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Existence of Solutions to Fully Nonlinear Elliptic Equations with Gradient

Nonlinearity

Jagmohan Tyagi* and Ram Baran Verma

Abstract. In this article, we study the existence and multiplicity of nontrivial solutions
to the problem

—2F(z, D%u) = f(z,u) +¢(Du) in Q,
u=20 on 01,

where ) is a smooth bounded domain in R", n > 2. We show that the problem
possesses nontrivial solutions for small value of € provided f and 1 are continuous and
f has a positive zero. We employ degree theory arguments and Liouville type theorem
for the multiplicity of the solutions.

1. Introduction

In this paper, we are interested to study the existence and multiplicity of nontrivial solu-

tions to the following singularly perturbed problem:

—e2F(z, D?u) = f(x,u) +(Du) in Q,
u=20 on 01,

(1.1)

where €2 is a smooth bounded domain in R"™, n > 2, F' is convex in M and satisfies the
structural conditions given next.

In recent years, there has been a growing interest on the existence, uniqueness and
qualitative questions to fully nonlinear elliptic equations. The existence of viscosity solu-
tions to fully nonlinear elliptic equations has been extensively studied in last three decades.
Let us recall the celebrated papers which introduced the notion of the viscosity solutions,
see [9,|10] to fully nonlinear elliptic equations.

There has been a good amount of interests on the singularly perturbed problems for

Laplace equation, see the works of W. M. Ni and I. Takagi, see [20-22] and the references
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therein, where the variational structure of the problem is exploited. Recently, S. Alarcén,
L. Iturriaga and A. Quaas made the first effort to study singular perturbed fully nonlinear
elliptic equations, see [1]. More precisely, they considered the following singular perturbed

problem

—&M; \(D?u) = f(z,u) inQ,
u=0 on 02,

(1.2)

where /\/l;\r A 1s Pucci’s extremal operator defined in , and showed the existence of
two solutions and its asymptotic behaviour. For the recent developments on this area, we
refer to a survey paper [26]. The semilinear/quasilinear equations in divergence form are
effectively considered by L. Boccardo, F. Murat and J.-P. Puel in a series of papers [4-6].
In the context of fully nonlinear elliptic equations such problems appear in [14]. Further,
using the results of [14], S. Koike and A. Swiech [17] allowed the quadratic nonlinearity in
the gradient term. There are various difficulties in considering such kind of nonlinearities
in gradient because of the lack of maximum principle. The authors put the restriction to
prove the maximum principle and prove the existence of solution for small source term.
Recently, B. Sirakov in [24] considered the operator with quadratic growth in the gradient
term and studied the existence and uniqueness of the solution to Dirichlet problem. He
showed the existence for all source term f € L™(2) and all boundary values ¢ € C'(9f2) in
case of a proper operator. While in the case of nonproper operator with quadratic growth
in the gradient, he proved the existence results for those f € L™(Q2) and ¢ € C(02) only
which are sufficiently small in the respective norms.

Since in this paper, we deal with the nonlinearity which has zeros, so we recall the
earlier works in this direction. P. L. Lions [18] considered the Laplace equations with a
nonnegative nonlinearity having a zero at a positive value and proved the existence of
two solutions through topological degree arguments in the subcritical case. Iturriaga et
al. |16] proved the existence of two positive solutions for p-Laplace operator, where the
nonlinearity depends on z but only in the subcritical case. They obtained the solutions to
the asymptotical problem at the origin for € small and also established that both solutions
converge at least 1 as e — 0. Recently, using the similar ideas as above, Alarcén et al. [1]
proved the existence of two positive viscosity solutions to and also established that
both solutions converge at least 1 as € — 0.

So in this context, it is natural to ask whether we can establish the existence of a
solution to singularly perturbed fully nonlinear problem which has gradient term? The
aim of this paper is to answer this question. We remark that there are various difficulties
arise in extending results from semilinear to fully nonlinear equations. For instance, fully

nonlinear equations lack the variational structure, which is highly exploited to semilinear
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equations in the available literature. We point out that nonlinear growth in the gradient
term has already been considered by many authors for semilinear and quasilinear elliptic
equations but not much work is known for fully nonlinear elliptic equations.

