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RULED SUBMANIFOLDS WITH HARMONIC GAUSS MAP

Dong-Soo Kim!, Young Ho Kim? and Sun Mi Jung

Abstract. Ruled submanifolds of Minkowski space with harmonic Gauss map are
studied. Apart from ruled submanifolds in Euclidean space, ruled submanifolds
with degenerate rulings in Minkowski space draw our attention. In particular,
we completely classify ruled submanifolds with harmonic Gauss map and we
also characterize minimal ruled submanifolds with degenerate rulings by means
of harmonic Gauss map.

1. INTRODUCTION

In eighteenth century, the so-called minimal surfaces were introduced when the
graph of a certain function minimizes the area among surfaces with the fixed boundary.
Since then, the theory of minimal submanifolds has been one of the most interesting
topics in differential geometry.

In 1966, T. Takahashi showed: Let = : M — E™ be an isometric immersion of
a Riemannian manifold M into the Euclidean space E™ and A the Laplace operator
defined on M. If Az = Az (A # 0) holds, then M is a minimal submanifold in a
hypersphere of Euclidean space ([17]). Extending this point of view, in the late 1970°s
B.-Y. Chen introduced the notion of finite type immersion of Riemannian manifolds into
Euclidean space ([4, 5]). In particular, minimal submanifolds of Euclidean space can
be considered as a spacial case of submanifolds of finite type or those with harmonic
immersion. The notion of finite type immersion was extended to submanifolds in
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pseudo-Euclidean space in 1980’s: A pseudo-Riemannian submanifold M of an m-
dimensional pseudo-Euclidean space E* with signature (m —s, s) is said to be of finite
type if its position vector field = can be expressed as a finite sum of eigenvectors of the
Laplacian A of M, that is, x = zg + Zlexi, where zq is a constant map, 1, - - - ,
non-constant maps such that Az; = \jz;, A\ € R, i =1,2,---, k ([4, 5]).

Such a notion can be naturally extended to a smooth map defined on submanifolds
of pseudo-Euclidean space. A smooth map ¢ on an n-dimensional pseudo-Riemannian
submanifold A/ of E7* is said to be of finite type if ¢ is a finite sum of E}*-valued
eigenfunctions of A. We also similarly define a smooth map of k-type on M as that
of immersion x. A very typical and interesting smooth map on the submanifold M of
Euclidean space or pseudo-Euclidean space is the Gauss map. In particular, we say
that a differentiable map ¢ is harmonic if A¢ = 0.

A ruled surface is one of the most natural geometric objects in the classical dif-
ferential geometry and has been dealt with some geometric conditions ([1, 2, 6, 7, 11,
12, 13, 14, 15, 16]). Due to Beltrami equation, the submanifolds of Euclidean space
or Minkowski space with harmonic immersion are the minimal ones.

We now have a question: Can we completely classify ruled submanifolds in
Minkowski space with harmonic Gauss map?

In this article, we study ruled submanifolds in the Minkowski space L™ with
harmonic Gauss map and we characterize minimal ruled submanifolds with degenerate
rulings by means of harmonic Gauss map.

All of geometric objects under consideration are smooth and submanifolds are
assumed to be connected unless otherwise stated.

2. PRELIMINARIES

Let E7* be an m-dimensional pseudo-Euclidean space of signature (m — s, s). In
particular, for m > 2, E{" is called a Lorentz-Monkowski m-space or simply Minkowski
m-space, which is denoted by L. A curve in L™ is said to be space-like, time-like
or null if its tangent vector field is space-like, time-like or null, respectively. Let
x : M — EI" be an isometric immersion of an n-dimensional pseudo-Riemannian
manifold A/ into E7*. From now on, a submanifold in EJ* always means pseudo-
Riemannian, that is, each tangent space of the submanifold is non-degenerate.

Let (z1,x9,- - -, x,) be alocal coordinate system of M in E?*. For the components
gi; of the pseudo-Riemannian metric (-, -) on M induced from that of E?", we denote
by (¢%) (respectively, G) the inverse matrix (respectively, the determinant) of the matrix
(gij). Then, the Laplacian A on M is given by

S )
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We now choose an adapted local orthonormal frame {e1, e, - - , ey} in ET* such
that ey, es, - - -, e, are tangent to M and e, 11, €42, - - - , €, NOrmal to M. The Gauss
map G : M — G(n,m) C EN (N = ,,Cp), G(p) = (e1 Aea A---Aey)(p), of x
is a smooth map which carries a point p in M to an oriented n-plane in E* which
is obtained from the parallel translation of the tangent space of M at p to an n-
plane passing through the origin in EZ*, where G(n,m) is the Grassmannian manifold
consisting of all oriented n-planes through the origin of EZ".

An indefinite scalar product < -,- > on G(n,m) C EV is defined by

L ey N Nej e N Nej, S=det((e;, €5,)).

Then, {e;; Aeiy A Aej |l <idyp < --- < i, <m} is an orthonormal basis of E}’
for some positive integer k.

