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ASYMPTOTIC BEHAVIOR FOR A VISCOELASTIC WAVE EQUATION
WITH A DELAY TERM

Shun-Tang Wu

Abstract. The following viscoelastic wave equation with a delay term in internal
feedback:

t

lut]” e — Au— Augg + / g(t — s)Au(s)ds + prus(z, t) + pour(x, t —7) = 0,
0

is considered in a bounded domain. Under appropriate conditions on g1, pe and

on the kernel g, we prove the local existence result by Faedo-Galerkin method
and establish the decay result by suitable Lyapunov functionals.

1. INTRODUCTION

In this paper, we consider the initial boundary value problem for a nonlinear vis-
coelastic equation with a linear damping and a delay term of the form:

t
|ue|? uge — Au — Auge + / g(t — s)Au(s)ds + pyus(z, t)
0

(1.1) Fpgug(z, t —7) =0, in Q x (0, co),
(12) w(z,t—7) = folz, t— 1), x € Q, t e (0,7),
(1.3) u(z, 0) = ug(x), uy(z,0) = ui(z), = € Q,
(1.4) u(z,t) =0,z € 8Q,t >0,

where p > 0, Q € RN (N > 1) is a bounded domain with a smooth boundary 952 and
A denotes the Laplacian operator with respect to the variable . Moreover, 11 and o
are positive constants, 7 > 0 represents the time delay, g is the kernel of the memory
term and the initial data (uo,u1, fo) are given functions belonging to suitable spaces.

Received October 10, 2012, accepted October 31, 2012.

Communicated by Yosikazu Giga.

2010 Mathematics Subject Classification: 35105, 35L15, 35L70, 93D15.

Key words and phrases: Global existence, Asymptotic behavior, General decay, Delay.

765



766 Shun-Tang Wu

It is well known that delay effects, which arise in many practical problems, might
induce some instabilities, see [1,5—7, 19, 26]. Hence, questions related to the behavior
of solutions for the PDEs with time delay effects have become active area of research in
recent years. Many authors have focused on this problem and several results concerning
existence, decay and instability have been obtained, see [5-7,10,19-24,26] and reference
therein. In this regard, Datko et al. [7] showed that a small delay in a boundary control
is a source of instability. Nicaise et al. [19] studied a system of wave equation with a
linear boundary damping term with a delay as follows

uy — Au =0, in Q x (0, o),
u(z,t) =0,z €To,t >0

(1.5) %(w,t} = mu(z, t) + pouy(z,t —7) =0, in I'y x (0, c0),
u(z,0) = up(z), u(x,0) = ui(x), x € Q,

u(z,t —7) = folx,t —7), z€Q, t€(0,7).
where v is the unit outward normal to 92. Under the condition

(1.6) M2 < p1,

they established a stabilization result by applying inequalities obtained from Carleman
estimates for the wave equation by Lasiecka et al. [11] and by using compactness-
uniqueness arguments. Conversely, if (1.6) does not hold, they showed that there exists
a sequence of delays for which the corresponding solution of (1.5) is unstable. And,
they also obtained the same results if both the damping and the delay act in the domain.

The case of time-varying delay in the wave equation has been studied by Nicaise
et al. [22] in one space dimension, in which they obtained an exponential decay result
subject to the condition

(1.7) p2 < V1 —du,
where d is a constant such that
(1.8) 7(t) <d <1, Vt >0.

Later, under the same conditions (1.7)-(1.8), Nicaise et al. [23] extended this result to
general space dimension. In fact, they proved exponential stability of the solution for
the wave equation with a time-varying delay in the boundary condition in a bounded
and smooth domain in R". Recently, inspired the works of Nicaise et al., M. Kirane
and B. Said-Houari [10] considered the following problem

t
(1.9) wy — Au— Auy + / g(t — s)Au(s)ds + prug(z,t) + poug(z, t — 1) =0,
0

in a bounded domain with the conditions (1.2)-(1.4). In that work, they established
general decay results of the energy via suitable Lyapunov functionals under the condition
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o < p1. It is worth pointing out that, without imposing the viscoelastic term (i.e.g = 0)
in (1.9), Nicasise and Pignotti [19] had proved some instabilities may occur for po = p1.
However, due to the presence of the viscoelastic term, M. Kirane and B. Said-Houari
[10] showed that the solution is still exponentially stable even for po = p1.

