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Dynamics of a Stochastic Fractional Reaction-Diffusion Equation

Linfang Liu and Xianlong Fu*

Abstract. In this paper, we study the dynamics of a stochastic fractional reaction-
diffusion equation with multiplicative noise in three spatial dimension. By proving the
well-posedness and conducting a priori estimates for the solutions of the considered
equation we obtain simultaneously the existence and the regularity of random attrac-
tors of the random dynamical systems for the equation. The main approach here is to
establish an abstract result on existence of bi-spatial random attractors for random
dynamical systems. Moreover, we also give estimate of the Hausdorff dimension in L2

space for the obtained random attractor.

1. Introduction

In this paper we investigate the well-posedness and dynamics of the following stochastic

fractional reaction-diffusion equation:

du

d
5 + A+ (—A) % = f(u)—i—g(x)—l—ﬁuo—w, zeR3 t>0,

(1.1) 7

with the initial condition

(1.2) u(z,0) = up, x€R3

and the periodic boundary condition

(1.3) u(z + 2me;,t) = u(z,t), xR t>0,i=1,23,

where e; (i = 1,2,3) is an orthonormal basis of R3. A, a and 3 are positive constants with

a € (1/2,1), g € L*(R3) is a given function, W is a two-sided real-valued Wiener process
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on a probability space to be specified later, and f is a nonlinear function satisfying the

following conditions:

(1.4) f(s)s < =Bulsl” +m,
(1.5) ()] < BafslP ™" + 72,
(1.6) [f(s)] < Bs,

where p > 1, §; (i =1,2,3) and v; (j = 1,2) are positive numbers.

As pointed out in [2], some research puts forward that classical diffusion equations are
inadequate to model many real situations. For instance, a particle plume spreads faster
than that predicted by the classical model, and may exhibit significant self-organization
phenomena or asymmetry, see details in [21]. In this case, these situations are called
anomalous diffusion. One popular model for anomalous diffusion is the fractional diffusion
equation, where the usual second derivative operator in space, i.e., the Laplacian operator
—A, is replaced by a fractional derivative operator of order 0 < a < 2 as (—A)*. In
fact, the fractions of the Laplacian are the infinitesimal generators of Levy stable diffusion
processes and appear not only in anomalous diffusions in plasma, but also in some flames
propagation and chemical reactions in liquids, population dynamics, geophysical fluid
dynamics. Meanwhile, some stochastic perturbations should be included to obtain a more
realistic model and to better understand the dynamical behavior of the phenomena being
studied. In many cases one may represent the micro effects by random perturbations in the
dynamics of the macro observable through multiplicative or additive noise in the governing
equation. In these cases, one may reformulate the equation as a random dynamical system.
A key step to study a stochastic partial differential equation is to examine the asymptotic
behavior of the random dynamical systems generated by its solutions. Some fundamental
advances in this direction can be found, for example, in papers [9,10] by Crauel et al. where
they developed the theory of random attractors in a manner which closely parallels the
deterministic case [23]. Also, Debussche [11] proved that the Hausdorff dimension of the
random attractor could be estimated by using global Lyapunov exponents.

Particularly, in [13] Guo and Zhou have investigated a stochastic fractional reaction-
diffusion equation with Wiener noise on a bounded domain. They proved there the well-
posedness, existence and uniqueness of an invariant measure as well as the strong law of
large numbers and the convergence to equilibrium. While in [15] Lu et al. have studied the
dynamics of the 3D-fractional Gizburg-Landau equation, and obtained a global attractor
with finite Hausdorff dimension. In addition, Lu et al. have established in [16] the existence
result of random attractor in L?(R") of a stochastic fractional power dissipative equations
with additive noise. We would like to mention the work in [3}/5,6}[17,24,25] on general

stochastic reaction-diffusion equations for our references.
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In the present note we are interested in the dynamics of solutions to the stochastic
fractional reaction-diffusion equation f with multiplicative noise, since, to our
best knowledge, there is little work on the topic for this kind of systems. We shall discuss
the existence and uniqueness of random attractors for the associated dynamical system not
only in L?(D) but also in more regular spaces H!(D) and H?**(D) with 1/2 < a < 1. We
stress that, by employing the bi-spacial attractors technique as in [14] we may achieve the
existence of the bi-spatial random attractors in various spaces at the same time. Moreover,
by using the method introduced by [11] we will investigate the Hausdorff dimension of the
obtained attractor and give an estimate for its Hausdorff dimension. Clearly, our work
here extends somewhat that in Ref. [16] and it can also be regarded as a development of
those for classical stochastic reaction-diffusion equations mentioned above.

The paper is organized as follows. In Section [2| we introduce some preliminaries, con-
cepts and basic theory for random dynamical systems as well as some notations related
to fractional derivative equations and fractional Sobolev spaces. In Section [, we transfer
the stochastic equation into a deterministic one only with random parameters and discuss
the well-posedness of solutions to the considered fractional equation. Then a priori esti-
mates of solutions is conducted in Section @] Following that, in Section [5] we explore the
existence and regularity of bi-spatial random attractor via establishing an abstract results
about the existence of bi-spatial random attractor for general random dynamical systems.
Finally, in Section [6] we estimate the Hausdorff dimension of the random attractor in L2

space.

2. Preliminaries

In this section, we introduce some basic concepts related to (bi-spatial) random attractors
of stochastic dynamical systems, for more details about these concepts we refer to 147,19,
10,141,122, 123].

Let (X, || - ||x) be a separable Hilbert space with the Borel o-algebra B(X), and {6, :
Q — Q,t € R} be a family of measure preserving transformations of a probability space
(Q,F,P).

Definition 2.1. (Q, F, P, (6;):cr) is called a metric dynamical system if : R x Q — Q
is (B(R) x F, F)-measurable, 0y is the identity on Q, 6,5 = 6, 0 §5 for all t,s € R, and
P(6:(-)) = P(-) for all t € R.

Definition 2.2. A random dynamical system (RDS) on X over a metric dynamical system

(82, F, P, (01)ter) is a mapping

0:R"xOx X = X, (tw,z)— p(t,w,
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which is (B(RT) x F x B(X), B(X))-measurable and satisfies for P-a.e. w € Q,
(i) ¢(0,w) =1Idx on X;
(i) p(t+ s,w) = @(t,0sw) o p(s,w) for all t,s € RT (called cocycle property).
An RDS ¢ is said to be continuous if ¢(t,w): X — X is continuous for all t € RT.

Definition 2.3. A set-valued map B: Q — 2% is called a random set in X if the mapping
w + dist(z, B(w)) is (F, B(R))-measurable for all z € X. A random set B: Q — 2% is

called a random closed set if B(w) is nonempty and closed for each w € .

Definition 2.4. A random set B: Q — 2% is called a bounded random set if there is a
random variable r(w) € [0,00), w € Q, such that

d(B(w)) :=sup{||z||lx : * € B(w)} <r(w) foralweQ.