Now, we define a ruled submanifold M in L™. A non-degenerate (r + 1)-
dimensional submanifold M in L™ is called a ruled submanifold if A is foliated
by r-dimensional totally geodesic submanifolds E(s,r) of L™ along a regular curve
a = «fs) on M defined on an open interval I. Thus, a parametrization of a ruled
submanifold M in L™ can be given by

T
x =x(s,ty,ta, -, t) = afs) + Ztiei(s), sel, t; el
i=1

where I;’s are some open intervals for i = 1,2,---,r. For each s, E(s,r) is open in
Span{ei(s), e2(s), - - - , ex(s)}, which is the linear span of linearly independent vector
fields e;(s), ea(s), -+ -, er(s) along the curve .. Here we assume E(s,r) are either

non-degenerate or degenerate for all s along a. We call E(s,r) the rulings and « the
base curve of the ruled submanifold M. In particular, the ruled submanifold M is said
to be cylindrical if E(s,r) is parallel along «, or non-cylindrical otherwise.

Remark 2.1. ([9]).

(1) If the rulings of M are non-degenerate, then the base curve « can be chosen to
be orthogonal to the rulings as follows: Let V' be a unit vector field on M which
is orthogonal to the rulings. Then « can be taken as an integral curve of V.

(2) If the rulings are degenerate, we can choose a null base curve which is transversal
to the rulings: Let V' be a null vector field on M which is not tangent to the
rulings. An integral curve of V' can be the base curve.

By solving a system of ordinary differential equations similarly set up in relation
to a frame along a curve in L"™" as given in [3], we have

Lemma 2.2. ([10]). Let V'(s) be a smooth /-dimensional non-degenerate distribu-
tion in the Minkowski m-space L™ along a curve o = «(s), where [ > 2 and m > 3.
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Then, we can choose orthonormal vector fields e; (s), - - - , e,—i(s) along « which gen-
erate the orthogonal complement V- (s) satisfying €’(s) € V(s) for 1 <i <m — 1.

3. NON-DEGENERATE RULINGS

Let M be an (r + 1)-dimensional ruled submanifold in "™ generated by non-
degenerate rulings. By Remark 2.1, the base curve a: can be chosen to be orthogonal to
the rulings. Without loss of generality, we may assume that « is a unit speed curve, that
is, (/(s),d/(s)) = e(= £1). From now on, the prime ’ denotes d/ds unless otherwise

stated. By Lemma 2.2, we may choose orthonormal vector fields e; (s), - - - , e, (s) along
« satisfying
(3.1) (d(s),ei(s)) =0, (€i(s),ej(s))y =0, 4,7=1,2,---,r.

A parametrization of M is given by
(3.2) x=x(s,t1,ta, -, t,) = a(s) +Ztiei(s).
i=1

In this section, we always assume that the parametrization (3.2) satisfies the con-
dition (3.1). Then, M has the Gauss map

1
= m[ﬂs /\IEtl VAN "'/\[EtM
S
or, equivalently
1 T
(3.3) G:‘ ‘1/2(<I>+Zti\lli),
q i=1
where ¢ is the function of s, t1,t,- - -, t,. defined by

q=(rs,25), ®P=a'NetA---Ne, and U, =€, Aej A Ae,.

Now, we separate the cases into two typical types of ruled submanifolds which are
cylindrical or non-cylindrical.

Theorem 3.1. The cylindrical ruled submanifolds in I.™* generated by non-
degenerate rulings have harmonic Gauss map if and only if M is part of an (r + 1)-
plane or a cylinder over the base curve «(s) which is a plane curve in a degenerate
plane given by a(s) = s2C + sD for some constant null vector C and a constant
space-like unit vector D satisfying (C, D) = 0.
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Proof.  Let M be a cylindrical (r + 1)-dimensional ruled submanifold in L™
generated by non-degenerate rulings, which is parameterized by (3.2). We may assume

that e, eo, - - - , e, generating the rulings are constant vectors.
The Laplacian A of M is then naturally expressed by
0? 92
A= e Lt
=1 ?

where ¢; = (e;(s), ei(s)) = £1 and the Gauss map G of M is given by
G=d NegAN---Ne,.

If we denote by A’ the Laplacian of «, that is A’ = —55—;, we have the Laplacian
AG of the Gauss map
(3.4) AG=ANd ANet A---Ne,.

We now suppose that the Gauss map G is harmonic, that is AG = 0. From (3.4),
we have
Ao =0.

The converse is straightforward. ]
We need the following lemmas for later use.

Lemma 3.2. Let M be an (r + 1)-dimensional non-cylindrical ruled submanifold

parameterized by (3.2) in L™. Suppose that ¢, €}, - - , e/ are non-null and some of
generators of rulings ey, - - - , ex are constant vector fields along «. Then we have the
Laplacian

190¢g0 192 1 (< 0¢ 0 — 0?
I - e
220s0s q0s2  2q izk;f ot; ot ;5 o2

Proof. The isometric immersion x of M can be put

k r
x(s,t1, -+, ty) = a(s) + Ztiei(3> + Z tie;(s).

j=k+1

Then, we have

xs =ad/(s) + Z tie(s), xi, = ei(s)

j=k+1
fori=1,2,---,r. As we introduced in the beginning of this section, the function ¢
is given by

T T
(3.5) q=(rs,25) =€+ Z 2u;t; + Z wytity,

i=k+1 i,j=k+1
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where u; = (o, €}), w;; = (e, e]> i,j=k-+1,---,r. Note that ¢ is a polynomial in
t = (tg41,- -, tr) with functions in s as coefficients.