In the absence of the delay term (i.e. po = 0), problems similar to (1.1) have been
extensively studied and there are numerous results related to existence, asymptotic
behavior and blow-up of solutions. For example, Cavalcanti et al.[3] considered the
following problem:

t
(1.10) |ug|? uge — Au — Augy + / g(t — s)Au(s)ds — yAu; = 0,
0

with the same initial and boundary conditions (1.3)-(1.4), where a global existence
result for v > 0 and an exponential decay result for v > 0 were established under
the assumptions 0 < p < ﬁ if N>3orp>0if N =1, 2 and g(t) decays
exponentially. Lately, these decay results were extended by Messaoudi and Tatar [14]
to a situation where a source term is present. Recently, Messaoudi and Tatar [15] studied
problem (1.10) for case of v = 0, they showed that the solution goes to zero with an
exponential or polynomial rate under some restrictions on the relaxation function. For
other related works, we refer the readers to [8-9, 13, 17-18, 25] and references therein.

As p = 0 and there is no dispersion term, Cavalcanti et al. [4] considered the

single viscoelastic equation as the form:
t
uy — Au + / g(t — s)Au(s)ds + a(z)us + |u|"uw =0, in Q x (0, o0),
0

with the same initial and boundary conditions (1.3)-(1.4), where @ : Q@ — RT is a
function whish may vanish outside a subset w C € of positive measure and g¢(¢)
decays exponentially, they proved an exponential decay result for the energy function.
This result was later extended by Berrimi and Messaoudi [2] to the nonlinear damping
case by introducing a new a functional, they weakened the conditions in a(x) and g(¢)
and obtained the decay result.

Motivated by previous works, in this paper, it is interesting to investigate whether
there are similar decay results as in [10] for problem (1.1)-(1.4), in which more general
form than that of problem (1.9) is considered. Our proof technique closely follows
the arguments of [10], with the modifications being needed for our problem. Indeed,
under the hypothesis on p; and pe, our first intention is to study the well-posedness
of problem (1.1)-(1.4) by making use of Faedo-Galerkin procedure. Then, based on
some estimates of the viscoelastic wave equation and some ideas developed in [10,19],
our next intention is to establish the decay result for po < p;. In this way, we can
extend the results of [10] where the authors considered (1.1) with p = 0. The content
of this paper is organized as follows. In Section 2, we provide assumptions that will
be used later, state and prove the existence result Theorem 2.3. In Section 3, we prove
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our stability result that is given in Theorem 3.5. Finally, we give some examples to
illustrate our result.

2. PRELIMINARIES RESULTS

In this section, we shall give some lemmas and assumptions which will be used
throughout this work. We use the standard Lebesgue space LP(2) and Sobolev space
HZ () with their usual products and norms.

Lemma 2.1. (Sobolev-Poincaré¢ inequality). Let 2 < p < the inequality

N 27
lull, < es [Vully for u e Hy(),
holds with some positive constant c;.

Assume that p satisfies

2
@.1) 0<p< 5 ifN=3orp>0if N=1,2.

Regarding the relaxation function g(¢), we assume that it verifies:
(A1) g : RY — R™ is a bounded C"' function satisfying

[e.9]
(2.2) 1-— / g(s)ds=1>0,
0
and there exists a positive nonincreasing function £ such that, for ¢ > 0,

o
3 o(0) < ~(0g(0) and [ e(s)ds =
We also need the following technical Lemma in the course of the investigation.

Lemma 2.2. [10]. For any g € C'(R) and ¢ € H' (0,T), we have

=2 [ [ gte=sondads = & ((900) (0 [ atsras lo12)

+9(t) 9]l = (90 0) (1),

<go¢><t>:/ (t—s) /\qﬁ ()2 dads.

