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A Nekhoroshev Type Theorem of Higher Dimensional Nonlinear Schrédinger

Equations

Shidi Zhou and Jiansheng Geng*

Abstract. In this paper, we prove a Nekhoroshev type theorem for high dimensional

NLS (nonlinear Schrédinger equations):
i0u — Au+V xu+0zg(z,u,w) =0, zeT teR

where real-valued function V is sufficiently smooth and g is an analytic function. We
prove that, for any given M € N, there exists an €y > 0, such that for any solution
u = u(t, z) with initial data up = ug(x) whose Sobolev norm |lug|ls = € < &9, during
the time [t| < e~ its Sobolev norm ||u(t)||s remains bounded by Cie.

1. Introduction

We consider the Hamiltonian NLS with convolutional type potential:

(1.1) i@tuAu+V*u+ag(:g;W:O, reTd d>2;teR

where the real-valued potential function V' = V(z) is smooth on T%, g = g(,a,b) is real
analytic on ']I‘ﬁ times a neighborhood of the origin in C2, where ']I‘ﬁ ={z+tiy:zcTyc
R, Jy;| < pu}. g = g(x,a,b) is real which means that it takes real value when 2 € T¢,
b =a. We require that g = g(z,a,b) should be zero of order at least 3 at the origin in C2,
i.e., the Taylor expansion of g with respect to (a,b) at the origin should start from the

third order term. Hamiltonian equation (|L.1) can be rewritten as

OH
=
where the Hamiltonian H is

H:/ \Vul* + (V s u)@ + g(z, u,T) dz.
Td
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As important models in mathematical physics, higher dimensional Hamiltonian PDEs
have attracted a lot of interests. Two aspects are especially interesting: one is the existence
of invariant tori, which implies the existence of quasi-periodic solutions, and the other one

is the the long-time behavior of solutions.

For the former one, the main tool is the infinite dimensional KAM theory. Geng
and You [12] got the existence and linear stability of quasi-periodic solutions of higher
dimensional beam equation and nonlocal smooth Schrédinger equation with nonlinearity
independent on the spatial variable x in 2006. And one of the most important results, up to
now, is [10] by Eliasson and Kuksin, which dealt with nonlinear Schrédinger equation with
convolutional type potential. They developed the important “Lipschitz-Domain” property
to deal with the measure estimate. Following their idea and method, Geng, Xu and You
[13] got the quasi-periodic solutions of two dimensional completely resonant Schrédinger
equation by an elaborate choice of tangential sites. Later, C. Procesi and M. Procesi
proved the same result in arbitrary dimensional space [21,22]. Recently Eliasson, Grébert
and Kuksin established the KAM theorem for beam equation in higher dimensional space

with typical constant potential [9].

For the latter one, it was originated from Nekhoroshev [19], who gave the Nekhoroshev
type estimate in the finite dimensional case (See also [6414,20]). But in the case of PDEs it’s
much more complex. The trouble mainly comes from working on infinite many frequencies
and it’s difficult to give the small divisor conditions. Bambusi and Grébert [5| proved
a general normal form theorem and applied it to several kinds of Hamiltonian PDEs,
including higher dimensional nonlinear Schrodinger equation. In [5], the nonlinearity
of equations should satisfy the property “finite-module” which is weaker than analyticity.
Later in 2014, Yuan and Zhang extended this result to the derivative nonlinear Schrédinger
equation [23]|. For the more convenient case that the nonlinearity is analytic, Bambusi
[4] proved the Nekhoroshev type estimate of wave equation in one dimension (See also
[1-3,/7,[15]). In these known results mentioned above about PDEs, only Sobolev norms
was considered and the size of escaping time is up to order e~ . Apart from these results,
an interesting result was obtained by Faou and Grébert |11], which considered the initial
data in analytic norm instead of traditional Sobolev norm and got better results: The
M

allnel?

escaping time could be extended to size £~ , which is much longer than e~

There has also been abundant knowledge about the opposite direction: The fast growth
of the solution of NLS on T2. It was origined from [8], and later, based on the elaborate
construction of the “toy-model” in [§], Guardia and Kaloshin got the better escaping time
in |18] (Notice that by the result in [11], their estimate of escaping time is sharp). For

other important results just refer to [16,17].

