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TOPOLOGICAL STRUCTURE OF THE SPACE OF COMPOSITION
OPERATORS FORM F(p, q, s) SPACE to B, SPACE

Li Zhang and Ze-Hua Zhou*

Abstract. We study the topological structure of the space of all bounded com-
position operators from F'(p, g, s) to B, on the unit disk I in the operator norm
topology. At the same time, we characterizes the boundedness and compactness
of the differences of two composition operators.

1. INTRODUCTION

Let H(D) be the space of all holomorphic functions on D, where D is the open
unit disk of the complex plane C. The collection of all holomorphic self-maps of D
will be denoted by S(D). Let dv denote the Lebesegue measure on D normalized so
that v(D) = 1 and do the normalized Lebesgue measure on the boundary 0D of D.

A positive continuous function p on [0,1) is called normal if there exist three
constants a, b (0 < a < b), and ¢ € (0, 1), such that

(7) (1"_(7;))@ is decreasing on [4, 1) and linla_ (“_(7;))@ =0;

1
(i1) % is increasing on [4, 1) and hr{l— ({‘_(7;)),) = o0.
Let p(2) = p(|2]) be normal on D, the weighed Bloch space 5,, consists of all
f € H(D) satisfying

AN = sup u(2)|f'(2)] < oo,
zeD

Then ||| - ||| defines a complete semi-norm on B,,. And B, is a Banach space under the

norm
£l = 1O+ A1
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For 0 < a < oo, pu(z) = (1 —2]?)%, By, is the a-Bloch type space B, with the
norm || 1.

For a € D, let g(z,a) = log |pa(z)| ! be the Green’s function on D with logarith-
mic singularity at a, where ¢, is the Mobius transformation of D.

Let 0 < p,s < o0,—2 < ¢ < oo, a function f € H(D) is said to belong to

F(p,q,s) if
Il = \p—i-sup/ If'(2)[P(1 = |2|*)%°(2, a)dv(z) < oo,

F(p,q,s) is called the general function space since we can get many function spaces,

such as Hardy space, Bergman space, Bloch space, @, space, if we take special param-

eters of p, ¢, s, and if ¢ + s < —1, then F(p, q, s) is the space of constant functions.
Let ¢ € S(D), the composition operator C, induced by ¢ is defined as

(Cof)(2) = fle(2)), feHD), zeD.

This operator is well studied for many years, readers interested in this topic can refer to
the books [3, 14, 20], which are excellent sources for the development of the theory of
composition operators, and the recent papers [8, 15, 16, 19] and the references therein.

For two Banach spaces X and Y of analytic functions on D, let C(X — Y") be the
set of all bounded composition operators from X to Y with the operator norm topology.
For the purpose of this paper, we limit our analysis to the differences of composition
operators and topological structure of C = C(F'(p, ¢, s) — B,,). Boundedness and com-
pactness of differences of composition operators on various spaces of analytic functions
have been investigated by several authors, see e.g.[1, 7, 9, 10, 13]. The topological
structure of the set of composition operators has been studied in [2, 4, 5, 6, 11]. The
remainder is assembled as follows: In section 2, we collect the necessary background
material and preliminary results. In Section 3, we characterize the boundedness and
compactness of the difference C,, — Cy, acting from F'(p, ¢, s) spaces to B, space. In
the last two sections, we research the topological structure of C.

Throughout the paper, C will denote a positive constant, the exact value of which
will vary from one appearance to the next.

2. NOTATIONS AND SOME LEMMAS

To begin the discussion, let us introduce some notations.
For a € D, the Mobius transformation of D, is defined by

a—z

#alz) = 1—az’

it is easy to see that ¢,(0) = a, p,(a) =0 and ¢, = @, *.
For z, w in D, the pseudo-hyperbolic distance between z and w is given by
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zZ—Ww
plzw) = |pa(w) = | T
and the Bergman metric is given by
|d€] 1. 14p(zw)
Z,w 1nf/ —log ——=,
Plew) =it [ =518 T )

where ~y is any piecewise smooth curve in D from z to w.
It is well known that

(1= [2)(1 = |w]?)

11— zw|?

1= p(z,w) =

For ¢ € S(D), the Schwarz-Pick lemma shows that p (¢(2), p(w)) < p(z,w), and
if equality holds for some z # w, then ¢ is an automorphism of the disk.
For z,w € D, we defined that

do(z, w) = sup{[f(2) — f(w)[: | € Ba, [ flla < 1}.

According to Proposition 16 in [21], we know that d,, is a distance of D. When o = 1,
the distance d; is precisely the Bergman distance 3(z, w).

