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TWO OPTIMAL INEQUALITIES FOR ANTI-HOLOMORPHIC
SUBMANIFOLDS AND THEIR APPLICATIONS

Falleh R. Al-Solamy, Bang-Yen Chen and Sharief Deshmukh

Abstract. The CR §-invariant for C'R-submanifolds was introduced by B.-Y.
Chen in a recent article [13]. In this paper, we prove two new optimal inequal-
ities for anti-holomorphic submanifolds in complex space forms involving the
CR d-invariant. Moreover, we obtain some classification results for certain anti-
holomorphic submanifolds in complex space forms which satisfy the equality case
of either inequality.

1. INTRODUCTION

Let M be a Kahler manifold with complex structure J and let N be a Riemannian
manifold isometrically immersed in M. For each point 2 € N, we denote by D, the
maximal complex subspace T,,N N J(T,,N) of the tangent space T,,N of N. If the
dimension of D, is the same for all x € N, then {D,, x € N} defines a holomorphic
distribution D on N. A subspace V of T, N, z € N, is called totally real if J(V) is
a subspace of the normal space T;- N at 2. A submanifold NV of a Kahler manifold is
called a totally real submanifold if each tangent space of N is totally real.

A submanifold IV of a Kahler manifold A7 is called a C'R-submanifold if there exists
a totally real distribution D on N whose orthogonal complement is the holomorphic
distribution D (cf. [1, 8, 12]), i.e.,

TN=DaD*, JD-rCT}N, z€N.

Throughout this paper, we denote by & the complex rank of the holomorphic distribution
D and by p the (real) rank of the totally real distribution D for a C'R-submanifold. A
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warped product submanifold N7 x ; N with warping function f in a Kahler manifold
M is called a CR-warped product if N7 is a holomorphic submanifold and N+ is a
totally real submanifold of M.

It is well-known that the totally real distribution D+ of every C'R-submanifold of
a Kahler manifold is an integrable distribution (cf. [8, 10, 12]).

In order to provide some answers to an open question concerning minimal immer-
sions proposed by S. S. Chern in the 1960s and to provide some applications of the
well-known Nash embedding theorem, the second author introduced in early 1990s the
notion of d-invariants (see [6, 12, 14, 20] for details). For a C'R-submanifold N of a
Kahler manifold, he introduced in [13] a é-invariant §(D), called the C'R d-invariant,
defined by

(1.1) 6(D)(x) = 7(z) — 7(Da),

where 7 is the scalar curvature of NV and 7(D) is the scalar curvature of the holomorphic
distribution D of N (see [12] for details). In [13], the second author established a sharp
inequality involving the CR d-invariant §(D) for anti-holomorphic warped product
submanifolds in complex space forms.

In this paper, we prove two new optimal inequalities involving the CR §-invariant
for arbitrary anti-holomorphic submanifolds in complex space forms. Moreover, we
obtain some classification results for anti-holomorphic submanifolds in complex space
forms which satisfy the equality case of either inequality.

2. PRELIMINARIES

2.1. Basic definitions and formulas

Let N be a Riemannian n-manifold equipped with an inner product ( , ). Denote
by V the Levi-Civita connection of N.

Assume that N is isometrically immersed in a Kahler manifold M. Then the
formulas of Gauss and Weingarten are given respectively by (cf. [5, 12])

(2.1) VxY = VxY +0(X,Y),
(2.2) Vx&=—AcX + Dx¢,

for vector fields X and Y tangent to N and ¢ normal to N, where V denotes the
Levi-Civita connection on M, o is the second fundamental form, D is the normal
connection, and A is the shape operator of V.

The second fundamental form o and the shape operator A are related by

(2-3) <A§X7 Y> - <U<X7 Y),§>,
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where ( , ) is the inner product on N as well as on M. The mean curvature vector of
N is defined by

— 1
(2.4) H = <5) traceo, n = dim N.

The squared mean curvature H? is given by H? = <ﬁ, ﬁ>.
The equation of Gauss is

5 R(X,Y;Z,W)=R(X,Y;Z,W)+ (c(X,W),o(Y, Z))
| —(0(X, 2), 0(Y, W)

for vectors X,Y, Z, W tangent to N, where R and R denote the Riemann curvature
tensors of NV and MM, respectively.