Motivated from the above research works and suggested by the papers [1,[8], we also
use truncation procedure to prove the existence of two solutions to . We establish
one solution by the method of subsolution and supersolution and the second solution is
obtained by using degree theory arguments. In order to apply degree theory, we get an
a-priori bound by using the blow up method introduced by Gidas and Spruck, and then a
Liouville type theorem is applied to get the conclusion.

Our results extend and complement the previous results in two ways. We consider the
more general uniformly elliptic operator F' than the Pucci’s extremal operator and the
equation involves the gradient nonlinearity. Let us assume that F' in (1.1]) satisfies ([2.1)

as well as the following structural conditions:

M A(M = N) < F(z,M) = F(z,N) < MJ (M — N),

(1.3)
F(z,tM)=tF(x,M) fort>0,

where M, N are n X n real symmetric matrices and Mf A are Pucci extremal operators.

For a given 0 < A < A, Pucci’s extremal operators are defined as follows:
(1.4) MENM)=AD ei+ A e and My, (M)=A> e+A) e
e; >0 e;<0 e; >0 e; <0
The organization of this paper is as follows. Section [2| deals with the preliminaries and

available results which have been used in this paper. In Section [3] we prove the auxiliary

results. The main theorem is proved in Section[d] We make the following assumptions on

f and .

(A1) f:Q x [0,4+00) — [0,+00) is a continuous function and f(z, -) is locally Lipschitz
in (0,00) for all z € Q and f(z,0) = f(x,1) =0 and f(x,t) > 0 for t ¢ {0,1}.

(A2) liminfy_o4 f(x,t)/t = 1 uniformly for = € Q.

(A3) There exists a continuous function a:  — (0,00) and o € (1,7/(n — 2)) such that

f,t) _ a(x).

t—1 |t — 1|U N

(A4) There exist k > 0 and T > 0 such that the map t — f(z,t) + kt is increasing for
t €[0,7] and z € Q.

(A5) Let ¢: R™ — Ry is a Lipschitz continuous function with

lim ¢(p) =0 and lim ¥(p) =0.

|p|—0 Ip|—00
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Here in (A3), n is defined as follows:

A
n=-—-Mm-1)—1

Al
A simple example of function verifying the above assumptions is

flz,t) = (Jz| ? +log(1 +t)) et |t — 1|7  with p > 1 and ¢(p) = |p| e P!
The main theorem, which we will prove in the last section is the following:

Theorem 1.1. Assume that S is a smooth bounded domain in R™ and F satisfies (|1.3))
and (2.1). Then, under (A1)—(A5), there exists €* > 0 such that the problem (1.1)) has at
least two positive viscosity solutions u1 . and ug e for 0 < e < €*. Moreover, these solutions

satisfy ||urell ;o — 17 and |lugell ;0o = 11 as e = 0.

2. Preliminaries

We begin this section with the definitions and auxiliary results which have been used in

proving the main results of this paper.

Definition 2.1. [12,]13,|19] Let Q be an open subset of R™. We say that a continuous
function u € C'(2) is a viscosity subsolution (resp. viscosity supersolution) of (1.1]) in €,
when the following condition holds: if zo € Q, ¢ € C?(2) and u — ¢ has a local maximum

at zo (resp. local minimum at z() then
—€*F(z0, D*¢(20)) < f(wo, u(z0)) + ¥ (D(0)),
(resp. — € F (0, D*¢(x0)) > f (0, u(x0)) + Y (D(x0)))-
Next, we state the comparison principle and strong maximum principle.

Theorem 2.2. 25 Proposition 3.1] Let us assume that G: Q x R" — R and F, G are

continuously differentiable in x and satisfy the following conditions

9 (F(w, M) + Gla,u,p)) < C(L+ [pf? + [M]),

oz
My AM = N) = p(lpl+lal) [p—al =nlp—al =12 u—v]
(2.1) < H(z,u,p, M) — H(z,v,q,N),

H(
ML A (M — N)+u(|p!+IQI)Ip—QI+71|p—CJ|+72|u—v|
ZH(af,u,p, M) — H(z,v,q,N)

and H(z,u,p, M) = F(xz, M) + G(z,u,p). If u is a subsolution and v is a supersolution

for
F(z,D%u) + G(z,u,Du) —ku=f 1inQ,

where f € C(0Q), k>0 and u < v on 9Q, then u < v in Q.
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Theorem 2.3. [24, Corollary 3.1] Suppose that f € C(Q), then the following problem

F(z,D%*u) + G(x,u, Du) — ku = f(z) in Q,
u=20 on 09

(2.2)

has a unique viscosity solution.
Remark 2.4. The above Theorems [2.2] and 2.3 still remain true if G is nonincreasing in u.

