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ON THE COMPRESSIBLE BOUSSINESQ EQUATIONS
WITH PARTIAL DISSIPATION TERM

Tong Tang and Hongjun Gao*

Abstract. In this paper, we consider the strong solutions of the compressible
Boussinesq equations in R3 and prove the existence of unique local strong so-
lutions for all initial data satisfying some compatibility conditions. The initial
density need not be positive and may vanish in an open set. We use the Lax-
Milgram theorem and contraction mapping argument to get the result. Moreover,
we establish a blow-up criterion for possible breakdown of strong solutions at a
finite time in terms of the gradient of velocity.

1. INTRODUCTION

This paper is concerned with the Cauchy problem of the following compressible
Boussinesq equations with partial dissipation term,

(1.2) Op + div(pu) =0,
(1.2) O¢(pu) + div(pu @ u) + VP(p) = pAu + pbes,
(1.3) 8,0+ u-V0=0

with initial data

(P, u, 9) ’t:O = (p()(w), u0<x>7 90<$>),

where the unknown functions p = p(z, t), u(x, t) = (u1, us, us), 0(x, t) and es denotes
the density, the velocity of fluid, temperature and the vector (0, 0, 1), respectively. The
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constant viscosity coefficient . satisfies the physical restriction . > 0. The pressure
P is a given state equation, we assume that P(0) = 0 and:

(1.4) P :[0,00) — R is a locally Lipschitz continuous function.

Throughout this paper, we give some notations by reason of the convenience of discus-
sions. We denote

/fda::/Rs fdz, /Ot/fdxds:/ot || Jdads.

For 1 < r < oo and integer k£ > 0, the standard homogeneous and inhomogeneous
Sobolev spaces are denoted by

L7 = LT<R3>, Wk‘,?“ — Wk7T<R3>, Hk‘ — Wk72,
DE" = {v e L} (R?) : |[V*v|pr < o0}, DF = DF2,
D} ={ve LY : V|2 < co,andu — Oas |z| — oo}, Hi = D{n L2

Boussinesq equations play an important role in the atmospheric science and applied
mathematics. There is a huge literatures on the incompressible Boussinesq equations
such as [1, 2, 5, 17, 21] and the references therein. More precisely, many authors
devoted to studying the following form:

ou + uVu+ VP = pAu + ples,
(1.5) O +u-VO =rAD,

divu = 0.

The global well-pose of (1.5) with 4 > 0 and x > 0 is well-known ([4, 14]). While,
as far as we know, the regularity and existence of the case of (1.5) with y =k =0
is an outstanding open problem. Therefore, some authors studied the global well-
posedness of (1.5) with partial viscosity cases and obtained many results, such as, the
zero diffusivity case ;4 = 0 and x > 0, and the zero viscosity case ¢ > 0 and x = 0
([6, 7, 15, 16]). In [7], Chae established a blow up criterion with partial viscosity cases,
analogous to the Beale-Kato-Majda blow-up criterion [3] for the incompressible flows.
In order to understand the mechanism of long-term weather prediction and climate
changes, some mathematicians begin to study the mathematical equations and models
in compressible case as the atmosphere is a specific compressible fluid. Thus, it is
interesting to consider the Boussinesq equations in the compressible case. Opposite
with respect to the incompressible case, the mathematical analysis to compressible
Boussinesq system is much more complicated, as the oscillation of the density. In
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[29], under the assumption py > 0, Xu had investigated the isentropic compressible
Boussinesq system with ;1 = x = 0 and obtained the existence of classical solution and
corresponding blow-up criterion.

The aim of this paper is to prove the existence of unique local strong solutions to
(1.1)-(2.3) with inf pg = 0, and investigate the blow-up mechanism. Before stating the
main theorems, we first give the definition of strong solutions.

Definition 1.1. For T' > 0, (p, u, 0) is called a strong solution to the compressible
Boussinesq equations (1.1) — (1.4) in (0,7) x R3, if for some ¢ € (3, 6],
0<peC(0,TH nWh), p € C([0,T); L* N L),
0 cC(0,T]; H'nwh), 9, € C([0,T]; L*N LY),
u € C([0,T); DN D?) N L*(0,T; D*9),
up € L*([0,T); DY), /pur € L=([0,T); L?),
and (p, u, 0) satisfies (1.1) — (1.4) a.e. in (0,7) x R3.
The first main result is concerned with local existence of strong solutions:
Theorem 1.1. Assume that P satisfies (1.4), for some ¢ € (3, 6]
0<poeWhing!, 6y e WwhinH,
ug € Dé N D2,
and for positive constant rg

looll zr1wa + 1160l awra + lluoll pynp2 < 7o-

If, in addition, the following compatibility condition holds

1
(1.6) —pAug + VP(po) — poboes = pg g

for some g € L2, then there exist a positive time T, and a unique strong solution
(p,u, 0) for (1.1) — (1.4) in (0, Tp) x R3.

Motivated by these works on the blow-up criterion of local strong solutions to the
Navier-Stokes equations and incompressible Boussinesq equations, we will establish
the following blow-up criterion for the compressible Boussinesq equations.