A bounded random set B is said to be tempered with respect to (2, F, P, (6¢)ier) if
for P-a.e., w € §,
lim e *d(B(f_w)) =0 for all u > 0.

t—+o0
Definition 2.5. Let D be the collection of random sets in X. Then a random set B € D
is called a D-random absorbing set for an RDS ¢ if for any random set D € D and
P-a.e. w € Q, there exists a Tp(w) > 0 such that

o(t,0_w)D(0_w) C B(w) for all t > Tp(w).

Definition 2.6. Let D be the collection of random sets in X. Then ¢ is said to be D-
asymptotically compact in X if for P-a.e. w € Q, {¢p(tn, 0—1,w)zx,}52; has a convergent

subsequence in X whenever ¢, — 400, and x,, € D(0_,w) with {D(w)}weq € D.

In addition, a collection D of random sets in X is called inclusion closed if whenever
E is a random set, and F' is in D with F(w) C F(w) for all w € Q, then E must belong to
D. A collection D of random sets in X is said to be universe if it is inclusion-closed.

Next we turn to introduce the concepts of bi-spatial random attractors. Suppose that
(X,]]-|lx) and (Y, || - ||y) are two sparable Banach spaces. In what follows, one may think
that X (called an initial space) contains all initial data and Y (called an terminate space)
contains all values of solutions for a stochastic PDE. Both X and Y may not be embedded

in any direction. We assume that (X,Y’) are limit-identical in the following sense:
zn, € XNY, |, —x0l|lx =0 and ||z, —yolly =0 imply xzo=yo€ XNY.

Define ||z||xny = ||z||x + ||z||y for any x € X NY, then it is easy to prove that (X NY,
|l - |l xny) is a normed linear space (but it may not be complete). In fact, it was proved
in [14] that
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Lemma 2.7. Let X and Y be two Banach spaces. Then (X NY,| - ||xny) is a Banach
space if and only if (X,Y) is a limit-identical pair. Moreover, suppose (X,Y) is limit-
identical and A C X NY, then A is compact in X NY if and only if A is compact in X
and Y respectively.

In this paper, a RDS ¢ on X is assumed to take its values (except the values of ¢(0,w))

in the terminate space Y, that is,
(2.1) e(t,w)X CY forallt>0, Pae.,we.

We now introduce the definition of bi-spatial random attractors. Assume that D be a

universe of bounded set-mappings in X.

Definition 2.8. Let ¢ be a RDS on X taking its values in Y. Then a set mapping
A: Q — 2X7 s said to be an (D-)(X,Y)-random attractor for ¢ if

(i) A is a random set in X and A(w) C K(w) for some K € D.
(ii) A(w) is compact in Y.
(iii) A(w) is invariant under the system o, i.e.,

o(t,w)A(w) = A(fw) for all t > 0.

(iv) A is an attracting set in Y in the sense that, for every B € D,

tlgnoo disty (¢(t,0_w)B(0_w), A(w)) = 0,

where disty (-, -) denotes the Hausdorff semi-distance under the norm of ¥ defined as, for
two nonempty sets A, B C Y,

disty (A, B) := supdisty (a, B) = sup inf ||a — b||y.
acA acAbEB

Remark 2.9. As it was pointed out in [8], if a RDS ¢ possesses a random attractor in a

universe D, then the random attractor is unique in D.

We shall establish an abstract result on existence of bi-spacial random attractors for
a RDS in Subsection by which we may investigate the existence and regularity of the
RDS associated to the considered equation. Another aim of this paper is to study the
Hausdorff dimension of obtained random attractor by applying the following proposition
(see [11]).

Proposition 2.10. Let A(w) be a compact measurable set which is invariant under a
random map @(w), w € Q, for some ergodic metric dynamical system (Q, F, P, (0;)tcr)-

Assume that the following conditions are satisfied.
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(i) @(w) is a.s. uniformly differentiable on A(w), that is, for every u,u+h € A(w) there
exists Dp(w,u) in L (X), the space of the bounded linear operators from X to X,
such that

lp(w)(u+ h) = p(w)u — Dp(w, w)hl| < kw)[|h]',

where § > 0 and k(w) is a random variable satisfying k(w) > 1 and the expectation
E(Ink) < co.

(ii) For some d € N, there is a random variable Wy(w) with E(In(wy)) < 0 such that
wi(Dp(w,u)) < wg(w) for all u € Alw), where

wa(Dep(w,u)) = ar(Dp(w, u)) - - aa(Dp(w, u))

and
aa(Doplw,u) = swp  inf | Dgfw,u)o]|

GCx Ve
dim G<d [lv][x=1

(iii) There is a random variable a7 (w) > 1 with E(lnay) < oo such that oy (Dy(w,u)) <
ar(w) for any u € A(w).

Then the Hausdorff dimension dimg(A(w)) of A(w) is a.s. less than d.

Finally, we recollect here some notations related to fractional derivative equations and
fractional Sobolev spaces. First, we present the definition and the property of (—A)%
through the Fourier series (see [20]). If u is a periodic function, it can be expressed by
a Fourier series u = ZkeZ3 ure™ with wuy the Fourier coefficients. It then follows that
Up, = D pegs ikiue™® (i =1,2,3), and (—A)® is defined by

(_A)au _ Z ’k’2aukeik:c’
kez3

where A = §%/0z3 + 0%/0x3 + 0%/023.

Let D = [0,27] x [0,27] x [0,27] C R? and let H* = H%(D) denote the Sobolev space
of order o with the norm:

1/2
1/2
lull ooy = | D RP sl + > fuel | = (I1(=2)%® + [Jul?) 7"
keZ3 keZz3

We denote by H) those functions that are 27-periodic in all the coordinate variables and,
when restricted to D, lie in H%(D). Throughout the whole paper, we denote by (-,-)
the usual inner product of L?(D), by || - ||gm= the norm of the Sobolev space H™ (D), and
[l =1 llzmp)y (mM=1,2,...,00).

By virtue of the definition of (—A)%, we have the following formula for integration by

parts.
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Lemma 2.11. [12] If f,g € H2%(D), then there holds

[ orsgae= [ oy aymgds
D D
where aq, ao are nonnegative constants satisfying a1 + as = .

In addition, the following Gagliardo-Nirenberg inequality (see [18]) will be used later.

Lemma 2.12. Suppose that Q C R" is a bounded domain with smooth boundary. Let
u € LYQ) and its derivatives of the order m, D™u belong to L"(QY), where 1 < q,r < co.
Then for the derivatives Diu, 0 < j < m, there holds

A P
(2.2) 1D7ullze < e (ID™ullzr + llulla)” lul 137,

where

for all 6 in the interval

<6<,

Here the constant ¢ > 0 depends only on n, m, j, q, v and 6, with the two exceptional

cases:

(i) If =0, rm < n and q = oo, then we make the additional assumption that either u

tends to zero at infinity or u € L7 for some § > 0.

(ii) If 1 <r < oo and m — j —n/r is a nonnegative integer, then inequality (2.2) holds
only for j/m <6 < 1.