For the second fundamental form o, we define its covariant derivative Vo with
respect to the connection on TN @ T+ N by

(26) (Vx0)(Y.Z) = Dx(o(Y. Z)) — o(VxY. Z) - o(Y, VxZ).
The equation of Codazzi is
(2-7) <R<X7 Y>Z>L = (vXUXK Z) - (?yd)(X, Z),

for vectors X, Y, Z tangent to N, where (R(X,Y)Z)* denotes the normal component
of R(X,Y)Z.

2.2. Real hypersurfaces

A real hypersurface N of a Kahler manifold M is called a Hopf hypersurface if
J¢ is a principal curvature vector, i.e., an eigenvector of the shape operator A, where
¢ is a unit normal vector of V. Obviously, every Hopf hypersurface is mixed totally
geodesic.

A real hypersurface N of a Kahler manifold M with dimc M = m is called totally
real m-ruled if for each point = € N there exists an m-dimensional totally real totally
geodesic submanifold V* of N through x.

2.3. Complex space forms

A Kahler manifold of constant holomorphic sectional curvature is called a complex
space form. Throughout this paper, we denote a complete, simply-connected (complex)
m-dimensional complex space form of constant holomorphic sectional curvature 4c¢ by
M™(4c).

It is well-known that M/™(4¢) is holomorphically isometric to the complex projec-
tive m-space C'P™(4c), the complex Euclidean m-space C™, or the complex hyper-
bolic m-space C H™(4c) according to ¢ > 0, ¢ = 0, or ¢ < 0, respectively.
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The curvature tensor R of a complex space form M™ (4c¢) satisfies

e ROV, W) =c{(V, W)U — (X, W)V + (JV, W) JU
@9 — (JU, W) JV +2(U, JV) JW}.

2.4. Anti-holomorphic submanifolds and C R-submanifolds

A CR-submanifold N of a Kahler manifold A7 is called anti-holomorphic if we
have
JDE =T}N, zeN.

A CR-submanifold is called mixed totally geodesic if its second fundamental form o
satisfies o(X, Z) = 0 for any X € D and Z € D+.

A mixed totally geodesic C' R-submanifold is called mixed foliate if its holomorphic
distribution D is also integrable. Moreover, a C' R-submanifold N is called a CR-
product if it is a Riemannian product of a holomorphic submanifold N7 and a totally
real submanifold N+ of M.

Obviously, real hypersurfaces of a Kahler manifold are exactly anti-holomorphic
submanifolds with p = rank D+=1.

2.5. H-umbilical Lagrangian submanifolds

An anti-holomorphic submanifold of a Kahler manifold is called Lagrangian if
D = {0}, ie.,
J(T,N)=T:iN, z € N.
A Lagrangian submanifold is said to be H-umbilical if its second fundamental form
satisfies the following simple form (cf. [7]):

o(er,e1) = pJer, oler,ej) =1Je;,
(2.9) o(ez,e2) =+ =o0(en, en) = Ve,
olejer) =0, j#k G k=2,...,n,

for some suitable functions ¢ and ) with respect to some suitable orthonormal local
frame field {ei,..., e, }.

Since there do not exist umbilical Lagrangian submanifold in K&hler manifolds,
H-umbilical Lagrangian submanifolds are the simplest Lagrangian submanifolds next
to totally geodesic one (cf. [7]).

3. SoME Basic LEMMAS FOR C' R-SUBMANIFOLDS

We need the following two lemmas from [1, 8] for later use.

Lemma 3.1. Let N be a CR-submanifold of a Kahler manifold M. Then we have:
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(1) the totally real distribution D+ is an integrable distribution,
(2) <U<U7 JX); JZ> = <VUX7 Z>!
(3) AyzW = AywZ,

for vector field U tangentto N, X,Y in D, and Z, W in D+,

Lemma 3.2. Let N be a CR-submanifold of a Kahler manifold M. Then we have:
(1) the holomorphic distribution D is integrable if and only if

(3.1) (0(X,JY),JZ) = (o(JX,Y), ] Z)
holds for any X,Y € D and Z € D+,

(2) the leaves of the totally real distribution D+ are totally geodesic in N if and
only if

(3.2) (0(X, 2),JW) =0
holds for any X € D and Z, W € D+,

We also recall the following result for later use.

Lemma 3.3. A complex space form M™ (4c) with ¢ # 0 admits no mixed foliate
proper C R-submanifolds.