Theorem 1.2. Let (p,u,0) be a strong solution to (1.1)-(1.4). Assume that P
satisfies (1.4) and the initial data (po, uo, 6y) satisfies (1.6). If 0 < T, < +o0 is the
maximum time of existence, then

T
lim [|Vul|peodt = .
0

—T
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Now, we briefly outline the main ideas of the proof, some of which are inspired by
pioneer works on the compressible Naiver-Stokes equations. To obtain the existence of
a unique local strong solution to (1.1)-(1.3), we employ the compatibility condition (1.6)
to establish the key W?2:7—estimate. Then, we use the contraction mapping argument
to obtain the existence result, in some sense simply and extend the result of [9] and
[29].

This paper is written as follows. In Section 2, we introduce the working space which
will be needed in later analysis. In Sections 3, we consider a linearized problem and
derive some local estimates for the solutions independent of the lower bound of initial
density. In Section 4, we use the contraction mapping principle to get the existence of
local strong solutions. In Section 5, we give the proof of Theorem 1.2.

2. FuncTIioN Space

In this section, we will introduce the working function space which plays an im-
portant role in the proof of Theorem 1.1,

W' = {ve L*0,T; D%, 0w € L*(0,T; L?)}
with norm ||v||yy», and for ¢ € (3, 6], we define
W= {veW nL®0,T; Din D* N L*(0,T; D*%),dw € L*(0,T; D})}.

Remark 2.1. Before the proof, we point out that the approach of proving Theorem
1.1 is to apply the contraction mapping principle. Since the system (1.1)-(1.3) is of
mixed hyperbolic-parabolic type and the initial density may vanish, we encounter a
well-known difficulty in the theory of symmetric quasilinear hyperbolic systems. For
these systems, contraction cannot be proved in the usual setting, that is, to consider
self-mapping and contraction in the same regularity class WW. To resolve this problem,
Kato [20] and Lax [22] offered an ingenious idea by studying contraction in a larger
space. Taking up this idea, we establish the contraction in the space £ (see in Section
4). Chu et. al. [11] adopted the same idea to tackle the compressible liquid crystal
system.

3. EXISTENCE FOR THE LINEARIZED EQUATIONS

In this section, we reformulate the nonlinear equation (1.1)-(1.3) such that the
left-hand becomes linear and the starting problem can be transferred to a fixed point
equation:

(3.1) Op + div(pv) =0,
(3.2) pOyu — pAu = —pv - Vo — VP(p) + phes,

(3.3) 80 +v -V =0,
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with the given v € W and the initial conditions

(3.4) (p, u, 9>’t:0 = (po(x) + 6, uo(x), 0(x)).

Here § > 0 is a constant and py > 0.

If the initial density vanishes from below, we cannot expect the density p is bounded
away from zero. As a result, the lack of a positive lower bound of p causes (3.1)
to become a degenerate linear parabolic equation. This prevents us from using the
standard argument to construct the local solutions. For this reason, we consider the
linearized problem (3.1)-(3.3) with initial density bounded away form zero and derive
some uniform bounds which are independent of the lower bounds of initial density.
Firstly, we solve out the density, and obtain estimates for density.

Lemma 3.1. For given v with ||v||)y < A, there exists a unique solution p to the
linear transport problem (3.1) and (3.4) such that

1 1
HPHLOO(O,T;HlmWLq) < Cllpollgrinwra(1 +T2A) exp(CTZA),

1
HptHLw(O,T;LQOLq) < Cllpoll grawra Aexp(CT2 A).

Here and in what follows, the notation C stands for a generic positive constant.

Proof.  From the linear transport equation theory, we have

(3.5) p(x,t) = po(x) exp (/Ot —dinds).

As a consequence,

Vp = Vpgexp (/Ot —dinds> — po exp (/0

t
pr = —podive exp (/ —dinds).
0

t

t
—dinds) / Vdivuds,
0

From the Minkowski inequality, we get (r = 2, q)

t 5 t .
19pll1r < Cllpollwr (1+]] /O V2|1 ) exp ( /O [divol|ds)

t t .
gcupouwl,r(w/o V2l exp(/o ldive| - ds)

3 1
< Clipolwsr (1+ T3 lol ) exp(CT o)
< Clolwrs (1+ T54) exp(CT1 4),

(
(
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t
[lodller < Clpollzoe| Vol e exp /0 [divol|ds)
1
< Cllpollw|o]lw exp(CT [[o]lw)
< Cllpollw.- Aexp(CT? A).
This completes the proof. ]

Combining the structure of (3.3) and the corresponding previous results, we can
solve the temperature ¢ similarly as Lemma 3.1.

Lemma 3.2. For given v with ||v||yy < A, there exists a unique solution ¢ which
satisfies (3.3) such that

10110711010y < Clloll srewna (1 + T2 A) exp(CT2 A),
1941l 0722020y < Cllollrripwr.a Aexp(CT? A).
Proof. The existence and estimates can be obtained similarly as Lemma 3.1. |
The next lemma gives the estimates on the velocity.

