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GENERALIZATIONS OF STURM-PICONE THEOREM FOR
SECOND-ORDER NONLINEAR DIFFERENTIAL EQUATIONS

J. Tyagi

Abstract. The goal of this paper is to show a generalization to Sturm—Picone
theorem for a pair of second-order nonlinear differential equations

(p1 ()’ (t)) + q1(t) f1(z(t)) = 0.

(p2()y (1)) + qa(t) faly(t)) =0, t; <t < ta.

This work generalizes well-known comparison theorems [C. Sturm, J. Math. Pu
res. Appl. 1 (1836), 106-186; M. Picone, Ann. Scoula Norm. Sup. Pisa 11 (1909)
39; W. Leighton, Proc. Amer. Math. Soc.13 (1962), 603—-610], which play a key
role in the qualitative behavior of solutions. We establish the generalization to
a pair of nonlinear singular differential equations and elliptic partial differential
equations also. We show generalization via the quadratic functionals associated
to the above pair of equations. The celebrated Sturm—Picone theorem for a pair
of linear differential equations turns out to be a particular case of our result.

1. INTRODUCTION

In the qualitative theory of ordinary differential equations (ODEs), celebrated Sturm—
Picone theorem plays a crucial role. In 1836, the first important comparison theorem
was established by C.Sturm [19], which deals with a pair of linear ODEs

(1.1) (P2 (1)) + @ () (t) = 0.
(1.2) (p2(t)y (1)) + q2(t)y(t) = 0,

on a bounded interval (¢1, t2), where p1, p2, g1, g2 are real-valued continuous functions
and p1(t) > 0, p2(t) > 0 on [t1, t2]. The original Sturm’s comparison theorem [19]
reads as
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Theorem 1.1. (Sturm’s comparison theorem). Suppose p1(t) = p2(t) and q1(t) >
q@2(t), YVt € (t1, ta). If there exists a nontrivial real solution y of (1.2) such that
y(t1) = 0 = y(t2), then every real solution of (1.1) has at least one zero in (t1, t2).

In 1909, M.Picone [17] modified Sturm’s theorem. The modification reads as

Theorem 1.2. (Sturm-Picone theorem). Suppose that ps(t) > pi(t) and ¢ (t) >
q@2(t), YVt € (t1, ta). If there exists a nontrivial real solution y of (1.2) such that
y(t1) = 0 = y(t2), then every real solution of (1.1) unless a constant multiple of y
has at least one zero in (t1, t2).

Theorem 1.2 is in fact a special case of Leighton’s theorem (see[15]). For a de-
tailed study and earlier developments of this subject, we refer the reader to Swanson’s
book [20]. Though Sturm—Picone theorem is extended in several directions, see, S.
Ahmad and A. C.Lazer[2] and S. Ahmad [3] for linear systems, E.Miiller—Pfeiffer [16]
for non-selfadjoint differential equations, the present author and V.Raghavendra [22]
for implicit differential equations, W.Allegretto[6] for degenerate elliptic equations,
C.Zhang and S.Sun [25] for linear equations on time scales, there is no natural gen-
eralization of Sturm—Picone theorem for a pair of nonlinear differential equations. To
obtain nonoscillation results for perturbed nonlinear differential equations, J.Graef and
P.Spikes[11] established Sturm—Picone type comparison theorem for the same class
of equations. This comparison theorem works nicely in getting nonoscillation results
but it cannot be viewed as a natural generalization of Sturm—Picone theorem as the
zeros of the solutions of a pair of equations may coincide. We emphasize that the
classical proof of Sturm—Picone theorem heavily depends on a variational lemma due
to W.Leighton[15] (see[20] also). Since when it was proved, it has been extended
in different contexts, see, for instance, Jaros et.al.[12], V.Komkov[14], O.Dosly and
JJaros [8]. As far as our understanding goes, there is no natural generalization of
Leighton’s variational lemma for nonlinear differential equations.

Since 1962, when W.Leighton proved a theorem ([15]), so called “Leighton’s the-
orem”, there has been a good interest to generalize Leighton’s theorem for a class
of nonlinear differential equations. In this article, we prove a nonlinear analogue of
Leighton’s theorem. In fact, via this analogue, we give a generalization to Sturm—
Picone theorem. In order to give a nonlinear analogue of Leighton’s theorem, our
strategy is to first establish a nonlinear version of Leighton’s variational lemma.

When p1, p2, q1, g2 (some of them or all) are not continuous at t; or to or at
t1 and to both, then (1.1),(1.2) are called singular differential equations. Analogs of
Theorems 1.1, 1.2 and other related theorems for singular differential equations have
been obtained earlier (see[20]). Recently, D.Aharonov and U.Elias [1] proved Sturm’s
theorem for a pair of singular linear differential equations assuming that the solution of
minorant equation is principal at both end points of the interval. By the older approach,
we give the generalization of these theorems to a pair of nonlinear singular differential
equations also.
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There is also a good amount of interest in the qualitative theory of PDEs to determine
whether the given equation is oscillatory or not. In this direction, Sturm—Picone theorem
plays an important role. We also give a generalization to Sturm—Picone comparison
theorem to nonlinear elliptic equations. There is an enormous excellent work about
Sturm’s comparison theorem/oscillation theory but for convenience, we just name a
few articles. For the earlier developments about Sturm—Picone comparison theorem
and oscillation theory, we refer to [17, 19, 20] and for recent developments, we refer
to Yoshida’s book [23]. For sturm comparison theorem to quasilinear elliptic equation,
we refer to [4, 5, 6] and for Picone type identities, we refer to [7, 10, 13, 21, 24].