Lemma 3.3 is due to [2] for ¢ > 0 and due to [16] for ¢ < 0.
For mixed foliate C' R-submanifolds in a complex Euclidean space, we have the
following result from [8].

Lemma 3.4. Let N be a CR-submanifold of C™. Then N is mixed foliate if and
only if N is a C R-product.

We also need the following result from [8, Theorem 4.6].

Lemma 3.5. Every C'R-product in a complex Euclidean m-space C™ is a direct
product of a holomorphic submanifold of a linear complex subspace and a totally real
submanifold of another linear complex subspace.

4. AN INEQUALITY FOR ANTI-HOLOMORPHIC SUBMANIFOLDS WITH p > 2

Let N be a CR-submanifold of a Kahler manifold. Denote by D and D' the
holomorphic distribution and the totally real distribution of N as before. For a CR
submanifold IV, let us choose a local orthonormal frame {e, ..., ean4p} ON N in such
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way that eq,...,en, enit,...,e2n are in D and egpi1, ..., €2p4p are in DL, where
€h+1 = J€1, .., Cop = Jeh.

The CR é-invariant, denoted by §(D), for a C R-submanifold N with p = rank D+
> 1 is defined by (see [13] for details)

(4.1) 6(D)(x) = 7(z) — 7(Da),

where 7 and 7(D) denote the scalar curvature of N and the scalar curvature of the
holomorphic distribution D C T'N, respectively.

Through out this paper, we shall use the following convention on the range of
indices unless mentioned otherwise:

i,5,k=1,...,2h; a,68,v=1,...,h,
r,s,t=2h+1,....,2h+p; A, B,C=1,...,2h+0p.

For a CR-submanifold N we define the two partial mean curvature vectors ﬁp
—_—
and Hp. of N by

- 1 2h - 1 2h+p
4.2) Hp = o E o(e;,e), HpL=- E o(er, er).
5 p
i=1 r=2h+1

An anti-holomorphic submanifold N of a Kahler manifold M is called minimal
(resp., D-minimal or D-minimal) if H = 0 holds identical (resp., ﬁp =0or ﬁ'DL =
0 hold identically).

We define the coefficients of the second fundamental form by

oip = (o(ea,ep), Jey)

forA,B=1,....2h+pandr=1,...,p.
For anti-holomorphic submanifolds with p = rank D+ > 2, we have the following
optimal inequality.

~ Theorem 4.1. Let N be an anti-holomorphic submanifold of a complex space form
M"*P(4c) with h = rankc D > 1 and p = rank D+ > 2. Then we have

(p— 1)(2h + p)?
2(p+2)

(4.3) (D) < H? + §<4h +p—1)e.

The equality sign of (4.3) holds identically if and only if the following three con-
ditions are satisfied:

(@) N is D-minimal, i.e., ﬁp =0,
(b) N is mixed totally geodesic, and
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(c) there exist an orthonormal frame {eg}+1,...,e,} Of D~ such that the second
fundamental o of NV satisfies

4.4) ol =30, for 2h+1<r+#s<2h+p,
. o =0, for distinet r,s,t € {2h+1,...,2h + p}.

Proof. Let N be an anti-holomorphic submanifold in a complex space form
]\Z/h+p(4c). Let us choose an orthonormal frame {ey, ..., eap4p,} ON N as above.

It follows from the equation of Gauss and the definition of C'R é-invariant that
d(D) satisfies

2h  2h+p 1
)= Y Kt Y K
i=1 r=2h+1 2h+1§r7és§2h+p
2h  2h+p 2h+p 1
_Z Z 61761 (€7~,€7~>> + Z 5 <U(€T7€T>7U(687 €s>>
(4.5) i=1 r=2h+1 r,s=2h+1
2h  2h+p 2h+p 1
=Y leene)llP = Y slloer, es)|[”
i=1 r=2h+1 r,s=2h+1
+ g(4h+p ~1e.
On the other hand, we have
2h  2h+p 2h+p 1
Z Z 61761 67"767">> + Z 5 <U(€T7€T>7U(68768>>
i=1 r=2h+1 r,s=2h+1
2h+p
4.6 1
“9 = Y Sllotenenl?
r,s=2h+1
2h + p)? — 1
_ CREPE e o2 Tl - o2
2 2
where ||op.||? is defined by
2h+p
(4.7) lorlP = > lolen el
r,s=2h+1
By combining (4.5) and (4.6) we find
2h 2
5(D) = %H? + §(4h +p—1)c—2h2Hp|?
(4.8) 2h  2h+4p

