20+1 my+mo+mz=N
a,b,c odd m1,mso odd
- Il alb!
etb oot (a+bd)le!  albl
a,b,c odd
3.2) x Y > oumi)og(ma) | of(N —2M)

M<% mi1+mo=2M
m1,mo odd

. (2 +1)! ’“221
N a+b'c' ‘ ‘ 25+1
M<4 \s=

2k+c=2l+1
c odd

Z O;k—2s—1(2m1 - 1)O§s+1(2M - 2m1 + 1)> O:(N - QM)?

my=1
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where we put a + b = 2k and b = 2s + 1. Using Lemma 15 (4), (3.2) becomes

l
20+1 1, .
Z( 2% > Z 202k+1(2M)025+1—2k(N—2M)
k=1 M<Z

l
20+ 1 1 N ok« N
= < ok > Z Z'Q%H%kﬂ(M) L2 2k02z+1—2k(5 - M)
k=1

22 2042 . ) N
T2t Z <2k + 1> (2 +1) Z 02k+1(M)‘72l+1—2k(5 - M)

k=1 M<Z
22 /2142 . . N
DT o% 41 (2k +1) Z 0'2k+1(M)0'2l+1—2k(3 - M)
k=0 M<Z
228 (2] +2 . . N
_21+2< 1 > Z Ul(M)02l+1(§_M)
M< L

22l I\ /2042 . . N
= 21-%-22 <2k:+1> (2k +1) Z 0'2k+1(M)0'2l+1—2k(3 - M)

k=0 M<Z
* * N
2% Z Ol(M)0'2l+1(5 M)
M<Z

Here the first sum can be written as
l
_ 20+2 . . N . N
221 };} <2k:+1> MZN 02k+1(M)02z+1—2k(5—M) = 3_2025+3(N) - 1_602l+1(N)
— <N

by Lemma 15 (3). Therefore

SO0 X ctmsimeiim)

a,b,c
a+b+c=21+1 my+mo+mz=N
a,b,c odd m1,mo odd

= §U2l+3(N)_302z+1(N)—§ E 01(M)<72z+1(N—2M)-
M<Z

> (0T amoitmaon)

a+b+c=20+1 mi1+ma+mz=N
a,b,c odd m1,mo odd
1 * * * *
~ 32 03143(N) =2Nog 1 (N) — 16 E o1 (M)oy (N —2M) o . u

N
M<7

Proof of the Theorem 5. The left hand side is

983
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Z (c+d+1)~1 <a :lc d> Z on(my)oy(ma)oy(ms)oy(ms)

a+b+c+d=21 bt a=N
a,b,c,d odd m1 mesgns ma odd
21! (a+b)! (c+d)!
N ! | 1yl 14!
atb+e+d=21 (@+d)lfc+d+1)!  alb! cld!
a,b,c,d odd

Xy > on(m)o;(mg) > or(ma)oi(ma)

M-',—Lz% mi1+mo=2M mz+ma=2L
m1,mo odd ms,mq 0dd

21! ok
=2 212k + 1)1 2. 2 <251+1>

k1+ko=l M+L=% s1=0

Z Oy —25,—1 (201 — 1)og, 1 (2M — 2t +1)

ti=1
ko—1 2]{1 L
2 * *
(33) X Z <28 + 1> Z 02k2—252—1(2t2 - 1)0252+1 (2L - 2t2 + 1)
53=0 2 to—1
20! 1
= > 2M) oy, 1 (2L)
] ] Z 02k1+1( 2ko+1
oS CRDI @k + 1) 2 16

-2

20+2 2k1+1 N
20-2
=2 Z <2k:1+1> 20+1)(20+2) Z oy 11 ( 02[—2k1+1(5_M)

9212 : < 20+ 2 > N
(2k1+ 1) O3y 1 (M3 ok, 11 (5 —M)
(21+1 )(21+2) = 2k +1 Mz;% 2
22 N
TS VoE 20+2) Y o1 (M)osi (5 = M)+ (2 +2)(2 + 1)
M<Z
N
Z 05141 (M)oi( 9 M)
M<5