In order to prove the existence of solutions of problem (1.1)-(1.4), we introduced
the new variable z as in [19],

where

z2(x, k,t) = u(z,t —7R), x € Q, k€ (0,1),

which implies that
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Tze(x, Ky t) + 25 (z, K, 1) = 0in Q x (0, 1) x (0, 00).

Therefore, problem (1.1)-(1.4) can be transformed as follows

|ug]? uge — Au — Augy +/tg(t— s)Au(s)ds + prug(zx, t)

+poz(x,1,t) = 00 in Q x (0, c0),

T2e(x, Ky t) + 26(2, k) =0, x€Q, ke (0,1), t >0,
z(x,0,t t), z€Q, t>0,

)
2.4) ) = (.
2(z, k,0) = folz, —TK), z € Q,
0) = uo(x
t)

ug(r

u(z, ), ug(x,0) = uy(z), = € Q,
u(z, 0,z € 9Q,t >0,

In the following, we will give sufficient conditions that guarantee the well-posedness
of problem (2.4) by using the Fadeo-Galerkin procedure.

Theorem 2.3. Suppose that ps < 1, (A1) and (2.1) hold. Assume that ug,u; €
H}(Q) and fo € L2 (Q % (0,1)). Then there exists a unique solution (u, z) of (2.4)

satisfying
u, uy € C ([0, T); Hy()),
z e C([0, T); L* (2 x (0,1))),
forT' > 0.

Proof. Let (wy)nen be a basis in Hg(Q) and W,, be the space generated by
Wi, -+, Wh, 1 =1,2,3,---. Now, we define for 1 < i < n, the sequence ;(z, k) as
follows (; (-, 0) = w;(x). Then, we may extend ¢;(x, 0) by @;(x, k) over L2 (Q x [0, 1])
and denote V/, to be the space generated by ¢1,- - - , o, n =1,2,3,--- . Let us consider

t) = Z Cin(H)w;(2)
= Zrm(t)%pi(x; K),

where (uy,(t), z,(t)) are the solutions of the following approximate problem corre-
sponding to (2.4)

/IUHPUZ(t)wida:Jr/Vun(t)-vwida:
Q 9)

and

t
—/ gt — T)/ Vup(7) - Vwdzdr +/ Vun(t) - Vwdz
0 ) Q
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(2.5) —|—/ (pauy, (8, @) + pozp(z, 1,t)) widz = 0,
Q

(2.6) U (0) = ugn — ug in HY(), ul(0) = ur, — ug in Hy(Q),
and
(2.7) / (TZ;L ([B, K, t) + Znk (IB, K, t)) pidx = 0,

Q
(2.8) 20(0) = 2op, — fo in L*(Q x (0,1)),
where ¢ = 1,2,---,n. In view of the assumption (2.1), from Holder inequality, the

nonlinear term [, [uy,| p uy (t)w;dx makes sense in (2.5). Then, by standard methods
in ordinary differential equations, we infer the existence of solutions to (2.5) — (2.8)
on some interval [0,¢,),0 < ¢, < T for some arbitrary 7' > 0. And the solution can
be extended to the whole interval [0, 7") by the the first estimate below.

The first estimate: Multiplying (2.5) by ¢, (t) and summing with respect to i, we
obtain

& (s 0l + 5 19001 + 3 [9aao]?)
29) o [, ()] + / iz, 1, () d
—fg t— ) Jq Vun(s) - Vu,(t)dzds = 0.
Using Lemma 2.2 on the last term of the left hand side of (2.9), we find

d 1 p+2 1 ! 2
7 (3 Hun<t>! s (1= [ oas) Va0
(2.10) += ||V, (t H2 goVun)( ))-Hﬂ Huil(t)H;—l—/ugzn(a:, 1, t)ul (t)dx
Q

+59(0) [Vun ()2~ 5(6' 0 Vun)(1) = 0.