Lemma 3.3. Under the conditions p|,—o = po + 9, suppose ||v|[yy < A, there
exists a unique solution w which satisfies (3.2), such that for 7" small enough,

[wll Lo (0,7 p3002) + lullL2(0,7:02.0) + 1wt 2(0,7;p7) < C-

Proof.  Since (3.5) and the initial condition, we get

t
(3.6) p(x,t) > 5exp(/ —||Vvl||p~ds) > 0.
0

The standard theory of parabolic equations, such as a semidiscrete Galerkin method,
implies the existence of the solution to (3.2). Inspired by [26], we use the Lax-Milgram
theorem to achieve the existence. For reader’s convenience, we will roughly recall the
proof with some changes. For simplicity of the presentations, we assume p = 1.

We consider the bilinear form E(u, ) and linear function L(v) defined by

E(u, ) = /0 Py — A, B — k) dt — (u(0), Ap(0)),

L) = - /0 (pv- Vo + VP(p) — pbes, b — kAG)dt — (ug, A (0)),

with

k= (2[lpllLe0,1;L))
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for ¢» € W', where (-, -) denotes the inner product in L2.
Obviously, L(%) is linear continuous on v, with respect to the norm |||}y
Moreover, by the Cauchy inequality, we have

E(y, )
T
:/O (H\//_)@ﬂ/}H%erkHAwHiz—k(p&:w,Aw)dH%(HVZZJ(T)H%erHWJ(O)HQ

T 3 2%k
> /O (VPO 72 + kIl AY[|7 — ZH\/?)&:wH%z - gHAwHiz>dt

1
+ SUVEDIIZ + [VE(0)][72)
> Clly [y

for some C' > 0.
Therefore, by the Lax-Milgram theorem, there exists a u € YW’ such that

3.7) E(u, ) = L(¥)

foreveryp e W'.
If we assume that ¢ is a solution of the following problem

875E - kAE = 07 E<0> - h<x>7
with h(z) smooth enough. Replacing in (3.7) + by 1, then we have
(u(0) = up, Ah) =0,

which implies u(0) = ug. Similarly, let zZ be a solution of the problem

—~—

O — kAY = g(z,t), $(0) =0,

with ﬂaft) smooth enough. Replacing in (3.7) v by zZ then we get
T
(3.8) / (pOru — Au+ pv - Vo + VP(p) — pbes, g)dt = 0.
0

This implies that (p, u, ) satisfies (1.1)-(1.3) a.e. in (0,7) x R,

To ensure the higher regularity, specially as to the term u;, we need some compati-
bility condition. In order to derive estimate for Vu,, we differentiate (3.2) with respect
to ¢ and get

p@ftu — uAosu
(3.9) = —OpOyu — Oypv - Vo — pdyv - Vv — pv - Vo — VO P + 0y(pbes).
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Multiplying the identity by u; and using integration by parts, we obtain
1d

> dt P\Ut\Zda:—i—/MWut\de
1

— _§/pt‘ut\2da:—/pthvutda:—/pvthutda:

—/pv~Vvtutda:+/PtdiVutda:

7
+/pt963utda:+/9tpegutda: = Zlk.

k=1
Using the continuity equation and the previous Gagliardo-Nirenberg inequality, we get

(3.10)

L] =]|- %/va\@tu\Qda:\ = | /pv@tuvatudx\
< [ oluP(ploPyd + ¢ [ (Vs
< el |[Vue [} + CA? exp(CT2 A) || /puy 3.,
|Io| = | /div(pv)v - Voopudz| = | /va(v - Vooyu)dx|
< /p\vHVvﬂ@w\ + p|v)?|V20||0¢u| + plv|| V||V Osu|da
< €||[Vug||2s + A%||\/pu|2s + C’exp(C’T%A) + C(e) At exp(C’T%A),
11 < [ ol Voljuds
<A [ plud + 4 [ pluf*|VoPds
< A% /pu|[}2 + CA~" exp(CAT? )| [3,
1< [ oV furlds

< A5 /pug||2s + CA™* exp(CAT?)|| Vg2,
s < 1P| el Vel [ 2 < 1P| oo | otl [ 2] [Vt 2
< el|Vuyl[3> + C(e) A% exp(CT? A),

|Tg| = | /vaGut - esdx + /vaVutegda:\

< (Il sl [0l L=l V0] 2 + [l oo o] [ 2o 10]] 2) | Ve 2
< €| |[Vug||2, + C(e) exp(C’T%A)’
|17 < GHVutHiz + C(e) exp(CT%A)
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Substituting 7; — I7 into (3.10), choosing e sufficiently small and integrating with
respect to ¢, we have

2 g 2 2 4 1
/p\ut\ dx +/ /\Vut\ dxdt < /pg\u()t\ dx+ CA* T exp(CTzA)
0

(3.11) 1 T
+C A% exp(CT2 A) / / plug|2dzdt.
0

To estimate ||,/puot||%., we observe from (3.2) and the compatibility condition (1.6)