Then, the Laplacian A is easily obtained by

190 19> 1 (< 009 ~~_ 0
e T O SR
2q2 0s0s q0s? 2q . ot; Ot; Ot
i=k+1 = ?
From now on, for a polynomial F'(¢) int = (t1,t2,- - ,t,), deg F(t) denotes the
degree of F'(t) in ¢t = (t1,t2,-- - ,t,) unless otherwise stated.
By Lemma 3.2, AG = 0 is rewritten as

94,9 - q 8
(a)(é—FZ\I/t])——a—(I)’—i-Z\I/’ 282<I>+Z\I/t

j=k+1 j= k+1 j= k+1
(3.6) (e + Z Tt;) + q Z i, ) (@ + Z U;t;)
ji= k+1 i= k+1 j=k+1
1 ) T q T
Z AR 5@‘W(‘I’+ > Wity =0
i=k+1 i=k+1 ( j=k+1

To deal with (3.6), we have two possible cases either % £ 0 or % = 0 on some
open interval.

Lemma 3.3. Let M be an (r + 1)-dimensional non-cylindrical ruled submanifold
parameterized by (3.2) in ™" with harmonic Gauss map. Let ej,es,---, e, be or-
thonormal generators of the rulings along a generating the rulings. If e, are non-null
fori =1,2,---,r and some of generators of the rulings e, - - - , e are constant vector
fields along «, then we have

e = eu;d.

Proof. We will prove this according to the following steps.
Step 1. In this step, we show that w;; = euu; fori,j =k +1,---,r.

Case 1. Suppose that 92 5 0. We may assume 2% = 0 on an open interval Z for

this case. Then, each term of the left side of (3.6) involves (%)2 or ¢ and thus we
have

(3.7) (5F

for some polynomial P(¢) in ¢ of degree 2 with functions in s as coefficients. Com-
paring the both sides of (3.7), we can get

P(t) = Zeijtitj
i.j

)? = a(t)P(t)
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for some symmetric functions 6;; of s. Together with this equation and (3.7), we have

(3.8) el = dujul,
(3.9) willjh + wih; + upby; = 2(ujwy, + whwh,; + upwi;),

(3.10) 2(w§jw§d+wghw9l+w2iw9h) =W, jOn+win0ji+w;i0in w0 jn+wni 05 +w;n 0

fori,j,h,l=k+1,---,r. From (3.8) and (3.10), we see that ¢ = 1.

If w, =0 forall i =+k+1,---,r, then (%) = 0, which is a contradiction.
Therefore, there exists ig € {k + 1,---,r} such that «, # 0. And, (3.10) yields
(wyi,)? = 4wigi, (uf ). Also, (3.9) implies (w] ; )* = 4ug (uj ). Thus we have

(3.11) Wigiy = Us,

for ig satisfying u] # 0.
By replacing h, [ with 4, j, respectively in (3.9) and (3.10), we get

(3.12) 2uiby; + w0 = duzwi; + 2ujwi;,
(3.13) 4w§jw§j + 2w§iw9j = 4wij9ij + wuﬂjj + wjjeizﬂ

If u} # 0and u} # 0 for some i and jo, then equation (3.12) with the aid of (3.8)
and (3.11) implies

(3.14) wgojo = uiou;b + ugoujo.
Substituting (3.14) into (3.13), we have

(315) Wigjo = WigUjg

for ig and jo.
Suppose that u}(sp) = 0 at some so for i =k +1,---,r. Let

Ao = {iful(so) =0, k+1<i<r}.

Then, at sq, equation (3.7) can be written as

43wty +4 Y wwhtitit + Y wiawgtititty
i7j¢A0 i7j7h¢A0 i7j7h7l¢A0
T

=(1+2 Z uit; + Z wijtit;)( Z O;jtit;),

i=k+1 i,j=k+1 i,j¢Ao

(3.16)
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from which,

(3.17) ui(s0) =0
and

(3.18) w;j(s9) =0

forieApand j=k+1,--- 7.
Therefore, by (3.15), (3.17) and (3.18), we have

(3.19) wij(s) = ui(s)u;(s)

forall i,j =k+1,---, r and for all s.

Case 2. Suppose % = 0 on some open interval U.
On U, all functions u; and w;; are constants. So, from (3.6) we also have

3.20) > alsly = alt)Pi(o),
i=k+1 !

where P;(t) is a function of .
Suppose that there exist ji,---, 5 € {k+1,---,r} such that ((%)2 are not the

multiples of ¢(¢) fori = 1,---,l. Because of (3.20), we get ‘

l

Jq
(3:21) > el = alt)Pa(t)
i=1 Ji
for some function Py (t). Since all of (£—?1)2, -+, (5i-)? are not the multiples of q(¢),
l
Jq
(%)2 = a’jiq<t> + rji<t>

for some constants a;, and polynomials rj, (¢) in ¢t with deg rj,(¢t) <1fori=1,--- L.
Then, 22:1 ej,15, (t) must be a multiple of ¢(¢) because of (3.21), which is a contra-
diction. Thus, we have

0
(57,7 = teufa(t
foralli=%k+1,---,r. If we compare the both sides of the above equation, we easily
see that

(3.22) Wij = EUU4
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foralli,j=k+1,--- 7.