Theorem 2.5. |25 Theorem 4] Suppose that F, G satisfy the condition (2.1)) with p =10
then any viscosity solution of (2.2)) satisfies the following estimate

[ull o) < CUlull oo @) + 1f | oo (0))-

Theorem 2.6. |3, Theorem Al] Let Q be a reqular domain and let u € C(Q) be a non-
negative solution to
M\ (D*u) — L|Du| = du <0 inQ,

where L,§ > 0. Then either u vanishes identically in Q@ or u(x) > 0 for all x € Q.

Moreover, in the latter case for any xo € 0Q such that u(zo) = 0 we have

u(xo — tv) — u(xo)

lim inf <0,
t—0 t
where v is the outer normal to 0N2.
Liouville type theorems: Let us define
- A n _ A(n—2)+A
==(n-1)+1, pr== d pr="F0—71—r.
" A(n J*Lop n_g M P A(n—2)—A

Theorem 2.7. Suppose that n > 3 and 1 < p < p™ (or 1 < p < oo if n < 2), then the

only viscosity supersolution of
F(z,D*u) +uP =0 inR",
u>0 m R"
1su=0.

For the proof of Theorem [2.7, we refer to Theorem 4.1 in [11]. The simple modification

shows that Theorem 3.2 in [23] can be proved for uniformly elliptic F' in the next theorem.
Theorem 2.8. Let u be a nontrivial classical bounded solution of
2 _ .
F(D?u) + f(u) =0 in R,
u>0 in R,

u=20 on OR",
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where f is a locally Lipschitz continuous function with f(0) > 0. If the problem
F(D?u) + f(u) =0

has a nontrivial nonnegative bounded solution in Rl such that u = 0 on OR'}, then this

problem has a positive solution in R~

Using Theorems [2.7] and [2.8] we get the following Liouville type theorem in the half

space.

Theorem 2.9. Suppose n > 3, then the problem
F(D?u)+u? =0 inR",
u >0 in OR

does not have nontrivial nonnegative bounded solution provided 1 <p < pt (or1 <p < oo

ifAn—2) < A).

The proofs of Theorems [2.9 and [2.§ follow on the same line as Theorem 3.2 and

Theorem 1.5 in [23]. The following Liouville type theorems have been borrowed from [1].
Proposition 2.10. |1, Theorem 2.1] Let u be a viscosity solution of the inequality
~M; \(D*u) > f(u) in R,

where f is continuous nonnegative function. Then either infgn u = —o0 or infre u is a

zero of f.

The next lemma can be proved using the similar arguments as Theorem 1.2 in [1],

since it is short and interesting, so we repeat it here.

Lemma 2.11. Let f: [0,00) — [0,00) be a continuous function satisfying the following

three assumptions:

(i) f)=0ift=0o0rt=1, and f(t)>0ift#1,t>0.

(ii) There exist constants v > 0 and o € (1,n) such that f(t) > v(t —1)7 fort > 1.
(iii) There exists a constant k > 0 such that iminf, oy f(t)/t > k.
Any bounded solution of the problem

—F(z,D%) > f(u) inR",

u > 0,

(2.3)

where F satisfies (1.3)), is either the constant function u =0 or else u = 1.
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Proof. Let u be a bounded solution of (2.3). Observe that u is also a viscosity supersolution
of

—Mj \(D?u) > f(u) inR",

u > 0.

By Proposition we have that the minimum of v must satisfy f(minu) = 0. So there
are two possibilities: either minu = 0 or 1. Let us first consider the case minuw = 0 and
consider p: [0,4+00) — R, such that 0 < p(r) < 1, p € C*, p nonincreasing p(r) = 1
if 0 <r <1/2and p(r) =0if r > 1. As p is a radial function so that the eigenvalues
of D?p(|z|) are p/(|z|)/|z| and p”(|x|) of multiplicities n — 1 and one, respectively. Also

p'(Jz]) <0 as p is nonincreasing.

