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Multiple Solutions of Nonlinear Schrödinger Equation with the Fractional

p-Laplacian

Huxiao Luo*, Xianhua Tang and Shengjun Li

Abstract. We use two variant fountain theorems to prove the existence of infinitely

many weak solutions for the following fractional p-Laplace equation

(−∆)αpu+ V (x)|u|p−2u = f(x, u), x ∈ RN ,

where N ≥ 2, p ≥ 2, α ∈ (0, 1), (−∆)αp is the fractional p-Laplacian and f is either

asymptotically linear or subcritical p-superlinear growth. Under appropriate assump-

tions on V and f , we prove the existence of infinitely many nontrivial high or small

energy solutions. Our results generalize and extend some existing results.

1. Introduction

This article is concerned with the fractional p-Laplacian equation

(1.1) (−∆)αpu+ V (x) |u|p−2 u = f(x, u), x ∈ RN ,

where N, p ≥ 2, α ∈ (0, 1), V is a positive continuous potential and f ∈ C(RN × R,R).

The fractional p-Laplacian defined on smooth functions by

(−∆)αpu(x) = 2 lim
ε→0

∫
RN\Bε(x)

|u(x)− u(y)|p−2 (u(x)− u(y))

|x− y|N+αp
dy, x ∈ RN ,

up to some normalization constant depending upon N and α.

When p = 2, the equation (1.1) arises in the study of the nonlinear Fractional Shrödinger

equation

(1.2) (−∆)αu+ V (x)u = f(x, u), x ∈ RN .

This type of problem arises in many different applications, such as, continuum mechanics,

phase transition phenomena, population dynamics and game theory, as they are the typical
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outcome of stochastically stabilization of Lévy processes, see [2, 10, 11, 13, 18–20, 25] and

the references therein. The literature on non-local operators and their applications is very

interesting and quite large, we refer the interested reader to [1, 3–6,8, 9, 14,17,21–24] and

the references therein. For the basic properties of fractional Sobolev spaces, we refer the

interested reader to [12].

It is well known that the main difficulty in treating problem (1.2) in RN arises from

the lack of compactness of the Sobolev embeddings, which prevents from checking directly

that the energy functional associated with (1.2) satisfies the C-condition. To overcome

the difficulty of the noncompact embedding, Teng [15] and Wei [16] also establish a new

compact embedding theorem for the subspace of Hα(RN ). Furthermore, the authors are

able to guarantee the existence and multiplicity of nontrivial weak solutions of (1.2) in

H =
{
u ∈ Hα(RN ) :

∫
RN
∣∣(−∆)α/2u(x)

∣∣2 dx+
∫
RN V (x)u2 dx < +∞

}
provided inf V > 0

and the following condition holds:

(A) For any M > 0, there exists r0 > 0 such that

lim
|y|→∞

meas
({
x ∈ RN : |x− y| ≤ r0, V (x) ≤M

})
= 0,

where meas(·) is the Lebesgue measure on RN .

Ge [7] established the existence of infinitely many solutions of (1.2) via the variant

fountain theorems established in [26]. Inspired by the above facts and aforementioned

papers, the main purpose of this paper is to study the existence of infinitely many solutions

of (1.1). Before stating our main results, we first make some assumptions on the functions

V and f . For the potential V , we make the following assumption:

(B) V ∈ C(RN ), V0 := infx∈RN V (x) > 0.

For the nonlinearity f , we divide it into the following two cases. For the asymptotically

linear case, we make the following assumptions:

(C1) f ∈ C(RN × R,R), f(x, t)t ≥ 0 for all (x, t) ∈ RN × R and there exist constant

p− 1 < r < p and positive functions a ∈ Lp/(p−r)(RN ) such that

|f(x, t)| ≤ a(x)(1 + |t|r−1), ∀ (x, t) ∈ RN × R.

(C2) limt→0 f(x, t)/|t|p−1 = 0 uniformly for x ∈ RN .

(C3) There exists σ ∈ [p − 1, r) such that lim inft→∞ F (x, t)/|t|σ ≥ d > 0 uniformly for

x ∈ RN , where F (x, t) =
∫ t

0 f(x, s) ds.

Now, we are ready to state the first main result of this paper.
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Theorem 1.1. Suppose that (B) and (C1)–(C3) hold, and that f(x,−t) = −f(x, t) for

all (x, t) ∈ RN × R. Then problem (1.1) possesses infinitely many small energy solutions

uk ∈ E (see (2.1)) for every k ∈ N, in the sense that

1

p

[∫
R2N

|uk(x)− uk(y)|p

|x− y|N+αp
dx dy +

∫
RN

V (x) |uk(x)|p dx

]
−
∫
RN

F (x, uk) dx→ 0−

as k →∞.

Here E is a Banach space which is defined in (2.1). For the p-superlinear case, we

make the following assumptions:

(D1) f ∈ C(RN × R), f(x, t)t ≥ 0 for all (x, t) ∈ RN × R and there exists a constant

θ ∈ (p, p∗α), such that

|f(x, t)| ≤ b(x)(|t|p−1 + |t|θ−1), ∀ (x, t) ∈ RN × R

with a positive function b ∈ Lq(RN ) and q > pN
pN+pαθ−Nθ , which implies that p <

q
q−1θ < p∗α, where p∗α = Np

N−αp (if N > αp) or p∗α =∞ (if N ≤ αp).