Though there has been rich knowledge about the Nekhoroshev type estimate of NLS
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in higher dimensional space, most of them depend on a crucial condition: zero momentum
condition, which relies on the fact that the nonlinear term should be independent of the
spatial variable z. In this paper, we consider the nonlinearity of the form 9gzg(x,u,n).
Actually, without zero momentum condition, it would bring some difficulties. It will
be found that after a canonical transformation, the Hamiltonian is put into the form
Hy+ Z + P, where Hj is integrable, P is the perturbation which is very small, and Z can
be written as sums of terms of the form: I I}, - I; &nnm, |1l < [ljell < - < 7] <
N < ||n]| = [[m| (]|-|| means the {?> norm in Z%), and the parameter N will be chosen
appropriately later. Such terms will survive because the corresponding small divisor is
(wip = wi) + (Wi —wjp) + -+ + (W), —wj,) + (Wa — W) With wy, = [[2]|* + Vi, to which
we can’t give a positive lower bound. But if we have the zero momentum condition,
such terms are absent except for the case n = m, and in this convenient case, it’s easy
to verify {£,mn,Z} = 0 ({-,-} denotes Poisson Bracket), which means that Z has no
contribution to the growth of norms of the solution. In our case, it’s also crucial to
verify that Z contributes nothing to the growth of norms of the solution, but we need to
consider “almost action variable” Jg = Z” n|2=s &n'in instead, and prove that {Js,Z} = 0.
Actually, the energy exchange takes place between different Fourier modes n and m when
||| = ||m]|, but doesn’t exist between n and m when ||n|| # ||m]|.

Our parameters come from the potential V: For m > d/2, R > 0, let

!/

(1.2) W= V(@)=Y Veello™ vV, = ———¢ __ c[-1/2,1/2]
gzzd R(1+ [|al[)™

Let each V' be equivalent to the sequence {V,} .7 and give the latter one product prob-
ability measure.

Now we could state our main theorem:

Theorem 1.1 (Nekhoroshev type estimate). There exists a full measure set V C Wy,
such that VV €V, fix M > 4, there exists s, large enough, such that Vs > s, there exists
constants Cs, Rs > 0, satisfying the following conditions: For each initial date uy with
e = |luoll, < Rs, during the time [t| < 1/(CseM~2), we have Hu(t)HS < 4e. Here the norm

| -1l means Sobolev norm which will be explained later.

The proof of this theorem will be delayed to the end of the paper.

Our result is very similar to the part of [5] dealing with higher dimensional Schrodinger
equation. In [5] Bambusi and Grébert dealt with Schrédinger equation in higher dimen-
sional space with the nonlinearity having “finite module” which is weaker than analyticity.
But in order to overcome the difficulty of absence of analyticity, they gave a very long

and complex proof. In our case we only consider analytic nonlinearity, but most technical
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lemmas could be extended directly from those in [4], and with the help of these lemmas,
our proof is more easy to understand. So we simplified the proof in [5] in the analytic case.
In addition, when we compute the escaping time, due to the multiplicity of eigenvalues, we
used the “almost action variable” instead of traditional action variable. In [5] the “almost
action variable” was also mentioned but the concrete method of using it to calculate the
escaping time was omitted, and here we give the concrete calculation.

The rest of this paper is organized as follows: In Section 2] we will state some important
concepts of function space and give the nonresonant conditions and verify the nonlinearity
satisfying our assumptions. In Section [3| we will state a list of technical lemmas without
proof, which could be extended directly from those results in [4] without any difficulty.
At last, in Section [ we state and prove the important normal form theorem, and as a
corollary, we prove Theorem

2. Preliminaries

2.1. Hamiltonian formalism

Now let us consider equation ([I.1]). Let u be a solution of equation ((1.1)), and expand it

into Fourier series on T:
(2.1) u= Z Ejei<j’$>, u= Z nje_i<j’x>.
jezd jeZ
For convenience, we denote the sequence {&.},cza by &, and {n,},cze by n. Direct
calculation shows that &, n satisfy the equations
oP
9&;

for each j € Z%. In 7951e2.2 the frequencies w; = V; + ||]*, V = > jezd V;e'ti®) . The

nonlinear term

. oP
(22) at§] = ’LUJ]E] + 8777]

and 8,57]]‘ = —icujfj —1

1 o Cilia
= Gy /ng x, Y ey e 0 | da.