Integrating (2.10) over (0, t), we arrive at

1 1 ¢
FralOl g (1= f aerts) rwwmton + 5 vt

(QOVun —i—ul/ Hu H2ds+u2/ /zn x, 1, $)u,(s)dxds

(2.11) I
+5/0 o) V() ds = [ 36 Vun) 51
1 , 1
= o lnllpi + 5 1 Vuoall; + 5 I Vennllz.
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Letting ¢ > 0 be chosen later and multiplying (2.7) by %rm(t), summing with respect
to ¢ and integrating over (0,¢) x (0, 1), we obtain

2.12) C/ / (@, )+ C/ // 2, K, 8)2n (@, K, ) drdrds

= HZURHL2(Q><(O 1))

Additionally, we note that

(2.13) /t/ /1 2 (2, 15, 8)2n(, 5, 8)didzds
/ / w(x,1,8) = 21(2,0, 5)) dads.

Then, combining (2.12) and (2.11) together and taking (2.13) into account, we obtain

t
E,(t) + <u1 - i) / Hu;(s)HQdS—l— —/ / (x,1,s)dzds
(2.13) —|—u2/ /zn x, 1, s)u,(s)dxds
‘1
#5 [ 9 Vun(o)Eds — [ 360 Vun)(s)as
where

1 1 t
Bu) = g Il + g (1 [ a9ds) 19w 013
3+ 500 V@) + 5 [ [ 22w

Making use of the inequality ab < 1a? + 1b? on the fourth term of the left hand side

of (2.14), we deduce that
(=5 =2 [ oo

En(t) +
¢ p2
(2.15) <2— — ) / / (z,1, s)dzds
1
2

[ 96 19wt Bas = [ 5’ Va1
0).

—l—% HVu;L(t

I
Dj-i—

n



772 Shun-Tang Wu

Now, we choose ¢ such that
(2.16) The < (<7 (2m — p2),
which implies that

¢ p2 ¢ 2
—pm—=——-2>0ade==-2>0
c1 1 or 5 > U and co or 5 >0,

due to p1 > pe. Hence, from (A1) and (2.15), we obtain

t
753+ 1wl [V 3+ [ [ A1, 9pdes

2.17) X
+(g o Vuy,)(t) +/ / zi(a:, Kk, t)drdz < Ly,
0Jo

where L, is a positive constant independent of n € N and t € [0,T).
The second estimate: Multiplying (2.5) by ¢/, (t) and summing with respect to i, it
holds that

2 2 1 d
/Q!u%!p!uZ(ﬂ! da + ||V |5 + T )]
t
218) = - / Vun(t) - Vil (t)dz + / o(t—7) / Vun(r) - V! (£)dwdr
Q 0 Q
—ug/zn(a:,l,t)u;;(t)dx.
Q

Exploiting Holder inequality, Young’s inequality, (A1) and Lemma 2.1, for n > 0, we
have

(2.19) ’— /Q Vaun(t) - Va!!(£)dz

1
<n|Vuy)|;+ 1 IV

’/Otg(t - /g Vin(s) - Ve (t) dudr

(2.20) )
2 (1=10g(0
< vzl + S22 [ 19u e
n 0
and
2
2.21) ’—/zn(x,1,t>u;;(t>dx < 1Hvu;;(t)yy§+—“208/zi(x,1,t>dx.
Q p2 n Jo

Substituting these estimates (2.19)-(2.21) into (2.18), then integrating the obtained in-
equality over (0, ¢) and using (2.17), we deduce that

t t
P s+ = ) [ as+ B o

< 4—; (u5¢2 + (1+ (1 = 1)g(0)T) T) + cs,

(2.22)
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where cj is a positive constant depending only on ||u; Hg . Choosing > 0 small enough
in (2.22), we obtain the second estimate

t
(2.23) @2+ [ IFuo) e < L,
0

where Lo is a positive constant independent of n € N and t € [0,T).
We observe that estimates (2.17) and (2.23) imply that there exists a subsequence
(u;, ;) of (uy, 2z,) and a function (u, z) such that

(2.24) u; — u weak star in L>°(0,T; H3(Q)),

(2.25) u, — o weak star in L>(0,T; H}(Q)),

(2.26) u!  — o weakly in L*(0,T; H}(Q))

(2.27) 2z — 2z weak star in L=(0,T; L*(Q x (0,1))).