(D2) limt→0 f(x, t)/|t|p−1 = 0 uniformly for x ∈ RN .

(D3) limt→∞ F (x, t)/|t|p =∞ uniformly for x ∈ RN .

(D4) There exist µ > p such that

0 < µF (x, t) ≤ tf(x, t), ∀x ∈ RN , t 6= 0.

Our second main result reads as follows.

Theorem 1.2. Suppose that (B) and (D1)–(D4) hold, and that f(x,−t) = −f(x, t) for

all (x, t) ∈ RN × R. Then problem (1.1) possesses infinitely many high energy solutions

uk ∈ E for all k ≥ k0 (k0 ∈ N), in the sense that

1

p

[∫
R2N

∣∣uk(x)− uk(y)
∣∣p

|x− y|N+αp
dx dy +

∫
RN

V (x)
∣∣∣uk(x)

∣∣∣p dx]− ∫
RN

F (x, uk) dx→ +∞

as k →∞.

Notation. In this paper we make use of the following notation:

• ‖ · ‖p the usual norm of the space Lp(RN ).

• c, C and ci, Ci denote positive (possibly different) constants.

• We denote the weak convergence in X and its X∗ by “⇀” and the strong convergence

by “→”.
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2. Variational framework

Before stating this section, we define the Cagliardo seminorm by

[u]α,p =

(∫
R2N

|u(x)− u(y)|p

|x− y|N+αp
dx dy

)1/p

,

where u : RN → R is a measurable function. On one hand, we define fractional Sobolev

space by

Wα,p(RN ) =
{
u ∈ Lp(RN ) : u is measurable and [u]α,p <∞

}
endowed with the norm

‖u‖α,p =
(

[u]pα,p + ‖u‖pp
)1/p

,

where

‖u‖p =

(∫
RN
|u(x)|p dx

)1/p

.

On the other hand, we consider the fractional Sobolev space

(2.1) E :=

{
u ∈Wα,p :

∫
RN

V (x) |u|p dx <∞
}

endowed with the norm

‖u‖ := ‖u‖E =

(
[u]pα,p +

∫
RN

V (x) |u|p dx
)1/p

.

In order to discuss the problem (1.1), we need to consider the energy functional Φ: E →
R defined by

Φ(u) =
1

p

∫
R2N

|u(x)− u(y)|p

|x− y|N+αp
dx dy +

1

p

∫
RN

V (x) |u(x)|p dx−
∫
RN

F (x, u) dx.

Under our hypotheses, it follows from Hölder-type inequality and Sobolev embedding

theorem that the energy functional Φ is well defined on E. It is well known that Φ ∈
C1(E,R), and its derivative is given by

〈
Φ′(u), v

〉
=

∫
R2N

|u(x)− u(y)|p−2 (u(x)− u(y))(v(x)− v(y))

|x− y|N+αp
dx dy

+

∫
RN

V (x) |u|p−2 uv dx−
∫
RN

f(x, u)v dx

for v ∈ E. It is standard to verify that the weak solutions of problem (1.1) correspond to

the critical points of the functional Φ. For the readers convenience, we review the main

embedding result for this class of fractional Sobolev spaces.
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Lemma 2.1. [12] Wα,p(RN ) is continuously embedded in Lq(RN ) for all q ∈ [p, p∗α], and

compactly embedded into Lqloc(R
N ) for q ∈ [p, p∗α). Assume that (A) hold, then E is

compactly embedded into Lq(RN ) for q ∈ [p, p∗α).

In order to assure the existence of infinitely many solutions for the problem (1.1), our

main tool will be the two variant fountain theorems (see [26, Theorem 2.2 and Theo-

rem 2.1]), which will be used in our proof.

Let X be a Banach space with the norm ‖ · ‖ and X =
⊕∞

i∈NXi with dimXi <∞ for

any i ∈ N. Set

Yk =
k⊕
i=0

Xi, Zk =

∞⊕
i=k

Xi.

Consider the following C1-functional Φλ : X → R defined by

Φλ(u) = A(u)− λB(u), λ ∈ [1, 2],

where A,B : X → R are two functionals.

Lemma 2.2. Suppose that the functional Φλ defined above, and satisfies the following

conditions:

(1) Φλ maps bounded sets to bounded sets uniformly for λ ∈ [1, 2]. Furthermore, Φλ(−u)

= Φλ(u) for all (λ, u) ∈ [1, 2]×X.

(2) B(u) ≥ 0; B(u)→∞ as ‖u‖ → ∞ on any finite dimensional subspace of X.

(3) There exist ρk > rk > 0 such that

ak(λ) := inf
u∈Zk
‖u‖=ρk

Φλ(u) ≥ 0 > bk(λ) := max
u∈Yk
‖u‖=rk

Φλ(u)

for all λ ∈ [1, 2], dk(λ) := infu∈Zk,‖u‖≤ρk Φλ(u) → 0 as k → ∞ uniformly for

λ ∈ [1, 2]. Then there exist λn → 1, u(λn) ∈ Yn such that

Φ′λn |Yn(u(λn)) = 0, Φλn(u(λn))→ ck ∈ [dk(2), bk(1)] as n→∞.