Step 2. In this step, we prove that e, = eu;o/ fori =k +1,---,r.
Equations (3.19) and (3.22) imply
(3.23) (€ — euid, €] — eua’) =0

foralli=k+1,---,r.
Suppose that M is Lorentzian. Then, the normal space of M at each point is
space-like. By (3.23), we see that the normal components of ¢ vanish and thus we get

(3.24) e; = e

foralli=k+1,---,r.
We now assume that M is space-like. Then, ¢ = 1. Since w;; = uf for ¢ =
k+1,---,7, we can put

m—1

/ / %

e; = u;o + E AgCas
a=r+1

where ZZ’:}L M e, is vanishing or a null vector field along a.

Suppose ZZ’:_TIJFI M e, is a null vector field along o for some s = k +1,---, 7.
By the hypothesis, v; is non-zero. In case of u}(sy) = 0 at some s, if we follow the
argument developed in Case 1 of Step 1 above, we see that u;(so) = 0, a contradiction.

Therefore, u; # 0 for all s. Then, we get

r m—1 r
¢=(rs,ms) = (1+ > tiw)?+ > za D Aiti)?
i=k+1 a=r+1  i=k+1
T
= <1+ Z tiui)Q.
i=k+1

Without loss of generality, we may assume that 1+ >/, t;u; > 0. Hence we may
put

1 m—1 T A
G=0+= > (> Mt)é,
qazr—l—li:k—f—l
where £, = e, ANet Aeg A---Ae. fora=r+1,---,m—1and §¢> = q. By

straightforward computation we have the Laplacian AG of the Gauss map

T

T T
Z u;tj Z u;'tj 3( Z u;tj)2 1

T
J=k+1 Y J=k+1 J=k+1 i
B - LA B i I DA DR
a=r+1 i=k+1

AG=
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3 ZT: u}tj - . 3 ZT: u'~t~ - .
L D Y <Aa>'ti>fa+% S N

()

a=r+1 i=k+1 a=r+1 i=k+1
—1 T
1 ¢ 2
z "y
S SIP I  SEp LIS
a=r+1 i=k+1 a=r+1 i=k+1
1 m—1 T T m—1 T
i 2 h
- ? A a q_ uz( Z ( Z Aath>§a>
a=r +1 i=k+1 i=k+1 a=r+1 h=k+1
1
oy ) il Z Aoka)-
q i=k+1 a=r+1

Since the Gauss map is harmonic, AG = 0 and thus

T

0=¢>( ) ujt;)d —¢*2"

j=k+1
T T m—1 T
+{a( Y uft) =3 > dit)*y Y (Y] Niti)€
j=k+1 j=k+1 a=r+1 i=k+1
T m—1 T T
(3.25) +33( ) dity) Yo A )t + (Y A&l
j*k—i—l a=r+1 i=k+1 i=k+1
- Z{ Z (A"t =20 > (A& — (Y Nita)é,
a=r+1 i=k+1 i=k+1 i=k+1
T m—1 T T m—1
—@ DY (Y M)+ DD w( Y Akl
i=k+1 a=r+1 h=k+1 i=k+1 a=r—+1

In equation (3.25) all the coefficients of terms in t vanish. So, we can see easily that
T m—1 A
(3.26) = > (Y M)
i=k+1 a=r+1

Considering the coefficient of ¢;, for some iy € {k+1, ---, r}, we have

m—1 r
(3.27) uh ® = ) {(N0)"Ee — 2(N0)E, — N0+ (D up) A&}

a=r+1 h=k+1
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Using (3.26) and (3.27), (3.25) is rewritten as

r T m—1 r
d(AZ u}’tj)—?)(AZ wit;)?h > (AZ A ti)Eq
(3.28) j=k+1 ) g;fzq T a=r+1 i=k+1 T
+3G( Y wit) DAY )G+ (Y At} =0
j=k+1 a=r+1 i=k+1 i=k+1

Comparing the coefficients of ¢7 and ¢} , we obtain

m—1 A
(uf)? D A& =0.
a=r+1
Since ugo is non-zero, we know that A\ =0 foralla =r +1,---,m — 1.
Therefore, we have
(3.29) e = u;d

foralli=k+1,---,r.
Consequently, by (3.24) and (3.29), we obtain

/ /
€; = EU;

foralli=k+1,---,r. ]
We now prove that the non-cylindrical ruled submanifold M in L™ satisfying the
conditions of Lemma 3.3 is an (r + 1)-plane.

Theorem 3.4. Let M be an (r + 1)-dimensional non-cylindrical ruled submani-
fold parameterized by (3.2) in L™ with harmonic Gauss map. Let e1,eo,--- e, be
orthonormal generators of the rulings along the base curve «. If e are non-null for
i =1,2,---,r and some of generators of the rulings ey, - - - , e, are constant vector
fields along «, then M is part of an (r + 1)-plane in L™. Proof. By Lemma 3.3,
we have

g=(ze,2s) =1+ Y ta)d,(1+e Y tju;)d)

i=k+1 j=k+1
T T
=(1+¢ Z tiug) () = (1 +¢ Z tiug)?
i=k+1 i=k+1

and hence G = ®. From AG = 0 we obtain ®” + e®"u;t; — e®’ult; = 0. Therefore,
" = 0 and hence ®'u = 0.
If u, #0 forsomei=+k+1,---,r, weget &' =0.
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Suppose that u; = 0 for all i =k +1,---,7. But, ®’ = 0 implies

T
3.30 " Neg AN Nep + o"Neg A NeELAN-Ne = 0.
(3
i=k+1
This gives
(3.31) o/”/\el/\~~~/\er/\e;~:0

forall j = k+1,---,r. By virtue of (3.31) and Lemma 3.3, we get o’/ A &/ = 0.
Together with this fact and (3.30), we have

T
" } :
o = — E;u;€;

i=k+1
and hence ¢’ = 0.
Therefore, M is part of an (r 4 1)-dimensional plane in L. [

We now deal with the case that some of generators of rulings have null derivatives.