> > ol ez,erHQ——H%LHQ

i=1 r=2h+1
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It follows from statement (2) of Lemma 3.1 the coefficients of the second funda-
mental form satisfy
(4.9) ol, =05, = ol

rs*®

We find from (4.2), (4.7) and (4.9) that

2h+p 2h+p 2
(p+2)|lope|[* = 3p° | Hpe[* = (p—1) Y < > a§s>

r=2h+1 \ s=2h-+1
+ > Bp+1)(on)?+ > 6(p + 2)(0%;)?
2h+1<r#s<2h+p 2h~+1<r<s<t<2h-+p
2h+p

D DD DS (ARt

r=2h+1 2h+1<s<t<2h+p

2h+p
(4.10) = Z (p—1)(o7)% + Z 3(p+1)(ol,)?
r=2h+1 2h+1<r#s<2h+p
2h+p

+ )R ICEICAEEDY > Goloh

2h~+1<r<s<t<2h-+p r=2h+1 2h+1<s<t<2h+p
= > 6(p+ 2)(0%)” + > (07, = 304,)°
2h~+1<r<s<t<2h-+p 2h+1<s#r<2h+p

D DD DR (A Ak

r#s,;t 2h+1<s<t<2h+p
> 0.

Thus we get

3p2

4.11 2> g2
(4.12) lope? 2 == Hpe 2,

with equality holding if and only if

or. =30k, for 2h+1<r+#s<2h+p,

(4.12) ’ L
o, =0, for distinet r,s,t € {2h+1,...,2h + p}.

Now, by combining (4.8) and (4.11), we obtain

2 2
@HQ + §(4h +p—1)c— (D)
(4.13) . 2h  2h+4p 3p2
> 2h?|Hp|? : 24 T |Hp.|?
> 2h*|Hop| +;T§+1HJ(6,,6T)H * 35 73 o]
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3 - 2h  2h+p
:m{(2h+p)2H2—4h2\HD\2—22 > \J(ei,er)\Q}

=1 r=2h+1
R 2h  2h+p
212 Hol* +) D llo(eier)l]
=1 r=2h+1
2h  2h+p
2h+p2 p—1
-y R g S e
) =1 r=2h+1
32h+p)? o
2(p+2)

It is obvious that the equality of the last inequality in (4.13) holds if and only if N is
D-minimal and mixed totally geodesic. Consequently, we may obtain inequality (4.3)
from (4.13).

It is straightforward to verify that the equality sign of (4.3) holds identically if and
only if conditions (a), (b) and (c) of Theorem 4.1 are satisfied. ]

5. ANTI-HOLOMORPHIC SUBMANIFOLDS WITH p > 2 SATISFYING EQUALITY

First, we give the following example satisfying the equality case of (4.3).

Example 5.1. Let w : SP(1) — CP, p > 2, be the map of the unit p-sphere SP(1)
into CP defined by

1+1y0

2 2 2
+yr+...+y:=1.
1 y (ylu 7yp>7 yO Y1 yp

w<y07 Yty e ey yp)

The map w is a (non-isometric) Lagrangian immersion with one self-intersection point.
This immersion is called the Whitney p-sphere. It is well-known that Whitney spheres
are the only H-umbilical Lagrangian submanifolds of the complex Euclidean spaces
satisfying o = 33 # 0 in (2.8) (see for instance, [4, 12]).

Consider the product immersion:

¢:Chx SP(1) —» Ch @ CP = ChP
defined by
(5.1) d(z,2) = (z,w(x)), Yz € Ch Voe SP(1).

It is straight-forward to verify that ¢ is an anti-holomorphic isometric immersion which
satisfies the equality sign of (4.3) identically.