jeZ jezZ

This Hamiltonian system is endowed with the symplectic structure i) jezd d&; N dnj, and
for two polynomial functions F' = F(&,n), G = G(§,n), we define their Poisson Bracket as

<6F oG 0G OF)

(2.3) {F,G}=i(VF,JVG) =i 3y, 5 o

jEZA

We say a function F' = F(,n) is real if it takes real value when §; = 7;, Vj € 7%, We

know that if the initial data is real, then the solution would be real.
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To describe the size of u, we define the Sobolev norm for functions defined on T¢:

1/2
llull, = <Z|a|§s H@O‘UH%Q(W)) . It’s easy to see that this norm is equivalent to the
Sobolev norm of the sequence (&,7) (defined in (2.1])):

&l = 3 (6 + ) )™

jEZ4
and we define the space of (£,7) with such norm by Ps. In the following we do not separate
them again and we mainly use the Sobolev norms of sequences.
2.2. Polynomial space and momentum

In this subsection, we introduce polynomial space and related norms, as well as some useful
notations such as momentum, small divisors and so on. First, in order to simplify the
multi-indices, for a given sequence (1, jo, .. .,j1) € (Z%)!, I > 2, we denote this sequence
by 7. And for convenience, we denote the length of this sequence by #7, which is equal
to I here. Now let us define some related concepts: Assume j = (j1,Jj2,...,751), k =
(k1,k2, ..., kn), we define

(1) the monomial associated with (7, k)
§iMe = i1 8ja S My =~ e
(2) the momentum of (3, k)
MG, k) =jv+ja+-F =k —ky = = km;
(3) small divisor of (3, k)
Q. k) =wj, +wjy + - Fwj, — Wiy — Wy — =+ — Wy s

where the frequencies {w;}, zq is defined as w; = | il* + V;,, and V,, is defined in
.

Based on these notations, we could introduce the space of polynomials:

Definition 2.1. For a polynomial h = h(£,n) which is homogeneous of degree nj in ¢

and ng in 7 respectively, namely

(2.4) hEm) = hikéime: 3= 01, dn)s k= (k1. kny)
ik

we define

(25) B, =S e sup [yl

lezd M(j,k:):l
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and if it is finite, we call it the y-module of h. Here in (2.5 the norm |-| means the I*

norm in Z<.
For a polynomial h, we define a class of polynomials:

Definition 2.2. For a polynomial h = anm h™>"2 where h™°"2 is homogeneous of

degree n1 in £ and no in 7 respectively, if the quantity

(= 3 e B < o

ni,n2

then we say h belongs to a class M.

2.3. Nonlinear perturbation

The nonlinear part g = g(z, a, b) is assumed to be analytic in a neighborhood of the origin
in ']I‘Z x C x C, so there exists Ry > 0, such that for any |a|, |b| < 2Ry, we have that

g(x,a,b) = Z Tolka '8k28§3g(:c 0,0)a"2b"s
k22>0,k3>0
= > " p’”akr( 1,0,0)e~ 1w gk2pks,

k2>0,k3>0
lez?

Now we substitute a by u and b by w, and expand them into Fourier series, we get

f(&mn) = / 9(x,u,u) dx

ko
8k2ak3A l 0 0 u 2 a,x)
/T k>0k>ok'k3'z:d( = ) de
2= leZ a€Z
k3
S e |
bezd
1 k2 gks i((M(5,k),x
- ool > <82 9579 (~ lOO)) ek da
T4, >0k: > V2 p
22 leZ
#i=ko #k=ks
1 ko ks~
- Z ol foal Z (82 5 g(—l,0,0)) £k
ka20k320 20" 1ezd M (j k)=l

We denote ka’kS 8528§3§(—l, 0,0), where [ = M(j, k).
Due to Cauchy estimate and the fact that the Taylor expansion of g with respect to

the latter two variable starts from order 3, it’s easy to verify that
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Proposition 2.3.

M
<
w C(QRO)kz-H%’

(f)f < AR,

Vko, ks, | frks

here C, M, A are some constants and R < Ry, where Ry is a fized constant. If g is inde-
pendent of x, the momentum [ would be restricted to 0, and terms with other momentums

will be absent.