Finally, we collect some lemmas which will be needed during the paper.

The following lemma is the crucial criterion for compactness, whose proof is an
easy modification of that of Proposition 3.11 in [3].

Lemma 1. Suppose that 0 < p,s < 00,—2 < ¢ < +00,q+ s > —1, and p is
normal on D, ¢, ¢ € S(D), then the operator C,, — Cy, : F(p, q,s) — B,, is compact
if and only if C, — Cy : F(p,q,s) — B, is bounded and for any bounded sequence
{fx}ren Iin F(p, q,s) which converges to zero uniformly on compact subsets of D as
k — oo, we have |||(C, — Cy) fx|l| — 0, as k — oc.

The following lemma can be found in [18].

Lemma 2. ([18, Lemma 2.5]). For 0 < p,s < 00, -2 < ¢ < +00,q+ s > —1,
there exists a constant C > 0 such that

_‘w‘ 2\q s
sup [ LA gz < ©

for every w € .

Lemma 3. ([17, Lemma 2.3]). Suppose that 0 < p,s < 00, —2 < ¢ < oo and
g+s>-1.1f f€F(p,q,s),then f € B24q)/p» and HfHB(2+q)/p < C|fllr-
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Lemma 4. ([12, p. 192]). If f € B,, then there exists a positive constant C'
satisfing

(K2l a€(0,1),
fz) <l Ifllalog = a=1,
7(1_‘”;!3*&_1 a>1

By Lemma 3 and Lemma 1 in [9], we can obtain following lemma.

Lemma 5. Suppose that 0 < p,s < 00, 2 < g < o0, g+s > —1,If f €
F(p,q,s), then there is a positive constant C' independent of f such that

(1= 1217 f(2) = (1= [w))7 ' (w)] < C|| fllpp(z, w)
for all z,w € D, where § = ‘“;72.

Lemma 6. ([21, Theorem 18]). Suppose « > 0 and f is analytic on D. Then f is
in B, if and only if there exists a constant C' > 0 such that

|f(2) = f(w)] < Cdo(z,w), =z,weD.
The next lemma can be found in [6].

Lemma 7. ([6, Lemma 4.1]). Let z,w € D, and p(z,w) = XA < 1, for ¢t € [0, 1],
put z; = (1 —t)z + tw. Then the map ¢ — p(z;, w) is continuous and decreasing on
[0, 1].

Lemma 8. For each r € (0, 1), there exists a positive constant C,. such that

for all z and w in D with p(z,w) <r

Proof. When p(z,w) < r, we have 3(z,w) < 4 log 1££, so according to Lemma
2.20 in [22], this lemma is complete. ]

Lemma 9. For each r € (0,1) and b > 0, there exists a positive constant C,. such

that
RN
12

for all z and w in D with p(z,w) <r

< Crp(z,w)
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Proof. According to Lemma 2.27 in [22] and Lemma 8, we obtain

(1= |w[*)°
(1 =121%)?

(LN RN
1—wz 1—wz

3. THE BounDEDNESS AND CoMPACTNESS OF C,, — Cy, : F(p, q,s) — By,

In this section, we characterize the boundedness and compactness of C,, —C,, from
F(p,q, s) to B, and suppose that 5 = ‘“;72. According to the main results in [16], we
get that:

(i) C, : F(p,q,s) — B, is bounded if and only if hm % < 0.

(i) Cy, : F(p,q,s) — B, is compact if and only if C’ is bounded and

. 1(2)|¢'(2)]|
lim — = 0.
lp(2)l—1 (1 = [0(2)]2)8
Theorem 1. Assume that 0 < p,s < 00, —2 < ¢ < o0, ¢ + s > —1. pu is normal
onD and ¢,y € S(D), then C, —Cy, : F (p,q, s) — B, is bounded if and only if (1),
(2) and (3) hold, where

@ sup A0 () < oo,
D (1- | (2)2)
@ sup N2, 62 < o0,

< (1-p (2)?)
A () Y (2)
A=Te@PP ~ 1= [G)P)?