(3.12) / |/pouoe|*dz < C / Pdvo\Q\VUO\QJF%WAUO—VP(PO)JFPo@oeS\Qdﬂ?SG
Adding (3.11) and (3.12), we obtain the following estimates by Growall’s inequality:
(3.13) / plug|*da+ /O T/ Vs |2dwdt < (C+CAMT exp(CT? A)) AST exp(CT= A).
Finally, we have to estimate

u € L*([0,T]; D* n L3([0, T]; D*9), q € (3, 6].
To obtain futher estimates, we rewrite (3.2) as

pAu = pdyu + pv - Vo + VP(p) — pbes,

which is a strongly elliptic system. By the classical elliptic regularity theory, we deduce
(3.14) lullp2 < C(llpuel|r2 + IV P2 + [[pvVol[ 2 + [|pfes]| 12) + C.
From the previous lemmas, we get

llpul 2 < Cexp(CTZA)||Vpu|
(3.15) IVP||;2 < Cexp(CT2A) + CT2 Aexp(CT? A),

||pfes]| 2 < Cexp(CT2A) + CT2 Aexp(CT2A),
and

lpo¥Vol| L2
<llolfi [ JoPI oz

(316) < cexp(CT%A>(/ [0 =102 Vo 2+ [uo 3 /\vu—vu0\2dx+c)

t t
gcexp(CT%m(/\/vt 2| Vo \Zda:—i—C'/\/ Vo, 2 dr + C)
0 0
< Cexp(CT2 A) (AT + CAT + C).
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In a similar way, we can obtain
(3.17) |[ullLo(o,7;p2) + [|ullL2(0,7;p20) < C+T (> 0).

Gathering (3.13)-(3.17) and choosing 7" small enough, we get u € W.
Hence, the proof is finished. [ |

Combining all the lemmas, we get the existence for the linearized equations (3.1) —
(3.4).

Lemma 3.4. There exists a unique strong solution (p, u, #) to the linearized system
(3.1) — (3.4) in [0, Tp] x © with the regularity

p € C([0, To); H' n W), p; € C([0, Ty); L* N LY),
0 € C([0, To); H' n W), 6, € C([0, To]; L* N LY),
w e C([0, Ty); D N D?) N L2(0, Tp; D*9),

up € L2([0, To); DY), /pur € L=([0, Tol; L?),

where Ty € (0, 7).

4, Proor oF THEOREM 1.1

This section is devoted to proving the existence of a unique local solution of (1.1)-
(1.3) via the contraction mapping principle.

By virtue of Lemma 3.4, there exist a time 7y € (0,7") and a unique solution
(p°,u?,0%) of (3.1) — (3.3) with initial data p(z,0) = po + 6. Let & — 0, we obtain
a unique solution w of the linearized system (3.1) — (3.3) with p(z,0) = po such that
|lul|w < C. So we can define a map

J: M- M,JW)=u,

where M =W N L =W, with

L= {u:||ullp20,m;m1(0)) < 00}

Thus, there are essentially two main tasks we have to prove, the self-mapping and
contraction. The former has been done due to Lemma 3.3, which guarantees the self-
mapping. As mentioned in Remark 2.1, we need to prove a contraction estimate in the
lager space £. The following lemma implies that the map 7 is contracted in the sense
of weaker norm for v € M.
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Lemma 4.1. There exists a constant 0 < A < 1 such that forany v; € M, i =1, 2,

1T (01) = T (va)llc < Allor = valle

for some small 7' > 0. Proof.  Suppose (p;, u;, F;) are the solutions to (3.1) — (3.3)
corresponding to given v; € M. Define p = py — p1, v = v9 —v1, 8 = 65 — 67 and
U= uy —ui. Then

(41) 8tp + diV(P2'U) = —diV(pl’l)),
4.2) 0,0 +v - Vs + v, - VO = 0,

p20iu — pAu = (p1 — p2)urt + p1v1 - Vur — pavg - Vg
(4.3) + VP(p1> — VP(pg) + pobaes — p1bies.

Multiplying (4.1) by p and integrating over R3, we get

d [1, ,
2 Z1pl2d
o 2\/)\ T

1 . .
way T3 / |p|2divogda — /p(Vm v+ prdive)dz
< ClIVvzl=lpllz: + Clloll 2V prll vl s + Clipl p2llpnll o V0]l 2
< Ex(#)llplZe + ell Vol Z2,
where £, (t) = C([|Vual| > + [[pall7 + [V pul[72)-

Similarly, multiplying (4.1) by sgnp\p\% and integrating, we have

d 3 3 1
G [1etas < [ 1Vullolf + (Vallo] + 1ol FeDlplda

lp
1
2
3
2

(4.5)

3

< [IVeallzellplls + Cliplla [Voll 2]
1

Multiplying (4.5) by Hsz%, and using Cauchy’s inequality, one has

d
(4.6) EHPH% < Ex(t)lpl3 + el Vol 72,
2 2

where Ex(t) = C(|| Vvl + || pl|31)-
In a similar way, we obtain
d

1
(4.7) o7 5101z < Bs(®)[0]72 + e VollZe,
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where Es(t) = C(|| Vgl poe + [|01]|3 0 + [[V61]25).
Multiplying (4.3) by « and integrating, we deduce

1d

la 2 2
5 pa2ul da:—i—u/\Vu\ dx

< /pgvguVu + (p1 — p2)uit - u + (p2 — p1)divu
+(p1v1Vur — povaVug) - u + pabaesu — p10resudx
= /pgvguVu + (p1 — p2)(u1t + v1Vor)u — pa(vVuy + v1Vo)u
(4.8) +(p2 — p1)divu + pbaezu + p1fezudz
< Wp2llz=llvp2ull 2 |v2l o [ Vull L2+l g lluri+v1Vor || s [[ull o
VP2l Lell/paull 2([v]| Lo Vo2 Lot P2l Lol P2ul 2l vt | o<l Vo | L2
+P'|[lpll 2Vl 22 + [[oll L2 ll02ll oo ([ull £z + [lp1 ]| Loo [1€]] 2]l L2

