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Multiple Solutions of Nonlinear Schrodinger Equation with the Fractional

p-Laplacian
Huxiao Luo*, Xianhua Tang and Shengjun Li

Abstract. We use two variant fountain theorems to prove the existence of infinitely

many weak solutions for the following fractional p-Laplace equation
(—A)pu+ V(@) |ul?u= f(z,u), zeRY,

where N > 2, p > 2, a € (0,1), (—A)§ is the fractional p-Laplacian and f is either

asymptotically linear or subcritical p-superlinear growth. Under appropriate assump-
tions on V and f, we prove the existence of infinitely many nontrivial high or small

energy solutions. Our results generalize and extend some existing results.

1. Introduction
This article is concerned with the fractional p-Laplacian equation
(1.1) (=A)pu+V(x) wP?u= f(z,u), zeR,

where N,p > 2, a € (0,1), V is a positive continuous potential and f € C(RV x R, R).

The fractional p-Laplacian defined on smooth functions by

(_A)au(:c) = 921im |u(1") — u(y)|p72 (u(l‘) — u(y))

dy, x¢€ ]RN,
P =0 JrN\B, () |z — y[V TP

up to some normalization constant depending upon N and a.
When p = 2, the equation (|1.1)) arises in the study of the nonlinear Fractional Shrodinger

equation
(1.2) (=A)u+ V(z)u = f(z,u), zcRV.

This type of problem arises in many different applications, such as, continuum mechanics,

phase transition phenomena, population dynamics and game theory, as they are the typical
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outcome of stochastically stabilization of Lévy processes, see [2,/10,|11}/13}/18-20}25] and
the references therein. The literature on non-local operators and their applications is very
interesting and quite large, we refer the interested reader to [1}3-6,8,9.(14}/17,21-24] and
the references therein. For the basic properties of fractional Sobolev spaces, we refer the
interested reader to [12].

It is well known that the main difficulty in treating problem in RY arises from
the lack of compactness of the Sobolev embeddings, which prevents from checking directly
that the energy functional associated with satisfies the C-condition. To overcome
the difficulty of the noncompact embedding, Teng [15] and Wei |16] also establish a new
compact embedding theorem for the subspace of H O‘(RN ). Furthermore, the authors are
able to guarantee the existence and multiplicity of nontrivial weak solutions of (| . in
H= {u € HORN) ¢ [on [(=A)2u(z | dz + [pn V(z)u? dz < —I—OO} provided inf V' > 0

and the following condition holds:

(A) For any M > 0, there exists ro > 0 such that

lim meas ({z € RY : |z —y| <7, V(z) < M}) =

ly|—o0

where meas(-) is the Lebesgue measure on RY.

Ge |[7] established the existence of infinitely many solutions of via the variant
fountain theorems established in [26]. Inspired by the above facts and aforementioned
papers, the main purpose of this paper is to study the existence of infinitely many solutions
of . Before stating our main results, we first make some assumptions on the functions

V and f. For the potential V', we make the following assumption:
(B) V€ C(RY), Vo :=inf cpn V(z) > 0

For the nonlinearity f, we divide it into the following two cases. For the asymptotically

linear case, we make the following assumptions:

(C1) f € C(RN x R,R), f(x,t)t > 0 for all (x,¢t) € RY x R and there exist constant
p—1 <7 < p and positive functions a € LP/®~")(RN) such that

[, D) <a@)@+ [T, V(at) e RY xR

(C2) limyo f(z,t)/[t|P"" = 0 uniformly for z € RV,

(C3) There exists o € [p — 1,7) such that liminf; ,o F(x,t)/[t|” > d > 0 uniformly for
r € RN, where F(z,t) = fo f(z,s)ds.

Now, we are ready to state the first main result of this paper.
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Theorem 1.1. Suppose that (B) and (C1)-(C3) hold, and that f(x,—t) = —f(z,t) for
all (z,t) € RN x R. Then problem (I.1]) possesses infinitely many small energy solutions
ug € E (see (2.1)) for every k € N, in the sense that

L[ )~ w)P ) )
- [/RQN k Niayp da:dy-i—/RN V() lug(x)| da:] —/RNF(ar,uk)dx%o

p |z — |

as k — oo.

Here E is a Banach space which is defined in (2.1). For the p-superlinear case, we

make the following assumptions:

(D1) f € C(RN x R), f(z,t)t > 0 for all (z,t) € RY x R and there exists a constant
8 € (p,p},), such that

Fa, )] <b@)(P +10°7Y, V() eRY xR

with a positive function b € Lq(RN ) and g > M%, which implies that p <

750 < pi, where p, = N]XZP (if N > ap) or pf, = oo (if N < ap).

(D2) limy_o f(x,t)/[t|P" = 0 uniformly for z € RN,
(D3) limy_y00 F(x,t)/|t|’ = oo uniformly for z € RV,
(D4) There exist @ > p such that

0 < pF(x,t) <tf(z,t), VeeRN t£0.

Our second main result reads as follows.