Proof. Assume that C, —C, is bounded, then there is a positive constant M such
that || (C, — Cy) flln < M| f||F for every f € F(p,q,s). Fixw € D, if o(w) = ¢ (w),
then p(o(w), ¥ (w)) = 0, it is easy to see that

p(w)le' (w)|

(1=l @)’

If p(w) # ¥ (w), and p(w) # 0, we define two functions

@) sup
zeD

5| <o

ple(w), (w)) = 0.
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1 — [p(w)?
Bo(w)(1 —¢(w)z)?
21— Je(w)]?
hy(z) = / — w)(u)du.
D7 ) T Fo
By Lemma 2, it is easy to check that f,, and h,, belong to F(p, ¢, s), and || ful|r < C,

||hwllF < C for a positive constant C' independent of w.
So we have

fuw(z) =

MC > ||(Cp— Cp) fullu
> supM( ) fu(p(2)¢'(2) = fio((2))9(2)]

@ ) 1L ) ) — 400 ()
Z“W>u:ﬁgww‘gigglxgﬁ’
and
MO > /(G = Coluly
2 SRRl 0) - KA o)
® ) (00 0) — B, ()0 )

1 — lp(w)|”

(1= p(w)p(w))P+1|
Due to 0 < p(¢(w),¥(w)) < 1, according to (4) and (5), we can get

()] ()|l (w), Y(w))
0T lewp? -

If o(w) = 0, $(w) # 0, letting f(z) = 2 g(2) = %, ||If|r < C and ||g||r < C
for a positive constant C, we get

(6) MC > |[(Cyp = Cy) fll = p(w) ¢’ (w) — ¢ (w)|

and

(7) MC > |[(Cp = Cyp)gllu = p(w)|p(w)¢'(w) = (w)'(w)] = p(w) |t (w)y(w)].
By (6). (7) and p(p(w), ¥ (w)) < 1, we obtain p(w)|¢'(w)|p(p(w), Y(w)) < C.

Since w is an arbitrary element, the inequality (1) holds. Analogously we can
obtain (2).

> p(w) ¢ (w)]p(e(w), ¥(w))
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Next we prove that (3) is true. For given w € D, if ¢)(w) # 0, we consider the test
function
1- w)|?
Qulz) = —1__
Bp(w)(1 = h(w)z)
by Lemma 2, we can obtain that Q., € F(p, ¢, s) with ||Qy]||r < C for a constant C'
independent of w.

MC > ||(Cy, —Czp)QwHM
> p(w) [(Cp = Cy) Qu)' ()|
= w(w)| Q4 (p(w))¢' (w) — Q' (¥ (w))Y'(w)]

© @ (p@B) e e
(o) (- wr)
= I (w)+J(w)],
where
) - ) ptw)w)
(1-te@P)” (1-p@p)’
and

1—Jwp@) T Te@PP
A 0 o) QU (o) = (1~ [0(0) ) Qb w)]

By Lemma 5, we conclude that

()] < ¢ ANEW o) 6 IQule

(= le(@)P)
< e L otw). (w)

Thus we obtain that |J(w)| < C for all w € D by (1). Combining with (8) we obtain
[I(w)| < C.
If ¥ (w) =0, and p(w) = 0, letting f(z) = z, we can get

[w(w)y' (w) — p(w)e' (w)| < M| f| p-
If ¥ (w) =0, p(w) # 0, then p(p(w), Y (w)) # 0, by (1) and (2), we can get
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p(w) ' (w)
(1 = [e(w)[?)?
Since the arbitrariness of w, the desired result (3) follows.
Conversely, we assume that (1), (2) and (3) hold. For any f € F(p, g, s), we have

1(Cp = C) fll
= [f((0)) = f((0))[ + iggu(Z)\f’(w(Z))w’(Z) = f(¥(2)y'(2)

— p(w)y'(w)| < C.

By Lemma 3 and Lemma 4, it is obvious that | f(©(0)) — f(1(0))| < C|| fl| 7.
sup u(2)| f'(0(2))¢'(2) = f'(¥(2))¥'(2)]

ap FEIECLI (1~ o)) (0(a)) — (1= (9P (6

o zeD (1 - ‘(P(Z>
R W) | e
g e~ g | - MO W
LI Dlple(2).4() W) )
< 0[225 -7 SR A PP <1—w<z>\2>ﬂH 71l
< Cllflp.
So C, — Cy : F(p,q,s) — B, is bounded. The proof is finished. [ |

In the progress of proving, we can see that when (1) and (3), or (2) and (3) hold,
Cy, — Cy is bounded. Next, we characterize the compactness of C, — Cy. Since

when sup |¢(2)| < 1, it is easy to see that C,, is compact, so we always suppose
zeD

sup [p(2)] = sup [¢(z)| = 1.
zeD z€eD

Theorem 2. Assume that 0 < p,s < 00, —2 < ¢ < o0, ¢ + s > —1, p is normal
on D and ¢,y € S(D), C, and Cy, are bounded, then C, — Cy, : F (p,q,s) — B, is
compact if and only if (9),(10) and (11) hold, where