Further, by Aubin’s Lemma [12], it follows from (2.25) and (2.26) that there exists a
subsequence (u;), still represented by the same notation, such that

u, — ' strongly in L?(0,T; L*(Q)),
which implies u, — u’ a.e. on © x (0,7"). Hence
(2.28) |ug|”wj — |u/|Pu’ ae. on Q x (0,T).

On the other hand, from the first estimate and Lemma 2.1, we deduce that

T
2(p+1
A p—— / [ b dsar

cg(p+1) /T Hvu;H;(Hl) dt
0

ARl N AR

(2.29)

IN

IN

Combining (2.28) and (2.29) and owing to Lion’s Lemma [12], we derive that
’u;’pu; — ’u"pu' weakly in L*(0, T; L*(Q)).
The proof now can be completed arguing as in [12, Theorem 3.1].

3. ASYMPTOTIC BEHAVIOR

In this section, we shall investigate the asymptotic behavior of problem (1.1)-(1.4)
for pe < 1. To achieve this, we will use the energy method combined with the choice
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of a suitable functional as in the work of M. Kirane and B. Said-Houari [10]. First,
we define the energy function of problem (1.1)-(1.4) as

E(t) =

3 + 3 (1—/ o(s)d )uw<t>u§+§<gow><t>

—HVut )3 + C// ul(x K)drdz,

where ( is a positive constant such that

(3.2) Tpe < ¢ <7 (2 — p2).

3.1)

Remark 3.1. (i) It is clear that this energy function E(t) by (3.1) is larger than
the usual one

1 ¢ 1 1
+2 2 2
R (1 - /0 g(s)ds) Va3 + 590 Va)(t) + 5 IVu ()

and contains an additional term that comes from the delay term.

(ii) The local existence theorem 2.3 does not include the case p; = pg, however, we
find our decay result also hold for pu; = ps. For this reason, the existence of local
solution for p; = p9 is hypothesized in this work.

Lemma 3.2. E(t) is a nonincreasing function on [0, T| and

B0 = —erul}— e2 [ (ot = r)do+ 5o 0 V) t) = 58 [Vu(o)]
< 5o’ o u)(t) — (1) [Vu(d]3 <0, vt > 0.

Proof. As in deriving (2.15), we see that

d 1 1
GEO < el —ex [ wble.t= e+ 50 V) - 50(0) [Va(o)

1
< %(g’ o Vu)(t) — —g(t) Hvu(t)Hg <0, ¥t >0,

2
where ¢
o = MI—Z—7>01fM2<M1’
0, if pp = p1,
and
. % “22>0 if o < o1

07 lfMQ = M1,
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since ¢ is chosen satisfying assumption (3.2).

Remark 3.3. 1t follows from the definition of E'(t) by (3.1) and Lemma 3.2 that
the energy function is uniformly bounded and decreasing in ¢, which implies that

(3.3) LIVul)? + | Va2 < 2E(t) < 2E(0), Vi > 0.

This infers that the solution of problem (1.1) is bounded and global in time.
Now, we define

(3.4 G(t) = ME(t) +e1®(t) + &2 (t) + ¥(¢),

where M, €1 and ¢4 are positive constants which will be specified later and

(3.5) p+1/ \ut\putuda:—l—/Vut -Vu(t)dz,

(3.6) / / 22 (2, t — TR)dRd,

(37) \I/(t):/Q<Aut—p+ \ut\put) /Otg(t—s) (u(t) — uls)) dsda.

The following lemma tells us that G(¢) and E(t) are equivalent.

Lemma 3.4. Let u be a solution of problem (1.1)-(1.4), then there exists two
positive constants (31 and Bo such that

(3.8) BiE() <G(t) < BE(t), V>0,
for M sufficiently large.