2.4. Nonresonance conditions and normal form

The key step in our proof is the control of the small divisors, so we need to impose a so

called N-nonresonance condition on the frequencies.

Definition 2.4. For N € N, N > 3, we say j = (j1,...,4r) € (Z9)" is N — (v, a)-

nonresonant if it satisfies the following conditions:
(1) r > 3, the sequence j could be ordered as

il < fliall < -+ < lir—all < N <[]l |71}

(2) the corresponding frequencies {wq },cza satisfy:

(2.6) |wi1 twy, £ Fwy, , T wg :I:wl’ > %

except for the case when the lower-indices could be ordered as
A1,G1,02,02, ..., Qm, Gm, K, 1, lai]] <N < ||E]] = |||

and ([2.6) is written as (wg, — Way) + (Way — Way) + +++ + (Wa,, — Wa,,) + Wk — wi,
m=(r—2)/2.

Now we give the notation of N-normal form.

Definition 2.5. Consider a polynomial Z =) Z™M"2 where Z™1™2 is homogeneous

ni,n2

of degree ny in € and ng in 7. Set Z™ ™2 =37, Z};”?gjnk, we assume

7 =012, Jm) 7l < g2l < -+ <l |
k= (klak?w . .,an), Hle < ”kQH <-0 < ||kn2H

We say Z is in N-normal form if Z;.l}c’m = 0 for each nj # ng, and the lower-indices satisfy

either one of the following two conditions:

jl:kl)j2:k27"'7jn1:kn27 ||j’LH§Na 1§Z§7’Ll,

J1=ki,ja = ko, ... s Jni—1 = kn2*17 Hjm*lH <N ”]m” = ||kn2|| .
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We state a very important property working on measure estimate which was proved
in [5] :

Proposition 2.6. (Lemma 5.22 in [5]) Fiz r > 0 and v > 0 small enough. There exist
positive constants C = C,., f = B(r,v) and a set S, C V with meas(V \ Sy) — 0 when
v — 0 such that, if V € Sy then for any N > 1 and any n € Z, one has

(k) 40| = 5
for any k € Z2" with 0 < k| <r. Here wN) = (Wi)s1<n-

By Proposition we could conclude that for V € S, each j € (Z%)" is N — (v, )
nonresonant if it has only at most two components larger than N.

Now we could state the normal form theorem.

Theorem 2.7. For fized integer M > 4, VV €V, there exists v,a > 0, and a sufficiently
large s, > 0, Ry > 0, such that V0O < R() < R, there exists an analytic canonical
transformation T'r: Bs, (R /3) — By, (R"*)) which put the Hamiltonian Hy + P into

the main part plus higher order terms, i.e.,
(H()-FP)OFR:H()—FZ—FR

where Z is in N — (v, «) normal form and the parameter N will be chosen appropriately
later. And the vector field of the remaining term R is an analytic map from P, to itself.
Moreover, Vs > s., 3Cs > 0, VR < R, /Cs, the following estimates hold:

sup  [|(€,m) —Tr(& )|, < CsR?,
€I, <R

(2.7) sup || Xz (& n)l, < CRM.
Iemll <R

The proof of this theorem will be delayed to the end of Section [4]

3. A list of technical lemmas

In this part, we will give a list of lemmas describing properties of functions in M }’é, and
besides we will also describe the vector field of f o ® where f € M, ® is a Lie transfor-
mation. Most of these lemmas could be extended from [4] by Bambusi directly without
any difficulty and we just omit the proofs.

For any analytic function f that has an analytic vector field, we write || X f||f‘ =
sup|em.<r 1 Xr(&mlly < co. And for a given homogeneous polynomial h, which is
of degree nq in £ and ng in 7 respectively, namely h = E#j:nh#k:m h; k€K, we let
h= ij e‘“'M(j’k”&jnk. Then we have the following estimate:
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Lemma 3.1. There exists a constant ¥g, ps > 1, which only depends on the Sobolev index

s and spatial dimension d, for h defined above and n = ny + no one has

IXalls < IRl |X5
(3.1) 1|1 < nSs(ps R)" .

I

In the following text, Lemma will be used to bound the size of the vector field
||XhHSR by (h). The constants Y, ps in Lemma [3.1) will be fixed throughout this paper.