In this section we provide the following two classification theorems for anti-
holomorphic submanifolds satisfying the equality case of (4.3) identically.
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Theorem 5.1. Let N be an anti-holomorphic submanifold of a complex space form
M"*P(4¢) with h = ranke D > 1 and p = rank D+ > 2. If N satisfies the equality
case of (4.3) identically and if the holomorphic distribution D is integrable, then ¢ = 0
so that M"+P(4¢) = CM*P. Moreover, either

(i) N is a totally geodesic anti-holomorphic submanifold of C**? or,

(ii) up to dilations and rigid motions of C"*?, N is given by an open portion of the
following product immersion:

¢:Chx §P(1) - C"P; (z,2) — (z,w(z)), ze C", z e SP(1),
where w : SP(1) — CP is the Whitney p-sphere defined in Example 5.1.

Proof.  Assume that NV is an anti-holomorphic submanifold of a complex space
form M"*P(4c) with h = rankcD > 1 and p = rankD+ > 2. If N satisfies
the equality case of (4.3) and if the holomorphic distribution D is integrable, then it
follows from Theorem 4.1 that N is mixed foliate. Hence Lemma 3.3 implies that
¢ = 0. Therefore, according to Lemma 3.4, N is a C'R-product. Hence, N is locally
a C' R-product given by

Chx N+t cchxcr,

where C” is a complex Euclidean h-subspace and N is a Lagrangian submanifold
of CP. Consequently, condition (c) of Theorem 4.1 implies that N+ is a Lagrangian
H-umbilical submanifold in C? whose second fundamental form satisfying

o(ean+1, €2n+1) = 3NJeant1, o(eant1,es) = AJes,
(5.2) o(eant2, €2h42) = -+ = 0(€2h1p, €2h4p) = AJ€2h41,
oler,es) =0, 2h+2<r #s<2h+p,

for some suitable function A with respect to some suitable orthonormal local frame
field {62h+1, RN €2h+p} of TN+

If A\ = 0, then N~ is an open portion of a totally geodesic totally real p-plane in
CP. Hence, in this case N is a totally geodesic anti-holomorphic submanifold.

If X\ = 0, it follows from (5.2) that, up to dilations and rigid motions, N1 is an
open part of the Whitney p-sphere in CP (cf. [4, 12]). Therefore, up to dilations
and rigid motions of C"*P the anti-holomorphic submanifold is locally given by the
product immersion:

(5.3) o : Cch x SP(1) — chtr, (z,2) — (z,w(x)),

for z € C" and 2 € SP(1), where w : SP(1) — CP is the Whitney p-sphere.
The converse is easy to verify. |
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~ Theorem 5.2. Let N be an anti-holomorphic submanifold in a complex space form
M"P(4c) with h = rankc D = 1 and p = rank D+ > 2. Then we have

P—Dp+2?* 5 p
20+ 2) H* + 2(p+3)c.
The equality case of (5.4) holds identically if and only if ¢ = 0 and either
(i) N is a totally geodesic anti-holomorphic submanifold of C**? or,

(ii) up to dilations and rigid motions, NV is given by an open portion of the following
product immersion:

(5.4) 5(D) <

$:Cx SP(1) = CYP;  (z,2) = (z,w(x)), z€C, zc SP(1),
where w : SP(1) — CP is the Whitney p-sphere.

Proof. Let N be an anti-holomorphic submanifold in a complex space form
M't7(4¢). Then we have inequality (5.4) from inequality (4.3).

Assume that NV satisfies the equality case of (5.4) identically. Then Theorem 4.1
implies that N satisfies conditions (a), (b) and (c) of Theorem 4.1.

By condition (a), N is D-minimal. Thus we find

(55) U(J€1,J€1> = —U(€1,€1>

for any unit vector e; € D. It is direct to verify from (5.5) and polarization that the
second fundamental form satisfies the following condition:

o(X,JY)=0(JX,Y), VX,Y €D.

Therefore, according to Lemma 3.2(1), we may conclude that D is integrable. Conse-
quently, we obtain Theorem 5.2 from Theorem 5.1. [ |

6. AN OPTIMAL INEQUALITY FOR REAL HYPERSURFACES

Clearly, anti-holomorphic submanifolds with rank D+ = 1 are nothing but real
hypersurfaces. The Ricci tensor Ric of real hypersurfaces in complex space forms
have been studied in [11, 17, 19] among others.

In the following, a Hopf hypersurface N is called special if J¢ is an eigenvector
of A¢ with eigenvalue 0, i.e., A¢(J&) = 0, where £ is a unit normal vector field.

For real hypersurfaces, we have the following.

Theorem 6.1. If N is a real hypersurface of a complex space form M"+!(4c),
then the Ricci tensor Ric of N satisfies

(2h +1)?