© e S ORS)E)
HO (1- e ()P
(10) tim AL ey =,

[ (2)|—1 (1 _ w(@‘g)ﬁ
1(2)¢'(2) p1(z)Y'(2)

(11) e e EE

lim =0
min{|p(2)],14(2)[}—1
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Proof.  Assume that C,, — Cy, is compact. For any sequence {w,}> ; such that
lo(wy)| — 1 as n — oo. Here, we can suppose that ¢(w,,) # 0 for every n, put
1 — |p(wy)|?
Ap(wn)(1 = p(wn)z)

By Lemma 2, we can prove that ||f,||r < C, and the function sequence {f,}>2,
converges to 0 uniformly in every compact subset of D, then by Lemma 1, we know
[1(Cp — Cy) full]l — 0 as n — oco. Thus,

0 = lim sup u(2)[f((2))¢'(2) = fn((2)¢'(2)]

> Tim pu(wn)[ £ (0 (wn)) " (wn) = L1 (v (wn))4' (wn)]
(P/(wn> W(wn)(l — “P(wn>‘2>

(L= le(wa))? (1= p(wn)i)(wn)) 1

(12)

— lim pi(un)

n—oo

Since 0 < p(p(wy), ¥ (wy,)) < 1, we obtain

(P/(wn> N W(wn)(l — “P(wn>‘2> _

(I=le(@n)l)? (1= p(w)(wn)) P41

(13) nh—>r20 (wn) p(p(wn), ¥ (wy))

Similarly, for function sequence {g,}> ,,

gn(z) = /O (11__%73)‘,84_1(‘Dﬁﬂ(wn)(U’)duv

we have

(14) lim M(wnﬂlﬂM(l — lo(wn)?)
Nn—00 ‘1 — (p(’wn)z/}(wn)‘,@—l—l

plo(wn), ¥ (wy,)) = 0.

So according to (13) and (14), we get (9).

Analogously we can obtain (10).

Next we prove (11), let {w,}>°, be a sequence such that |¢(w,)| — 1 and
| (wy)| — 1 as n — oo. Put

1—- ‘w(wn>‘2 )
B (wn) (L = ¢ (wn)2)?

Then {@,}2, is a bounded sequence in F'(p, ¢, s) and converges to 0 uniformly in
compact subset of D as n — oo.

Qn(z) =
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0 = Jim [(Cy ~ Co)Qull

o i B @) @) ) )
| (= lenp(wn) (L R(wa)P)?

> lim ’ p(wn )@’ (wy) . p(wn)Y' (wn) ’
= e [T = Telwn) )P ™ (1= o (wn) )P
| ) ) _
0~ o) Qulo()) — (1 o)) Qu 0w
|| wn) @ wn) ) (wn) | pwn) @ (wa) plp(wn), (wn)
> i ||~ S|

)

(1=l (wn)[?)?
so we get (11) by (9).

Conversely, assume that (9), (10) and (11) hold. Let {f,}>>, be a sequence in
F(p,q,s) such that || f||z < 1 and f,, convergence to 0 unlformly on every compact
subset of ID. We need to prove |||(C, — Cy) fnll| — 0, suppose that it does not hold.
Thus for some € > 0, |||(C, — Cy) fnll| > €, then for each n, we can find a sequence
{zn}52; C D such that

(15) |1(zn) @' (2n) ' (0(20)) = 1(zn)¥ (20) ' (9 (20))| > €.

Since C, and Cy are bounded, and f;, convergence to 0 uniformly on compact
subset of D, we obtain that either |¢(z,,)| or [¢(z,,)| tends to 1. Suppose that |p(z,)| —
Land |¢(z,)| /4 1, then there exists a subsequence { z,, } such that |+ (z,, )| < 1, hence
likrgiogfp(@(znk), Y (zn,)) > 0. So by (9), we have

M(anﬂ(:p/(znk)‘
(1 = [(zn,)[?)P
On the other hand, since |¢(z, )| < 1, | f'(¥(2n,))| — O,

|1z, )¢ (2n ) (9 (200)) = 1(zn, )Y (20, ) f (8 (2, ) |

M(an>‘(:0/(znk>‘ o P 2\0 ¢/ P P (4 / p
< [ G0~ el P (oam))| + (em ) (o) (6 )

— 0,

— 0.

this contradicts (15). So we get |¢(z,)| — 1. This implies that |p(z,)| — 1 and
|¥(2,)| — 1. Then we have

|1(20) @' (z0) f' (0 (20)) = a(zn)0' (2 )f(w(zn))!
P Gl GOl CICHRECD) ’ p(2n) ¢ (2n) p(zn) ¢ (2n)

T (1 —1[(zn)]?) wooo [(T=Tp(z) )P~ (1= [$(zn) )P
= 0.