Proof. By Young’s inequality, Lemma 2.1 and (3.3), we have

1
—/ |ut|? upudz

p+ 1
o — el + o <2E(O>)g IVl
Yl T LT ) \ 2
and
1 1
(3.10) | Vu(t)- Vu(t)dz| < 3 V)3 + 5 11 Vulls

It follows from (3.6) that

(3.11) \<03// ul(x k)drdz,



776 Shun-Tang Wu

where c3 is a positive constant. Further, from (3.7), we have

—/ Vuy - /tg(t —5) (Vu(t) — Vu(s)) dsdz

o+l / ‘ut‘put/ (t—s) (u(t) — u(s)) dsdz.

By Young’s inequality, Holder inequality and (3.8), we see that

(3.12)

’— /Q Vuy - /Otg(t —5) (Vu(t) — Vu(s)) dsdz

(3.13) < %\yvut\y§+%/ﬂ </Otg(t—s) (Vu(t)—Vu(s))ds)2da:
< S IVl + 2 g0 V) 1),
and
’ p+1/ \ut\put/ (t— 8) (u(t) — uls)) dsdz
< — (H w3+ [ ([ o9 <u<t>—u<s>>ds)p+2dx>
o <1 (H 3 BT ey HVu(t>—Vu(s>H§+2ds>

p+1 p+2
< — p+2 <H w535 + (1- ?+1 <8EZ(O>> (g o Vu) (t)>.

Hence, combining (3.9) — (3.14) with (3.4) yields
|G(t) — ME(t)| = e1®(t) +e21(t) + ¥(¢)

< ea lluellf + es [ Va3 + cs [ Vel

+c7 (goVu) (t +0352// ut K)drdx
< csE(t),
P2 2B(0) 2 _
where ¢ = 53, o5 = <(p+2)(p+1) ( 3 )>2 + %) L e = S5t op =

)P+l ppt2 2 .
(zp-g)(pncfl) <8El(0)> * and cg = max(cseg, ¢4, C3, C6, ¢7). Thus, from the definition
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of E(t) by (3.1) and selecting M sufficiently large, there exist two positive constants

(1 and (o such that
BiE(t) < G(t) < BE(1).

Theorem 3.5. Let ug,u; € H}(Q) be given. Suppose that (A1), (2.1),(3.2) and
wa < py hold. Then for each ty > 0 the solution energy of problem (1.1) — (1.4)
satisfies
t
(3.15) E(t) < Ke ut®% 454
where o and K are some positive constants given in the proof.
Proof. In order to obtain the decay result of E(¢), it is sufficient to prove that of

G(t). To this end, we need to estimate the derivative of G(t). It follows from (3.5)
that

0
o1e = —IVuli+ [Vt [ ot Vatssds [ wteuttiis

Q

1
p+2 2
2 | u(@, t — 7)u(t)dr + P Juellpys + [ Vauell3 -

We estimate the second term in the right hand side of (3.16) as follows, for n > 0,

/QVu(t) . /Otg(t — $5)Vu(s)dsdx

3.17) < % [Vul3 + %/Q </0 g(t —s) (|Vu(s) — Vu(t)| + |Vu(t)|) ds) dx
< I+ (14 g) (1— l>2 Hvuug + w (g o Vu) (t).

For the third term and the fourth term, Young’s inequality and Lemma 2.1 imply that,
for 1 > 0,

2
(3.18) / ut(z, t)u(t)dz| < 5105 HVqu + L HVutHg,
0O 451
and
1
(3.19) / u(z, t — T)u(t)de| < 6162 |Vuls + — [ ud(x,t —7)de.
0O 451 (9]

Letting n = IL_Z in (3.17) and using (3.18)-(3.19), we derive from (3.16) that
(1)

! ) , 11 1 o
320) =7 <§ — 0165 (i + M2)) IVully + == (g 0 Vu) (¢) + PR el

2
H2 2 Hic 2
i fytnt = (G2 )i
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As in [10], the derivative of I(¢) can be estimated as