> H? + 2he.

(6.1) Ric(J¢, JE) <
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where ¢ is a unit normal vector field of N in M"+!(4c).
The equality sign of (6.1) holds identically if and only if NV is a minimal special
Hopf hypersurface.

Proof. Let N be a real hypersurface of a complex space form M"+1(4¢). Then
it follows from the definition of 6(D) that

(6.2) §(D) = Ric(J¢, JE).

Let us choose an orthonormal frame {e1, ..., ep, ept1 = Jex, ..., ean = Jep} for
the holomorphic distribution D and let ey, 1 be a unit vector field in D+,
We put

(63) Oa,b = <U(€a, €b>, J€2h+1> , a,b=1,...,2h+ 1.

Let us define the connection forms by

2h
Vxe; = szj (X)ej + w?h“(X)eth,
(6.4) 7=

2h
— J
Vxegnt1 = Z wiyp 1 (X)ej,
J=1

fori=1,...,2h. It follows from (4.1) and the equation of Gauss that

o 2h
(6.5) §(D) => " oiioomi12n41 — Y _(0ignt1)? + 2he.
=1 =1

On the other hand, we have

2h

(6.6) > Giioomi12n41 =
i=1

2h +1)2 1 —
%Hﬂ - §(U2h+1,2h+1)2 —2h?|Hp|*

By combining (6.6) and (6.6) we obtain

(2h +1)?
2

2h
(6.7) = (oigns1)?
i=1
2
_ @h+)
- 2

It follows from (6.7) and Lemma 3.2(2) that the equality sign of inequality (6.1) holds
identically if and only if the following two statements hold:

— 1
5(D) = H? + 2he — 2h2\HD\2 - §<U2h+1,2h+1>2

H? + 2he.
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(i) N is a special Hopf hypersurface and
(i) N is D-minimal in M"*1(4c).
Obviously, conditions (i) and (ii) imply that N is a minimal real hypersurface of
M1 (4e).
The converse is easy to verify. |

The following corollary follows easily from Theorem 6.1.

Corollary 6.1. Let N be a real hypersurface of a complex space form M"+1(4c).
If NV satisfies the equality case of (6.1) identically, then the holomorphic distribution
of N is non-integrable, unless ¢ = 0 and N is totally geodesic.

Proof.  Under the hypothesis, if IV satisfies the equality case of (6.1) identically
and if the holomorphic distribution D is integrable, then Theorem 6.1 implies that NV
is mixed foliate. So, it follows from Lemma 3.3 and Lemma 3.4 that ¢ = 0 and N
is a C'R-product of a complex h-subspace in C" and an open portion of line in C.
Consequently, N must be totally geodesic. ]

7. SOME APPLICATIONS OF THEOREM 6.1

We need the following lemma.

~ Lemma 7.1. Let N be a special Hopf hypersurface of a complex space form
M"*+1(4c). Then there exist an orthonormal frame {ey, ..., en, eni1 = Jei, ..., ean =
Jep} of D and an integer & < h such that

o(eas€8) = Aadap, 0(€htasehts) = padass, 1< a,f <k;

(7.2) .
o(eq,ep) =0, otherwise,
with A\, = ¢, Where 1, . . ., ki are nonzero functions.

Proof. Let N be a special Hopf hypersurface of M"*!(4¢) and let ey, 1 be a
unit vector field in DL, Then £ = Jeapn41 i @ unit normal vector field. Thus we have

(7.2) U(U, €2h+1> =0, UeTN.

For an eigenvector X of A¢ with eigenvalue x # 0, we may choose an orthonormal
frame {e1,...,en, ent1 = Jei, ..., ean = Jep} with e; = X. Hence we find

(7.3) A§<€1> = Kkejq.