This contradicts (15). Thus we complete the proof. ]



Topological Structure 295

4, CompAacT DIFFerReNCES AND PATH CoNNECTED |

In this section we consider the relationship between the compact difference and the
path connection when 8 = 1, to discuss the behavior, we need some notions.

For p € S(D), let ' (¢) = {z € D, |p(2)| > r} for r € (0,1). Let I'(¢) be the
set of sequences {z} in D such that |o(z)| — 1, and T#(y) the set of sequences
{2k} in T(¢p) such that 4] '%" Gl 0.

Using these notions, We can obtaln that C,, is compact if and only if T# () = 0.
And under the conditions of Theorem 2, we can get the following theorem.

Theorem 3. C, — Cy, is compact if and only if (a) and (b) hold:

(a) T#(p) = I'# (1), and they are included in T'(¢) NT'();
(b)
o G ol () B ) _ L ) 9 (o), Yz)
n—o0 1 — |o(zn)|? n—o0 1= |1h(zq)]?
— Lm f1(2n) %' (2n) _ 1(2n) Y (2n)
n—oo |1 —Jp(z)? 1= |1h(2n)[?

when {z,} € T'(¢) NT(¢).

:0’

Proof. Assume C, — Cy, is compact, then we can get (b) by Theorem 2. When
I'#(p) = 0, we know C,, is compact, then Cy; is also compact, we have T'# () = 0,

When I'# () # (), for any sequence {z,} € T#(y), we know %“;&‘;IQ' +# 0. Thus

according to (12) and (14), we have lim p(p(zn), ¥(zn)) =0, SO [¢p(2,)| — 1. Then

we can get % 4 0 by (11) 80 {z,} € T#(¢), T#(p) C T# (). Similarly

we can get I'#(¢)) € T# (1)), thus we obtain (a).

If (3) and (b) hold, we only need to prove that (9),(10) and (11) are true when
B = 1. It is obvious that (11) holds by (b). For every sequence {z,} € I'(p), if
{z,} & T7%(y), then we get (9) according to p(¢(zn), 1 (2n)) < 1. If {z,} € T#(p),
then |1 (z,)| — 1 by (a), thus we have (9) by (b). Similarly, we can get (10). ]

Next, we character the connection of C. Put ¢:(z) = (1 — t)p(z) + ti(z) for
t € [0,1], we give a sufficient condition for the compactness of C,, — C, .

Theorem 4. Assume that 0 < p,s < 00, 2 < qg<o00,q+s>—-1,68=1,pu
is a normal weighted function on D and ¢, ¢ € S(D), C, and Cy, are bounded from
F(p,q,s) to B, C, — Cy is compact. Then for any ¢ € [0, 1], the following hold:

(i) T# (1) C T(p) NT(¢);
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(if) Forany {z,} C T'(p)NT(¥),

lim 1(zn) @' (2n)  p(zn)Pr(zn)

] i HEE )
A T o T lelzn)l| ~ (il

oo 1—p(z,)[?

Moreover, C, — C,, is compact from F(p, ¢, s) to B, for any ¢t € [0, 1].

Proof. Because I'#(;) C T'(¢s), and T'(¢;) C T'(¢) NT(xh), we get (i).
Since C, — Cy, is compact, then

lim 1(zn) 9" (2n) [0 (p(2n), w(zn» — lim ’M(zn>90 (zn)  p(2n)¥'(2n)
n—o0 1 — [p(2n)[? n—oo |1 —[p(za)? 1 —[1h(z0)]

when {z,} € T'(¢) NI'(y). By Lemma 7, we know

()l )]
e
as n — oo. And
N CEe
ulz) ’1 “e@F 1= P
WG (- A=Al - G
S’l—wzw (1 T o) 1—m<z>\2)’
AAZ086)  H-RERIE (- 0eE + )
) @l T T e oD I leP
@G|, =00 =P - )P
T e(2)]? Yo R R Yo 2
(- @R )
) T @ - @D 1= lelP
_ ORI | =D)L= P

:0’

sadeitea)) < BEHE L) 0 ) 0

S T () Tl 1-Jeda)P
- P | 96 )
T TG T e@R 1= RER

According to the proof of Lemma 4.2 in [6], we get that

@R 1- )P
L T L@ T )P

< p(p(2), ¥(2))? < plep(2), ¥(2)),
and

(1 —[¢(2)]°)