As we can see that is a stochastic PDE which should be understood in the sense of
Stravonich. To study this equation we need to transfer the stochastic fractional reaction-
diffusion equation into a deterministic one with random parameters. Thanks to the
special linear multiplicative noise, the equation can be reduced to an equation with
random coefficients by Ornstein-Ulenbeck transformation.

We consider the probability space (2, F, P) where

Q= {we CR,R):w(0) =0},

F is the Borel o-algebra induced by the compact-open topology of €2, and P the corre-
sponding Wiener measure on (2, F). Defined a shift on Q by

() =w(-+1t) —w(t), we, teR.
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Then (Q,F, P, (0¢)tcr) is an ergodic metric dynamical system. We identify W (t) with
w(t), i.e., w(t) =W(t,w), t € R.

We now introduce the stationary process

0
z2(t,w) = z(w) = —/ e () (r)dr, teR,

— 00

which satisfies the stochastic differential equation:
dz + zdt = dW(t).
Moreover, for any t, s € R,
z(t,0sw) = 2(t + s,w), P-as.

Here the exceptional set may be a priori depending on ¢ and s. In fact, we suppose that
z has a continuous modification. Once this modification is chosen, the exceptional set is
independent of t. It is known that the random variable z(w) is tempered (see [1]), there
exists a Gp-invariant set Q0 C Q of full P measure such that for every w € Q, z(Ow) is

continuous in ¢, and

lim |2(0:)] =0 forallwe S~),
t—+oo ‘t‘
and
1/t ~
lim / z(6w)dt =0 for all w € Q.
t—+oco t 0

In the sequel, we will write Q as Q for convenience.
Then, by setting the unknown v(t) as v(t) = e ##“)y(t), we may transfer (T.1)—(L.3)

to obtain the following random differential equation

(2.3) gqt) + (=A)% + Mo = e PO f(4y) 4 B0 g (1) 4 B2(Gw)v, x € R3, t >0,
with the initial data

(2.4) v(z,0) = vy, x€R3

and the periodic boundary condition

(2.5) v(x + 27me;,t) = v(z,t), R >0 i=1,23.

Thus, from now on, we shall carry on our discussion mainly for the system (2.3])—(2.5))
which is clearly equivalent for (1.1})—(1.3)).
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3. Existence and uniqueness of solutions

As the initial task, in this section, we establish the existence and uniqueness of weak
solutions to the problem (2.3)—(2.5) by applying the classical Faedo-Galerkin method.
Throughout this section T" > 0 is a fixed time. We start by stating two lemmas to be used

below.

Lemma 3.1. [23] Let Xy, X and X; be three Banach spaces with Xo C X C X and X;
(i =0,1) are reflexive. Assume that Xy is compactly embedded in X. Let

W = {u € LP(0,T;Xg) : u' = % € Lpl(O,T;Xl)},

where 1 < p; < o0, © =0,1. Then with the norm
[ull Lo (0,1 x0) + 114/ l| o1 (0,771
W is compactly embedded in LP°(0,T; X).

Lemma 3.2. [19] Let V, H be Hilbert spaces, V* is the dual of V- with V. CC H = H* C
V*. Suppose that

d
ue L*0,T;V) and ditﬁ € L*(0,T,V*).
Then uw € C([0,T]; H).
Now, we present the result of existence and uniqueness of solution to ((2.3)—(2.5).

Theorem 3.3. Suppose that vo € L*(D), and f satisfies (1.4)—(1.6). Then there exists a
unique global solution v = v(x,t) to (2.3) such that

v e L>®(0,T; L*(D)n H¥(D)), + € L®(0,T;H *(D)) and v < C([0,T]; L*(D)).
In particular, if vo € H*(D), then
ve L0, T; H*(D) N HYY(D)), o € L®(0,T; H %(D)) and v e C(0,T]; H*(D)).

Proof. We first prove the existence of solutions making use of the Faedo-Galerkin method.
Let {ex,k = 1,2,...} be the orthonormal basis of L?(D). Given a positive integer m,

one can find a function v, = vy, (-, t) of the form
m
(3.1) vm =Y d(t)er,
k=1
where the coefficients d¥,(t), for 0 <t < T, k =1,2,...,m, are chosen so that
dv
(1) + (=) 0m) + At )

dt
= eiﬁz(f(um)a ex) + eiﬁz(gv er) + 62(1}"”’ €k),

(3.2)
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and
(3.3) U (0) = vom € Xom = span{ep}7y,  vom — vo in L*(D) as m — oo.

Note that is a system of nonlinear ODE subject to the initial condition . From
, we know that the nonlinear term is Lipschtiz in X,,,. According to standard existence
theory for nonlinear differential equations, there exists a unique solution of f for
0 <t <t,,. Next we shall show that we can take t,, = T independent of m. To this end,
we first prove that v, is uniformly bounded in L>°(0,T; L?(D)). Multiply by d~ (t),
sum for k from 1 to m, and recall to get

d m o —Bz —Bz
(st,vm> H (=), V) + MOy V) = € B2 (F (), vm) + € P2 (g, vm) + B2 (Vs Ui ).

Then integrating by parts, we obtain
1d
2dt

= Bz||lvm|* + e_ﬁz/ f () v, dx + e_ﬂz/ gum, dz.

D D

loml® + 11(=2)*"2vm 1 + Al om||?
(3.4)

Applying (1.4), we deduce that

(35) e [ Flum)umdo < 51 Junf + | Dle >
D
and by Young’s inequality, we have
by 2
(3.6) e_ﬁz/ GUm dz < Zlop|* + Hg)\He_wz.
D

Thus it follows from (3.4))—(3.6) that
d 3\ _
gllvmll2 +2[[(—2)* v |* + 7va|!2 + 2816”20 a1}
2 —Bz QHgHQ —2Bz
< 2Bz|vm|® + 2n|Dle” + ZH-e %,

By Grownall lemma, we obtain that
i t
10t )2 2 [ X082 L0 A 5, i ) s
0

A ¢ — tz w)dr
T /0 A=0+28 [[20r)dr (o (@))]|2 ds

t
(37) + 251 / e)\(s—t)+25 f: 2(0rw) dr+(p—2)Bz(0sw) va(s, w, UOm(w))Hg ds
0

< e*)\t+2ﬁ fot z(0rw) drHvO(w)H2

1 t o b (0o di 280w
+2<’)/1|D|—|—)\||g||2>/0 As=1)+28 [ 2(0rw) dr—2B2(0sw) o
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Note that z(6;w) is continuous in ¢ for fixed w. Therefore, for every w €  and T > 0, we

obtain from (3.7) that
(3.8)  {vm}o_; is bounded in L>(0,T; L*(D)) N L*(0,T; H*(D)) N L*(0, T; L (D)).

Following exactly the same arguments as in the proofs of Lemma (see details there),

we can also get that

(3.9) I(=2)%vm]? < Cw).