< e VulZz + el Vollze + Ea(t)(lvpullZe + llol7: + ol 5 + 10172),

3
2

where

Ey(t) = C(lVpzullieollvallie + VP2l Zoe [ Vo2lfs + [ Vurel 72 + [lv1] e
+ 11020170 + llprllZoe)-

Summing inequalities (4.4) — (4.8), we obtain

d
(IVPaullZz + llllzz + llel 5 + 1161172) +/\Vu\2dx

4.9)
< 6/ Vol*dz + E(t)([Vp2ullZ> + lellZ2 + el + 10172,

where E(t) = Eq(t) + Ea(t) + E5(t) + E4(t) satisfies

T
/ E(s)ds < K,
0

where K is a constant dependent on initial data, thanks to Lemma 3.1-3.3.
Let 7" small enough, we obtain the following by Gronwall’s inequality

Nl oo 0,7 22) + 1101l oo 0,7522) + IV/P2ull Lo 0,1302) < C



On the Compressible Boussinesq Equations with Partial Dissipation Term 1595

and

T T
/ /\Vu\2da:dt < /\/ /\Vv\Qda:dt, with 0 < X < 1.
0 0

So we finish the proof. ]

Proof of Theorem 1.1. By the contractibility of 7 and utilizing the iteration
methods used in [22] and [24], we can obtain a unique fixed point u. This proves the
existence of a strong solution.

Thus, we complete the proof of Theorem 1.1.

5. PrRooF oF THEOREM 1.2

Let 0 < T, < oo be the maximum time for the existence of strong solution (p, u, 6)
to (1.1) — (1.3). In other words, (p,u,#) is a strong solution to (1.1) — (1.3) in
R? x (0, 7] for any 0 < T' < Ty, but not a strong solution in R3 x (0, T}]. Motivated
by work of Huang et al. [19], Huang, Wang and Wen [18], we will prove Theorem
1.2 by a contradiction argument. To this end, we suppose that for any 0 < T' < T,
there is a positive constant M such that

T
(5.1) / (V]| et < M < +00.
0

The goal is to show under assumption (5.1), there is a bound C' > 0 depending only
on initial data and T, such that (r = 2, q)

62) sup (lpllwss + 6lhws +lpellr+ 104 o +IVFuell o+ [ Vallan) < €,
and

T 2 2
(5.3) /0 (el + [[ul[3e,) < C.

With (5.2) and (5.3), we will deduce a contradiction to the maximality of T.,.
It is well-known that the bound of Vu vyields that p is bounded from the mass
equation (1.1). More precisely, we have

Lemma 5.1. Under the assumption (5.1), for any 0 < T < T, we have

(5.4) (llpllzee +110]]L=) < C.

sup
0<t<T

Proof.  We first show that the density p is bounded due to the assumption (5.1),
which was proved in [19]. Multiplying (1.1) by p|p[P~2p in L?(2 < p < c0) and using
integration by parts, we obtain that
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p—1
Allpllzr < THWHL%H/}HLP,
which, together with Gronwall’s inequality, leads to
sup ||pl|rr < C.
0<t<T
Letting p — oo, we get
sup ||p|lr~ < C.
0<t<T

In a similar way, we can obtain the estimate for . This completes the proof. |

By virtue of Lemma 5.1, we establish the global energy inequality for strong solu-
tions.

Lemma 5.2. Under the assumption (5.1), for any 0 < T' < Ty , we have

T
(5.5) sup [IV7ul s+ [ [Vulfde < C.
0<t<T 0

Proof. Since P is locally Lipschitz by (1.4) and Lemma 5.1, we obtain the
following

|P(p)| < ||P'(p)||r=p < Cp < C,
IVP(p)| < ||P'(p)l|L=|Vp| < C|Vpl.

Multiplying (1.2) by « and integrating by parts, we have

d .
7 p\u\Qda:—i—/u\Vu\Qda: = /Pleudx+/p963~udx.

Utilizing (5.4) and the conservation of mass equation, we get
[ e < llplslolle= <.
By Cauchy’s inequality, we have
\/PdiVudx\ < /\P(p)HdiVu\dw < C’/p\Vu\da: < ¢|Vu|[2, + C
and
| /p963 ~uda| < [|0]|sllpll 2 lull s < el Vull72 + C.

Putting these inequalities into the energy identity, we complete the proof. ]
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The following lemma will play a key role in Lemma 5.4 and Lemma 5.7.