<1.
1—le(2)

So we have

zn)s pt(zn)) = 0.
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o G2 G) () ) |
e | T leGP ~ Tl

Moreover, when C,, and C,;, are bounded, by Theorem 1 in [16], it is easy to check
that C, is bounded, so we can get C,, — C,, is compact by Theorem 3. n

Theorem 5. Assume that 0 < p,s < 00, 2 < qg<o00,q+s>—1,68=1,pu
is a normal weighted function on D and ¢, ¢ € S(D), C, and Cy, are bounded from
F(p,q,s) to B, C, — Cy is compact, then the following are equivalent:

(i) “zlelll - 0, when {z,} € T()\ () and 422Gl — 0, when {z,} €

L)\ T ().

(ii) The map t — C,, is continuous from [0, 1] to C.

Proof.  (i)=-(ii). We will show that ¢ € [0,1] — C,, is a continuous path in C,
thus we need to show

thr?/ HC@ r Csé’t HF(p,q,s)—>Bu =0

for each ¢’ € [0, 1]. To prove this we show

th?fl 1Cy,, — C@tHF(p#LS)_’BH =0

for each ¢ € [0, 1), the proof for the left-hand limits is similar. Note that C,,, — Cy
is compact for every ¢’ € [0, 1] by Theorem 4. Setting (4 ), = (1 — r)py + rep for
r € [0, 1], we have

o — e = (pp)o— (pp)r, 0<t <t<1,

where r; = 1 t/ Thus, to prove this implication, it is sufficient to consider only the
continuity at ¢’ = 0.

HC@ - Csé’t HF(p,q,s)—>Bu

= sup [f((0)) = f(pe(0))|+ sup supu(2)|f'(0(2))¢'(2) = f'(e(2))pi(2)|

I fllF<1 £l <1 z€D
By Lemma 3 and Lemma 6, we obtain

sup [f(¢(0)) = f(:(0))] < Cdi((0), ¢4(0)) — 0

lfllF<1

ast— 0.
sup sup p(2)[f'(0(2))¢(2) — f'(0e(2))i(2)]

| fllp<12€D
pR)e'(z) - p@ei(z) | p)le'(2)]
L—le(x)]2 1—lp2)]2| " 1—]p(2)]2

< Csup [
zeD

p(e(2), pi(2))] -
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Then for every € > 0, by Theorem 4, the compactness of C, — Cy, and (i), there is a
constant r; € (0, 1) such that
p2)e'(z)  p2)ei(2)
L—lp(z)*  1—]e2)]
when z € T, (¢) Ty, (¢), and
p(z)l¥' ()| w(2) ' (2)]
1_‘@(Z>‘2P(‘P(Z>a¢(z>><5a 1_‘1/1('2)‘2 <€7
when z € T, () \ Ty, (¥).
When z € T, () \ T, (¥), there exists a constant m such that p(¢(z), ¥ (z)) >
2)|¢ (2 2)¢’ (2 2)Y(z
m > 0, then %@g;‘ < £=. So we have ’f£|20“"(z()|% — 1“_(|3W()|)2 < Ce for some
positive constant C.
According to the proving process of Theorem 4, we know that
pz)e'(z) — p2)ei(z)
L—]p(2)?  1—]e(2)]
H pz)e'(z) w2 (2)
1—[e(2)?  1—=[¢(2)]?

?(;Z>\‘(f(/i§‘>g‘p(w(2>, pi(2)) <e,

sup
z€lr (P)\I'ry (¥)

< sup
2€l (@\I'ry (¥)

< Ce.

+ ML o), 00

So

sup -
z€l'r (¢) 1 - ‘SD(Z> 2 1—- ‘th(Z>‘2

On D\, (), ’fﬁiﬁ;ﬁ% — f_(fiféil and %“‘E;ﬁ%lp(cp(z), ©4(2)) converges uni-

formly to 0 as ¢ — 0. Thus there is some ¢; so close to 0 that for any ¢t < tq,

H u(z)(p/(z‘) 1(2)pi(2) n lli(;@“;f(/i;!p((p(z)’(pt(z))] < Mie.

p)e'(z) — p2)ei(z) | p)le(2)] ]
sup - + plp(z), pilz <e.
S G ~ e T eteten o)
Hence we get ||C, — Co, || p(p,q,5)—5, — 0 ast — 0.
(i)=-(i). Suppose that there exists a sequence {z,} € I'(¢)\I'(¢) such that

ezl oo,

—lo(w)|? .
Put f,(2) = %, since || fu||F < C for every w € D, we have that

ClCy = Corllppg)—B, = I1(Cp = Cop) fanll

plzn) @' ()l plzn)[#h(2n)| 2
> — 1= p(p(zn), pilzn))”.
L= lpGP 1 fpi(e) L~ PG alen)
So taking the limit, we obtain that || C, —Cly, || p(p,¢,5)—5, > 0 fort € (0, 1], thisimplies
that the map ¢ — C,, is not continuous at ¢ = 0. This contradicts the condition (ii). m