In particular, if {u(λn)}∞n=1 has a convergent subsequence for every k, then Φ1 has

infinitely many nontrivial critical points {uk}∞k=1 ∈ X \ {0} satisfying Φ1(uk)→ 0−

as k →∞.

Lemma 2.3. Suppose that the functional Φλ defined above, and satisfies the following

conditions:

(1) Φλ maps bounded sets to bounded sets uniformly for λ ∈ [1, 2]. Furthermore, Φλ(−u)

= Φλ(u) for all (λ, u) ∈ [1, 2]×X.
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(2) B(u) ≥ 0; B(u) → ∞ or A(u) → ∞ as ‖u‖ → ∞ (or B(u) ≤ 0; B(u) → −∞ as

‖u‖ → ∞).

(3) There exist ρk > rk > 0 such that

bk(λ) := inf
u∈Zk
‖u‖=rk

Φλ(u) > ak(λ) := max
u∈Yk
‖u‖=ρk

Φλ(u) for all λ ∈ [1, 2].

Then

bk(λ) ≤ ck(λ) := inf
γ∈Γ

max
u∈Bk

Φλ(γ(u)), ∀λ ∈ [1, 2],

where Γk = {γ ∈ C(Bk, X) : γ is odd, γ|∂Bk = id} (k ≥ 2) and Bk = {u ∈ Yk : ‖u‖ ≤ ρk}.
Moreover, for almost every λ ∈ [1, 2], there exists a sequence

{
ukn(λ)

}∞
n=1

such that

sup
n

∥∥∥ukn(λ)
∥∥∥ <∞, Φ′λ(ukn(λ))→ 0 and Φλ(ukn(λ))→ ck(λ) as n→∞.

3. Proofs of the main results

In this section, for the notation in Lemmas 2.2 and 2.3, the space X = E, and related

functionals on E are

A(u) =
1

p

∫
R2N

|u(x)− u(y)|p

|x− y|N+αp
dx dy +

1

p

∫
RN

V (x) |u(x)|p dx, B(u) =

∫
RN

F (x, u) dx.

In order to prove Theorems 1.1 and 1.2, we will consider the following family of functionals

Φλ(u) =
1

p

∫
R2N

|u(x)− u(y)|p

|x− y|N+αp
dx dy +

1

p

∫
RN

V (x) |u(x)|p dx− λ
∫
RN

F (x, u) dx

with λ ∈ [1, 2] and u ∈ E. By (B), the energy functional Φλ : E → R is well defined and

of class C1(E,R). Moreover, the derivative of Φλ is

〈
Φ′λ(u), v

〉
=

∫
R2N

|u(x)− u(y)|p−2 (u(x)− u(y))(v(x)− v(y))

|x− y|N+αp
dx dy

+

∫
RN

V (x) |u|p−2 uv dx− λ
∫
RN

f(x, u)v dx

for all u, v ∈ E. Since E is a separable and reflexive Banach space, then there exist

{ei}∞i=1 ⊂ E and {e∗i }
∞
i=1 ⊂ E

∗ such that

E = span {ei : i = 1, 2, . . .}, E∗ = span {e∗i : i = 1, 2, . . .}

and

〈e∗i , ej〉 =

1 if i = j,

0 if i 6= j.

For convenience, we write Xi := Rei. Now, we are going to prove our main results.
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3.1. Proof of Theorem 1.1

Lemma 3.1. Suppose that (B) and (C1)–(C3) are satisfied. Then B(u) ≥ 0, and B(u)→
∞ as ‖u‖ → ∞ on any dimensional subspace of E.

Proof. Evidently, from (C1), we have B(u) ≥ 0 for all u ∈ E. Let H ⊂ E be any finite

dimensional subspace of E. Next we will show that B(u) → ∞ as ‖u‖ → ∞ on H. We

claim that for any finite dimensional subspace H of E, there exists a constant ε0 > 0 such

that

(3.1) meas
{
x ∈ RN : |u(x)| ≥ ε0 ‖u‖

}
≥ ε0, ∀u ∈ H \ {0} .

If not, for any n ∈ N, there exists un ∈ H \ {0} such that

meas

{
x ∈ RN : |un(x)| ≥ 1

n
‖un‖

}
<

1

n
, ∀n ∈ N.

Let wn = un/‖un‖, for all n ∈ N, then ‖wn‖ = 1 for all n ∈ N, and

(3.2) meas

{
x ∈ RN : |wn(x)| ≥ 1

n

}
<

1

n
, ∀n ∈ N.

By the boundedness of {wn}, passing to a subsequence if necessary, we may assume that

wn → w with ‖w‖ = 1 in E for some w ∈ H since H is a finite dimensional space. By

Lemma 2.1, we have

(3.3)

∫
RN
|wn(x)− w(x)|p dx→ 0 as n→∞.

Since w 6= 0, there exists a constant δ0 > 0 such that

(3.4) meas
{
x ∈ RN : |w(x)| ≥ δ0

}
≥ δ0.