M A (D?p(J2])) =

So it is obvious that there exists C' > 0 such that

~M; A (D)) < C

son(3)(5),

where m(r) := min|, <, u(z). Then by the scaling property of M~ we have

Now, we define

Cm(R/2)

R?
In addition, B(z) < 0 < wu(z) if |z] > R and B(z) = m(R/2) < u(z) if |x| < R/2. Thus,
there exists a global minimum of u(z) — B(z) achieved at a point zp with |zr| < R.
Note that u(xr) — f(zr) < 0 and so u(zr) < B(zr) < m(R/2). If we define ¢(z) =
B(x) — B(zr) + u(zr), we obtain that ¢ is a test function for u at xr and thus

~M;A(D?B(x)) <

f(u(en)) < ~F(x, D*0(ar) = —F(z, D*B(rg)) < ~ M5\ (D%B(ag)) < S0,
So, since 0 < u(zr) < m(R/2), by (i) and (iii) there exists My > 0, large enough so that

Sulan) < flu(en) < T

for any R > Mj. This implies that

K w(zr) < Cm(R/2) cm(R)
2 R? R2
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which is impossible if m(R) # 0 for all R > Mj because £ > 0. Thus there is some R > 0

sufficiently large so that m(R) = 0. Further, since u also satisfies
—M; \(D?*u) >0 in BL(0)
in viscosity sense for any L > R. So by the Strong Maximum Principle, we have u = 0 in
Br(0) for any L > R, i.e., u =0 in R™.
Finally, in the case that infgn u = 1, by setting ug = u— 1, we see that ug is a viscosity

solution of

—M A (D?ug) > f(up +1) inR",

ug > 07

which satisfies my,(R) := min|,j<g uo(x) — 0 as R — co. Arguing as in the previous case

and using (ii), we obtain that

Tuo(en)” < fluofam) + 1) < Mol
which implies
My (R)RY 1 < ¢,
i.e.,
(2.4) My (R)RP™2 < cRP~272/00=1) for all R > 0,

where p = 4(n — 1) + 1. By Corollary 3.1 in [11], muO(R)RE’2 is increasing in R, which
is a contradiction to (2.4)) because p—2 —2/(0c — 1) < 0 for o € (1,n). O

Note that by Assumption (A3) in the main theorem, there exist R > 1 and vy > 0
such that f(z,t) > v |t — 1|7 for ¢t € [1, R]. Without loss of generality, we may assume
that R < T from Assumption (A4). Then we truncate f as follows:

flz,tT) ift <R,

f@Ryo it ¢ > R,

fR(xa t) =

where t = max {0,¢}. Also, without any loss of generality, we may assume that

t _
lim inf fr(@,t) >1 uniformly for z € Q.
t—0+ t

With this definition, fr has a power growth at infinity with exponent less than n/(n — 2)
and also satisfies the following properties:

(1) fr(x,t) > y2|t — 1|7 for t > 1, where 5 = min {1, inf,eq f(z, R)/R°} > 0,

(2) the map t — fr(z,t) + kt is increasing for ¢t € [0, +00], where k is as in Assump-
tion (A4).
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3. Auxiliary results

Now, we consider the following auxiliary problem

—2F(z, D*u) = fr(z,u) + rut +(Du) in Q,

(Te.r)
u=20 on 0},

where 7 is a nonnegative parameter.

Remark 3.1. In order to find the solution of the main problem (1.1)) it suffices to show
that (T¢0) has a solution u satisfying ||ul| e (q) < R-
In the proof of next lemma, we have borrowed arguments of Lemma 3.1 in [1] and the

fact that ¥ (p) — 0 as |p| — 0.

Lemma 3.2. Under Assumptions (A1), (A2) and (Ab), for a given € > 0, there exists a
constant D¢ such that if u is a viscosity solution of the problem with 0 < € < € and
T >0, then

[ul| oo < De,

and therefore (using Theorem there is a positive constant Ce such that
Huncl,a(ﬁ) < (..