From (6.3), (6.4) and Lemma 3.1(2) we derive that

St ep) = Oarnp, wiihl(eg) = —0ap,
(7'4) 2h+1 2h+1
wo T (€nt8) = Ohtahtfs Whie (€htB) = —Oah+ts-
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It follows from (2.8) that

(7.5) (R(ea, €h+ﬁ>€2h+1>L = —2¢0ap3J €20 +1-

On the other hand, we find from (7.2), (7.4) and the equation of Codazzi that

(R(eas entp)eant’)™ = (Ve,0)(enisr eant1) — (Ve 50) (€ar €2n11)
(7.6) h
=2 Z(Uoc,h—l—vgv,h—i—ﬁ - Ua,vgh+,8,h+7>l]e2h+1~
y=1
By combining (7.5) and (7.6) we find

h
(7.7) Z(Ua,whw,hﬂ — Oa,hiryOvyhtB) = COap, 1< a,B < h.
y=1

Also, it follows from (R(eg, en)eani1)t = o(eq, Vege2nt1) — 0(eg, Ve, eant1) that

h
(7.8) Z(Ua,h-wgﬁw - UOC,VU/BJH'V) = 0.
y=1
Condition (7.3) gives
(7.9) 011 =k #0, 014 =0, otherwise.

Now, by combining (7.7), (7.8) and (7.9) we obtain
koix1x = ¢ and o1+ =0, for a=1,...,h,2% ..., h",

which implies that JX = e;- is an eigenvector of A with eigenvalue ¢/x. By applying
this fact, we conclude the lemma. |

Remark 7.1. Lemma 7.1 is due to [18] and [3] for ¢ > 0 and ¢ < 0, respectively,
Lemma 7.1 implies the following two lemmas.

Lemma 7.2. If N is a special Hopf hypersurface of C"*!, then there exists an
orthonormal frame {ei,...,en, eny1 = Jer,...,ean = Jep} of D and an integer
k < h such that

(7.10) o(eases) = Aabapé, o(eq, ) =0, otherwise,

for1 < a,B <k, where Ay, ..., A\ are nonzero functions.
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Proof.  Under the hypothesis, Lemma 7.1 implies that there is an orthonormal
frame {e1,...,en, eny1 = Jei, ..., ean = Jep} of D such that

U<eom 6,@) = /\a(saﬁfa U<eh+va eh—l—n) = Mv(svnfa
(7.11) o(eq, ep) =0, otherwise,
1<a,8<n; ni+1<vy,n<ng+ng,

where ny, ny are integers and Mg, ..., A\n,+n, are functions. Thus, after replacing
€ni+15- -5 €ni+ng, J€n1+17 cey J€n1+n2 Hni+1s -5 Hng+ng

BY Jen 41,y J€nitngs —€nytls-- s —€nitngs Ang+1s - - -5 Angtng, F€SPECtively, we

obtain (7.10). n

Lemma 7.3. Let N be a special Hopf hypersurface of CP"*1(4) (resp., CH"*!
(—4)). Then there exists an orthonormal frame {ei,...,ep, ept1 = Jeg, ..., €9, =
Jey} of the holomorphic distribution D such that

)
o(eases) = Aabapé, o(ehtar€nis) = /\L’gf, o(eq, ep) = 0 otherwise,
(0%

)
(resp., o(ea,es) = Aadap, 0(ehtar €nig) = —/\L’gf, o(eq, ep) = 0, otherwise),
(0%

for 1 <, 8 < h, where \q,..., A, are nowhere zero functions.
By applying Theorem 6.1 and Lemma 7.1, we have the following.

Theorem 7.1. If N is a real hypersurface of M?(4c), then we have
(7.12) Ric(JE, JE) < gfﬂ + 2c.

The equality sign of (7.12) holds identically if and only if ¢ = 0 and N is totally
geodesic.

Proof. Let N be a real hypersurface of a complex space form M?2(4¢). Then we
obtain (7.12) from (6.1). Assume that IV satisfies the equality case of (7.12) identically.
Then Theorem 6.1 implies that N is a minimal special Hopf hypersurface. Therefore,
by Lemma 7.1 there exists a unit vector field e; in D such that
U<€1, 61) = /\Jeg, U(€2, 62) = —/\Jeg,

(7.13)
o(er,ez) =o(ez,e3) =0, a=1,2,3

for some function A. It follows from (7.13) and Lemma 3.1(2) that

(7.14) wi(er) = wi(ez) =0, wier) = wi(ez) = A
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On the other hand, we find from (R(eq, ea)e3) ™ = (Ve,0)(e2, €3)—(Ve,0)(e1, €3),
(2.8) and (7.4) that —2c = A(wi(e2) + w3(e1)). Combining this with (7.14) gives

(7.15) c=-X\<0.

If ¢ =0, (7.15) implies that A = 0. Thus N is a totally geodesic hypersurface.