Let us consider a pair of second-order nonlinear ODEs

(1.3) lz = (p1(t)2' (1)) + qu(t) fr(x(t)) = 0.
(1.4) Ly = (p2(t)y' (1)) + @2(t) fa(y(t)) = 0, t1 <t < ta,

where p1, p2 € Cl([tla t2]7 (07 OO)), i, 42 € C([tlv t2]7 R)u fi, f2 € C(Rv R)? l
and L are differential operators or mappings whose domains consist of all real-valued
functions = € C[ty, to] such that p1z’ and pea’ € CY[ty, ts], respectively.
We make the following hypotheses on nonlinearity fi, fo and go:
(H1) Let f; € C*(R, R) and there exist a; > 0, M > 0 such that
0<ar < fily) <M, YVO#yeR.

(H2) fi(y) #0, VO#y €R, f1(0) =0.
(H3) Let fo € C(R, R) and there exist a, a3 € (0, co) such that
asy’ < fo(y)y < aoy?, VO#y R

Remark 1.3. (H1) motivates us to take the nonlinearity of the form
f1(y) = “linear part in y” £+ “nonlinear part iny”,
where “nonlinear” part is decaying at co. One can take the following examples of f;
. 2
like, f1(y) =2y — y;ﬁ; y+ye ¥ ete.
Remark 1.4. (H3) simply says that sz(y) is bounded, V 0 # y € R.

We organize this paper as follows. Section 2 deals with the generalizations of
comparison theorems to nonlinear ODEs.

Section 3 contains the generalizations to singular ODEs. In Section 4, we show
the generalizations to nonlinear elliptic equations.

2. GENERALIZATIONS

We begin with the following quadratic functionals corresponding to (1.3) and (1.4),
respectively
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jlu] = /;2 [p1(8)(w'(1))* = arqa (t) (u(t))?]dt.
J[u] = /t a0 (1)) ~ (g (£) — gy (1) (u(®)) .

where the domain D of 5 and J is defined to be the set of all real-valued functions
u € Cl[ty, to] such that u(t;) = u(ta) = 0 (t1, t2 are consecutive zeros of u) and
¢ = max{qq, 0} and ¢, = max{—qo, 0}. The variation V' (u) is defined as V'[u] =
Ju] — jlul, ie.,

Viy]

- | 0= )00+ (craa ()= () =y (0)) (u(t) 2

The next lemma deals with a generalization of Leighton’s variational lemma.

Lemma 2.1. (Generalization of Leighton’s variational lemma). Let v € D and
jlu] < 0. Let x be a nontrivial solution of (1.3), then under hypotheses (H1)-(H2), x
vanishes at least once in (t1, to) unless f1(x) is a constant multiple of u.

Proof. We establish this result by contradiction. Suppose x(t) # 0, V ¢ € (t1, t2).
By(H2), fi(z(t)) # 0, Vt € (t1, t2). We observe that the following is valid on
(t1, t2) :

w®?
ﬁ@@»mumuﬂ
WP TR ) - ) @ 0)
Fila(yy PO @+ 2O (el
s 2 U () ) (t)? (@ (1) F (1))

@2 ~ aOEO) TR U1 (0)?
(Y OVAED) v\ o)
= —q1(t)(u(t)) pl(t)< @) ﬁ{(w(t))) + Pz ()

e (BT OVAED) v\ o)

This implies that

Pa(t) (W' (£))* — onqu (t)(u(t))?

(2.3) (u(t))?
=N Ra)

pl(t)l’/(t)] + a1 pi(t) ( -
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So an integration of (2.3) over (¢, t2) yields

t2

(1 ()@ () — a1 a2 () (u(®)) )t
@) ], HONHE O ONAY
u p1(t)r u(t)r 1(x u
> [ “OE ]*a/ pl(“( hel) f{(x(t))) -

Now there are three cases.

Case 1. If 2(¢1) # 0 and x(t2) # 0, it follows from (2.4) and u(t;) = 0 = u(ta)
that ju] > 0 and

/ ” pi(t) (“(t)x/(tz Vi(@(0)) w(®) > dt = 0 if and only if

=
8
—
=
]
—
=
—
=

This implies that

u(t) = Cfi(z(t)), Vt € (t1, t2) for some constant C.

u € Cty, to] is such that u(t;) = u(ts) = 0 (11, to are consecutive zeros of u). This
implies that u(t) # 0, V¢t € (t1, t2). So C' is a non-zero constant. Using this fact,
one can obtain that

1
(2.5) fi(z(t))=Chu(t), ¥Vt € (t1, t2) for some another non-zero constant C; = Yok

Now as t — t; ort — t9, L.H. S of (2.5) is non-zero while R. H. S. is zero. Therefore,
jlu] > 0, which leads a contradiction. This contradiction shows that = vanishes at
least once in (1, t2).