Lemma 5.3. Under the assumption (5.1), for any 0 < T' < T, and p € [2, 6], we
have

T
(5.6) Vol +1IVO]|r) < C +/ 1V2ul|rdt).
0

sup
0<t<T
Proof. By a straightforward computation of (1.1), we get
O (IVplP) + div(|Vp|Pu) + (p — 1)[Vp[’divu

+ p|Vp[P~2V! pVu - Vp + pp|Vp|P "2V p - Vdivu = 0,
which yields that
d
2 [VAllze = ClIVul[z=[|Vol|ze + C|IV2ul| o

Hence, we get
t
[IVpllr < C’(1+/ ||V2ul|ppds).
0
In a similar way, we can get the estimate for 6. -

By virtue of Lemma 5.3, we are ready to obtain the L?—estimate of the first
derivatives (p, u, #), which are important for estimating other quantities.

Lemma 5.4. Under the assumption (5.1), for any 0 < T' < T, we have

67 swpgcrer(IVplBa + 196012 + [[VullZa) + [ [[Vul Bt < C.

Proof.  Multiplying (1.2) by p~!(uAu + pfes — VP) in L? and integrating the
result over R3, one has after integration by parts

g% / |Vu|?dx + /p_l\uAu — VP + ples|*dx
(5.8) = u/uVuAudx — /uVu - VPdx — /ut -V Pdzx
—i—/ut - plesdx + /uVu - plesdzx.

The first term in the right hand of (5.8) can be estimated as follows,
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i / uVuAudz|

5.9) =yl /uiaiujakkujda:\ =yl /8kuj8iuj8kuj + uj(?ikuj(?kujda:\

L 1 o
= ul /akuj(?iu]@ku]da: —5 /(8ku])2dIVuda:\
< IVl [ Vul2.

In order to estimate the second term in the right hand of (5.8), we utilize the Sobolev
inequality

| [ uVu-VPda| < ClJul|s]|divl] ]| VP 2

< ClIVal| 2| ldival| 5|V ol 2
(5.10) ; .
< ClIVull 11Vl 21V ol 2

< ClIVplIZalIVul |22 + Ol [ Vaull oo [ Vul 72 + C.
The remaining terms can be estimated as follows. Since (1.5) and (1.1) imply

[P(p)el < [I1P'(p)lzlpel < 1P (p)llzo<(pl Vul + [Vollul) < C(IVul + [ul[Vp]),

we have

— /ut -VPdx
d . _

= | Plo)divudz — / (P(p)):divudz
d . _
d . _

< T /P(p)leuda: + C|| V| p2|[divul| 15| |Vl 22 + C||Vul |22
d .

S P(p)divudz+C||Vpl|[7.||Vul[32+C(||Vul| e + 1)||Vul|[F2+C.

Similarly, we get

/ Uy - plesdx

(512) = pbuesdxr — / prOuesdxr — / O puesdx

d
= %/pﬁuegda:— /puVGuegda:— /puGVuegda:—l—/puVGuegda:

< E/p@uegda:—i—C'HVuH%z
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and
(5.13) /Wup@esdx < Cllpl| 2|10l oo |ul| o] [Vl 2 < C||Vul 7.

On the other hand, by the theory of elliptic system and due to p~! > C > 0, we obtain
IV2ul[72 < CllpAull,

(5.14) <C / p~ N (uAu — VP + pbes)?dz + C||Vp| |72 + C||0]]7..

Putting (5.8) — (5.14) together, we have
4
dt

(5.15) < ClIVpllZelIVul 72 + C(1L + [[Vul [ =) VullZz + C.

(g\Vu\Q + pOuez — Pdivu)dz + C1||V2u |2,

By Young’s inequality, we get
/p9u63 — Pdivudz < €|[Vul[72 + C(e)(||pl[7a]101[72 + |Ipll72)
(5.16) < ¢€||Vul|3, + C.

Integrating (5.15) over (0,¢) and substituting (5.16) into the result, we deduce the
following after choosing e sufficiently small

Va1l
< C/Ot(l + [Vl | oo + [Vl [72) (|[Vul[f2 + [[Vpl[72)ds + C.
Since
[+ 1|Vl | +[|Vul[72] € L0, T),
the Gronwall’s inequality and the mass equation imply that
IVpllZ2 + [IVO][Z2 + |[Vul[72 < C.

The proof of Lemma 5.4 is completed. ]

As an immediate consequence of Lemma 5.4, we get
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Lemma 5.5. Under the assumption (5.1), for any 0 < T' < T, we have

T
(5.17) / |pel|22 +1164]|22dt < C.
0

Proof. It is easy to see that L7 L2 —estimate of V2« follows from (5.14). The
mass equation (1.1) and Lemma 5.1 imply that L? L2 —estimate of p;

[pel < [Vpllul + pldivu| <[Vp||u] + C|Vul.
By Sobolev’s embedding, we obtain « € L?(0,T; L*°). Thus,
ulVpllr20,m:02) < llullp20,1;000) Vol Loo(o,m522) < C-

This clearly implies p; € L?(0, T; L?). By a similar method, we can obtain the estimate
of #;. So we complete the proof of Lemma 5.5. ]

Next, we improve the regularity of the density p and the velocity u, using the
compatibility condition (1.6).

Lemma 5.6. Under the assumption (5.1), for any 0 < T' < T, we have

T
(5.18) (Il v/Burl 2 + |Vl 1) + /0 V][22t < C.

sup

0<t<T
Proof.  Differentiating (1.2) with respect to ¢, we get

p@ftu + pu - Vug — pAdyu = =V, P — 0,pdyu — poyu - Vu — pyu - Vu + 9y (pbes).