Lemma 3.2. Let h € M. For any R®) >0, ps > 1, psR®) < R, 0 < 5 < R®) we

_ R()_5(9) s, u
have the estimate || Xp||, o) (h>psR(S).

Now we split (§,n) into p, ¢, P, @, defined as

pi=¢&, |i| <N, P =&, [i|>N,

(3.2) | .
qi = Nis ‘Z‘§N7 QZ:T/z? ‘Z’>N7

where N will be specified later. Similar as before, we need to consider a polynomial h

which is homogeneous of degree m1, ma, ms, mq in p, q, P, Q) respectively, namely

(3.3) h(p,q, P,Q) = Z hi,i 5 1Pk i P Q-
k.i,j,l
We let 5
h=> e rMELiDip 0. P;Q;.

k,i,7,l
Different from (2.4]), here the definition is based on the parameter N. We have the following

estimates:

Lemma 3.3. Let h be a homogeneous polynomial of degree m1, ma, ms, my in p, q, P,

Q respectively, ms + myg > 3, then we have

R R
1l < 1l x|

R < N
s = Ns—l

HXZ (psR)"_l, n =mji + mg +ms +my.

Lemma 3.4. Let h € Mg be a polynomial of degree < r, and we assume that in the
expression (3.3)), ms+my > 3, then for any RG) >0, ps >0, psR(S) < R,0< 66 < RG)
we have

R(s)_g(s) cX M
(3.4) Il < T W

where the constant c is related to s and r.
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Now we consider the Lie-transformation. For a Hamiltonian x, the induced time t-map

T = X)t( is called the Lie-transformation generated by y. For an analytic function h, we

have
hoXy=>Y I
1>0
where
1
(35) hO — hv hl — 7 {hl—l)X}’ l Z 1
and

d
%(hoX;) ={h,x}oXl, [t|<1

In the following text we will give a list of estimates concerning the M I’é_ 4 horm of
ho X} for h € Mp,.

Lemma 3.5. Let h be homogeneous of degree my in & and mg in n respectively, and g be

homogeneous of degree ny in & and ny in n respectively. Then we have
[{h, g, < mnlh|,lgl,, m=mi+me, n=ni+ns.

Lemma 3.6. Let h € My, g€ M}, ,, 0 <d < R. For any 0 < d < R—d, one has
{h,g} € Mgfdid, and

(V-0 < Gy W @

Based on these lemmas, we give the estimate after Poisson Bracket and after the

Lie-transformation:

Lemma 3.7. Let h € Mg, X € Mg are analytic, let hy, be defined as (3.5)), then for any
0 <d< R, one has h,, € M}%—d and

62 n
(hn)p_q < (M) <d2 <X>lfz> :

Lemma 3.8. Let y be an analytic Hamiltonian, 0 < §©) < RS if ||XXHSR(S) < 0©), then
for any |t| <1, one has

||(§a77)”s<R(g)_§(s)

Lemma 3.9. Let x be above and h: BS(R(S)) — C be analytic with analytic vector field
in Bs(R®), let 0 < 6¢) < R(), ||XXHSR(S) < 6(8)/3, then for |t| < 1, one has

R(s)_g(9)
< <1 +

S

(3.6) | Xnoxe

3 R() R()
s 1 ) 10
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4. Proof of main theorem

For a given R > 0, 7 > 0, we define 6 = R/(2r), Ry = R — k. And for R®) > 0, let
5© = R®/(2r), R = R() — (9,

Lemma 4.1 (Iterative Lemma). Fiz r > 4, assume (f), < AR®, for R < Ry, R < R,/2
with R, = v/ (48¢2AN®r?). Then for k < r — 4, there exists a canonical transformation
T'®) which puts Hy + f into

H® = (Hy+ f) oT® = Hy+ z®) 4 f® 4 P 4 »P

where Z®) is in N — (v, @) normal form, and we have the following estimates:

" k—1 R 1 4 R k
4.1 ZWN" < AR? — BN < AR [ =
(4.1) < >Rk_ R; R.)’ <f >Rk_ R R,
And forVs > 1, let Rgf) = R./ps, then for any R©) satisfying
R®) 1 2e?
. — <
(4.2) =8 min { 2 oox }

we have that T®) is an analytic map from B (R,(jzl) to BS(RgS)), and

l
R®p. 3, o [ RG)