Case 2. If z(t1) = 0 and z(¢t2) = 0 then 2/(¢1) # 0 and 2/(t2) # 0. Suppose
if 2/(t1) = 0 or 2/(t2) = 0, then by (H2), z(t) = 0 is a solution of (1.3) and by
uniqueness theorem (in view of (H1)), z(¢) = 0, which is not possible as = is a
nontrivial solution of (1.3). An application of L’Hospital rule implies that

o @O0 L (@)X 0 (1) + 2 (D7 (u( (@) _
-ty Ji(@(0)) tst} fiz()2'(t)

and
o @O (@) (0 (1) + 200 (1) _

—t,  Si(z(t)) 1ty fi(2(8))a'(t)
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Therefore, we obtain from (2.4) that j[u] > 0 and hence we get a contradiction j[u] > 0
unless fi(x) is a constant multiple of w.

Case 3. If x(t1) =0, z(t2) # 0 or z(t1) # 0, x(t2) = 0, then from the proof of
Case 1, it is clear that j[u] > 0, which leads a contradiction and hence z vanishes at
least once in (¢1, t2). This completes the proof. [

Corollary 2.2. Let fi(z) = x in (1.3) and

to
| 0w 07 - a0 <o,
ty

where u € Cl[t1, t5] such that u(ty) = u(ts) = 0 (t1, to are consecutive zeros of u).
Let x be any nontrivial solution of (1.3), then x vanishes at least once in (t1, t2) unless
x is a constant multiple of u.

Proof. 1t is trivial to see that f; satisfies (H1)—(H2). In this case, oy =1 =M
and j[u] < 0. An application of Lemma?2.1 implies that = vanishes at least once in
(t1, t2) unless x is a constant multiple of u. For a proof of this corollary, we refer the
reader to [15, 20]. n

Lemma?2.1 plays a very crucial role to establish the following

Theorem 2.3. (Generalization of Leighton’s theorem). Suppose there exists a
nontrivial solution u of Lu = 0 in (t1, to) such that u(ty) = 0 = wu(ta). Let (H1)-
(H3) hold and V[u] > 0, then every nontrivial solution v of lv = 0 has at least one
zero in (t1, t2) unless f1(v) is a constant multiple of w.

Proof.  Since u(t;) = 0 = u(t2) and Lu = 0, so by an application of Green’s
identity, we have

(2.6) /t (aat) Palul®))ult) — palt) (' (1))2)dt = 0.
In view of (H3), one can see that
27) / (@) Lul®))u(t) — (azaf (1) — asgy (1) (u(t)2)dt < 0.

By (2.6),(2.7), we get J]u| < 0. Since V]u] > 0, so this implies that
jlu] < Jlu] <0

and hence by an application of Lemma?2.1, every nontrivial solution v of v = 0 has at
least one zero in (t1, t2) unless fi(v) is a constant multiple of w. This completes the
proof. ]
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Corollary 2.4. (Leighton’s theorem). Let us consider (1.3) and (1.4) with f1(u) =
u= fa(u). Let

to

28)  Vilu = / [(pa(t) — p1 (D) (W ()% + (a1 (1) — 42(8)) (w())2)dt > 0.
ty

If there exists a nontrivial solution u of (1.4) in (t1, t2) such that u(t;) = 0 = u(ts),

then every nontrivial solution v of (1.3) has at least one zero in (t1, t2) unless v is a

constant multiple of u.

Proof.  Since f1(u) = u = fao(u), it is easy to see that a1 = ag = ag =1 = M.
In view of (2.8), V[u] > 0 and hence by an application of Theorem 2.3, the required
conclusion follows. For a proof of this corollary, we refer the reader to [15]. ]

The following generalization is a special case of Theorem2.3.

Theorem 2.5. (Generalization of Sturm-Picone theorem). Suppose there exists a
nontrivial solution u of Lu = 0 in (t1, to) such that u(t1) = 0 = u(te). Let (H1)—~(H3)
hold. Suppose pa(t) > p1(t) and

(2.9) alql(t) — (Ckggg(t) — (Ckg — a2>q2_(t>> > 0, Vte (tl,t2>,

then every nontrivial solution v of [v = 0 has at least one zero in (¢1, t3) unless fi(v)
is a constant multiple of wu.

Proof.  In view of (2.9), it is easy to see that V[u] > 0 and the proof of this
theorem follows from Theorem 2.3. ]

The celebrated Sturm-Picone theorem can be seen as a particular case of Theo-
rem?2.5 in

Corollary 2.6. (Celebrated Sturm—Picone theorem). Consider (1.3) and (1.4) with
filw) =u = fo(u). Let pa(t) > p1(t) and q1(t) > q2(t), Vit € (t1,t2). If there exists
a nontrivial solution u of (1.4) in (t1, to) such that u(t;) = 0 = u(te), then every
nontrivial solution v of (1.3) has at least one zero in (t1, ta) unless v is a constant
multiple of u.