The third equality is due to Lemma 15 (3). Since the first sum is same in (3.3), we get

1 * * l+1 . y
m{a2l+3(N)_2NU2l+l(N)}_m Z o1 (M)os(N—2M)m

N

2

Proof of the Theorem 6.
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(1) We prove this in similar way to one of previous theorem. Note that

otbioraa € +d+1 \a,b,c,d
a,b,c,d odd
> (=)™ *og (my)oy (m2)o (ms)og(ma)
mi+mo+mz+ma=N
ms,maq odd

B Z (2! (a+Dd)! (c+d)
B oty (atb=Dlc+d+ 1! ald! cld!
a,b,c,d Od_d

(34) % Z ( Z ( 1)m1+1 *(ml)ab(m2)> Z a:(mg)aé(m@

M+L=Y\mi+ma=2M mg+ma=2L
2 mg,mq odd

— 21!
= — '
k1t+ko=l (2k1 1)(2k2 + 1)
k1—1 2%y oM -1
X Z (Z <25 +1> Z( D™ ed, g _1(mi)os, 41 (2M — m1)>
M+L=4 \s1=0 1 my=1
el ok L
2 . §
. (Z <252 + 1> Z O5ky—2sy—1(2m3 — 1)05,, 1 (2L — 2m3 + 1)>
s2=0 mz=1

when we let a +b = 2ky, b = 251 + 1, c+d = 2ko, and d = 2s5 + 1. Thus, by Lemma
15 (1) and (3), we can write (3.4) as

21 M )
2 <21<; _1> > o O2ki—1(2M) 03,41 (2L)
ki1+ko=l 1 M

N
2

. N
= 922 Z <2k:1—1> Z Moy, 1 )025—2k1+1(3 - M)

. N
=053 (1) 35 Mo O 0

N
_92l-1, Mot Mo
l E 02[—1( )01(2
M<5

y N

—22=1 Z <3 — M> ai‘(M)agl_l(g — M).

N
M<7

— M)

So, by Lemma 15 (4), we obtain the proof.
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(2) Note that o%(2N) = 2%0%(N) (see [8, (11)]). Thus we obtain

> a1 (2%ma) a7 (20ma)a} (27m3 )0} (2°ma)
mi+mo+msz+ma=N
= 2070 > o1(m1)of (mz)of (ms)of(ma)

my+mo+mz+ma=N

N-3
= 20T N " o () > o1 (m1)oi(mz)o(ms)
u=1 mi1+mao+mz=N—u
N-3 N-3
= 2“+B+7+‘5_6{Z of(w)oi(N —u) —3 Z moy (N —m)os(m)

u=1 m=1

N-3
+2 Z m2ot (N —m)o;(m)}

m=1

by (1.3). From (1.2), (2) and (3) in Proposition 11, our assertion is true. ]

Proof of the Theorem 9.  For the convenience we use (a, b, ¢, d, e, f) instead of
(a1, az, as, a4, as, ag). First since 4| N, we have % is even. Let a + b := 2k, c+ d := 2ko,
and e + f := 2ks. And from the conditions 2|(my + mz), 2|(ms + my), and 4|(ms + ms),
we can write m; + mo = 2Ny, m3 + my = 2N, and ms + mg = 2N3 for integers Ny, No
and even integer N3. Then using Lemma 15 (1), the left hand side of our assertion is

Z (a+b—1)(20)! (a+d)! (c+d)! (e+f)!
@rb-—Dlilctrd—1)letr f—1  albl ddl elfl

a+b+ct+d+te+f=21
a,b,c,d,e,f odd

L ()M o (ma) o (ma)]- (<) 0 (ma) o (ma)] - [(— 1) 2 (ms )7 ()]

(=D
x Z (m14mz)(ms+ma)(ms—+me)

meCy
(2k1 — 1)(20)!
(2k1 — 1)!(2kz — 1)!(2k3 — 1)!

k1+tko+kz=l
ki,k2,k3>1

(-pMn

Z 8N1N2N3
Ni+Np+N3=4

. NlU;kl—l(QNl) . NQU;k.z_l(QNQ) . N30;k3_1(2N3)