Taking the inner product of the above equation with w; in L? and integrating by parts,
one gets

1d
S dt p\ut\2da:+/u\Vut\2d$
(5.19) = /athiVutda:— /pu~V(u~Vu~ut)da:—/pu~V\ut\2da:

— /put -Vu - updx + /(p@eg)t cude = Z Jg.

k=1
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We estimate the terms one by one
[ T1] < Cllpel| 2lldivae]| 12 < €| Vuel[72 + C(e)l [ pel |72,
1l < [ oluliVuPtudds+ [ plu®|Vul(Furide + [ pluf?Vulusldz
< Cllul| s |[Vul [ Fal[uel s + Cllul o] Vul| 6] Ve | 2
+ Cllul |7l V?ul| L2 [ue] | o
< Cl|Vul| [V 2
< el |[Vue|[72 + C(e)|Vul |,
T3] < Cllul[ee||V/puel [ 2] Vue| |2 < ClNVul| || Voue| | 22| V[ 2
< el |[Vu| |72 + C(o)|[Vul 7 || V/pue 72
3 1
| Jal < Cl[Vaul| 2]l vpuell7a < Cllv/puel 7ol vouel |7
3 1
< OV | L l1vpual |7
< el [Vl |72 + C(O)|[Vpuell72,
95 < [ lod o]+ 164l
< el|[Vuel[f2 + C(e)([lpel 721101175 + 1164l 172110l 7).
Substituting J; — J5 into (5.19), we get
i 2 2 <C 2 2 C 2 C
plug]de + [ [Vur|“dx < Clly/pus||72 (1 + [[Vul[32) + Cl[Vul [ + C.

dt
Employing Gronwall’s inequality and using (1.6) and Lemma 5.4, we obtain

T
sup /p\ut\Qda:—i—/ /\Vut\2dxdt§(}'.
0<t<T 0

To see V2u € L>(0,T; L?), we rewrite (1.2) as an elliptic system as follows
(5.20) AU = puy + pu- Vu + VP — pbes.
From the standard L?—estimates for the elliptic system, we get
IV2ul |2 < C(llpudl| g2 + |lpuVul| 2 + ||V Pl 22 + || pfes]| 2)
< O+ Cllullz=||Vull 2 + ClIVpl| 2

1
< C+ 5192l e,
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which immediately implies supg<;<7 || Vu|[ 1 < C.
The proof of Lemma 5.6 is completed. |

The final step is to obtain the LP—estimates of the first derivatives of (p, §) and
the second derivatives of the velocity w.

Lemma 5.7. Under the assumption (5.1), for any 0 < 7' < T, and some ¢ € (3, 6],
we have

T
(5.21) (lpllwra + 110llwra + [lpel| e + [16¢]|2a) +/O V2l [Zedt < C.

sup
0<t<T

Proof. From Lemma 5.3, we have

t
(5.22) [|Vollra + [|VO||La gC(1+/ ||V2u||Lads).
0

Applying the standard L?—estimates to elliptic system (5.20) and Gagliardo-Nirenberg
inequality, we find

IV2ulle < C(llpuel|za + [lpuVul| Lo + [V P||a + || pOes||Lr)

6—q 3g—6

(5.23) < CllVpul | 2wl 5"+ Cllullzo=l[Vul|La + Cl[Vpl | Lo

< CvaHLq + C’HVutHLz + C.
Substituting (5.23) into (5.22), and using the Gronwall’s inequality, we get
IVpllLa +[[VO]|a < C.

For r =2 or ¢, (1.1) implies that

pellr < [lullze=[ IV ollr + [|pl] o< |[divul| -
< [IVull e [[Vollzr + lpll Lo [ Vul [ < C.
In a similar way, we can get estimates for 6,. ]

Proof of Theorem 1.2. All the estimates in Lemma 5.1-Lemma 5.7 will be enough
to extend the strong solution (p, u, 8) beyond the maximal time of existence 7, which
contradicts the definition of 7,. Therefore, (5.1) is false. The proof of Theorem 1.2 is
now complete.

ACKNOWLEDGMENTS

The authors are grateful to the referee and the editors whose comments and sugges-
tions greatly improved the presentation of this paper. The work is partially supported
by a China NSF Grant No. 11171158, NSF Grant No. 11271192, Qing Lan and
333" Project of Jiangsu Province, the Natural Science Foundation of Jiangsu Province
(No. BK2011777), the NSF of the Jiangsu Higher Education Committee of China (No.
11KJA110001) and the innovation project for graduate education of Jiangsu province
(No. CXZZ13_0388).



10.

11.

12.

13.

14.

15.

16.

17.

18.

On the Compressible Boussinesq Equations with Partial Dissipation Term 1603

REFERENCES

. D. Adhikari, C. S. Cao and J. H. Wu, The 2D Boussinesq equations with vertical viscosity

and vertical diffusivity, J. Differential Equations, 249 (2010), 1078-1088.

D. Adhikari, C. S. Cao and J. H. Wu, Global regularity results for the 2D Boussinesq
equations with vertical dissipation, J. Differential Equations, 251 (2011), 1637-1655.