Lemma 3.5. Let M be an (r + 1)-dimensional non-cylindrical ruled submanifold

parameterized by (3.2) in L™ with harmonic Gauss map. If some generators e;, , e;,,

-, e;, of the rulings have null derivatives along the base curve « for j; < jo <
<< jr €{1,2,---,r}, then the Gauss map G has of the form

k
(3.32) G=3+> 1,1,
i=1

for the harmonic vectors ® and ¥ ;.

Proof. We can rewrite the parametrization (3.2) of M as

k
x(s,t1, -+ ) = as) + Z tiei(s) + thieji(s)

i#jlvj?v"' 7jk
and its Laplace operator is given by

1 9¢g0 102 1 « 0q 0 28_2

Then, there are possible two cases such that either e;, . ,---,e;. generating the
rulings except ej, (s), e;,(s), - - -, e, (s) are constant vector fields or e/ # 0 for some
P = Jrgt, s ge iF k<.
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Case 1. Suppose that ej, . ,,-- -, e;, are constant vector fields.

Subcase 1.1. Let deg ¢(t) = 0. In this case, ¢}, are null with ¢’ (s) Ae (s) =0
fori,l =1,2,--- ,kand (&/(s),€}(s)) = 0 for j = ji,ja,- -, jk. Then M has the
Gauss map

k
G=o+ thiqjji'
i=1
Thus, we have

l

AG = —(9"(s) + Z t;, 0 (s

Hence, ® and ¥, are harmonic if the Gauss map G is harmonic.

Subcase 1.2. Let deg q(t) = 1. In this case, (o/(s), ¢} (s)) # 0 for some j;
(1 <4 < k) and the null vector fields ¢’ satisfy e, Ae) =0 fori,l=1,2,--- k.

The Gauss map G of M has the form

G= "
(Eq)1/?’

where deg G/(t) < 1. Computing AG and using AG = 0, we get

dq. 9 i 3 0q, ., i / 1 82(] i
(55) <(I)+Z\Ijjitji>_§q£<¢) +Z‘I’jitji>—§Q@(‘I’+Z‘I’jitji>
i= 1 i 1 i=1
(3.33) 2(0" + Z\If” i)+ ngh (% <I>—|—Z\I/]lt]l

2831 ot W), =

Suppose uj =0 forall i = 1,---, k. Then, 8—‘1 =0 and 8—‘1 0. Together with
(3.33) and these facts, we have

k k k
1 9q o
A2+ D Wt 5 2 i V(@D qzaﬁ W), =
i=1 i=1 ’ =1

In this equation, since u;, # 0 for some jo, we can easily see that W’ vanishes. Then
we obtain two equations as follows:

k k
(3.34) " + 2525%1&@ — Zajiuji\llji =0,
= 1 =1

k
(3.35) Z (I)//u]zt]z + Z Z €5 u]zt]l\Il Z €5; gy g, U \Ilji = 0.

=1 i=1 il=1
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Substituting (3.34) into (3.35), we get
k k
Zgjiu?i{Z@gujz(I) - \Ijjz>tjl} =0.
i=1 I=1

If Zf 1 Ej; U ] = 0, then there exists ¢; for some h = ji, jo, -, ji such that
ep, = —1 since deg q(t) = 1. It is a contradiction because of the causal character of
ep,. Therefore, S i1 €j;u3, 7 0 on an open interval 7. So, we have 2cu;,® = ¥;, on
J, that is,

(2euja’ —ef ) Aer A---Nep = 0.

Since 2euj,o — e} is orthogonal to e; for each [ = 1,2,--- 7, 25u] o — e] has to
be vanlshlng But, it is a contradiction because of the characters of o’ and ¢}, for all
.7 1,° 7.7k‘

Hence, there exists a non-zero function u/ in some open interval ¢/ for some
Jo = Ju g2, - oy Jke

On the other hand, equation (3.33) shows that all the coefficients of terms in ¢
vanish. Especially, if we examine the coefficients of ¢3 , 3 , t; and ) , then we have
the following four equations:

(3.36) A(uf)2 Wy — 6w g, V) — 20 ujo Wy + 4ul U =0,

4(u;~0)2¢>—6u wj, O 2 u]0<I>+4u2~ " —3euf, Wi —eu U, +4eu, V)

(3.37)
28.71 ] u]O Jo Z(S]zu]z ]z 0
k

— 3w, @ — euj ® + V) —|—45u]0<I>”+4 Z‘Sﬁ uf, Juj,®
(3.38) i—1

+2€ 28.71 ] - Zgjzu]z Ji u]O = 07
(3.39) " + 25(25%1&)@ - (Zgjiujiqjji> =

=1 =1

Substituting (3.39) into (3.38), we get
k k
(340)  —3euj, @' —eul d+ V) — 4(2 £j,u5 )ujo® + 25(2 gjus )W, = 0.

Putting (3.36) and (3.39) into (3.37), we obtain
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2
4(u;~0) P — 6u;~0uj0 P — 2u;~'0uj0<I> + 35u;~0 \I/;O + 5u;~'0 2N
(uf,)?