For any n ∈ N, we set

Dn =

{
x ∈ RN : |wn(x)| < 1

n

}
, Dc

n =

{
x ∈ RN : |wn(x)| ≥ 1

n

}
,

and D0 =
{
x ∈ RN : |w(x)| ≥ δ0

}
. Thus for n > (p+ 1)/δ0, by (3.2) and (3.4), we get

meas(Dn ∩D0) ≥ meas(D0)−meas(Dc
n) >

pδ0

p+ 1
.

Consequently, for n > (p + 1)/δ0, by the inequality |w − wn|p ≥ |w|p − p |w|p−1 |wn|, we
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have ∫
RN
|wn(x)− w(x)|p dx ≥

∫
Dn∩D0

|wn(x)− w(x)|p dx

≥
∫
Dn∩D0

[
|w(x)|p − p |w(x)|p−1 |wn(x)|

]
dx

≥
∫
Dn∩D0

|w(x)|p−1 [|w(x)| − p |wn(x)|] dx

≥ δp−1
0

(
δ0 −

p

n

)
meas(Dn ∩D0)

>
p

(p+ 1)2
δp+1

0 > 0.

This is in contradiction with (3.3). Therefore (3.1) holds.

By (C3), there exists R > 0 such that

(3.5) F (x, u) ≥ d |u|σ for all x ∈ RN and |u| ≥ R.

Let Du =
{
x ∈ RN : |u(x)| ≥ ε0 ‖u‖

}
for u ∈ H \ {0}. By (3.1), we see that for any

u ∈ H with ‖u‖ ≥ R/ε0, we have |u(x)| ≥ R for all x ∈ Du. Hence, for any u ∈ H with

‖u‖ ≥ R/ε0, from (C1) and (3.5), we get

B(u) =

∫
RN

F (x, u(x)) dx ≥
∫
Du

F (x, u(x)) dx

≥
∫
Du

d |u(x)|σ dx ≥ dεσ0 ‖u‖
σ meas(Du)

≥ dε1+σ
0 ‖u‖σ .

This implies that B(u) → ∞ as ‖u‖ → ∞ on any finite dimensional subspace H ⊂ E.

The proof is completed.

Lemma 3.2. Suppose that (B) and (C1)–(C3) are satisfied. Then there exist two se-

quences 0 < rk < ρk → 0 as k →∞ such that

ak(λ) = inf
u∈Zk
‖u‖=ρk

Φλ(u) ≥ 0, bk(λ) = max
u∈Yk
‖u‖=rk

Φλ(u) < 0

and

dk(λ) = inf
u∈Zk
‖u‖≤ρk

Φλ(u)→ 0 as k →∞

uniformly for λ ∈ [1, 2].

Proof. Let αk = supu∈Zk,‖u‖=1 ‖u‖q for q ∈ [p, p∗α), we see that αk → 0 as k →∞. Indeed,

suppose that this is not the case, then there exist an ε0 and {ui} ⊂ E with ui ⊥ Yki−1
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such that ‖ui‖ = 1, ‖ui‖q ≥ ε0, where kj → ∞ as j → ∞. For any v ∈ E, we may find

wi ∈ Yki−1 such that wi → v as i→∞. Hence,

|〈ui, v〉| = |〈ui, wi − v〉| ≤ ‖wi − v‖ → 0

as i → ∞. Thus, ui ⇀ 0 weakly in E, as a result, by Lemma 2.1, we have ui → 0 in

Lq(RN ). This is in contradiction with ‖ui‖q ≥ ε0.

By (C1)–(C3), it is easy to prove that for arbitrary ε > 0, there exists Cε > 0 such

that

(3.6) F (x, u) ≤ ε |u|p + Cεa(x) |u|r , ∀ (x, t) ∈ RN × R.

Therefore, for u ∈ Zk and ε small enough, by (3.6), we have

Φλ(u) ≥ 1

p
‖u‖p − λε ‖u‖pp − λCε ‖a‖p/(p−r) ‖u‖

r
p

≥ 1

2p
‖u‖p − c ‖a‖p/(p−r) α

r
k ‖u‖

r .

If we choose ρk = (4pc ‖a‖p/(p−r) αrk)1/(p−r), then ρk → 0+ as k →∞ and by computation,

we get

ak(λ) = inf
u∈Zk
‖u‖=ρk

Φλ(u) ≥ 1

4p
ρpk > 0.

In addition, for all λ ∈ [1, 2] and u ∈ Zk with ‖u‖ ≤ ρk, we have

Φλ(u) ≥ −c ‖a‖p/(p−r) α
r
k ‖u‖

r ≥ −c ‖a‖p/(p−r) α
r
kρ
r
k → 0

as k →∞. Therefore,

dk(λ) = inf
u∈Zk
‖u‖≤ρk

Φλ(u)→ 0 as k →∞ uniformly for λ ∈ [1, 2].

By (C1)–(C3), we can get

F (x, u) ≥ d |u|σ − ε |u|p − Cεa(x) |u|r , ∀ (x, t) ∈ RN × R.