If ¢ < 0, it follows from (7.15) that A is a honzero constant. Thus, N is a minimal
Hopf hypersurface of CH?(—\?) with three constant principal curvatures 0, \, — .
But this is impossible according to Theorem 1 of [3].

The converse is easy to verify. |

For real hypersurfaces in C3, we have the following.

Theorem 7.2. Let N be a real hypersurface of C3. We have
, 25
(7.16) Ric(J¢E, JE) < 7H .

If the equality case of (7.16) holds identically, then N is a totally real 3-ruled
minimal submanifold of C3.

Proof. Let IV be a real hypersurface of C3. Then we find inequality (7.16) from
(6.1) of Theorem 6.1.

Assume that N satisfies the equality case of (7.16) identically. Then it follows from
Theorem 6.1 and Lemma 7.2 that there exists an orthonormal local frame {e;, ez, e3 =
Jei,eq = Jeg,e5} on N such that

J<€17 61) = Af; J<€27 €2> = _Afa

7.7
(7.17) o(eq, ep) = 0 otherwise,

for some function A.
Let us put W = {x € N : A(x) # 0}, which is an open subset of .

Case (a). W = (. In this case, N is a totally geodesic hypersurface. In particular,
N is a totally real 3-ruled minimal submanifold of C2.

Case (b). W # (). If we put D; = Span{ej, e} and Dy = Span {e3, eq, €5},
then we find from (7.17) that

(7.18) 0(Do, TN) = {0}, i.c., AsV =0, YV € Ds.
Thus, after applying (7.18) and the Codazzi equation

<6U0><V7X>:<?VU><U7X>7 U7V€D27 XGDI;
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we obtain o([U, V], X) = 0. Therefore, it follows from (7.17) and A # 0 that D, is
an integrable distribution.
Also, from (7.17) we derive that
A <VUV, €1> = <VUV, A§€1>
= —(V, (Vude)er) — (V, Ae(Vuer))
= —(V.(Ve, 4g)U) — (AcV, Vyer)
- - <Vu v81 <A§U>> + <V7 A§<ve1X>>
=0
for U,V in Dy. Hence we find (Vi V,e) = 0. Similarly, we have (Vi/V,ez) = 0.
After combining these with (7.18), we conclude that each leave of Ds is a totally real
totally geodesic submanifold of C3. Consequently, each connected component of 1V
is a totally real 3-ruled minimal submanifold of C3. If W is dense in N, we have the
same conclusion by continuity.
If W is not dense in N, then the interior of each connected component of N —
W is a totally geodesic real hypersurface of C3, which is obviously totally real 3-

ruled. Consequently, by continuity the whose N is a totally real 3-ruled minimal
submanifold. n

For real hypersurfaces in C'P3(4), we have

Proposition 7.1. If N is a real hypersurface of CP3(4), then we have
2
(7.19) Ric(JE, J€) < 751{2 + 4.

The equality sign of (7.19) holds identically if and only if locally there exists an
orthonormal frame {e;, e2, e3 = Jey, eq = Jeg, e5} such that

oler,e1) = A, o(ea, e2) = —AE,
(7.20) o(es, e3) = %f, o(eq,eq) = —if,
o(eq, ep) = 0 otherwise,
where X is a nowhere zero function.
Proof.  Follows from Theorem 6.1 and Lemma 7.3. ]

Similarly, we also have the following result for real hypersurfaces in CH3(—4) by
Theorem 6.1 and Lemma 7.3.

Proposition 7.2. If N is a real hypersurface of CH3(—4), then we have

(7.21) Ric(JE, J€) < 22—5H2 —4.
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The equality sign of (7.21) holds identically if and only if locally there exists an
orthonormal frame {e;, e2, e3 = Jej, eq4 = Jea, e5} on N such that

(7.22) o(es, e3) = —%f, o(es, e4) =

J<€17 61) = Af; J<€27 €2> = _Afa

1
Xfa

o(eq, ep) = 0 otherwise,

where X is a nowhere zero function.

Proposition 7.1 and Proposition 7.2 imply immediately the following.

Corollary 7.2. Every real hypersurface of C P3(4) (resp., of C H3(—4)) satisfying
the equality case of (7.19) (resp., the equality case of (7.21)) is 6(2, 2)-ideal in the
sense of [9, 12].

N
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