Proof.  Since fi(y) = y = f2(y) in(1.3) and (1.4) so in this case a1 = ay =
az =1= M. It is easy to see that f; and fo satisfy (H1)—(H2).

An application of Theorem 2.5 leads the required conclusion. For a proof of Corol-
lary 2.6, we refer the reader to [17] or Theorem 1.6 [20]. ]

Remark 2.7. Let p1(t) = pa(t), q1(t) > q2(t), Vt € (t1, t2) in Corollary 2.6, then
Corollary 2.6 is indeed original Sturm’s theorem (see[19]).
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3. SINGULAR STURM-PICONE THEOREM FOR NONLINEAR EQUATIONS

In this section, we consider a pair of singular equations (1.3) and (1.4). More
precisely, we consider a pair of singular nonlinear ODEs

(3.1 lsx = (p1(t)2' (1) + qu(t) fr(x(t)) = 0.
(3.2) Ley = (p2()y' (1)) + q2(t) f2(y(t)) = 0, t1 <t < 1y,

where p1, ps € CL((t1, 12), (0, ), @1, @2 € C((t1, t2), R), p1, P2, g1, g2 (some of
them or all) may not be continuous at ¢; or to or at ¢; and to both. Let fi, fo €
C(R, R), 5 and L, are differential operators or mappings whose domains consist of all
real-valued functions x € C(¢1, t2) such that p;2” and paa’ € C1(t4, to), respectively.
We make the following hypotheses on nonlinearity fi:

(H1)’ Let f; € C'(R, R) and there exists a1 > 0 such that
0<ar <fily), VO#yeR.

(H2) fi(y) #0, VO#y €R.

We begin with the following quadratic functionals corresponding to (3.1) and (3.2),
respectively. Let {1 < & <1 < {3 and let

Jeolu) = [ 60/ (02 — aran () (u) Pt anc
3
Tealn) = | Ipa) ()7 ~ (o (1) = vy () 0Pl

Let us define js[u] = Hme_e )y Jenlul, Js[u] = Hmg e e Jen[u], whenever
the limits exist. The domain D;, of j, and D, of Js are defined to be the set of
all real-valued continuous functions v € C*(t1, to) with u(t;) = 0 = u(tz) such that
Jslu] and Js[u] exist. Let us define

O () 02 0)
Annlu ] = i ey R T Gy

whenever the limits on the right side exist. The variation V;(u) is defined as Vi[u| =
Js[u] — js[u], ie.,

Vslu]

= / [(palt) 1 (1) (0 (1) + (0101 (6) (cvags (1) — sz () (u(t)) .

51

(3.3)

The next lemma deals with a generalization of Leighton’s variational lemma.
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Lemma 3.1. (Generalization of singular Leighton’s variational lemma).  Sup-
pose there exists a function uw € Dj_ not identically zero in any open subinterval of
(t1, to) such that js[u] < 0. Let = be any nontrivial solution of (3.1) (lsx = 0) and
Ag1,[u, ] > 0, then under hypotheses (H1)’, (H2)’, x has at least one zero in (t1, t2)
unless f1(x) is a constant multiple of u.

Proof. We establish this result by contradiction. Suppose x(t) # 0, V ¢ € (t1, t2).
By (H2)’, fi(z(t)) # 0, Vt € (t1, t2). Along the same lines of proof of Lemma?2.1,
we see that the following is valid on (¢, t2) :

Pt (t)* = a1qa(t)(u(t))?

(3:4) w®)? ., wt OVFEED) W)\
> [fl(x(t)) pi(t)x (t)] + a1 pa(¢) ( 7 t))> .

An integration of (3.4) over (£, n) yields
/gﬁ(pl(ﬂ (u’(t)>2 —arq(t) (u(t))2)dt

Z&1[<u<zt>>2pl<t>m'<t>]”m [t <u<t>x'<t> HEC)RA0 >2dt
3

fi(z(1)) ¢ Si(z(t)) fi(z(t))
or we have
. (u(®))*pr (D)2’ (£)]" a [ u(t)z' () filz(t)  u'(?) i
Jen[u] = o [—fl(x(t)) L +a /5 pa(t) ( AC0) f{(x(t))) dt.

Letting ¢ — t, n — t; and using Ay, [u, z] > 0, we get
2
/ / t
@ _vo ),
f1(z(t))

u(t)x'(
f1 o(t
v (0dOVIEE)ww N
/t1 pl(t)< ; 7}0{(3;@)) dt = 0 if and only if

3-5) Js[u] >a1 p1

and

—
—
8
—~
o~
~—
N~—

This implies that
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u(t) = Cfi(z(t)), Vt € (t1, t2) for some constant C.