So, from Sobolev embedding theorem, implies

(3.10) {vm }re—1 is bounded in L*°(0,T; H*(D)).

In addition, by (1.5)), we have

T T
/ / | (%% v,)|9 dadt < c/ / | U [P dzdt + ¢,
0 JD 0 JD

with 1/g 4+ 1/p = 1, which along with shows that
{f(e7P%v,,)}>°_, is bounded in L9(0,T; LY(D)).
Now we prove that v}, € L*°(0,T; H=*(D)). Indeed, for all ¢ € H*(D), we have
(3.11) (v ) = —((=A)%0ms ) — Alms ©) + B2(0ms 9) + € (f(tm), ) + € ¥ (9,0).

From (|1.5)), together with Holder inequality and Gagliardo-Nirenberg inequality, ((3.11))
implies that

(W @) < 1(=2)* 20| (=)l + Allvmllllell + Blzllomll 1]
(3.12) + 8265 o5 el oo + 2™ [l + e llglllll
< e(I(=2)20ll + llelle + llel),

where we have used the fact that z(6;w) is continuous in ¢, so that z(6w) is bounded on

[0, T] for any fixed T. By Sobolev embedding theorem, we see that
lellze < cll(=2)*2¢| and || <2(=2)*2¢].
Thus, substituting it into ((3.12)) gives that
(s Q)| < el (=2)*¢|l, Vo€ HYD),
which implies

(3.13) ol € L0, T; H=*(D)).
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Therefore, by (3.9) and (3.13)), we deduce that there exists a subsequence of v,,, of vy,
such that

(3.14) Uy 5 v in L0, T; H>(D)),
and
(3.15) Wl s in L0, T; H-*(D)),

for some v € L*>(0,T; H-*(D)).
On the other hand, from (3.10) and (3.13]), we infer that

(3.16) Wy, is bounded in L?(0,T; HY(D)) and v/, is bounded in L?*(0,T; H~%(D)).

Let W = {v:v € L?(0,T; H*(D)),v' € L*(0,T; H-%(D))}. Since H*(D) is compactly
embedded in L?(D), W is compactly embedded in L?(0,T;L?(D)) due to Lemma

Then, without loss of generality, we have that v,,, satisfies

(3.17) Up, — v strongly in L?(0,T; L*(D)) a.e.

So by and the continuity of f, we can verify that

(3.18) fle™vm,) — f(e P?v) weakly in L9(0, T; LY(D)).
By we deduce that

(U;nlﬂ ek) = _((_A)avmz ) ek) - )\(Um” ek) + 5Z(vml ) ek)
+ eiﬁz(f(umz)v ek) + 6762(9’ ek)‘

Now applying (8.14), (8-15) and (B-18) to (3-19) yields that

(v, er) = —((=A) Y, er) — A(v, ex) + Bz(v, er) + e_ﬂz(f(u), er) + e_ﬁz(g, ek).

(3.19)

This equality holds for any fixed k. Hence, by the density of the basis e, we get
(v, 0) + (—A)*0,0) + A(v,0) = Bz(v, 9) + e P (f(u),0) + e (g,9), Ve HYD).
By (3.9), and Lemma we obtain that v,,, € C([0,7]; L*(D)). Then,
U, (0) — v(0) weakly in L*(D).

But from (3.3)), we have
U, (0) = vg weakly in L?(D).

Therefore, v(0) = vp.
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Next we show the uniqueness of the solutions.
Assume that there are solutions v; and v to the problem (12.3)—(2.5)). Let w = v; — va.
Then, we get

(3.20) %1: 4 (AT + AT = B2 + e P2 ( FeP ) — f(eﬁzvz))
with @(0) = 0. Take the inner product of (3.20) with @ in L?*(D) to find

ld, a2~ ~ ~ —Bz z z ~
(3:21) 2+ (=) + M@ = B3 + e (f(e01) - f(e502), @)

From condition , we have
e (F(e 1) = f(ePua), @) < Bl
Then implies that
%WHQ +2[(=2)*2@||* + 2)||5]* < 2(8z + B3) @,
By Gronwall inequality, for all ¢ € [0, 7], we get that
[BOIP < 2o Pt 7028 5(0) > = o,
So w = 0. The proof is completed. O

From Theorem we know that has a unique solution v(-,w,vg) € C([0,00),
L?(D)) with v(0,w, vg) = vo(w). Moreover, we have that v(t,w, vg) is unique and continu-
ous with respect to vy in L?(D) for all t > 0. We define a mapping ¢: RT x Q x L?(D) —
L?(D) by

(3.22) o(t,w)vg = v(t,w,vg) for all vg € L*(D), t > 0 and w € Q.

Then ¢ is a continuous random dynamical system associated with the problem f
in L?(D).

Let u(t,w,ug) = eP@)y(t,w,vy). Then the process u is the solution of problem
(L.1)-(1.3). We now define a mapping ¢: RT x Q x L?(D) — L*(D) by

o(t,w)ug = u(t,w,up) = eﬁz(et“’)v(t,w, e_ﬁz(w)uo),

for ug € L?*(D), t > 0, and for all w € Q. It is easy to check that ¢ satisfies the
two conditions in Definition [2.2] Therefore, ¢ is a continuous random dynamical system
associated with the problem (L.I)—(L.3) on L?(D).

Observe that, the two random dynamical systems ¢ and ¢ are equivalent, so ¢ has a
random attractor if and only if ¢ possesses one. Hence, in the sequel, we only need to

study the dynamics for the random dynamical system .
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4. A priori estimates

To study the dynamics for the random dynamical system ¢ we have to conduct a priori
estimates of the solutions to problem 7, this is exactly the goal of this section.
The estimates established here are necessary for proving the asymptotical compactness of
the corresponding random dynamical system . In what follows, we always assume that
D is the collection of all tempered random subsets in L*(D) and g € H'(R3). And for
brevity, we write [, fdz as [ f and use c and ¢; (i = 1,2,...) to denote different positive

constants which may change their values from line to line or even in the same lines.

Lemma 4.1. Assume that (L.4)~(L.6) hold. Let B = {B(w)} € D, vo(w) € B(w) and
Ry > 0 be fized. Then for P-a.e. w € Q, there exists Top(w) > 0 such that for any
t > Top(w), one has

[v(t, 610, vo(6—))|* < RE.