@ a6 -en], < TR (H5)
el <Rk+1 =1 \ B

For the remaining part 72( ) and Rgf;), we have

(4.4)
l k—1 +1
R/i+)1 — Psds R
HXRXIC) s - N QTAZ IZ: R*S) % g 1+ 4e2 RSkS)
and
R R r—1 1 k—1 03 R0 I+1
4. HX o (22} warAR? (2— 14 PoZs
(4.5) Rgrk) s - RSf) " R 2k—1 Xg + 14e2 RS:S‘)

Proof. We prove it by an iterative procedure.

At the beginning, H = Hy + f, just let Z(O = 0, Rg\?) = REFO) = 0. Assume that we
have arrived at the k-th step, then split f*) = fék) + f}k), where fék) is the part of the
expansion of f*) with order < r — 1 and f:(pk) is the remainder. Expand fék) into Taylor
series with respect to (P, Q) only (defined in (3.2)). Let f*) be the part containing terms
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at most quadratic in (P, Q), and f](\f) be the remaining part. It’s easy to see that <f(k)>2,
<f(k > <f(k > <f(k)>2, and we rewrite the Hamiltonian as

H® = Hy+ 20 4 f® L RE) + RY
= Hy+2® + f0) 4 (f( R+ () + RY).
After one step of Lie-transformation induced by i, we get
k+1) _ gk 1
H(+)_H()OXXk

+2®) 4 {Hy, xi} + ¥

(4.6) Y Ha+ Sz 4 S

1>2 >1 >1
(4.7) + (P + Ry o xL
(k) | (k) 1
(4.8) +(fr’ +Ry7) o Xy,

We let 2+ = z(K) 4 7, where Z), = {Ho, Xk}—i—f(k Xk will be chosen appropriately
later to ensure Z**1D ig still in N-normal form. Let f#+D = , Rg\lfrl) = ,
RUETD — (@) and TR =T o T,

At ﬁrst we need to estimate the norm of yx. According to Proposition [2.6] 3, a > 0,

such that the frequencies satisfy the N — (v, @) nonresonant condition. We let

A={(.k) 126, B)] = <5 }

and let B be its complementary set. Then we set

Z f_, 53771:::

(4.k)eB
i
_ J,
X (,; €27, k)
Jj.k)eA

which are solutions of equation Zy = {Ho, xx} + f(k). It’s easy to see that Zj is still in
N-normal form so Z®*+1) will be in N-normal form. And the norms of Zi, xj could be
bounded by:

@Yy < (FV) < (7))

Using (4.1)) it’s easy to get <f(k)>2k < AR3(R/R.,)F and so we have

(k+1)\* 3 “ /R
<Z >Rk+1 < AR lzg <R> .
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Thus we proved the first part of (4.1).
In order to estimate f* 1 we consider Zl(k), fl(k), Hy; separately. At first

«

N ;o\ Ne /[ R\"
b NN N (RN e,
o, < = (/ >Rk_ F=\&) =

The last inequality comes from the definition of R,. Let x = g—z <Xk>%k < 1/2. For Zl(k),

by (34), we get <Zl<k>>”“ < <Z(k)>“ !

Ryy1 Ry

and so .
R\ sl p(
> (2Y)  <arAR® < AR 7

by the definition of R,.

For {1, according to (F9), < (70)y, < (2],

o
estimate of this part is better than that of <Zl(k)>R . The same method applies to Hyy,
k+1

, we get to know that the

k

and we get the same estimate. Add these three parts up and we get the second part of

).
Now we turn to the proof of the second part. By (3.1)), (4.2]) we get

R,(jjl s
X <
” XkHS = ps5(5)

k
a (s)
< 2235) NiA(psR(s))g <R(S)>
(4.9) ps0t®) R

_ puZ.RY (RO hrt
24e2r Rgf)

o
<ch>pS RI(CS)

< 5,

) — By(R'")

So I'y: By(R!" o

k42 ) and

T+ = 70 o Ty By(RY),) — B(RYY)

and by using (4.9) and induction, we get (4.3)).
At last, we only need to verify the estimate of the remaining part (4.4)), (4.5)).