Proof. Suppose for sake of contradiction that there exists a sequence {(un,€n,7n)},cn

with u, being a positive viscosity solution of

—E2 F (2, D*up) = fr(Tn,un) + Emut + 9 (Duy)  in Q,
Up =0 on 012,

(3.1)

such that S, := maxqguy(x,) — 00 as n — oo, where {x,} C § is a sequence of points
where the maximum is attained. We remark that since we are supposing 7 > 0, at
this point this sequence may not be bounded away from the boundary. Now let §,, =
dist(x,,00Q) and define wy,(y) = S;, *un(Any + x5), where A, will be fixed later. Hence

w, satisfies

AQ
(3.2) ~F(an, Dwn) = 6%*5” {fr(Any + 2, Snwn(y)) +P((Sn/An) Dwy)}

+ 1 A2w,(y) in Q,
where Q, = A;1(Q — z,). We choose A2 = €257 f(z,, R)"'R°. Since S, — oo,
0 < e, < €and 7, < pf (because no positive solution of (Tt,) exists for 7 > u7), we
conclude that A, — 0 and 7,42 — 0. Using the fact that
A2 R°
nSn S7f(zn, R)

— 0,
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and v is bounded near oo and so the right-hand side of (3.2]) becomes

RUfR(Any + xn, Snwn(y))
f(zn, R)SS

n

+0o(1),

and by continuity property of f and definition of fg, it is bounded and |wy| ;e < 1 so
by regularity results (Theorem , there exists a constant K such that ||wn||c1.e@) < K
for all n and for some a. So by compactness of embedding C1* C C! for all o we have
that up to subsequence w, — w in compact subsets of R or R’} according to whether the
limit of d,,/A,, is infinity or not, that is, £2,, tends to R™ or to a half space. Finally, taking
limit in and by stability result, we have that w satisfies in the viscosity sense either

(3.3) F(xg, D*w) +w” =0 inR",
or

F(xg, D*w) +w° =0 in R",

w=20 on OR?F.

(3.4)

But Equation (3.3)) contradicts the Liouville type Theorem while (3.4)) contradicts the
Liouville type Theorem [2.9]in the half space because

g A=A/
TSR 2 R _2-A/N

These contradictions prove that ||u||,, < C for any solution of the problem (77 .) with

€ < € and 7 > 0. Finally, using the C1® estimate we obtain a constant C, such that
HUHclya(ﬁ) < Ce
for some a € (0,1). O

Now, we look for a family of supersolutions of (It ,)). For this purpose we consider a

function x the solution of

—MIA(sz) =1 inQ,

(3.5)

x=0 on 0f),
and A = |x|[¢c1(q). For the existence of such function see, for example, Theorem 17.18
in [15].

Lemma 3.3. Under Assumptions (A3) and (Ab), for any e > 0 there exist 77,6, > 0 such
that ve = 1+ & + gjx is a supersolution of () for any & € [—0¢,d¢/3] and T € [0, 7).
Moreover, we may choose d. as a nonincreasing function of e 1.
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Proof. For fixed € > 0, by Assumption (A3), we have

. fR(:L'at) _
}gq62|t—1| =0

and so for each m, there exists d1 ,, such that

—2 |t —1]

€ “frlw ) < o for [t =1 < dum,
that is,

e fr(a,t) < gt for |t =1 < 8.

Now using (A5), for d1,,/(8Ae™) as above, we find some constant dz ,, such that

01,m
e 2(p) < 8/1176"1 for [p| < d2,m.

Note that 6;,, nondecreasing while 6y ,,/€™ decreases in m. Since 01 ,,/€™ decreases

S0 d2,, also nondecreasing in m. Further, it can also be seen that both 41 ,, and dzp,

nonincreasing in e .
Let us define

0m = min {51,m’ 52,m} )

0 d,, is nondecreasing in m and nonincreasing in e *. We also have

0
) 1,m
fi -1 ms
€ “fr(z,t) < SAem Lo |t —1] <o
0
) 1,m
: O -
€ “Y(p) < SAem’ Ip| <
This implies that
01,m
(3.6) 2 fre )+ 2p(p) < 0 for [t — 1] < b, [p| < O,

holds for each m. Choose m sufficiently large, say, mg such that

61,m0

)
mo emo

)

which is always possible because d,, is nondecreasing and positive for each m while d; ,,, /€™

decreases exponentially as m increases. Let us denote

617m0
emo

0 =0m, and 0 =
and note that ¢ is nonincreasing in e~!. With this notation, (3.6)) takes the form

5
(3.7) e 2 frlz,t) + e 2(p) < ﬁ for |t — 1] <6, |p| < 6,
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and 01 < 4. Let us choose 7 > 0 such that
(3.8) <oy €[1—61+14]

. Tu < — foru — .