As an immediate consequence, we obtain the next corollary.
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Corollary 1. Assume that 0 < p,s < 00, 2 < g < o0, q+s > —1, =1
and p is normal on D and ¢, ¢ € S(D), C, and C, are bounded from F(p,q, s) to
B, C, — Cy is compact. If I'(¢) = I'(¢), then C,, and Cy, in the same connected
component.

Yet another consequence is that the compact composition operators belong to the
same component.

Corollary 2. Assume that 0 < p, s < 00, -2 < g< 00, ¢+ s> —1, =1 and
p is normal on D and ¢, ¢ € S(DD), then the compact composition operators from
F(p,q,s) to B, form an connected set in C.

5. CompAcT DiFFerReNCE AND PATH CoNNECTEDNESS |

We continue the research of path connectedness when § = q+2 # 1 in this section.
Now, we study the compactness of C, — C,,,.

Theorem 6. Assume that 0 < p,s < oo, —2 < g < 00, ¢+ s > —1, p is a normal
weighted function on D and ¢, ¢ € S(D), C, and Cy, are bounded from F'(p, ¢, s) to
B,. If C, — Cy is compact and sup p(¢(z2), 1 (z2)) < 1, then C, — C,,, is compact for

zeD

t €10,1].

Proof. It is obvious that C, — C, is compact when ¢t =0 or t = 1.
For fixed ¢t € (0, 1), since C,, and Cy, are bounded, we have

u(2)|)(2)]
A= le2) )P
(1= Hu(2)|¢'(2)] () (2)
S A PP R - e PP
B 71 2 O 16 L I e
i TS 1 R R PGS 1B

2eb (1— [0()PP (1— |@i(z)P)P
(1-8)(1 — [p(2)»)? 11— ()P

O @@ R U e P)?

< Ol — )P 4177,

IN

then C,, is a bounded operator.
By Lemma 7 and the compactness of C, — Cy, we obtain

AT sl =0

And when |¢.(z)| — 1, we have |p(z)| — 1 and |¢(z)| — 1, then
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(2)|pi(2)]
th%z)l—d —(lu_ \@iz) 2>ﬂp(<ﬂ(z)a ©i(2))

|
< um 1=0CHEILE)

S el (1 \cp(2>\2>ﬂ plplz). ()
1-8
— 0.
Now,
¢z e
(I=1le(2)|H)P (1= le(2)[?)P
_ ¢'z) 0=tk  W(»)
(1—1le(z)?)P  (1=le(2)])P (1= |ei(2)2)P
- ¢z () (1= p(2)]?)P
T A =le())8 (A= v(2)DP] (1 - led(2)2)8
+’ ¢'(2) ’1 =0 =le=)P" 1= p(2)P)f
(1 —[p(2)[?)"# (1—[ee(2)[?)° (1—Jee(2)]?)°
- C’ o'z Y (1—[y(2)"° ¢'(2)

A= leEPP - REPP| T la@P)P ’ (1 =le(2)1%)?
- A=le@)?)’ ’ ¢'(2) ’(I—W(Z)\Z)ﬂ _-REP? |
(1= [ee(2)[)° L= le()P)P 1A =lee(2)P)7 (1= lee(2)[?)?
Because sggp(w(Z), ¥(z)) <o < 1, we get p(p(2), ¢i(2)) < p(p(z),¥(2)) and
p(Y(z), cpt(z)z) <p(p(2),v(z)) by Lemma 7, then we have by Lemma 8 and Lemma
9

+1

A C) N /1 C)
I=1e(z)1A7 (1 =leu(2)?)?
p(2)¢'(2) pAY' () | (A =[e())”

lim z
min{ls@(Z)lvls&t(Z)l}ﬂlu( )

<C lim

mwwuuwm%ﬂ(l PP A=W (1= w)P)P
- (2)] P (1 - [p(2) )
lo(z)| =1 (1—\<p )1%)P — lei(2)[2)P
- >\’u—+wzﬂ% 1’(1—M7@\W
Iﬂ@PIO—W@ 28 (= [e(2)PP | (L= |e(z) PP
W) (v e)
= Contloen—1 [T - e PP~ T — 0P

+CW£$%Z—L%§%%@Mw@>w®»=U~
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Thus we know C, — C,, is compact by Theorem 2. n

Theorem 7. Assume that 0 < p,s < oo, —2 < g < 00, ¢+ s > —1, p is a normal
weighted function on D and ¢, ¢ € S(D), C, and Cy, are bounded from F'(p, ¢, s) to

B,. If C, — Cy is compact and sup p(¢(z ) Y(z)) < 1, then C, and Cy, are in the
zeD
same path component.