Proof. Taking the inner product of (2.3) with v in L?(D) to obtain

(1) 5ol H A0l 4 Xol? = B2llolP + (7, 0) + ¢ (g, 0).
By (1.4), we have
(4.2) e (f,0) < —pre” P ullp + m[Dle”,

and using Young’s inequality, we find

3 A e—2ﬂz
(43) e (g,0) < ol + Sl

Substituting (4.2) and ( into (| . to get

d 3\ _
Sl + 2 (=2)*"20)” + - [lvl|? + 28167 ull

(4.4) o2
< 2fzlloll* + 2| Dle™ + 22 g

Multiplying (4.4)) by e*~28 Jo 20rw)dr g g integrating over [0, ¢] yield that
t
[(t, w, vo(w)) |1 +2/ NemOF28 [0 dr (A2 (5, 0, o (w))|2 ds
0

t
42y [ AL 20D 5,0, 00 (w)) [} ds
0

< e AL O g ) 2

1 ' S§— ¢ 2(0rw) dr—2Bz(0sw
+2 <’Yl|D’ + )\Ilg||2>/ A=) 428 [( 2(0rw) dr—2B2(0sw) o
0
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Replacing w by 6_jw, then we deduce from ({4.5)),
[v(t, 64w, vo(0—w))|®

t
+ 2/ 6A(s—t)+25f: 2(0r_tw) dr”(*A)a/Q’U(S, Q,tw, vo(ﬁ,tw))HQ ds
0

t
+251/ ek(s—t)+2,8f; 2(0r—tw) dr—202(0s— f“’)||u(s 0_yw, uo(6— ))Hp ds
0

(4.6) < e~ A28 J§ (0 —w) dTH'UO(e—tw) HZ

1 t
+9 <71‘D’ + HgH2> /0 e)\(s—t)—i-Qﬁ f; 2(0p—1w) dr—2Bz(0s—1w) ds

0
e*/\t+2/6’f7t 0rw drHU ( )”2

#2 (il 4 lgl?) [ st -2 g,
—t

Since {B(w)} € D is tempered, for any vo(f_w) € B(6_w), we see that

lim e MT2SL O A (g )2 = lim e ML 0w dr—26:2(0) _

t—+00 t—-+o00

Therefore, there exist Ry > 0 and Typ(w) > 0 such that for any t > Typ(w),

lim 6—At+2ﬁf 2(0rw) dv‘Hv ( tw)”Z
t——+o0
1 0 0
#2 (D) + JlglP) [ st g,
—t
< Rg,

which along with (4.6]) shows that, for any ¢ > Typ(w),

¢ t
IIU(t,Otw,vo(Gtw))ll2+2/ Ao 2Ot || (A ) 205, 00, 00(0-0)||* s
0

t
+ 28 / 6)\(s—t)—i-Q,B fst 2(0r—tw) dr_2’8’3(05*tw)||u(s, 0_yw, UO( ))Hp ds
0
< R
The proof is completed. O

Lemma 4.2. Assume that (1.4)—(1.6|) hold. Then for P-a.e. w € Q, there ezists T p(w) >
Top(w) > 0 such that for any t > Tip(w), we have

Vot +1,0_—1w, Uo(ﬁ_t_lw))H2 < R%(w),

where R%(w) _ C’lR% fo )\s+2ﬁf (Orw)dr g4 + 2||V9||2 fg >\s+25f (Orw) dr—2Bz(0sw) g4 for

some cj > 0.
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Proof. Taking the inner product of (2.3) with —Aw in L?(D), we obtain
1d

(4.7) 2dt
= B2[|V||* + e 7 (f(u), —Av) + =7 (g, —Awv).

V0] + [ (=2) T+ 202 4 A Vol

By condition (|1.6]), it can be seen that

(4.38) () ~d0) = [ ) Tu- Vo < g0l
And from Young’s inequality, it is easy to get

4. A 6—262
(49) e (g, ~ ) < JIV0lP + Vgl

So, it follows from (|4.7)—(4.9) that
26—252

2
— Vgl

d . 3\
(4.10) @HWH%?H(—A)(” )/2v||2+§IIWH2 < 28z(|Vo||* 4283 V|| *+

Take t > Typ(w), multiply (4.10) by =28 g 2(0sw)ds apq integrate over [s,t + 1] with
s € [t,t + 1], then integrate the resulting inequality over [¢,t + 1] with respect to s, we

then have
Vot +1,w, vo(w))H2

T mtm1)428 [ 5(6,0) d 1+a)/2 2
+2/ e (87 - )+ ﬁfs Z( Tw) TH(—A)( +OL)/ 1)(57&),1}0(‘*}))” dS
t

(4.11) t+1 o1
<(283+1) / As—t=1)+28 [T 2(6rw) dTHVv(s, w, vo(w))H2 ds
t

+ 2||v)\g||2 /tJrl 6)\(37t71)+2/3’fst+1 2(0rw) dr—2Bz(0sw) ds.
t

Using the Gagliardo-Nirenberg inequality in Lemma [2.12] we find that
2/(1+a)
(283 + DIIVol* < ea(285 + 1) (II(—A)“M)/%” + ||v||) ]| 20/ (+e)

< (=2) 202 4 ¢ o] ?,

where ¢f = (e1(26 + 1)) 7/ (20) Y pon 41,

Substituting w by #_;_jw in (4.11)) and combining above inequality, we get
Vot +1,0_;_1w,v0(0_¢_1w))]||?
t+1 .
@iz =4[ IOy 0w (6w ds
’ t

+ QHVQHZ /t+1 eA(sftfl)JrQB f:‘H 2(0r—t—1w) dr—28z(0s—t—1w) ds
A ¢ ’
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Since t > Thp(w), by Lemma one has
t+1
G [ NI o506 1)) ds
t
t+1
<omg [ QU
(4.13) t
= ciRg/ )\s+2ﬁftitl+1 (Or—t—1w)dr ¢
-1

0
_ Cfle/ s t28 [0 2(0rw) dr g
—1

In addition,

2||v.g||2 /t+1 e)\(sftfl)+25f:+1 2(0r—t—1w) dr—2Bz(0s—t—1w) ds
A

< 2||v)\g||2 /0 s +28 fso 2(0rw) dr—28z(0sw) ds.
-1

(4.14)

Then, from (4.12)—(4.14]), we obtain
Vot + 1,610, v0(0——1w))||* < R} (w),

where R%(w) — C/lR% f—ol erst+20 fso z(0rw) dr dS‘FM fi) )\s-i-QBf Orw) dr—28z(0sw) ds, which
completes the proof. ]

Lemma 4.3. Assume that (1.4)—(1.6|) hold. Then for P-a.e. w € Q, there ezists Top(w) >
T1p(w) > 0 such that for any t > Top(w), we have

I(=2)+ 20t + 1,601, v (O——1w)) | < R3(w),

where R%(w) — R%(Cé%c&) J‘EI eNst+28 fso z(0rw) dr d8+2||vg||2 fi)l ers+28 fso 2(0rw) dr—282z(0sw) ds

with constants ¢, ¢ > 0.