By (3.4), we get

R§c€21< s 1 <(k)>u
s — psé(s) Ns—1 N pngf)

k
5 1 R)
s~ _A(psROY [ =] .
poo@ N1 AP ET) ( R@)

HX (k)
N

IN
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So by (3.6, we have

(s
Rk-‘)—Q

(s)
R
X0
N Otkllg

X Rl(c-l)—l X
2 Xl H sl

k
pszs R(s) (s) 227’/125 @
< (1+ 12 (Ry(f) (ps R') Ns-1 RS:S)
R, 5y (RO
. 1+ Ae2 <R£S)> HXRE\I;)
k

2r AT L (RO [k s RO\
S 5)\2 sHs
< Ns—1 (pSR( )) Z ((s)) H 1+ Ae2 ())

Adding these two parts up, we get (4.4)).

and

IN

RE\?) OFk

R(S) m m
k“, we first estimate < }k)>R . Notice that <f¥€)>R is an
S k

analytic function of R with positive Taylor coefficients and start from order r, so one has
1 2R\" 1 R\?®
el (k)> <or—k=3p3 (L)

By (3.1)), we get
r—1
R7(€+1 < 27" k—2 AZ R2 <R(S)>
RY

For the part HX (k+1)
RT

HX (k)

R(S) R(S)
The method of estimating HR%@ . "1 and at last we get

E5).

Proof of Theorem [2.7 According to the definition of R, we get that J¢s > 0, C5 > 0,
such that R®) < ¢ R.. Let k =1 — 3, we get I'®): B,(R(®)/3) — B,(R"®)) and

is similar to that of HRE\’;)

[r® € m - €| < ROy N,

And by (4.4), (4.5) and the definition of R,, we get

() R®)
| XrullS" < Cogrmr
R($)/3
HXRT ) < Oy(R® Noy -1

Now we set N = R~Y/(29) then one has

R()/3

<C, (( RN (s=D/(2a) 4 ( R(s>)<r71)/2> ,

For the given M, we choose r = 2M+ 1, s > s, = 4aM, and then we get Theorem 2.7, O

HXRN + XRT+f(k)
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Now we could prove Theorem [I.1] as a corollary of Theorem [2.7]

Proof of Theorem [L.1]. Let {&,},,czq be Fourier series of u, {n,}, .« be Fourier series of u,
we could identify the solution u = u(t, z) of with the sequence (&,1) = {(&n: 1) }peza-
Notice that here we restrict to the case &, = 7,,, Vn € Z%. For convenience, we define
z = {&n}eza as well as 12> = ||€]|? and let z = Tg2Z. We will study the behavior of z
through the behavior of Z. We have |Z|, < |2 — z|, + |z|, < € + Cse? < 2¢, if Ry is small
enough. Then we need to consider the new system of Z. Now the Hamiltonian has been
put into
(Ho+ f)oTr=Ho+Z+R

we need to verify that the part Hy 4+ Z contributes nothing to the growth of the solution.
Given one element in Z, it should have a form of I;, I}, - - - I; &nnm, ||| = [Im||, I; = &m;

and here (n,m) may vanish. For any given S € N we show that

(4'10) {Ij1Ij2 T Ijré‘nnrm JS} =0, Js = Z gnnn-
[n|I*=S

It’s easy to verify that {I;,, J¢} = 0 and by the structure of Poisson Bracket ([2.3), we only

need to verify

(4.11) {&nm, Js} =0, |In]| = |Im]|.

If ||n||* # S, then (#.11)) holds automatically, otherwise

{€n77m, JS} = {gnnma fnnn + fmnm} = i(nmgn - {nnm) =0.

At last (4.10]) holds. {Hop, Js} = 0 is obvious and we get

Ho+Z, Y Inll**¢amn p = > {Ho+ Z,8°Js} = 0.

nezd S>0
So we have
d _ .
(4.12) yEH {122, Ho+ Z + R} = {212, R}

and by , we know that the absolute value of can be bounded by C’eM in
Bs(3¢). Denote by T the escape time of Z from Bg(2¢) to outside of Bs(3¢), and using
Z(8))2 < |2(0)|2 + C'eMT we get that T > Ce?~M.

At last we go back to z,

2], < |2 — 2|, +|2], <3¢+ Cse?® < de

so we finished the proof of Theorem O
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