1 2 Cg
810 < —n1(0)+ o=l - 52 [ wdo.t=r)da

(3.21) 02 JTae,
~RI(t) + 52 [Vl - Z/Qut (2,1 - 7)d,

IN

where cg is a positive constant. Taking the derivative of W(¢) in (3.7) and using Eq.
(1.1), we get

_ / Vult) / Colt— 5) (Vult) — Vu(s)) dsdz
Q 0

_/Q </Otg(t—s)Vu(s)ds)~</Otg(t—s) (Vu(t)—Vu(s))ds) do

i /Q () /O gt — 8) (u(t) — u(s)) dsda
(3.22)

b [ wntot=7) [ ot 5) u(0)  uls)) dsa
/ Vo (t / (t —s) (Vu(t) — Vu(s)) dsdx

p+1/‘“t‘p“t/ "(t —s) (u(t) —u(s)) dsdx

‘(/0 (o) ) [Vl - pil(/otmsws) 13-

In what follows we will estimate the right hand side of (3.22). Using Holder inequality,
Young’s inequality and (2.2), for § > 0, we have

/ Vult) - / ot — ) (Vu(t) — Vu(s)) dsda
Q 0

< §||Vul3 +

(3.23)

4—_5l (goVu) (t).

/Q ( /Otg“ - 3>W<8>d8) : ( /O tg(t — 5) (Vu(t) — Vu(s)) ds) dx
(324) < 5/ </tg(t—s)‘vu(3>‘ds)2dx
45/ </ (t —s) [Vu(t) — u(s)\ds)Qda:.

and
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Similar to the estimate of (3.17), for n; > 0, we have

2

t
/Q </0 g(t —s) |Vu(s)| ds) dx
¢ 2
(3.25) < / </ g(t —s) (|Vu(s) — Vu(t)| + |Vu(t)|) ds) dx
o \Jo
< @) =02 Val + (142 ) (10 (g0 T0) 0
Taking 771 = 1 in (3.25), we then get from (3.24) that

/Q ( /Otg“ - 3>W<8>d8) : ( /O tg(t — 5) (Vu(t) — Vu(s)) ds) dx

< 26(1 -0 Vul? + <2<s+ 4%) (1—1) (go V) (£).

(3.26)

By Young’s inequality and Lemma 2.1, the third term and the fourth term on the right
hand side of (3.22) can be estimated as

» /Q (1) /0 o(t - 5) (u(t) — u(s)) dsdz

(3.27) 21
< Doyl [Vunl[3 4+ 25 2 (g0 V) (1), 82> 0,
and
t
ug/ u(z, t — ) / g(t —s) (u(t) — u(s)) dsdz
(3.28) @ 0

2
< /@53/ ul(z,t —7)dx + pz(l=Dey (goVu) (t),
Q 403

for 63 > 0. Using Young’s inequality and (A1) to deal with the fifth term

/ Vaue(t) / §(t— 5) (Vu(t) — Vu(s)) dsda
Q 0

2
(3.29) < 04 || Vuel|3 + 4%54/ </t g'(t —s) (Vu(t) — Vu(s)) ds) dx
o \Jo

0
< 04 || Vg3 — i(—&j (9" o Vu) (t), 64 > 0.
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Employing Young’s inequality, (2.1), Lemma 2.1 and (3.3), we have, for d5 > 0,
pu/ (t —s) (u(t) — u(s)) dsdx
— [t ) () — u(s)

sﬁ(ﬂ! wloi) + o5 / (/ t—s<u<t>—u<s>>ds)2dx>

(3.30) X
< (55 ety — 0 (t—s) \Vu(t)—Vu(s)\stda:>
953" 2 9(0)c;
< =———(2E(0))” — s (4 1).
< 20— B [Vulf - 5 (60 V) (1)

A substitution of (3.23)-(3.30) into (3.22) yields
() < dexo |Vull3 +exi (g0 Vu) (1) — er2 (9 0 V) ()

t
(3.31) + <013 —/ g(s)ds) Vw3 + ugdg/ﬂu?(a:,t —7)dx
0

1 t
i ([ storas) iz,
0)c?