Proof. Take the inner product of (2.3) with (—A)* %y in L?*(D) to find

(4.15) )2 ()22 4 A (A 2P

= B2l (=) 20| + e (f(u), (-A) ) + e (g, (~A) ).
By (|1.6)) as well as Young’s inequality, we obtain

(4.16) e P (f(u), (—A) ) < B3| Vol - [|(=4)/*F|| < EH(—A)”“O‘UII2 + B3I Vol®

and

— Bz o 1 « — z
(4.17) e (g, (=A) ) < L[(=A) | 4 e g2,
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Then it follows from - ) that

d « « «
ws) S D) P22 () 22 2~ ) 22

< 282/ (=) 2|2 4 265 Vo | + 267277 Vg

Take t > Thp(w) > Tip(w), multiply (&.18) by M2/ Jo #(0sw) ds oy integrate over [s,t+1]
with s € [t,t + 1], then integrate the resulting inequality over [t,¢ 4 1] with respect to s,

we get,
1(=2)HF 20t 4 1,0, v(w)) [
t+1 t41
+ / Nt O )| (A2 (5,0, g ()| s
t
t+1 41
wig) 5[ TR A A s () ds
) t

9 t+1 A( —t—1)+2,3ft+1 (0rw) d )
+253/ e™s s #(Orw THVU(S,OJ,’U()(UJ))H ds
t
t+1 .
~|—2||vg||2/ A—t=1)+28 [ 2(0rw) dr—22(0sw) 4o
t

On the other hand, by the Gagliardo-Nirenberg inequality, we obtain

(242a)/(142a)
(=)0 20 < e (JI(=)2* 0l + o] o2/

(4.20) |
S R e A T
(1+a)/e o) /o o
where 0/2 = 1f2a (41(}:;3)> Cé1+2 )/ + % Similarly, we have
N 2/(142a) N .
283V oll? < 283es (1I(—A)"* 0] + |lo]]) o]t 0+2e)
(4.21 )
< SR 2] 4 o],

where ¢, = 1<2F(;a(1f2a)1/(2a)(262 4)(1F20)/(20) 4 %

Substituting (|4.20} - and (| into ( , and replacing w by 0_; 1w, we get

(= 2) F 20t 41,0100, v (8- 1))

t+1
< (h+ ) / A—t=D+28 [ 20r—tm10) A 145 0, 1o 09 (B_y_1))|| ds
t

t+1 t+1
+ 2va”2/ )\(s t—1)+28 [ Or_t—1w) dr—262(0s—t—1w) ds
t

o A () d
SRYG ) [ My i g
t
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+
+2||Vg||2/ As—t— D426 [1 2(0r - 1w) dr—2B2(0s—¢—1w) ds
t

0 0
< (CIQ + Cg)R(Q)/ )\s+2,6’f (Orw) dr ds + 2||Vg||2/ )\s+26f (0rw) dr—2B2(0sw) ds
-1 -1
= R3(w).
Then the proof is completed. O

Lemma 4.4. Assume that (1.4)—(1.6|) hold. Then for P-a.e. w € Q, there exists Tsp(w) >
Top(w) > 0 such that for any t > Tsp(w), we have

1(=A)*0(t + 1,01 1w, v0(f——1w))[|* < R3(w),
where R%(w) _ CR% ffl e>\5+25f£ 2(0rw) dr ds + 2”vg”2 fo )\s-i—QBf (0rw) dr—2B2(0sw) ds.
Proof. Multiply (2.3)) by (—A)?*v and integrate in L?(D) to obtain
d o o o
1(=2) vl? +2[(—A)% 0] + 2X[| (- A)*v|>
=272 (f(w), (—A)**) + 2¢ (g, (—A)**v) + 282 (—A)*v|]%.

(4.22)

Using condition (1.6|), Gigliardo-Nirenberg inequality and Young’s inequality again, we
see
2675 (£ (u), (—A)2)
= 2€_Bz(f/(u)Vu, (_A)Za—1/2v) = 2(f'(u) Vv, (_A)Qa—l/QU)
< 263|| Voll[|(—A)** 2| < B3| Volf? + [[(—A)* 2|2

(4.23) < ey (H(_A)SQ/QUH n HUH>2/(3a) o][2Ga=D/ )
e (Il + o) pofpa-ee
< I8 4+ el
and
2% (g, (~A**0) < 2675 Vg (A2
(4.24)

_ 1
< e Vgl + Sl (=22 20 + cful.
So it follows from (4.22)—(4.24) that

d (e (63 (03
S =270 + [[(=2)% 2] + 20| (—2) |

< 282[(=2)%|* + ¢f[o]|* + 27| Vg
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By a similar process as performed in Lemma we obtain that there exists Tsp(w) >
T5p(w) such that for any ¢ > T3p(w), we have

I(=2)*0(t + 1, 0-¢-1w, vo(0-1-1w))||* < RE(w),

where R3(w) = cR2 ffl s t28 [J 2(0rw) dr ds+2||Vgl? ffl s t28 [] 2(0rw) dr=282(0:0) g5 This

is the desired assertion. O

5. Existence of random attractors

In this section we study the existence and uniqueness of random attractor in space L?*(D)
for the associated RDS ¢ (defined by (3.22))) and its regularity as well, that is, we will

show at the same time that the obtained random attractor in L?(D) is also actually in the
spaces H!(D) and H2*(D). For this purpose, as we mentioned in Section [1} we first need

to establish an abstract result on existence of the so-called bi-spacial random attractors.

5.1. An abstract result

Theorem 5.1. Let (X,Y) be a limit-identical pair of Banach spaces and D be a universe in
X. Assume that ¢ is a continuous random dynamical system on X over (Q, F, P, (0;)ter)
taking its values in Y in the sense of (2.1). Moreover,

(i) ¢ has a closed and random absorbing set K (K € D) in X.
(ii) ¢ is D-asymptotically compact in X .
(iii) ¢ is D-asymptotically compact in 'Y .

Then ¢ has a unique (X, Y )-random attractor A(w) given by

(5.1) Alw) = [ U et 0-1w) (K(6-w) N Y)Y
T>0t>T
Proof. The proof is similar to that of Theorem 3.1 in [14], so we only sketch it here.

Let K1(w) = K(w) NY. Since ¢ is assumed to take its values in Y, K (w) is also a
D-absorbing set (but it may not be a closed set in X). By virtue of assumption (iii) and
the definition of A(w), it is easy to prove that A(w) is compact in Y. So, to prove the
existence of (X,Y)-random attractor for ¢, we only need to verify the conditions (i), (iii)
and (iv) in Definition

First, we check the conditions (i) and (iii) by showing A = A; = Ax, where Ax
(resp. Aj) is the omega-limit set of K (resp. K1) in X. Indeed, if z € A;(w), then there
exist ¢, — +oo and a sequence {x,} with x,, € K1(0_;,w) such that

(5.2) lim ||¢(tn,0—t,w)x, — || x = 0.
n—oo
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Since ¢ takes its values in Y in the sense of , and ¢ is D-asymptotically compact in
Y by assumption (iii), there exist a subsequence go(tn].,ﬁ_tnjw)xnj of p(tn,0_t,w)x, and
a y €'Y such that

(5.3) Jim {|@(tn; , 0, W) Zn; = ylly = 0.

Hence, y € A, the omega-limit set of ; in Y. Noting that (X,Y)-is assumed to be a
limit-identical pair, we see from and that x = y € A(w) and thus A; (w) C A(w).
Conversely, by the assumption (ii), that is, ¢ is D-asymptotically compact in X, we can
check similarly that A;(w) D A(w) also holds. Hence, A = A;.