Since u € C(t, t2) such that u(t;) = u(t2) = 0 (t1, t2 are consecutive zeros of u).
This implies that u(t) # 0, V' t € (t1, t2). So C is a non-zero constant. Using this
fact, one can obtain that

1
fi(z(t)) = Cru(t), Yt € (t1, t2) for some another non-zero constant C; = c

and unless fi(x) is a constant multiple of u, by (3.5), we have js[u] > 0, which leads
a contradiction. This contradiction shows that = vanishes at least once in (1, t2). This
completes the proof. ]

Corollary 3.2. Let fi(z) = x in (3.1) and

lim /g " (O (0)? - a0 (wt)at

E—tf, oty

exists and is nonpositive, where u € C'(t1, ta) not identically zero in any open
subinterval of (t1, to) with u(t1) = 0 = u(te). Let x be any nontrivial solution of
(3.1) and Ay,t,[u, ] > 0, then x vanishes at least once in (t1, t2) unless x is a
constant multiple of u.

Proof. 1t is trivial to see that f; satisfies (H1)’,(H2)’. In this case, a; = 1 and
Jslu] < 0. An application of Lemma 3.1 implies that « vanishes at least once in (t1, t2)
unless x is a constant multiple of u. For a proof of this corollary, we refer the reader
to [15, 20]. ]

Lemma3.1 plays an important role to establish the following

Theorem 3.3. (Generalization of singular Leighton’s theorem). Suppose there exists
a nontrivial solution u of (3.2) (Lsu = 0) in (t1, to) such that u(t1) = 0 = u(ta). Let
x be any nontrivial solution of (3.1) (lsx = 0). Let Ay,,[u, x] > 0, and

(3.6) lim po(t)u(t)u/(t) >0, lim po(t)u(t)u'(t) < 0.

t—t] t—ty

Let (H1)’,(H2)’,(H3), hold and Vi[u] > 0, then x has at least one zero in (t1, ta)
unless f1(x) is a constant multiple of u.

Proof.  Since u is a solution of Lsu = 0, so by an application of Green’s identity,
we have

n

67) [ uwdt=pu0pn O~ [ pa0) @)+ [ 00t

3
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In view of (H3), one can see that

. ! 9 o(u(t))u < ! a9 ; — 3Qy u(t))?dt.
(3.3) /g 02(0) fo () u(t)dt < /5 (s (1) — ausgy (9) (u(t))%dt
From (3.7) and (3.8), we get

(3.9) Jeal] < [u(®pa(t)e/ (1)

Letting ¢ — t], n — t; in (3.9) and by (3.6), we get Ji[u] < 0. Since Vi[u] > 0, we
get js[u] < 0 and hence by an application of Lemma3.1, every solution z of [,z = 0
has at least one zero in (¢1, t2) unless fi(x) is a constant multiple of u. This completes
the proof. ]

Corollary 3.4. (Singular Leighton’s theorem). Let us consider (3.1) and (3.2) with
fi(u) =u= fa(u). Let © be any nontrivial solution of (3.1). Let
Ag,lu, ] >0, linf}r pa()u(t)u'(t) >0, lim po(t)u(t)u'(t) < 0 and
t—t] 5

t—t,

(3.10) ta
Vslu] = / [(p2(t) = p1(1)) (' ())” + (a1 (t) — a2(t)) (u(t))?]dt > 0.
ty
Suppose there exists a nontrivial solution w of (3.2) in (t1, t2) such that u(t;) =0 =
u(ta), then x has at least one zero in (t1, ta) unless x is a constant multiple of u.

Proof. Since fi(u) = u = fa(u), it is easy to see that a3 = g = a3 =1
and (H1)’, (H2)’, (H3) are satisfied. In view of (3.10), Vi[u] > 0 and hence by
an application of Theorem 3.3, the required conclusion follows. For a proof of this
corollary, we refer the reader to [15], Theorem 1.19[20]. ]

The following generalization is a special case of Theorem 3.3.

Theorem 3.5. (Generalization of singular Sturm-Picone theorem). Suppose there
exists a nontrivial solution u of (3.2) in (t1, te) such that u(t;) = 0 = u(te). Let
(H1)’, (H2)’, (H3), hold. Suppose pa(t) > pi(t). Let = be any nontrivial solution of
3.1).

Let Ay t,[u, 2] >0, lim po(t)u(t)u'(t) >0, lim po(t)u(t)u'(t) < 0 and
(3.11) t—t] t—ty
a1q1(t) — (aga(t) — (a3 — a2)gy (1)) > 0, Vit € (1, t2),

then every solution z of (3.1) has at least one zero in (¢, t2) unless fi(z) is a constant
multiple of .

Proof.  In view of (3.11), it is easy to see that Vi[u] > 0 and the proof of this
theorem follows from Theorem 3.3. ]

The singular Sturm-Picone theorem can be seen as a particular case of Theorem 3.5
in next corollary.
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Corollary 3.6. (Singular Sturm-Picone theorem). Consider (3.1) and(3.2) with
fi(u) =u= fo(u). Let pa(t) > p1(t) and qi(t) > q2(t), Vt € (t1,12). Let x be any
nontrivial solution of (3.1). Let Ay ,[u, x| > 0 and

lim po(t)u(t)u’(t) >0, lim po(t)u(t)u’(t) <O0.

t—t] t—ty

Suppose there exists a nontrivial solution w of (3.2) in (t1, t2) such that u(t;) =0 =
u(ta), then every solution x of (3.1) has at least one zero in (t1, to) unless x is a
constant multiple of u.