4A ’
Let us define ve = 1+ & + X% and observe that
0 0
ve—1=E¢+ x5 <&+ - <6 for £ € [-0,6/3], and

2A 2A

0
by noting that A = ||x[[¢c1 () We get, [Dve| = 2AD)(‘ < 4.

Let us take ¢t = v¢ and p = Dve in Equation (3.7)) and adding (3.7) and (3.8), we get

1)
e_QfR(z,vg) + e_2w(Dv§) + Tve < oA

Using (3.5)), we also have

o
_M:\l—’A(DQ'Ug) = ﬂ

Thus

1) _ _
—MIA(D%Q =547 ¢ 2 fr(z,ve) + € 2h(Dug) + Tog.

By (L.3)), we know that —F (2, M) > — M7 , (M) for each symmetric matrix M and = € Q.
Thus v¢ defines a family of supersolution of (I¢|) for each 7 € (0,7)] and & € [—6,0/3],
where § = d.. O

Next, we study existence of the first solution for (7 ) via sub- and supersolutions

method. For this, we need Assumption (A4) and the following theorem proved in [3].

Theorem 3.4. |3, Theorem 2.2] There ezist a function ¢ € CL¥(Q)NC(Q), and puf >0
satisfying

59) F(x,D?¢f) = —pi 6]  in Q.
dﬁ“ =0 on 0f2.

Moreover,
(1) ¢ > 0in Q and all positive solutions to (3.9) are of the form (uf, a¢]), with a > 0,
(2) pif =sup{p| 3¢ >0 in Q satisfying F(z, D*¢) + p¢ < 0}.

Next onwards, we will denote this eigenvalue and eigenfunction of —F with Dirichlet
boundary condition in 2 by ,uf and (;Sf, respectively. Without any loss of generality, we
may assume that HgﬁfHLm(Q) =1.
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Proposition 3.5. Let (A1)-(A5) hold. Then the problem has a positive solution
Uler <1 for0 <e<e< (1/,11?)1/2 and 0 < 7 < 7F. Moreover, the following property
holds: given 0 < € < (1/pu])Y/? there exists p > 0 such that pp] < uic. < 1 for any
0<e<eandTte|0,1F).

Proof. Using (A2), we may find p > 0 such that fg(z,t) > €2ujt for any t € (0, p) and
D<e<e< (1//,1,1’_)1/2; then pg; is a subsolution to the problem (¢ ) for any 7 > 0 and
0 < € < € From Lemmal3.3] for 7 € [0, 7;"), we have the supersolution v_s < 1. Since § is

1 we may choose p such such pqﬁf < v_s. 2 for any 0 < e <€ Let us

nonincreasing in e~
denote by X the Banach space of C1® functions on © which are 0 on 052, endowed with

the norm

Du(x) — Du(y
lell .oy = up ()] + sup [ Du(z)| + sup 24 = Dul)
z€Q z€Q z,y€Q ‘.ZL' - y’
7Y
Also, we will write u < v to say that v < v in € and % > g—ﬁ on 0f2, where v denotes
the unitary outward normal vector to 0€2. Let us define a map U,: X — X defined as

follows: Ur(v) = u where u is the unique solution to the Dirichlet problem

@ F(z, D) — p(Du) +yu = fa(,v) + (v + 7)o in Q,
u=20 on 0f2.

For the existence, see Theorem This is compact because if v, is a uniformly bounded
sequence so sup,, (HfR(ac, vn) + (v + €2T)Un||LOO(Q)) < 0. By choosing appropriate value
of k in Lemma 3.1 [24], we can find a common subsolution and supersolution for all
the value of n. Hence the sequence of solutions will lie between the common sub- and
supersolution for all n. Hence it is uniformly bounded. Now we can apply Theorem
to get a uniform bound for the sequence of solutions in C®. This fact and compact
embedding yields the required result. Let us define D := {u e X: pqﬁf <u<wv_g, /2} and
by using the comparison principle, we get U.: D — D is increasing map. Thus, using the
monotone iteration method, see Theorem 2.2.2 in [2], we obtain a solution 0 < uj ., <

v_s.s2 < 1. Thus we obtained a solution which satisfies the claimed properties. O