U

(3.41)

k k
—1—4(2 5jiu?i)uj0\llj0 — 857,130(2 5jiu§i)<I> — 4 U, =0.
i=1 i=1

Multiplying 2eu;, with (3.40) and substituting the equation obtained in such a way
into (3.41), we get 2eu;, ® = V¥, because u}o is non-zero.

Then, one can easily see that o’ A e’ = 0, which is a contradiction. Therefore, we
can conclude that no ruled submanifolds with deg ¢ = 1 have harmonic Gauss map.

Subcase 1.3. Let deg ¢(¢) = 2. Using the similar argument developed in Lemma
3.3, we have
o Nep =0
for i = ji,---,jk, Which is a contradiction. Therefore, no ruled submanifolds with
deg ¢ = 2 have harmonic Gauss map G.

Case 2. Suppose that e/ # 0 for some i = jyi1,- -+,

In this case, we may assume that e, # 0 for all i = ji11,---,J,, Otherwise the
ruled submanifold M is a cylinder built over the ruled submanifold parameterized by
the base curve « and the rulings generated by e;’s except those constant vector fields.
Then, ¢/ are non-null for all ¢ = ji11,-- -, j, and deg ¢= 2.

If we again follow a similar argument in the proof of Lemma 3.3 , we have

o Neb =0
forall i =1,2,---,r. This is a contradiction.
This completes the proof. ]

It is easy to show that if the Gauss map G of a ruled submanifold with non-
degenerate rulings in L™ has of the form (3.32), G is harmonic. Therefore, combining
the results of Theorem 3.4 and Proposition 3.5, we conclude

Theorem 3.6. Let M be an (r +1)-dimensional non-cylindrical ruled submanifold
with non-degenerate rulings in the Minkowski m-space IL”*. Then, M has harmonic
Gauss map if and only if M is part of either an (r + 1)-plane or a ruled submanifold
up to cylinders over a certain submanifold with the parametrization given by

x(s,ty,to, -+, t) = f(s)N + sE + th(pj(s)N +F;)
j=1

for some smooth functions f and p;, and some constant vector fields N, E, F; with
<E, E> = 1, <N,N> = <N,E> = <N,F]> = <E, FJ> = 0, and <F],FZ> = (5]‘1‘ for
ia.j: 1727"' , T
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Proof.  Suppose that M has harmonic Gauss map.

We now suppose that a non-cylindrical ruled submanifold M with non-degenerate
rulings is not part of an (r + 1)-plane and it is parameterized by (3.2). We may also
assume that the derivatives of the orthonormal vector fields ey, es, - - - , e, defining the
rulings never vanish, otherwise M is a cylinder built over those submanifolds. As
we see in the proof of Lemma 3.5, only Subcase 1.1 can occur. Therefore, we have
q =1 and € are null vector fields with ¢’;(s) A €. (s) =0 and (d/(s), €}(s)) = 0 for
g, k=1,2,--- r. Then AG = 0 implies that

(3.42) 3" (s) = 0
and
"
(3.43) /(s) =0
forall j =1,2,---,r. Since e Aej =0 forj,k=1,2,---,r, we have

T
V= NetA--Ner+ Y €f A AejAAep =0
i=1

for each j =1,2,---,r. This implies

(3.44) e}”/\el/\~~~/\er/\eE:0
for 5,1 =1,2,---,r. Therefore, the vector fields ¢/, ey, -- -, e,, e) are linearly depen-
.7 7 l

dent for all s. So, (3.1) and the fact that ¢’ A e} =0 for 4, j = 1,2, ---r imply
e;” A eg =0

for j,l=1,2,---,r.
Since e}”/\eZ:Oand eg/\eZ:Ofor all j,k=1,2,---r, we get

(3.45) e;' Nep =0
forall j,k=1,2,--- 7.
On the other hand, (3.42) gives
T T
0= o/”/\el/\~~~/\er+22a”/\~~~/\e;/\~~~/\eT+Zo//\~~~/\e§'/\~~~/\~~~/\er.
=1 =1

Thus, we have
o/”/\el/\~~~/\er/\e;~:0
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and hence
(3.46) " N =0

forall j =1,2,--- 7.
Since (o, /) =1, (o', e}) =0 and e Aej =0 for j,k=1,2,---,r, we see that

<CE//, a//> — 0
along a.. From this, o’ = 0 or o is null and hence up to translation we may put
(3.47) a(s) = f(s)N + sE,

where N is a constant null vector, E a constant space-like unit vector satisfying (N, E) =
0 and f a smooth function.
Since €/ Ae; =0and o” A€l =0 forall 4,5 =1,2,---,r, we may have

ej = pi(s)N +F;

for some non-zero smooth function p; and orthonormal space-like constant vector fields
F; along « satisfying (N,F;) =0 for j =1,2,---,r.
Consequently, up to translation the parametrization (3.2) of M can be put

(3.48) x(s,t1,te, -+, tr) = f(s)N+ sE+ th(pj(s)N +Fj).
j=1

Conversely, for some smooth functions f and p; defined along oo and some constant
vector fields N,E, F; (j = 1,2,---,r) satisfying above conditions, it is easy to show
that a non-cylindrical ruled submanifold parameterized by (3.48) satisfies

AG = 0.
This completes the proof. ]

Remark. In Theorem 3.6, if the base curve « is a straight line and the generators
e; satisfy e/ =0 along « (i =1,2,---,r), the ruled submanifold A is minimal.