Proof.  Since fi1(u) = u = fa(u) in(3.1) and (3.2) so in this case oy = ay =
as = 1. It is easy to see that fi and f> satisfy (H1)’, (H2)’, (H3) and Inequality(3.11)
is also satisfied. An application of Theorem 3.5 leads the required conclusion. For a
proof of Corollary 3.6, we refer the reader to [17] or a singular version of Theorem 1.6

[20]. ]

4. NONLINEAR ELLIPTIC VERSION OF STURM-PICONE THEOREM

In this section, we give a nonlinear analogue of Leighton’s theorem to n-dimensions.
In fact, via this analogue, we give a generalization to Sturm—Picone theorem for semilin-
ear elliptic PDEs in n-dimensions. In order to prove a nonlinear analogue of Leighton’s
theorem, we first establish a nonlinear version of Leighton’s variational lemma.

Let €2 be a bounded domain in R™ with boundary 02 having a piecewise continuous
unit normal. Let a;, b; € C*(Q, R), f;, g € CY(R, R), Vi = 1, 2 where 0 < p <
1, als are of indefinite sign V i = 1, 2 and by (x) > 0, Vz € Q.

Let us consider a pair of second-order nonlinear elliptic PDEs

4.1) —Au = a1 (z) f1(u) + b1 (z)g1(u).

4.2) —Av = ag(x) fa(v) + ba(x)g2(v),
where f; and g; satisfy the following assumptions:
(A1) HﬁZOSuchthat%zﬂ, V0 #£u€eR.
(A2) There exist ag, ag, ay € (0, 00) such that
g(u)u < agu?, azu® < folu)u < agu?, V0 #u € R.

In this study, we are interested in non-trivial classical solutions of (4.1) and (4.2).
(4.1) and (4.2) can be rewritten in the operator form l.u = 0 = L.u, where

leu = Au+ai(x) fi(u) +bi(z)g1(u), Leu = Au+ az(x) fo(u) + bo(z)ga(u).
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Let us consider the following quadratic functionals corresponding to (4.1) and (4.2),
respectively

(4.3) Jelu] = /QHVU@?)\Z — on(u(x))(ar (@) + Bbi(x))]da.

4.4) Je[u] = /QHVU(HJ)\Z — (a3 (z) — azay () + aabe(2)) (ul@))?dz,

where the domain D, of j. and J, is defined to be the set of all real-valued continuous
functions defined on 2 which vanish on 92 and have uniformly continuous first partial
derivatives on 2.

The variation V¢ [u] is defined as V[u] = J[u] — je[u], i.e.,

(4.5) Ve[u] =A(U(w))Q[al(al(w)+Bbl(w))—(042a2+(w)—a3a5(w)+a4b2(ﬂf))]dw~

The next lemma deals with a generalization of Leighton’s variational lemma.

Lemma 4.1. (Generalization of n-dimensional Leighton’s variational lemma). 4s-
sume that there exists a nontrivial function u € D, such that je[u] < 0. Then under
the hypotheses/assumption (H1)', (H2)', (A1), every solution v of l;v = 0 vanishes
at some point of Q.

Proof.  Suppose to the contrary that there exists a solution v of (4.1) such that
v(z) #0, Yo € Q. By (H2)’, we have fi(v(x)) # 0, Vo € Q. Then for u € D, we

have
[ o]

_(U(x))2 v VU(-T) o) )u\lx U.’II—U.’E2/U.’E VT

= o 2O T R ) () Vule)— (@) L (0(2) V()]

| @) V() Vo) (@) Vel ()

F(v(@)) Ai(v(@) (Fi(0(@)))?

e a0 (0()

[@@?Ve@)Pfi0@) | [Vu@)?  2u@)Vu@).Vo@)] | [Vu)?
(4.6) [ (h(0(@)))? T @) ) ACE)

= —a1\T)\u\x 2— )lulx 291(11(1?))

= o (@) (u(x)? ~ ba o)) S

4@V VREE)  Vu) )| [Vul)P

fi(v(z)) fi(v(z)) 1(v(z))
< —a1(2)(u(@))? — Bbi (2) (u(x))?
[Vu(@)]? (by (H1)', (A1)).