Hence, if u ∈ Yk, by the equivalence of any norm in finite dimensional space, Hölder

inequality and the above inequality, we get

Φλ(u) ≤ 1

p
‖u‖p −

∫
RN

F (x, u) dx

≤ 1

p
‖u‖p − d

∫
RN
|u|σ dx+ ε

∫
RN
|u|p dx+ Cε ‖a‖p/(p−r)

(∫
RN
|u|p dx

)r/p
≤ ‖u‖p + c ‖a‖p/(p−r) ‖u‖

r − c1 ‖u‖σ .
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Therefore, we choose rk > 0 small enough satisfying rk < ρk such that

bk(λ) = max
u∈Yk
‖u‖=rk

Φλ(u) < 0 for all λ ∈ [1, 2].

The proof is completed.

Proof of Theorem 1.1. It follows from (3.6) and Lemma 2.1 that Φλ maps bounded sets

into bounded sets uniformly for λ ∈ [1, 2]. Evidently, Φλ(u) = Φλ(−u) for all (λ, u) ∈
[1, 2]×E. From Lemma 3.2, we see that all the conditions of Lemma 2.2 have been verified.

Consequently, we know from Lemma 2.2 that there exist λn → 1, u(λn) ∈ Yn such that

Φ′λn |Yn(u(λn)) = 0, Φλn(u(λn))→ ck ∈ [dk(2), bk(1)] as n→∞.

For simplicity, we denote u(λn) by un for all n ∈ N. We claim that the sequence {un}∞n=1

is bounded in E. In fact, by (B), (3.6) and the Hölder inequality, we have

1

p
‖un‖p =

1

p

∫
R2N

|u(x)− u(y)|p

|x− y|N+αp
dx dy +

1

p

∫
RN

V (x) |u(x)|p dx

= Φλn(un) + λn

∫
RN

F (x, un) dx

≤ Φλ(un) + 2ε ‖un‖pp + 2Cε

∫
RN

a(x) |un|r dx

≤M0 + 2εCp1 ‖un‖
p + 2Cε

∫
RN

a(x)

V (x)r/p
V (x)r/p |un|r dx

≤M0 + 2εCp1 ‖un‖
p + 2Cε

1

V
r/p

0

∫
RN

a(x)V (x)r/p |un|r dx

≤M0 + 2εCp1 ‖un‖
p + 2Cε

1

V
r/p

0

‖a‖p/(p−r)
∥∥∥V r/p |un|r

∥∥∥
p/r

≤M0 + 2εCp1 ‖un‖
p + 2Cε

1

V
r/p

0

‖a‖p/(p−r) ‖un‖
r ,

(3.7)

where M0 is some positive constant and C0 is the embedding constant for ‖un‖p ≤ C1 ‖un‖
(by Lemma 2.1). Since p− 1 < r < p, (3.7) implies that {un} is bounded in E. So we can

find M > 0 such that ‖un‖ ≤M for all n ∈ N.

Our next step is to show that there is a strongly convergent subsequence of {un}∞n=1 in

E. Indeed, in view of the boundedness of {un}∞n=1, passing to a subsequence if necessary,

still denoted by {un}∞n=1, we may assume that un ⇀ u0 weakly in E.

Let Pn : E → Yn denote the projection operator for all n ∈ N, then we have

0 = Φ′λn |Yn(un) = PnΦ′λn(un).
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Thus,
〈
PnΦ′λn(un), un − u0

〉
= 0 and from un ⇀ u0, we see that 〈Φ′1(u0), un − u0〉 → 0 as

n→∞. Therefore, by the inequality
∣∣∣|u|p−2 u− |v|p−2 v

∣∣∣ |u− v| ≥ c |u− v|p (where c is a

constant independent from the variable u and v), we conclude that〈
PnΦ′λn

(un)− Φ′1(u0), un − u0
〉

=

∫
R2N

Pn

{
|un(x)− un(y)|p−2 (un(x)− un(y))− |u0(x)− u0(y)|p−2 (u0(x)− u0(y))

}
|x− y|N+αp

× (un(x)− un(y)− u0(x) + u0(y)) dx dy

+

∫
RN

V (x)Pn

[
|un|p−2 un − |u0|p−2 u

]
(un − u0) dx

− λn
∫
RN

f(x, un)Pn(un − u0) dx+

∫
RN

f(x, u0)(un − u0) dx

≥ c1
∫
R2N

Pn |(un(x)− un(y))− (u0(x)− u0(y))|p

|x− y|N+αp
dx dy + c2

∫
RN

V (x)Pn |un − u0|p dx

− λn
∫
RN

f(x, un)Pn(un − u0) dx+

∫
RN

f(x, u0)(un − u0) dx

≥ c3 ‖Pn(un − u0)‖p − λn
∫
RN

f(x, un)Pn(un − u0) dx+

∫
RN

f(x, u0)(un − u0) dx

= c3 ‖(un − u0)‖p − λn
∫
RN

f(x, un)Pn(un − u0) dx+

∫
RN

f(x, u0)(un − u0) dx.

(3.8)

From hypotheses (C1) and (C2), we see that given ε > 0, we can find Cε > 0 such that

(3.9) |f(x, t)| ≤ ε

Mp
|t|p−1 + Cεa(x) |t|r−1 , ∀ (x, t) ∈ RN × R.

From the choice of the function a ∈ Lp/(p−r)(RN ), we can choose Rε > 0 such that

(3.10) ‖a‖Lp/(p−r)(Ωcε) <
ε

M rCε
,

where Ωc
ε = RN \ Ωε and Ωε =

{
x ∈ RN : |x| ≤ Rε

}
.