Proof.  To prove this theorem, we only need to consider
%E% ch - C@t HF(p,q,s)—>Bu = 0.
By Lemma 5 and Lemma 6, we have

ch - C@t HF(p,q,s)—>Bu

< sup [f(¢(0)) = fe(0))[+ sup supp(z)|f(¢(2))¢'(2) — f'(0e(2))y(2)]

IfllF<1 £l <1 z€D

< Ca(9(0). (0)) + sup %pw(z),%(z»
(

1(2)¢'(2) 1(2)pr(2)
+ sup — .
2eb | (1= p(2)[)F (1= pi(2)[?)P
It is obvious that %in% do(¢(0), p4(0)) = 0.
Since we assume

sggp(w(zwﬁ(@) <1,

we can find a A < 1 such that sup p(¢(2), ¥ (z)) < A. And
z€eD

w(Z) — i(2)
ot(2)
\

p(p(2), i(2)) = :

—¢(z)
_ tlp(z ) ¥(2)
11— p(2)p(2) + t(2)p(2) — tp(2)9(2)]
tle(z) — ¥ (2)]
11— p(2)9(z )\t— (1= t)p(2)(Y(2) — ¢(2))]
pHp(2),¥(2)) — (1 = t)e(2)]
- A
T 1-(1=-tN

IN

so sup p(p(z), ¢i(2)) — 0 if t — 0. Finally, by the boundedness of C,,, we have

u(2)l¢(2)]
MBI 1 [o()2)P

t—0 D (1

p(e(2), pi(z)) = 0.
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Since sup p(¢(z),¥(2)) < A < 1, for every sequence {z,} C D, we have
D

zE€
lo(zn)] — 1 if and only if |4(2,)] — 1. And C, — Cy is compact, so for every
e > 0, there exists a constant r € (0, 1) such that

pRlPE pR)e(z) )Y () _
|¢?31|3>r[(1—\w(2>\2>ﬂp((p( ST T 0RP T T e PP H <
We know
| HEEE) _n)e(2) ’
2eb | 1= 1e()P)P ~ (1= [eil(2)]P)P
u(2)¢'(2) u(2)ey(2)
S A=l U -leiz W’
u(2)¢'(2) u(2)ey(2)
TP A= TG ~ T = [ei(2)7)P ’

According to the process of Theorem 6, we have

wp | £E2) u(2)¢i(2)
w(aisr | L= le(2)2)F (1= lp(2)]2)P
u(2)¢'(2) (2 (2) ()| (2)]p(e(2), ¥ (2))
SO T Te@P? - PP ’*CW?S%T (1= le(=)]?)?
< Ce.

There is a constant ' € (0,1) such that |(z)| < ' when |p(2)] < r, then
loi(2)] < max{r,r'}. C, and Cy, are bounded operators, then we obtain

. (1u_<z‘>go'<zz RICEC) ﬁ’
e = e@PP ~ T = [u2)P)
= o Mé)‘—w \;3( IE >/éz>‘ i <1’”1<732?3>73>ﬂ e L—L(T;i/z(;f?w’
= o tu<z(>1< ‘ f@i‘é\‘iﬁé( 2+ i % ’1 - <(11 - \ﬁ((j\?;’

+ sup —
()< (1= lp(2)[2)P

)

(

p(2)|¢'(2)] ’1 ( —\cp( )%)°
(1= fee(2)[?)°
Since the boundedness of C,, and C;,, we obtain  sup u(z)|¢'(2)] < C,and  sup

le(z)|<r [v(2)|<r
w(z)|¥'(2)] < C, by Lemma 7 and Lemma 9, we have
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p(2)¢'(2) p(2)pi(2)

(- le(z)2)P  (1- wt<z>\2>ﬁ’ -0

sup
le(z)|<r

as t — 0, thus, we get

p(2)e'(z)  p(z)ei(2) ’:0_

lim sup

t=0zep | (1= [e(x)[?)7 (1= [ei(2)]?)”

Then t — Cy, is a continuous curve in C, C, and Cy is in the same path
component. n
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