(w@Ve@) VE@) V@) |\
ACG) (@)
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This implies that
[Vu(a)|? = a1 (u(x))*(ar(z) + Bbi(x))

“n .o [ ;ﬁ%; Vv(a:)]—l—oq <u(a:)Van:) fi(w(z)) Vu(a:)))) |

(u(z ]
> V. d
(4.8) a /Q [fl( (z)| dx
2
cor | u@:Vv@» O VARG vu@) \
o filv(z fi(v(z))

Since u vanishes on Jf2, so an application of Gauss—Green’s theorem (see, [9]) implies
that

(u(z))”
Qviﬁw@»

Vv(a:)] dz = 0

and

V. <f1?52>>) =0 or u(z) = Cfi(v(x)), Yo € Q for some non-zero constant C.

This is not possible because u = 0 on 92 but f1(v) # 0 on 92 (v # 0 on IN). This
implies that
Jelu] > 0, which is a contradiction

and hence every solution v of v = 0 vanishes at some point of 2. This completes the
proof. ]

Corollary 4.2. (n-dimensional Leighton’s variational lemma). Let fi(u) = u and
either b1(z) = 0 or g1(u) = 0 in (4.1). Let

[ 196@)P = @) ula) Pl <0,
Q

where u is a real-valued continuous functions defined on 0 which vanish on 02 and
have uniformly continuous first partial derivatives on §), then every nontrivial solution
v of lov = 0 vanishes at some point of Q.
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Proof. In this case o1 = 1 and it is easy to see that f; satisfies (H1)’,(H2)’ and
Jelu] < 0. By an application of Lemma4.1, the conclusion follows easily. For a proof
of this corollary, we refer the reader to Lemma 5.3 [20]. ]

Remark 4.3. In fact, one can consider the following nonlinear PDE with nonlinear
damping

(4.9) —Au = a1 (z) f1(u) + b1 (x)g1(u) + c1(x)H(Vu),

where aq, b1, f1, g1 are defined earlier. Let ¢; € C*(Q, Rt = [0, 00)), where 0 <
p<1land H € C’I(M, R+), M C RY. For the existence of classical solutions to
Eq. (4.9), we refer the reader to a survey paper [18] and references cited therein. In this
case, let us assume that fi(s) >0, V 0 # s € R. Assume that there exists a nontrivial
function u € D, such that j.[u] < 0. Then every solution v of (4.9) vanishes at some
point of Q. The proof goes exactly same as the proof of Lemma2.1 in view of the
positivity of ¢1, H and fi. For the sake of brevity, we omit the details.

Lemma?2.1 plays a crucial role to establish the following

Theorem 4.4. (Generalization of n-dimensional Leighton’s theorem). Suppose there
exists a nontrivial solution u of Lou = 0 in Q such that uw = 0 on 0. Let (H1)’,
(H2)’, (A1) -(A2) hold and V[u] > 0, then every nontrivial solution v of l[.v = 0
vanishes at some point of (2.

Proof.  Since u is a solution of L.u = 0 and v = 0 on 0f2, so by an application
of Green’s theorem, we have

(4.10) /Q[ag(a:)fg(u)u + ba(2) g2 (w)u — |Vu(z)[}dz = 0.

In view of (A2), one can see that

/Q(a2(fﬂ)f2(u(w))U(fB) + ba()ga(u(@))u(x)

—(aga3 (v) — aza; (v) + a4b2(a:))(u(a:))2)dx <0.

4.11)

By (4.10), (4.11), we get J.[u] < 0. Since V,[u] > 0, so this implies that

Jelu] < Jelu] <0

and hence by an application of Lemmad4.1, every nontrivial solution v of lc;v = 0
vanishes at some point of €. This completes the proof. ]
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Corollary 4.5. (n-dimensional Leighton’s theorem). Let us consider (4.1) and (4.2)
with fi(u) = u = fa(u), g1(u) = go(u) = 0. Let

(4.12) Velu] = /Q(U(x)ﬂal(w) — (o205 (2) — azay (x))]dz > 0.

If there exists a nontrivial solution u of (4.2) in  such that uw =0 on 09X}, then every
nontrivial solution v of (4.1) vanishes at some point of ).

Proof. Since fi(u) = u = fa(u), it is easy to see that oy = 1, ag = a3 =
1, oy = 0, 8 = 0 and therefore (H1)’, (H2)’, (A1), (A2) of Theorem4.4 are satisfied.
In view of (4.12), V.[u] > 0 and hence by an application of Theorem4.4, the required
conclusion follows. ]
The following generalization is a special case of Theorem4.4.

Theorem 4.6. (Generalization of n-dimensional Sturm-Picone theorem). Suppose
there exists a nontrivial solution u of Leu = 0 in ) such that w = 0 on 0X). Let
(H1)’, (H2)’, (A1)-(A2) hold and

(4.13) a(ar(z) + Bbi(z)) — (agaz(z) — (g — az)ay (x) + arbe(x)) >0, Yz € Q,
then every nontrivial solution v of l,v = 0 vanishes at some point of ).

Proof.  In view of (4.13), it is easy to observe that V.[u] > 0 and therefore the
conclusion follows from Theorem4.4. ]

n-dimensional Sturm—Picone theorem can be seen as a particular case of Theo-
rem4.6 in

Corollary 4.7. (n-dimensional Sturm-Picone theorem). Consider (4.1) and (4.2)
with fi(u) = u = fo(u), g1(u) = 0 = go(u). Let a1(x) > as(x), Yo € Q. If there
exists a nontrivial solution u of (4.2) in Q such that uw = 0 on 0), then every nontrivial
solution v of (4.1) vanishes at some point of Q.