Since the embedding E ↪→ Lploc(R
N ) is compact, un ⇀ u0 in E implies un → u0 in

Lploc(R
N ), and hence there exists n0 ∈ N such that

(3.11) ‖un − u0‖Lp(Ωε)
<

ε

M r−1Cε ‖a‖Lp/(p−r)(RN )

for n ≥ n0.

Using (3.9)–(3.11) and the Hölder inequality, we can estimate the last line of (3.8) as

follows: ∣∣∣∣λn ∫
RN

f(x, un)Pn(un − u0) dx

∣∣∣∣
≤ 2

[
ε

Mp

∫
RN
|un|p−1 |Pn(un − u0)| dx+ Cε

∫
RN

a(x) |un|r−1 |Pn(un − u0)| dx
]

≤ 2ε

Mp
‖un‖p−1

Lp(RN )
‖Pn(un − u0)‖Lp(RN )
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+ 2Cε ‖a‖Lp/(p−r)(Ωε) ‖un‖
r−1
Lp(Ωε)

‖Pn(un − u0)‖Lp(Ωε)

+ 2Cε ‖a‖Lp/(p−r)(Ωcε) ‖un‖
r−1
Lp(Ωcε)

‖Pn(un − u0)‖Lp(Ωcε)
(3.12)

≤ c4ε

Mp
‖un‖p−1 ‖Pn(un − u0)‖

+ c5Cε ‖a‖Lp/(p−r)(RN ) ‖un‖
r−1 ε

M r−1Cε ‖a‖Lp/(p−r)(RN )

+ c6Cε
ε

M rCε
‖un‖r−1 ‖Pn(un − u0)‖

≤ c7ε

and ∣∣∣∣∫
RN

f(x, u0)(un − u0) dx

∣∣∣∣
≤ ε

Mp

∫
RN
|u0|p−1 |un − u0| dx+ Cε

∫
RN

a(x) |u0|r−1 |un − u0| dx

=
ε

Mp

∫
RN
|u0|p−1 |(un − u0)| dx+ Cε

∫
Ωε

a(x) |u0|r−1 |un − u0| dx

+ Cε

∫
Ωcε

a(x) |u0|r−1 |un − u0| dx

≤ ε

Mp
‖u0‖p−1

Lp(RN )
‖un − u0‖Lp(RN )

+ Cε ‖a‖Lp/(p−r)(Ωε) ‖u0‖r−1
Lp(Ωε)

‖un − u0‖Lp(Ωε)

+ Cε ‖a‖Lp/(p−r)(Ωcε) ‖u0‖r−1
Lp(Ωcε)

‖un − u0‖Lp(Ωcε)

≤ c8ε

Mp
‖u0‖p−1 ‖un − u0‖

+ c9Cε ‖a‖Lp/(p−r)(RN ) ‖u0‖r−1 ε

M r−1Cε ‖a‖Lp/(p−r)(RN )

+ c10Cε
ε

M rCε
‖u0‖r−1 ‖un − u0‖

≤ c11ε.

(3.13)

Since ε is arbitrary, it follows from (3.8), (3.12)–(3.13) that

un → u0 in E as n→ +∞.

Thus, from the last assertion of Lemma 2.2, we know that Φ = Φ1 has infinitely many

nontrivial critical points. Therefore, problem (1.1) possesses infinitely many nontrivial

solutions. The proof of Theorem 1.1 is completed.

3.2. Proof of Theorem 1.2

In this section, we use Lemma 2.3 to prove Theorem 1.2. Next, we will verify that all

the conditions of Lemma 2.3 are fulfilled. In fact, it is obvious that B(u) ≥ 0 from
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the definition of the functional B and (D1). Moreover, A(u) → ∞ as ‖u‖ → ∞, and

Φλ(−u) = Φλ(u) for all (λ, u) ∈ [1, 2]×E. From the hypotheses (D1) and (D2), we known

that Φλ maps bounded set into bounded sets uniformly for λ ∈ [1, 2]. Thus, conditions (1)

and (2) in Lemma 2.3 have been verified. Moreover, we will verify that condition (3) of

Lemma 2.3 is fulfilled.

Lemma 3.3. Suppose that (D1)–(D4) are satisfied. Then there exist two sequences 0 <

rk < ρk as such that

bk(λ) = inf
u∈Zk
‖u‖=rk

Φλ(u) > ak(λ) = max
u∈Yk
‖u‖=ρk

Φλ(u), ∀λ ∈ [1, 2].

Proof. By (D1) and (D2), for any ε > 0, there exists a cε > 0 such that

(3.14) |f(x, u)| ≤ ε |u|p−1 + cε |u|θ−1 for all x ∈ RN , u ∈ R.

Let αk = supu∈Zk,‖u‖=1 ‖u‖Lθ(RN ) (θ ∈ [p, p∗α)), from Lemma 3.2, we see that αk → 0 as

k →∞. Therefore, for u ∈ Zk and ε small enough, by (3.14), we have

Φλ(u) ≥ 1

p
‖u‖p − λε

p
‖u‖pp −

λcε
θ
‖u‖θθ

≥ 1

2p
‖u‖p − c12 ‖u‖θθ

≥ 1

2p
‖u‖p − c12α

θ
k ‖u‖

θ .