Proposition 3.6. Assume that (A1)-(A5) hold. If 0 < e < (1/u)"? and 70 € (0,77)

then (Tt r,) has a second positive solution usg e r,. Moreover ||uger |l > 1.
Proof. Let us fix 0 < e < (1/u7)"/? and consider the bounded open set

0 Oppy
O:{ueX‘Hu||X<C’6+Be+1,u>p¢fin§2and82:< gﬁl

where C,, B, > 0 will be chosen below and p is as in the proof of Proposition SO
pp7 < 1 and it is a strict subsolution for all problems (T..)) with 7 > 0 (in particular

on 89},
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by using (A2) 2ufpd < fr(z,pp])). We want to use degree theory for the operator
(I-U;). We need that 0 # (I —U,)(00), (i.e., no solution of lies on 0O) so that the
deg(I — U;,0,0) will be well defined and by homotopy invariance degree is independent
on 7. In order to show this, we will use a prior estimate obtained in Lemma Let us
take C¢ such that
HuHcl’a(ﬁ) < Ce

for all possible solutions of , which is possible by Theorem We claim that any
solution u of such that u > p¢] in Q satisfies u > p¢! in Q and % < Bgﬁj on
dQ) and so it does not lie on 00. By computation and noting that b > 0 and in view of
Theorem we get

—F (2, D*(pd)) + kpol < Epf pdf + (k + E7)pd + ¢ (pDgf) in Q.
Further, by using €2 po] < fr(z, pd]), we get
—*F(x, D*(p¢})) + kpol < fr(z, pd) + (k+1)pdt +¢(pDgf) in .
As u > ppf and v — fr(z,v) + (v + €27)v is increasing we have
fr(z,u) + (v + E€m)u > fr(z, pdf) + (v + €7)po ]
This implies that
~€F(z, D*u) = (Du) +yu > —*F(z, D*p¢{) = (Dpo!) + 1pof

and then by using Hopf type Lemma [2.6) we get required result for the proof of claim.
Using the fact fr(x,u) +1¥(Du) > 0 and definition of yf in Theorem [3.4] it is clear that
(T-.-) has no nonnegative solution for 7 > ,uf, so by homotopy invariance we have

deg(I — U,,0,0) =0 for 1 >0.

Now we fix 7 = 79 and consider a supersolution ¢ := v¢—p > 1 from Lemma and we
assume that no solution of touches it, for if u is a solution such that u(xg) = ¢(z0)
for some xg € §2, then from claim u = ¢ and in this case u is required solution so we have
done.

Now otherwise using the C1®-estimate we obtain that we may choose the constant B,
such that

(3.10) |Urv||xy < Bey, YoeX:0<wv<g
and consider the open and convex subset of O

O={ue0|u<d¢inQ}
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and we claim that deg(I — U,,,0’,0) = 1. Observe that U,, maps O’ into O’. Indeed,
if v € O then ||Urv|x < Be by (3.10)), this implies by definition that Ur,v € O. If we

consider u = U,,v we have

—F(2, D)) + k¢ > fr(z,9) + (k + €7)p + (D),
—2F(z, D*u) + ku = fr(z,v) + (k + €7)v + ¥(Dv),
—F(z, D*(p¢})) + ku < fr(z, p¢t) + (k + €7)ppy + ¥(pDey ),

then, since pg[)l+ < v < ¢, the comparison principle and the increasing property of the
right-hand sides of the equations and inequations implies that pqﬁ < Urv < ¢. Now let

ug € O and consider the constant mapping
K:0 -0
defined by K (u) = ug. Let us consider a homotopy
H(p,v) = pUr (v) + (1 = p)Kv, p€0,1]

between I — U,, and I — K in O’. Now we claim that 0 ¢ (I — H(u, -))(00’) for all
u € [0,1]. For, if v € 9O’ such that

(I = H(p,v) = 0

and
pUz (v) — (1 — p)ug = v.

For u =1, then ¢ = v = U,,, which is not possible because no solution touches ¢. Now if
w# 1 then pUr, (v) — (1 — p)up € O from the convexity of O" as Uy, (v), ug € O', which

is again not possible because v € O’. Using the homotopy invariance we get
deg(I —U,,) =deg(I — K) =1.
As0¢ (I — K)(00) and 0 ¢ (I — Uy, )(00") so by excision property we have
deg(I — U,,,0,0) = deg(I — U,,, O — O',0) + deg(I — U,,,O',0).