N3 even
X even
_ 20 -3
=270 >0 (2k - 1)( >
T 2k —1,2ks — 1,2k3 — 1

k1,k2,kg >1

E (_1)N1+1U;k1—1(Nl)o';kg—l(N2)U;k3—1(N3)'
Ni+Ny+Nz=1
2| & N3

So by Theorem 3, the above is
27%(20)(20 - 1)(2 - 2)(2 = 3)N {03,_3(N) — 4Nog_5(N)}
= 27(20)uN {o31_5 (V) - ANo3y_5(N)} .
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Proof of the Theorem 10. After rewriting of left hand side of our theorem as the sum of
22kj—1NjO'§kj_1(Nj), put 2kij = a2j—1 + ag; and 2Nj = Maj—1+ M2j forj =1,---,6. By
considering 2k; — 1 and N; as a; and m; in Theorem 9 we get the right hand side. |

Example 16. (1) When [ =1 in Theorem 3, we obtain

S ™ot m)oi(ma)oi(ms) = - {5(N) ~ 2N(N))

my+mo+mz=N
m3 even
N even

(2) If I =1 in Theorem 4, from the fact that Lemma 12 (2) and cs(IN') = 0 for even integer
N, we have

* * * 1 * *
> 01(m1)oy(m2)or(ms) = o {o5(N) — 2No5(N)} -
my+mo+mz=N
m1,mo odd
N even

(3) In the case of [ =2 in Theorem 5, Lemma 12 (3) shows that

Z o1(my)oi(ma)oi(ms)or(ma)

mi+mo+msz+ma=N
m1,ma,ms,my 0dd
N even

! {50;(1\1) — 99¢(N) — 8160(%)} .

~ 87040

(4) Similarly, if I = 2 in Theorem 6,

> (=)™ oy (m1)a (m2)oy (ms)ot (ma)
mi+mo—+msz+ma=N
2tms,ma
N

= = {5ag(N) — 6No3(N) — 1zsc(g)} .

REFERENCES

1. B. C. Berndt, Ramanujan’s Notebooks Part |1, Springer-Verlag, New York, 1989.

2. B. Cho, D. Kim and H. Park, Evaluation of a certain combinatorial convolution sum in
higher level cases, J. Math. Anal. Appl., 406 (2013), 203-210.

3. A. Dujella, K. Gyory and A. Pintér, On power values of pyramidal numbers, |. Acta
Arith., 155(2) (2012), 217-226.

4. J. W. L. Glaisher, On the square of the series in which the coefficients are the sums of
the divisors of the exponents, Mess. Math., 14 (1884), 156-163.

5. J. W. L. Glaisher, On certain sums of products of quantities depending upon the divisors
of a number, Mess. Math., 15 (1885), 1-20.



988 Daeyeoul Kim and Yoon Kyung Park

6. J. W. L. Glaisher, Expressions for the five powers of the series in which the coefficients
are the sums of the divisors of the exponents, Mess. Math., 15 (1885), 33-36.

7. D. Kim and A. Bayad, Convolution identities for twisted Eisenstein series and twisted
divisor functions, Fixed Point Theory and Appl., 2013 (2013), 81.

8. D. Kim, A. Kim and A. Sankaranarayanan, Bernoulli numbers, convolution sums and
congruences of coefficients for certain generating functions, Journal of Inequalities and
Applications, 2013, p. 225.

9. S. Ramanujan, On certain arithmetical functions, Trans. Camb. Phil. Soc., 22 (1916),
159-184.

10. K. S. Williams, Number Theory in the Spirit of Liouville, Cambridge University Press,
2011.

Daeyeoul Kim

National Institute for Mathematical Sciences
Yuseong-daero 1689-gil

Yuseong-gu

Daejeon 305-811

South Korea

E-mail: daeyeoul@nims.re.kr

Yoon Kyung Park

School of Mathematics

Korea Institute for Advanced Study
85 Hoegiro Dongdaemungu

Seoul 130-722

South Korea

E-mail: ykpark@math kaist.ac.kr