If we choose rk = (4pc12α
θ
k)

1/(p−θ), then for any u ∈ Zk with ‖u‖ = rk, we get that

Φλ(u) ≥ (4p)θ/(p−θ)(c12α
θ
k)
p/(p−θ) > 0.

This inequality implies that

bk(λ) = inf
u∈Zk
‖u‖=rk

Φλ(u) ≥ (4p)θ/(p−θ)(c12α
θ
k)
p/(p−θ) > 0, ∀λ ∈ [1, 2].

Note that the proof of (3.1) does not involve the conditions (C1) and (C2), we only use the

condition (C3). Therefore, we replace it by the condition (D3), it still hold here. Hence,

for any k ∈ N, there exists a constant εk > 0 such that

(3.15) meas(Su) ≥ εk, ∀ |u| ∈ Yk \ {0} ,

where Su =
{
x ∈ RN : |u(x)| ≥ εk ‖u‖

}
. By (D3), for any k ∈ N, there exists a constant

Rk > 0 such that

(3.16) F (x, u) ≥ 1

εp+1
k

|u|p , ∀ |u| ≥ Rk.
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Hence, by (3.15), we see that for any u ∈ Yk with ‖u‖ ≥ Rk/εk, we have |u(x)| ≥ Rk,

for all x ∈ Su. Therefore, for any u ∈ Yk with ‖u‖ ≥ Rk/εk and λ ∈ [1, 2], by (3.15) and

(3.16), we have

Φλ(u) ≤ 1

p
‖u‖p −

∫
RN

F (x, u) dx

≤ 1

p
‖u‖p −

∫
Su

F (x, u) dx

≤ 1

p
‖u‖p −

∫
Su

1

εp+1
k

|u|p dx

≤ 1

p
‖u‖p − εpk ‖u‖

p meas(Su)

εp+1
k

≤ 1

p
‖u‖p − ‖u‖p = −p− 1

p
‖u‖p .

If we choose ρk > max {rk, Rk/εk}, we get that

ak(λ) = max
u∈Yk
‖u‖=ρk

Φλ(u) ≤ −
(p− 1)rpk

p
< 0, ∀ k ∈ N and for all λ ∈ [1, 2].

The proof is completed.

Proof of Theorem 1.2. By Lemma 3.3, the third condition of Lemma 2.3 have been veri-

fied. Hence, for almost every λ ∈ [1, 2], there exists a sequence
{
ukn(λ)

}∞
n=1

such that

(3.17) sup
n

∥∥∥ukn(λ)
∥∥∥ <∞, Φ′λ(ukn(λ))→ 0, Φλ(ukn(λ))→ ck(λ) as n→ +∞.

By (D1) and (D2), for any ε > 0, there exists a Cε > 0 such that

(3.18) |f(x, t)| ≤ ε |t|p−1 + Cεb(x) |t|θ−1 , ∀ (x, t) ∈ RN × R.

Let βk = supu∈Zk,‖u‖=1

∫
RN b(x) |u|θ dx. We claim that βk → 0 as k → +∞. In fact, it is

obvious that βk ≥ βk+1 ≥ 0, so βk → β0 ≥ 0 as k → +∞. For each k = 1, 2, . . ., taking

uk ∈ Zk, ‖uk‖ = 1 such that

(3.19) 0 ≤ βk −
∫
RN

b(x) |uk|θ dx <
1

k
.

As E is reflexive, {uk} has a weakly convergent subsequence, without loss of generality,

suppose uk ⇀ u weakly in E, that is,

〈e∗i , u〉 = lim
k→∞

〈e∗i , uk〉 = 0, i = 1, 2, . . . ,

which implies that u = 0, and so uk ⇀ 0 weakly in E.
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Take Ωk =
{
x ∈ RN : |x| < k

}
and Ωc

k = RN \ Bk. From the choice of the function

b ∈ Lq(RN ), for any given number ε > 0, we may find k1 > 0 big enough such that

(3.20) ‖b‖Lq(Ωck1 ) <
ε

2Cθ2
,

where C2 is the embedding constant for ‖u‖Lqθ/(q−1)(RN ) ≤ C2 ‖u‖ (by Lemma 2.1).

Since the embedding E ↪→ L
qθ/(q−1)
loc (RN ) is compact, uk ⇀ 0 in E implies uk → 0 in

L
qθ/(q−1)
loc (RN ), and hence there exists k2 ∈ N such that

(3.21) ‖uk‖Lqθ/(q−1)(Ωk1 ) <
ε

2 ‖b‖Lq(RN )

for k ≥ k2.

Using (3.20) and (3.21), we get∫
RN

b(x) |uk|θ dx =

∫
Ωk1

b(x) |uk|θ dx+

∫
Ωck1

b(x) |uk|θ dx

≤ ‖b‖Lq(Ωk1 ) ‖uk‖
θ
Lqθ/(q−1)(Ωk1 ) + ‖b‖Lq(Ωck1 ) ‖uk‖

θ
Lqθ/(q−1)(Ωck1

)

≤ ‖b‖Lq(RN ) ‖uk‖
θ
Lqθ/(q−1)(Ωk1 ) + ‖b‖Lq(Ωck1 ) ‖uk‖

θ
Lqθ/(q−1)(RN )

≤ ε

2
+
ε

2
= ε.