where c10 = 142 (1 —1)*, e11 = (25 + s+ A %) (1=1), 2= 455((p+1) *

%04) and c13 = Sop1c? + 64 + 5505 (2E(O)) . Since g is positive, continuous and
g(0) > 0, then for any ¢y > 0, we have

t to
(3.32) / g(s)ds > / g(s)ds = go, ¥ t > to.
0 0

Hence, we conclude from (3.4), Lemma 3.2, (3.20), (3.21), (3.31) and (3.32) that for
any t > to > 0,

G'(t) = ME'(t) + &1®'(t) + eoI'(t) + V' (t)

M

< <7 - 012) (9" 0 Vu) (t) - P42

! ) 2 2

— e (g —dies (m +p2) ) = dewo | [Vl

2 2
/’Llcs 8208 2
_ <go — &1 < 451 + 1) — ? — 013) HVUtH2
—eorl(t) — fez iz 203 / ul(z,t — 7)dx
461 0

(25w ) o vu
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At this point, we choose §; such that

l
12 (1 + p2) < T
and let o = 04 = 05 satisfying
2(p+1)
c 390
=4 21+ =2 —(2E(0O) | <Z
C13 2<M105+ +p+1( ()>>_2,
After that, we select 5 so that )
€265 _ 90
2r — 8
Once ¢- is fixed, we choose 3 to satisfy
C9€&9
03 < —=.
H203 = ir

Further, we take £1 such that
. L d1¢9€2
€1 < min c2 ; , 9o ¢ -
B +1 2p0T

61l
< €1l
§< B =

10 8(14—2(1—[)2).

Also let § small so that

Finally, we pick M sufficiently large such that

0 2
M>4012:g(>< i +1).

o2 \p+1
Consequently, there exist two positive constants A\; and A\, satisfying
(3.33) G'(t) < =\ E(t) + X2 (go Vu) (t), for all t > tg.

Multiplying (3.33) by £(¢), we have

EBG () < —MEDE(t) + Ak(t) (9 ° Vu) (1)
Then, employing the assumption ¢'(t) < —&(t)g(t) by (2.3) and using the fact that
— (¢’ o Vu) (t) < —2E'(t) by Lemma 3.2, we get

)G (t) < —MEB)E() — A2 (¢ o Vu) (t)

< —MEE(t) — 2X2E'(t), for all t > t.

(3.34)

Now, we define
F(t) = £@)G(t) + 2A2E(t),
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which is equivalent to E'(¢) by Lemma 3.4. Using (3.34) and the assumption &’(¢) < 0,
Vvt > 0 by (Al), we obtain

F'(t) < £(0)G() = MEDE()

(3.35)
< —MEME(t) < —AEB)F (1), Yt > to.

An integration of (3.35) over (¢, t) gives

(3.36) F(t) < F0)e 8% vy > 40

Therefore, the equivalent relation between F'(¢) and E(t) yields

t
(3.37) E(t) < Ke @0 t®% v >4

where o and K are some positive constants. This completes the proof. ]

Remark 3.6. We illustrate the energy decay rate given by Theorem 3.5 through
the following examples which are introduced in [10,16].

(1) If g(t) = e fora >0 and v > 1, then £(t) = 14 satisfies the condition
(2.3). Thus (3.15) gives the estimate

B(t) < K(1+1t)°.

(2) If g(t) = ae ®(+D" for a,b > 0 and 0 < v < 1, then £(¢) = bu(1 + t)V~*
satisfies the condition (2.3). Thus (3.15) gives the estimate
E(t) < Ke @(H+0)",
(3) If g(t) = ae~®™" (41 for a,b > 0 and v > 1, then £(t) = %j}lm satisfies
the condition (2.3). Thus (3.15) gives the estimate

E(t) S Ke @ In” (1+t) )

In(1+¢)+v

(1+t) In” (1+7) satisfies

(4) If g(t) = m, for a > 0 and v > 1, then f(t) =
the condition (2.3). Thus (3.15) gives the estimate

B(t) < K ((1+)In"(1+1) .
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