It follows that deg(I — Uy,,O — O',0) = —1 so (T.,) has a solution us € O — 0’. In
particular, us(zg) > ¢(xg) > 1 at some point zg € 2, otherwise it would be on d0’. [0

Lemma 3.7. Assume that assumptions as in Propositions hold. Then, for given
> 1.
o 2

0 < e < (1/u)Y?, there exists a solution ug.cg for the problem (T. o) with ||lug.o
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Proof. Given 0 < e < (1/ /,Lf)l/ 2 consider a sequence 7, — 0 and corresponding solutions
Up, = U2 7, Obtained from Proposition We know that ||u,| ., > 1 and by Lemma
we have a uniform bound for ||uy||s1.. for some a € (0,1). So by compact embedding
Ch(Q) c CY(), we have a subsequence u, — u in C', so by stability property of
viscosity solution, see Theorem 2.9 in [7], u is a nonnegative viscosity solution of T¢o. As
|lunll,, > 1, we obtain |ju|l,, > 1. Thus u is a nontrivial nonnegative viscosity solution

and so by the strong maximum principle it is a positive solution. O

In the next lemma, we show the maximum of solutions are bounded above by R, for

€ # 0 small enough.

Lemma 3.8. The solution uz o from Lemma satisfies ||ugcoll, — 1 as € = 0. In
particular, there exists € such that if 0 < e < €* then ||uz ol < R.

Proof. We prove this lemma by method of contradiction. Let n > 1 be given and suppose
there exists a sequence €, — 07 such that corresponding solutions u, = u2.¢,,0 of (Tep)
satisfy |lun|lo, > 7. Let x, € Q be a sequence such that u,(x,) = ||un|l,, > 1 and let
d,, = dist(xy,, 0Q). Let wp(r) = un(zy + €,2) and so it satisfies

—F(z, D*wy, () = fr(zn + enz,wn) + ¥((1/€,)Dwy,)  in B(0,dye, ),

and w, is bounded as in Lemma Now by applying the C1® estimate we obtain a
constant C' such that

tnllcra < C for all n.

Again, by compact embedding of C1® c C*, we find up to a subsequence w,, — w in C!
in compact subsets of Q and z,, — x¢ in £, where now w is a C' function defined in R"

or in the half space R”. Thus, in view of (A5), w is a C-viscosity solution of the problem

*F(.’E[),DQ’U)) = fR(x07w)a

w > 0,

(3.11)

in R™ or in the half space. If such w solves the Problem in R™, then according
to Lemma [2.11] we conclude that either w = 0 or w = 1, which is contradiction to
wp(0) = up(zy) > n > 1. On the other hand, if such w solves the problem above in
the half space. Then it becomes a nonnegative bounded solution of on R%. So by
Theorem [2.8] (for related results, see Theorem 3.2 in [23]), it is a positive solution of
in R*~!. Then applying Lemma in R"!, we get either w = 0 or w = 1, which is

again a contradiction and so the lemma is proved. O
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4. Proof of Theorem

The first solution is u ¢, which is obtained in Proposition for Problem (T¢p). From
the proof of Proposition it is clear that [|ui ol < 1. At the same time by Assump-
tions (A1) and (A2), if ¢ is the largest real number such that

f(z,t) > Euft for t € (0,t.) uniformly for 2 € Q,
then
te— 1" ase—0T.

Since no positive solution of T o laying below t., for if, u is such a solution then
F(x,D*u) 4 puju <0,

which is not possible by definition of /ﬁ in Theorem Thus the solution obtained in
Proposition satisfies te <y < 1. Thus uge = up o is a solution of

—2F(x, D%>u) = f(x,u) +(Du) in Q,
u=20 on 052,

and |luyel|,, — 17 as e = 0. On the other hand, the second solution corresponds to
ug,,0 1s a the solution of T o, which is given by Lemma Lemma also shows that
luz,c0ll, > 1. Besides of this, by Lemma lug,eoll,, < R for € > 0 small, where R is
the parameter of truncation in the definition of fr and [Jugcol — 17 as e — 0. This

completes the proof.
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