J. T. Beal, T. Kato and A. Majda, Remarks on the breakdown of smooth solutions for
the 3-D Euler equations, Comm. Math. Phys., 94 (1984), 61-66.

J. R. Cannon and E. DiBenedetto, The initial value problem for the Boussinesq equations
with data in LP, Lecture Note in Mathematics, 771 (1980), 129-144.

C.S. Caoand J. H. Wu, Global regularity for the two-dimensional anisotropic Boussinesq
equations with vertical dissipation, Arch. Ration. Mech. Anal., 208 (2013), 985-1004.

D. Chae and H. S. Nam, Local existence and blow-up criterion for the Boussinesq
equations, Proc. Roy. Soc. Edinburgh Sect. A, 127 (1997), 935-946.

. D. Chae, Global regularity for the 2D Boussinesq equations with partial viscosity terms,

Adv. Math., 203 (2006), 497-515.

Y. Cho and H. Kim, Existence results for viscous polytropic fluids with vacuum, J.
Differential Equations, 228 (2006), 377-411.

Y. Cho, H. J. Choe and H. Kim, Unique solvability of the initial boundary value problems
for compressible viscous fluids, J. Math. Pures Appl., 9 (2004), 243-275.

H. J. Choe and H. Kim, Strong solutions of the Navier-Stokes equations for isentropic
compressible fluids, J. Differential Equations, 190 (2003), 504-523.

Y. M. Chu, X. G. Liu and X. Liu, Strong solutions to the compressible liquid crystal
system, Pacific J. Math., 257 (2012), 37-52.

R. Danchin and M. Paicu, Global existence results for the anisotropic Boussinesq system
in dimension two, Math. Models Methods Appl. Sci., 21 (2011), 421-457.

J. S. Fan and S. Jiang, Blow-up criteria for the Navier-Stokes equations of compressible
fluids, J. Hyperbolic Differ. Equ., 5 (2008), 167-185.

B. Guo, Spectral method for solving two-dimensional Newton-Boussinesq equation, Acta
Math. Appl. Sinica, 5 (1989), 201-218.

T. Hmidi and S. Keraani, On the global well-posedness of the two-dimensional Boussi-
nesq system with a zero diffusivity, Adv. Differential Equations, 12 (2007), 461-480.

T. Hmidi and S. Keraani, On the global well-posedness of the Boussinesq system with
zero viscosity, Indiana Univ. Math. J., 58 (2009), 1591-1618.

T. Y. Hou and C. M. Li, Global well-posedness of the viscous Boussinesq equations,
Discrete Contin. Dyn. Syst., 12 (2005), 1-12.

T. Huang, C. Y. Wang and H. Y. Wen, Blow up criterion for compressible nematic liquid
crystal flows in dimension three, Arch. Ration. Mech. Anal., 204 (2012), 285-311.



1604 Tong Tang and Hongjun Gao

19

20

21.

22.

23.

24,

25.

26.

217.

28.

29.

. X. D. Huang, J. Li and Z. P. Xin, Blowup criterion for viscous barotropic compressible
flows with vacuum states, Comm. Math. Phys., 301 (2011), 23-35.

. T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch.
Rational Mech. Anal., 58 (1975), 181-205.

A. Larios, E. Lunasin and E. S. Titi, Global well-posedness for the 2D Boussinesq
system with anisotropic viscosity and without heat diffusion, J. Differential Equations,
255 (2013), 2636-2654.

P. D. Lax, Hyperbolic systems of conservation laws and the mathematical theory of shock
waves, Conference Board of the Mathematical Sciences Regional Conference Series in
Applied Mathematics, No. 11. Society for Industrial and Applied Mathematics, v+48
pp, 1973.

P. L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 2.; Compressible Models,
Oxford Lecture Ser. Math. Appl., Vol. 10, Oxford Science Publications, The Clarendon
Press, Oxford University Press, New York, 1998.

A. J. Majda, Compressible Fluid Flow and Systems of Conservation Laws in Several
Space Variables, Springer Appl. Math. Sci., 53, 1984.

A. Matsumura and T. Nishida, The initial value problem for the equations of motion of
viscous and heat-conductive gases, J. Math. Kyoto Univ., 20 (1980), 67-104.

R. Salvi and I. Straskraba, Global existence for viscous compressible fluids and their
behavior as t — oo, J. Fac. Sci. Univ. Tokyo Sect. 1A Math., 40 (1993), 17-51.

T. Suzuki and F. Takahashi, Capacity estimate for the blow-up set of parabolic equations,
Math. Z., 259 (2008), 867-878.

Z. P. Xin, Blow-up of smooth solution to the compressible Naiver-Stokes equations with
compact density, Comm. Pure Appl. Math., 51 (1998), 229-240.

X. J. Xu, Local existence and blow-up criterion of the 2-D compressible Boussinesq
equations without dissipation terms, Discrete Contin. Dyn. Syst., 25 (2009), 1333-1347.

Tong Tang and Hongjun Gao
Institute of Mathematics

Scho
Nanj
Nanj
P. R.

ol of Mathematical Sciences
ing Normal University

ing 210023

China

E-mail: tt0507010156@126.com

gachj@njnu.edu.cn