Next we prove Ax = Aj. Obviously, the omega-limits set Ay of K in X is a random
attractor of ¢ in X, and the F-measurability of Ay follows from [4]. Let now z € Ax(w).
Then by the invariance of Ax we can write z = ¢(t,,0_,w)x, for some t, — 400 and
Zp € Ax(0_t,w) C K(0_4,w). Since the absorbing set Ky absorbs K (here we use K € D),

there is a large time 7" such that
Yn = @(T,0_10p_t,w)x, € K1(0p—¢,w).
By the cocycle property of ¢, we have
Oty — T, 07—, w)yn = @(tn, 0y, W)z, = .

Since t, — T — 400, we have z € A;(w), which indicates that Ax(w) C Aj(w). On the
other hand, it is obvious that Ax (w) D A;(w) since K (w) D Ki(w). So A; = Ax and thus
A = A, = Ax. In particular, A is invariant and F-measurable in X such that A C K
with K € D.

Then we turn to check the condition (iv) in Definition Precisely, we prove the
attracting of A in Y, namely, A attracts every element D € D under the topology of Y.
If it is not true, then there exist 6 > 0 and z, € D(0_;,w) with t,, — +o0o such that

(5.4) dy (¢(tn,0_t,w)zn, A(w)) >0 for all n € N.

Note that ¢ is D-asymptotically compact in Y, there is a z € Y such that up to a
subsequence (relabeled by ¢(t,,0_,w)zy)
(5.5) lim ||p(tn,0—t,w)zn — 2|y = 0.

n—oo

Because K; is an absorbing set, there is a Tj large enough such that
(56) Z;z = QO(TO, Q*tnw)zn S Kl(e—(tn—To)w)’
Then, by the cocycle property of ¢, we see from (5.5)) and (5.6 that

O(tn — To,0_(t,—1)w) 2, = P(tn,0-1,w)zn — 2z Y, as n — 0o
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which implies z € A(w). This contradicts (5.4), thus A attracts D.

Finally, we show the uniqueness of bi-spatial random attractor. Suppose that there
is another (X,Y)-random attractor A. From Definition there is a B € D such that
A(w) C B. Then A attracts A, by the invariance of A, we deduce that

disty (X(w),fl(w)) = disty (ap(t, H_tw)A(G_tw),A(w)> —0 ast— +oo.

Therefore, disty (,Z(w),.A(w)) = 0, which implies that A(w) C A(w), and the inverse

inclusion can be proved by a similarly process. Hence, A = A. O

Remark 5.2. (i) As pointed out in [14], the absorption is assumed under the topology of the
initial space X only. We do not need that the absorbing set is included in the terminate
space. Therefore it is unnecessary to introduce a similar class as D in the terminate
space. Besides, this work stresses that the existence of a bi-spatial random attractors is
independent of continuity of RDS ¢ in the terminate space Y.

(ii) From the proofs of Theorem and Lemma it is easy to see that, for the RDS
¢, the (X,Y)-random attractor (given by (5.1)) and the (X, X)-random attractor for a
RDS ¢ are the same.

It is easy to see that the following result on existence of random attractors for a contin-
uous RDS in space X, which can be found in [6], follows immediately from Theorem

Corollary 5.3. Let ¢ be a continuous random dynamical system on X over (Q,F, P,
(0¢)ier). Suppose that {K(w)}weq € D is a closed random absorbing set K(w) € D of
@ and ¢ is D-asymptotically compact in X. Then the random dynamical system ¢ has a

unique random attractor Ax in X which is given by

Ax(w) = [ et 0-w) K (6-w).

T>0t>T

5.2. Existence and regularity of bi-spatial random attractor

We now study in this subsection the existence and uniqueness of bi-spatial random at-
tractor of the random dynamical system associated with f by making use of
Theorem [5.1] and the estimates obtained in Section [l We will obtain for RDS ¢ the
existence of (L2, L?)-random attractor, (L?, H')-random attractor, (L2, H?*)-random at-

tractor, respectively.

Theorem 5.4. Suppose that (1.4)—(1.6) hold, then the random dynamical system ¢ gen-
erated by the problem (1.1)-(1.3) has a unique (L*(D), L?(D))-random attractor.
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Proof. Set B(w) = {vo € L*(D) : HUOH%Q(D) < R}, by Lemmawe have
lp(t, 010, v0(B—10))||* = [u(t, b0, vo(6—))||* < RE.

Therefore, the set (w) = {v € L*(D): HUH%Q(D) < R%} € D is a closed random absorbing
set for the random dynamical system .

On the other hand, using Lemma and the Sobolev compact embedding H**%(D) <
L?(D), we deduce that ¢ is D-asymptotically compact in L?(D), then from Corollary
it follows immediately that there exists a unique (L?(D), L?(D))-random attractor for (.
Thus, by the equivalence between ¢ and ¢, we obtain that the random dynamical system
¢ generated by has a unique (L?(D), L?(D))-random attractor. O

Theorem 5.5. Under the condition of Theorem the random dynamical system ¢ has
a unique (L*(D), H*(D))-random attractor.

Proof. From Theorem we see that ¢ has a closed random absorbing set C(w) (€ D)
in L?(D), and ¢ is D-asymptotically compact in X. Meanwhile, by Lemmas
and the Sobolev compact embedding H!T%(D) — H'(D), we know that the random
dynamical system ¢ is also D-asymptotically compact in H'(D). Thus, by Theorem
we obtain that ¢ has a unique (L?(D), H'(D))-random attractor. So, ¢ has a unique
(L*(D), H'(D))-random attractor as well. O]

Theorem 5.6. Under the condition of Theorem the random dynamical system ¢ has
a unique (L*(D), H**(D))-random attractor.

Proof. From Theorem ¢ has a closed random absorbing set KC(w) (€ D) in L?(D),
and ¢ is D-asymptotically compact in X. Moreover, by Lemma 4.4 and the Sobolev
compact embedding H!'*%(D) — H?*(D), we see that random dynamical system ¢ is
D-asymptotically compact in H?¥(D). Thus, by Theorem we infer that ¢ has a
(L?(D), H?>*(D))-random attractor. Therefore, ¢ has also a unique (L?(D), H?*(D))-

random attractor. O

Remark 5.7. Clearly, by Remark ii), we see that the bi-spatial random attractors
obtained in Theorems are the same. We denote the random attractor by A(w)

below.

6. Hausdorff dimension of the random attractor A(w)

In this section, we consider the problem of the Hausdorff dimension of the random attractor

A(w) obtained in Section [5, more precisely, we will show that the Hausdorff dimension
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of A(w) is finite. For this we impose the following additional condition on the nonlinear

term f:

(6.1) " (w)] < Ba

for some 54 > 0.
We first rewrite (2.3)) in the abstract form:

(62) = L),

where

L(v) = —(—=A)% — \v + e P2 f(eP*v) + e P7g + Bav.