Proof.  Since fi(u) =u = fo(u) in(4.1) and (4.2) so in this case a1 = 1, ag =
as =1, a4 = 0= g. It is easy to see that f; and f> satisfy (H1)’, (H2)’, (Al),(A2)
and Inequality(4.13) is also satisfied. An application of Theorem4.6 leads the required
conclusion. For a proof of Corollary4.7, we refer the reader to Theorem5.5[20]. =

ACKNOWLEDGMENT

The author wants to thank Prof. V. Raghavendra for introducing him this problem
and useful discussions, also wants to thank the referee for his/her constructive com-
ments. Financial support under Summer Research Fellowship-2012 from IIT Gandhi-
nagar is gratefully acknowledged.



10.

11.

12.

13.

14.

15.

16.

17.

Sturm-Picone Theorem 377

REFERENCES

. D. Aharonov and U. Elias, Singular Sturm comparison theorems, J. Math. Anal. Appl.,
371(2) (2010), 759-763.

S. Ahmad and A. C. Lazer, A new generalization of the Sturm comparison theorem to
selfadjoint systems, Proc. Amer. Math. Soc., 68 (1978), 185-188.

. S. Ahmad, On Sturmian theory for second order systems, Proc. Amer. Math. Soc., 87
(1983), 661-665.

W. Allegretto, Sturm type theorems for solutions of elliptic nonlinear problems, Nonlinear
Differ. Equ. Appl., 7 (2000), 309-321.

W. Allegretto and Y.-X. Huang, A Picones identity for the p-Laplacean and applications,
Nonlinear Analysis TM.A., 32 (1998), 819-830.

W. Allegretto, Sturm theorems for degenerate elliptic equations, Proc. Amer. Math. Soc.,
129 (2001), 3031-3035.

O. Dosly, The Picone identity for a class of partial differential equations, Mathematica
Bohemica, 127 (2002), 581-589.

O. Dosly and J. Jaro$, A singular version of Leighton’s comparison theorem for forced
quasilinear second-order differential equations, Arch. Math. (BRNO), 39 (2003), 335-
345.

L. C. Evans, Partial Differential Equations, Graduate studies in Mathematics, AMS, 19
(1999).

S. FiSnarova and R. Masik, Generalized Picone and Riccati inequalities for half-linear
differential operators with arbitrary elliptic matrices, Electronic J. Diff. Equations, 111
(2010), 1-13.

J. Graef and P. Spikes, Comparison and nonoscillation results for perturbed nonlinear
differential equations, Ann. Mat. Pura. Appl., 116(4) (1978), 135-142.

J. Jaro$, T. Kusano and N. Yoshida, Forced superlinear oscillations via Picone’s identity,
Acta Math. Univ. Comenianae, LXIX (2000), 107-113.

J. Jaros, T. Kusano and N. Yoshida, Picone type inequalities for half-linear elliptic
equations and their applications, Adv. Math. Sci. Appl., 12(2) (2002), 709-724.

V. Komkov, A generalization of Leighton’s variational theorem, Applicable Analysis, 2
(1972), 377-383.

W. Leighton, Comparison theorems for linear differential equations of second order, Proc.
Amer. Math. Soc., 13 (1962), 603-610.

E. Miiller-Pfeiffer, Sturm comparison theorems for non-selfadjoint differential equations
on non-compact intervals, Math. Nachr., 159 (1992), 291-298.

M. Picone, Sui valori eccezionalle di un parametro da cui dipende und™ equatione
differenzialle lineare del secondo ordine, Ann. Scuola Norm. Sup. Pisa, 11 (1910),
1-141.



378

18

19

20.

21.

22.

23.
24.

25.

J. Ty

J. Tyagi

. K. Schmitt, Boundary value problems for quasilinear second-order elliptic equations,
Nonlinear Anal., 2 (1978), 263-309.

. C. Sturm, Sur les équations différentielles linéaries du second ordere, J. Math. Pures.
Appl., 1 (1836), 106-186.
C. A. Swanson, Comparison and oscillation theory of linear differential equations, Vol.
48, Academic Prees, New York and London, 1968.
Tadie, Oscillation criteria for semilinear elliptic equations with a damping term in R"™,
Electronic J. Diff. Equations, 51 (2010), 1-5.
J. Tyagi and V. Raghavendra, A note on a generalization of Sturm’s comparison theorem,
Nonlinear Dyn. Syst. Theory, 8(2) (2008), 213-216.
N. Yoshida, Oscillation theory of partial differential equations, World Scientific, 2008.
N. Yoshida, A Picone identity for half-linear elliptic equations and its applications to
oscillation theory, Nonlinear Anal., 71 (2009), 4935-4951.
C. Zhang and S. Sun, Sturm-Picone comparison theorem of second-order linear equa-
tions on time scales, Adv. Diff. Egs., 2009, 12 pp.

agi

Indian Institute of Technology Gandhinagar

Vishwakarma Government Engineering College Complex Chandkheda
Visat-Gandhinagar Highway

Ahmedabad Gujarat 382424

India

E-mail: jtyagi@iitgn.ac.in

jtyagil @gmail.com