4, DEGENERATE RuLINGS

Let M be an (r+ 1)-dimensional ruled submanifold in L™ with degenerate rulings
E(s,r) along a regular curve and let its parametrization be given by z(s,t) where
t = (t1,t2,---,t.). Since E(s,r) is degenerate, it can be spanned by a degenerate
frame {B(s) = e1(s), e2(s),- -+, e,(s)} such that

(B(s), B(s)) = (B(s),ei(s)) = 0, (ei(s),ej(s)) = ij, 4,5 =2,3,---,7.
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Without loss of generality as Lemma 2.2, we may assume that

<€;<8>7€j<8>> - 07 27.7 = 2737 T

Since the tangent space of M at Z(s,t) is a Minkowski (r + 1)-space which contains
the degenerate ruling E(s, r), there exists a tangent vector field A to M which satisfies

(A(s,t), A(s, 1)) =0, (A(s,t),B(s)) =—1, (A(s,t),ei(s))=0, i=2,3,---,r

at Z(s, t).
Let a(s) be an integral curve of the vector field A on M. Then we can define
another parametrization x of M as follows:

T
x(s,t1,te, -, tp) = as) + Ztiei(s)
i=1

where o/(s) = A(s).
Lemma 4.1. ([9]). We may assume that (A(s), B'(s)) = 0 for all s.

Two of the present authors proved the following lemma.

Lemma 4.2. ([10]). Let M be a ruled submanifold with degenerate rulings. Then,
the following are equivalent.

(1) M is minimal.

(2) B'(s) is tangent to M.

If we put P = (zs, z5) and Q = —(zs, x4,), Lemma 4.1 implies

st—QZu, t+zw1]

, b=l

Q(s,t) =1+ wi(s)t
where v;(s) = (B'(s), €i(s)), ui(s) = (A(s), €i(s)), wi;j(s) = <€2(8)7 ej(s)) for i, j =

1,2,---,r. Note that P and @ are polynomials in ¢t = (¢1,ta, - - -, t,) with functions
in s as coefficients. Then the Laplacian A of M can be expressed as follows:

(P 2 o
_ pL
Q 0o sz’at oo o

_QQZv’tlat ot; _Q228t2}

where P =P — 337 ,v?.
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By definition of an indefinite scalar product <, > on G(r + 1, m), we may put
L TG ANTyy Ny Ao Nxp,, Tg Ny, AN Tgy A= Ay, >= —Q2.

Let £ = sign Q(¢). Then we have the Gauss map

1
G’:@xs/\a}tl/\a}b/\~~/\xtr

1
:@{A/\B/\€2/\"'/\€r+tlB//\B/\€2/\~../\@T
I3

T
+> tief ABAes Ao Ayt
=2

We now define a G-kind ruled submanifold in Minkouski m-space. For a null curve
a(s) in L™, we consider a null frame { A(s), B(s) = e1(s), ea(s), -+, em—1(s)} along
a(s) satisfying

(A(s), A(s)) = (B(s), B(s)) = (A(s), ei(s)) = (B(s), ei(s)) = 0,

~/

(A(s), B(s)) = =1, {ei(s), ¢j(s)) = 65, a'(s) = Als)

fori,j7=2,3,--- ,m—1.

Let X (s) be the matrix (A(s) B(s) ea(s) - - -em—1(s)) consisting of column vectors
of A(s), B(s), ea(s), - -+, em—1(s) with respect to the standard coordinate system in
L™. Then we have

X'(s)EX(s)=T,

where X*(s) denotes the transpose of X (s), F =diag(—1, 1,---, 1) and
0 -1 0 0
-1 0 O 0
T = 0 0 1 0
o o0 0 --- 1

Consider a system of ordinary differential equations
(4.1) X'(s) = X(s)M(s),

where
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0 0 ) U3 e Uy 0 0 e 0
0 0 Uuz us3 .. Up Ur41 Ur42 s Um—1
Uz V2 0 0 e 0 Z2r4+1 2242 ttt Z2m—1
u3 V3 0 0 .- 0 Z3,r4+1 23,42 't Z3.m—1
M(s)= ' :
U Vr 0 0 s 0 Zrg+1  Regr42 Zr,m—1
Ur+1 0 —Z2,r+1 —Z3,r+1 ce —Zrr+1 0 0 co 0
Ur42 0 —Z2,r42 —Z3,r4+2 s —Zrr4+2 0 0 o 0
Um—1 0 —Z2,m—1 —Z3,m—1 e —Zrm—1 0 0 e 0

wherev; (2<i<r),u; (2<j<m-—1)and z,p (2<a<r, r+1<b<m-—-1)
are some smooth functions of s.

For a given initial condition X (0) = (A(0) B(0) e2(0)---e,—1(0)) satisfying
X'0)EX(0) =T, there exists a unique solution to X’(s) = X (s)M (s) on the whole
domain I of a(s) containing 0. Since T is symmetric and MT is skew-symmetric,
4 (X'(s)EX(s)) = 0 and hence we have

X'(S)EX(s)=T

for all s € I. Therefore, A(s), B(s), ea(s), -+, em—1(s) form a null frame along a
null curve G(s) in L™ on I. Let a(s) = [ A(u)du.