Let v(t) = ¢(t,w)vy be the solution to problem ([2.3)—(2.5) with vy € A(w) and put

pw) = p(Lw), ow):=¢(l,w).

As one can see that, if ¢(w) is almost surely uniformly differentiable on A(w) with the
Fréchet derivative Dy (w,v) with v € A(w), then so is ¢(w) and De(w, u) = €« Dy (w, v).
Thus, instead of ¢, we shall verify the differentiability properties for ¢.

Lemma 6.1. Assume that (1.6) and (6.1) hold. Let A(w) be the random attractor of ¢.
Then the mapping ¢ is almost surely uniformly differentiable on A(w), that is, there ezists
a linear operator Do(w,v) in £ (L*(D)), such that if v and v+ h are in A(w), there holds

lp(w)(v + ) = p(w)v = Dp(w, v)h|| < K (w)|[AlI'*?,
where § > 0 and K(w) is a random variable satisfying
Kw)>1, E(lnK)<oo, weq.

Moreover, for any vy € A(w), Dp(w,vo)h =V (1), where V is the solution of

av.

(6.3) =LV, Vo) =h,

with L' (0)V = —(=A)*V = AV + f/(eP*0)V + B2V and v(t) = e P*O) (¢, w)uy.

Proof. Let w(t) = vi(t) —va(t) —V (t), where vy (t), v2(t) are two solutions of equation (6.2))
with v;(0) = ’U?, j = 1,2, V(t) satisfies system (6.3) with h = v{ —v9. Then w(t) satisfies

the equation

dw

(6.4) o

= (AW = M+ Bzw + (1) + a(t),  w(0) =0,
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where ¥y (t) = e™P% (f(u1) = f(ua) — f'(u)(u1 — up)) and ¢2(t) = f'(u)w. Applying Tay-
lor’s formula for the function f (which has bounded second derivatives due to (6.1])) at
the point u, we deduce that

(6.5) | < ere P20 uy — uy|? < 012209 |y — w2
Now take the inner product of (6.4) with w in L?(D) to obtain
d
Sl + 2[[(=2)*2w||? + 2X||w]|* = 28z[|w||* + 2(¢1, w) + 2(¢p2, w).

From (6.5)), we infer that

40% 2Pz
A

2(¢1, w) < llor — va|* + Al |*.
And (|1.6) implies that

2(¢h2, w) = 2(f (u)w, w) < 283wl

So,
d 4cle?Bz
Sl + 2/|(=2)*?w||?* < 28z||w||* + 23] |w||* + N el
Then by Gronwall lemma, we get that
1
(6.6) ()] < Cr(w) </O A0 vy () — v2(8)H4d8> )

2
where C4(w) = 4%62634'25]\/[ with M = maxg<i<1 2(Orw).

On the other hand, we have

%(Ul —v2) + (—A)*(v1 = v2) + A(vr — v2) = e PZ(f(u1) — f(u2)) + Bz(vr — v2).

Taking the inner product of above equality with v; — vy in L?(D), we infer that

d
Zllor = val* 4 2/|(=A)*? (01 — v)||* + 2X[Jvr — v2®

(6.7)

= e (f(u1) = fu2),ur — u2) + 2Bz||vy — U2||2-
By virtue of ,
(6.8) 2e720% (f(ur) — flug),u1 — ug) < 2Bsvy — val|*.

Thus it follows from (6.7]) and that

d
%llvl — va|* < 2(Bs + Bz) |1 — val|*.
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Using Gronwall lemma again, we then obtain

t
lo1(t) = va(1)||* < €2 o B tB=0 4y, (0) — wy(0)
< Moy (0) —v2(0)]%, Vit € [0,1],

which combing with gives that
lw(1)]| < Ky (w)llor(0) = v2(0)]**?,

where Kj(w) = %6353‘““\/[6, M = maxp<i<1 2(fiw) and 6 = 1. Choose K(w) = max
{K1(w), 1}. Hence, we have E(In K(w)) < oo.

Therefore, ¢ is uniformly differentiable on A. Furthermore, the differential of ¢ in
L*(D) at vg € A is Dp(w,v): L*(D) — L?(D) given by Dp(w,vo)h = V(1). So, ¢
is also uniformly differentiable. And, the differential in L?(D) of ¢ at u is Do(w,u) =
e#*“) Dp(w,v). The proof is completed. O

To prove that the Hausdorff dimension of A is finite, we are only remained to verify
the conditions (ii) and (iii) of Proposition In fact, from (6.3]), we have

d (03
ZIVIP+20(=2)*2V | + 22|V
= 282||V||> +2(f'(e**0)V, V) < 282||V||> + 265| V%,

which implies that
IVOI2 < [V (0)][2e2st+20 5 =(0n) s

Since a1 (D¢(w,v)) is equal to the norm of Dp(w,v) € Z(X), we choose

a1(w) = max {BBZ(UJH,BHBJ\/I7 1} '

Then one has
a1(Dp(w,u)) <aj(w) and FE(lna;) < oo.

From [11], we see that

1

where Q4(s) is the orthogonal projector in L?(D) onto the space spanned by V;(s), Va(s),
..., Va(s), and Vj(s) is the solution of equation (6.3) with V;(0) = h;, respectively.
Let 7j(s) (j € N) be an orthonormal basis of L?(D) such that

Qa(s)L? = span{ni(s),n2(s), ..., n4(s)}.



Dynamics of a Stochastic Fractional Reaction-Diffusion Equation 121

Then, we get

Mg

Tr (L'(v(s)) (L' (v Qa(s)n;(s),7;(s))

<.
Il
—_

I
M~

(L' (v(s))n;(s),mi(s))

<.
Il
—

d
= —AZ ln;(s)II* — Z 1(=2)%2n; ()|
+ﬂ22”77] WP+ ' (u ZH”J )17

d
< (A + MB + f33) lem Ol ZII A)*2(s)].

By virtue of Sobolev-Lieb-Thirring inequality, it follows that

d

D I ) 2 KD~
where the constant k£ > 0 is independent of {nj}?zl and all the parameters of in the
equation (2.3)). So we infer that

Tr (L' (v(s)) 0 Qa(s)) < (A + MB + B3)d +d — k|D|*d" T = kid — ked' ™,

where k1 =14+ A+ M3+ B3 and ko = k|D|*. Denote

Wa(w) = exp { Bz(w) + kid — kod' T}

and choose

(6.9) = [(2)1/1 +1.

Note that E(z(w)) = 0, we have wg(D¢(w,u)) < wg(w) and E(ln(wy)) < 0.
Consequently, by Proposition [2.10] we conclude the main result in this section as

follows:

Theorem 6.2. Assume that (1.4)—(1.6) and (6.1)) hold, and let A’ be the random attractor
of random dynamical system ¢ associated with the problem (1.1)—(1.3)). Then the Hausdorff
dimension of A’ is less than or equal to d with d given by .

Proof. Lemma and Proposition [2.10] imply the assertion immediately. O
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