(3.22)

Therefore, from (3.19) and (3.22), we conclude that βk → 0 as k →∞. Thus, for u ∈ Zk
and ε small enough, by (3.18), we have

Φλ(u) =
1

p

∫
R2N

|u(x)− u(y)|p

|x− y|N+αp
dx dy +

1

p

∫
RN

V (x) |u(x)|p dx− λ
∫
RN

F (x, u) dx

≥ 1

p
‖u‖p − λε

p
‖u‖p

Lp(RN )
− λCε

θ

∫
RN

b(x) |u|θ dx

≥ 1

p
‖u‖p − λε

p
Cp1 ‖u‖

p − λCε
θ
βk ‖u‖θ

≥ 1

p
‖u‖p − εCp1 ‖u‖

p − Cεβk ‖u‖θ

≥ 1

2p
‖u‖p − Cεβk ‖u‖θ .

If we choose rk = (4pCεβk)
1/(p−θ), then for any u ∈ Zk with ‖u‖ = rk, we get that

Φλ(u) = (4p)θ/(p−θ)(Cεβk)
p/(p−θ) > 0,

which implies that

(3.23) bk(λ) ≥ (4p)θ/(p−θ)(Cεβk)
p/(p−θ) > 0, ∀λ ∈ [1, 2].

Then by virtue of (3.23) and Lemma 2.3, we have

ck(λ) ≥ bk(λ) ≥ (4p)θ/(p−θ)(Cεβk)
p/(p−θ) =: bk →∞ as k →∞.
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However, note that

ck(λ) = inf
γ∈Γ

max
u∈Bk

Φλ(γ(u)) ≤ max
u∈Bk

Φ1(u) =: ck.

So we have

(3.24) bk ≤ ck(λ) ≤ ck for k ≥ k0.

Moreover, using (3.17), we see that if we choose a sequence λm → 1, then the sequence{
ukn(λm)

}∞
n=1

is bounded. Using the similar arguments of the proof of Theorem 1.1, we

can prove that the sequence
{
ukn(λm)

}∞
n=1

has a strong convergent subsequence as n→∞.

Hence, we may assume that limn→∞ u
k
n(λm) = uk(λm) for every m ∈ N and k ≥ k0. Thus,

combining (3.17) and (3.24), we obtain

(3.25) Φ′λm(uk(λm)) = 0 and Φλm(uk(λm)) ∈ [bk, ck] for k ≥ k0.

Next, we will prove that
{
uk(λm)

}∞
m=1

is bounded in E. If it is unbounded we define

wm = uk(λm)/
∥∥uk(λm)

∥∥. Without loss of generality, suppose that there is w ∈ E such

that
wm ⇀ w in E,

wm → w in Lτloc(RN ) for τ ∈ (p, p∗α),

wm(x)→ w(x) a.e. x ∈ RN .

Here, two cases appear.

Case 1. If w = 0 in E, using (3.25), we have

µ

p
− 1 =

µΦλm(uk(λm))−
〈
Φ′λm(uk(λm)), uk(λm)

〉
‖uk(λm)‖p

+ λm

∫
RN
|wm(x)|p µF (x, uk(λm))− f(x, uk(λm))uk(λm)

|uk(λm)|p
dx.

Hence,

(3.26) λm

∫
RN
|wm(x)|p µF (x, uk(λm))− f(x, uk(λm))uk(λm)

|uk(λm)|p
dx→ µ

p
− 1 as m→∞.

But by hypothesis (D4),

(3.27) lim sup
m→∞

µF (x, uk(λm))− f(x, uk(λm))uk(λm)

|uk(λm)|p
|wm(x)|p ≤ 0.

Combining with (3.26) and (3.27), we get µ/p − 1 ≤ 0, i.e., µ ≤ p, and this is in contra-

diction with the assumption.



Multiple Solutions of Nonlinear Schrödinger Equation with the Fractional p-Laplacian 1033

Case 2. If w 6= 0 in E, we have

1

p
− Φλm(uk(λm))

‖uk(λm)‖p
= λm

∫
RN

F (x, uk(λm))

‖uk(λm)‖p
dx

= λm

∫
{wm(x)6=0}

|wm(x)|p F (x, uk(λm))

|uk(λm)|p
dx.

By (3.25), (D3) and Fatou’s Lemma, we deduce a contradiction that

1

p
= lim inf

m→∞
λm

∫
{wm(x)6=0}

|wm(x)|p F (x, uk(λm))

|uk(λm)|p
dx→∞ as m→∞.

Hence,
{
uk(λm)

}∞
m=1

is bounded in E. Thus, as in the proof of Theorem 1.1,
{
uk(λm)

}∞
m=1

possesses a strong convergent subsequence with the limit uk ∈ E for all k ≥ k0. Therefore,

the limit uk is a critical point of Φ = Φ1 with Φ(uk) ∈ [bk, ck]. Since bk → +∞ as k → +∞,

we get infinitely many nontrivial critical points of Φ. Consequently, problem (1.1) possesses

infinitely many nontrivial solutions with high energy.

The proof is completed.
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