Then, we can define a parametrization for a ruled submanifold M by

(4.2) a:(s, t1,t9, - ,tr> = a(s) + t1B<S> + Ztiei<3>~
=2

Definition 4.3. A ruled submanifold M with the parametrization
x(s,tl,t2,~~~ ,tr> :a(s) +t1B<S> +Ztiei<3>a sed, t; el

satisfying (4.1) and (4.2) is called a G-kind ruled submanifold.

Remark 4.4. The terminology G-kind ruled submanifolds is named by ruled sub-
manifolds generated by the Gauss map.
We now prove

Theorem 4.5. Let M be a ruled submanifold in L™ with degenerate rulings.
M has harmonic Gauss map if and only if A is an open portion of a G-kind ruled
submanifold.
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Proof. We assume that the ruled submanifold M is parameterized by

a(s, b1 g, - ty) = afs) + 1 B(s +Zte, ), seJ, tel

ei(s)) = (B(s), ei(s)) = 0, (A(s),
),ej(s)) =0fori,j=2,3,---,r, where
)

such that (A(s), A(s)) = (B(s), B(s)) = (A(s),
= A(s)_. Furthermore, we assume that

B(s)) = =1, (ei(s), ej(s)) = dij, and (e;(
J and I; are some open intervals and /(s
(A(s), B'(s)) = 0 for all s.

Suppose that M has harmonic Gauss map G. We then have two possible cases
according to the degree of Q.

Case 1. Suppose that deg Q(¢t) = 0, that is, @ = 1 and v;(s) = 0 for all
i =2,3,---,r. By definition, we get

AG 22 eNVtiB ABANeg A---Ney

T
+2B"ABAea A Ner+2Y B ABAes A Nej A Ay

T
=2
From AG = 0 we have
(B',elyBBABANeasA---Ne, =0

forall i =1,2,---,r. From Lemma 4.1, we see that B’(s) must be space-like. Thus,
B is a null constant vector field. By using Lemma 4.2, we see that M is minimal.

Let V(s) = {A(s), B(s),ea(s),---,er(s)} be a smooth distribution of index 1
along « satisfying (A(s), A(s)) = (B(s), B(s))=(A(s),ei(s))= (B(s),ei(s)) = 0,
(A(s), B(s)) = —1, (ei(s),ej(s)) = d;;, and (€}(s),e;(s)) = 0 for all s and 7,5 =
2,3,---,r. Then, by Lemma 2.2, we can choose an orthonormal basis {e,11, - - -,
em—1} for the orthogonal complement V1 (s) satisfying ¢} (s) € V(s) for all h =
r+1,---,m— 1. Thus we may put

Al(s) = A_ ui(s)ei(s),

B(s) =0, }

¢j(s) = uj(s)B(s) + Y (~zja(s)eals), j=2,---,m,
a= 7“+1
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For a certain initial condition the above system of linear ordinary differential equations
has a unique solution to (4.1) with v; = 0 (¢ = 2,---,7r) and 2z, = 0 (a,b =
r+1,r+2,---,m—1). The solution defines part of a G-kind ruled submanifold.

Case 2. Suppose that deg Q(t) = 1. Let V(s)={A(s), B(s), e2(s), -+ -, e;(s)} be
a smooth distribution of index 1 along «. Then we can choose an orthonormal basis
{er41, -+, em—1} for the orthogonal complement V1 (s) satisfying ¢}, (s) € V(s) for
h=r+1,---,m— 1. Then we may put

Al(s) = Z ui(s)ei(s),

B'(s) = - vi(s)ei(s),

e}(s) =v;(s)A(s) +u;j(s)B(s) + Z_: (—zjp(s))en(s), j=2,---,m,
b=r+1

el (8) =va(8)A(8) + ua(s)B(s) + Zzb@(s)eb(s), a=r+1,---,m-—1.
b=2

The straightforward computation provides

T

m—1 ”
-
AG :Q_i’ Z {<Z<B/, €;>ti — ngti)vh + sz}eh ABAesA---Ae,
i=2

h=r+1 =1
2c
@ Z’U%A/\B/\€2/\~~~/\@T
(4 3) h=r+1
' 2z r  m—1
+@Z Z vivpe,b NBANea A~ Nej_1 NANe1 A Ney
=2 h=r+1

—1

28 <~ %

—@Z Z vpzigen NBNea N Nej_1 NegNejpr A= Aep.
=2 h,l=r+1

Since the Gauss map is harmonic, AG = 0. Thus, the functions v, are vanishing for
a=r+1,---,m— 1. Therefore, M is part of a G-kind ruled submanifold.
Conversely, if M is a G-kind ruled submanifold, then deg @ < 1. From equation
(4.3), we can see that v,41 = - -+ = v,,—1 = 0 implies AG = 0. Therefore, a G-kind
ruled submanifold M has harmonic Gauss map G. This completes the proof. |

In [10], two of the present authors set up a characterization of minimal ruled
submanifolds in Minkowski space. Together with Theorem 4.5, we have a new charac-
terization of minimal ruled submanifolds with degenerate rulings in Minkowski space.
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Theorem 4.6. Let M be a ruled submanifold in L™ with degenerate rulings. The
following are equivalent:

(1) M is minimal.

(2) M has harmonic Gauss map.

(3) M is an open portion of a G-kind ruled submanifold.

10.

11.

12.

13.

14.

15.
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