Theorem 1.2. Suppose that (B) and (D1)—(D4) hold, and that f(x,—t) = —f(z,t) for
all (z,t) € RY x R. Then problem (I.1)) possesses infinitely many high energy solutions
uf € E for all k > ko (ko € N), in the sense that

E(p) — ok ()P
/ [+*(2) - W) d:cdy+/ V(z) ‘uk(m)‘p e _/ F(z,u") dz — +00

1
p

as k — oo.
Notation. In this paper we make use of the following notation:
e ||-||, the usual norm of the space LP(RN).
e ¢, C and ¢;, C; denote positive (possibly different) constants.

e We denote the weak convergence in X and its X* by “—” and the strong convergence
by t(%” .
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2. Variational framework

Before stating this section, we define the Cagliardo seminorm by
1/p
|u(z) —u(y)”
= ——————dzd ,
[U]a,p </]R2N |x_y|N+o¢p xray

where u: RV — R is a measurable function. On one hand, we define fractional Sobolev
space by
WeP(RN) = {u € LP(RY) : u is measurable and [u]a, < 00}

endowed with the norm Y
p
oy = (lulf, + all) ™

o, = ([ orp )

On the other hand, we consider the fractional Sobolev space

where

(2.1) oy {u cwer /RN V() [ul? de < oo}

endowed with the norm

ot o=l = (B, + [ v pa)”

In order to discuss the problem (|1.1f), we need to consider the energy functional ®: F —
R defined by

1 u(z) — u(y)[” 1 /
@u:/ dzdy + — V(z)|u(z)|P do — F(z,u)dz.
( ) p Jren ’fL’—y|N+ap Yy » Jan ( )’ ( )’ RN ( )

Under our hypotheses, it follows from Hélder-type inequality and Sobolev embedding
theorem that the energy functional ® is well defined on E. It is well known that & €
CY(E,R), and its derivative is given by

—u(y)|P? (u(z) —u v(x) — v
(@ (u), 0) = . u(z) — u(y)| |ﬂ(j_(y)|N+a(py))( (@) =v®) 4 4y

+/RN V(z) [ulP~? uvdx—/RN f(z,u)vde

for v € E. Tt is standard to verify that the weak solutions of problem (|1.1]) correspond to
the critical points of the functional ®. For the readers convenience, we review the main

embedding result for this class of fractional Sobolev spaces.
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Lemma 2.1. [12] WP(RY) is continuously embedded in LY(RN) for all q € [p,pZ], and
compactly embedded into L] (RN) for q € [p,pl). Assume that (A) hold, then E is

loc

compactly embedded into LY(RN) for q € [p,p?).

In order to assure the existence of infinitely many solutions for the problem , our
main tool will be the two variant fountain theorems (see [26, Theorem 2.2 and Theo-
rem 2.1]), which will be used in our proof.

Let X be a Banach space with the norm |- || and X = m with dim X; < oo for
any ¢ € N. Set

k 00
V=P X, Zv=PX.
i=0 i=k
Consider the following C*-functional ®y: X — R defined by
D(u) = A(u) = AB(w), A€ 1,2,
where A, B: X — R are two functionals.

Lemma 2.2. Suppose that the functional ®y defined above, and satisfies the following

conditions:

(1) @\ maps bounded sets to bounded sets uniformly for X € [1,2]. Furthermore, ®)(—u)
= ®y(u) for all (A, u) € [1,2] x X.

(2) B(u) > 0; B(u) = 00 as ||u]| = co on any finite dimensional subspace of X.
(3) There exist py > i > 0 such that

ar(A) :== inf ®y(u) >0 > br(A) := max Py(u)

uEZk UEYk
llwll=pk lull=r&
for all X € [1,2], di(\) = infyez, |u|<p, Pr(u) — 0 as k — oo uniformly for

A € [1,2]. Then there exist A, — 1, u(\,) € Y,, such that
’/\n]yn(u()\n)) =0, D, (u(\n)) — ek €[dp(2),bk(1)] asn — oc.

In particular, if {u(An)},—, has a convergent subsequence for every k, then ®1 has
infinitely many nontrivial critical points {uy}r—, € X \ {0} satisfying ®1(ug) — 0~
as k — oo.

Lemma 2.3. Suppose that the functional ®) defined above, and satisfies the following

conditions:

(1) @) maps bounded sets to bounded sets uniformly for A € [1,2]. Furthermore, ®x(—u)
= ®y(u) for all (\u) €[1,2] x X.



1022 Huxiao Luo, Xianhua Tang and Shengjun Li

(2) B(u) > 0; B(u) = oo or A(u) — oo as ||u|| = oo (or B(u) < 0; B(u) — —oo as
Jul| = o0).

(3) There exist py, > i > 0 such that

br(A) := inf ®y(u) > ar(N) ;== max Py(u) for all X € [1,2].
ueZy, u€EYy
l[ull=r llull=ps
Then

b(\) < r(N) = inf max Da(y(w), VA€ [1,2),
~yel' ueBy,

whereT'y, = {y € C(By, X) : v is odd,v|pp, =id} (k> 2) and By = {u € Y}, : ||u]| < pg}.

Moreover, for almost every X € [1,2], there exists a sequence {u’fl()\)}:}:l such that

s%p ufl()\)H <00, ®\(uEF(N) =0 and Dx(uF(N) = cx(N)  asn — oco.

3. Proofs of the main results

In this section, for the notation in Lemmas and the space X = E, and related

functionals on FE are

1 lu(x) — u(y)|? . 1 ) ) P da u) — 7w da
A(U)—p/Rw’x_y’Nmp d derp/RNV( ) lu(@)|" dz,  B(u) RNF( yu) dx.

In order to prove Theorems[I.1]and we will consider the following family of functionals
1 ju(z) — u(y)l” 1/ /
@u:/ ——"drdy + — Vi(z)|u(z)P doe — X F(x,u)dx
O e LUy ) [ Pl
with A € [1,2] and w € E. By (B), the energy functional ®5: F — R is well defined and
of class C1(E,R). Moreover, the derivative of ®) is

/ _ [u(@) — u(y)[" (u(z) — uly))(v(z) —v(y)) .
<(I))\('LL),?}> - /RQN |:L,_y|N+ap dz dy
+ /RN V() ulP 2 uvde — X - f(z,u)vdx

for all u,v € E. Since F is a separable and reflexive Banach space, then there exist
{ei};2; C E and {€}};°, C E* such that

E =span{e; : i=1,2,...}, E"=span{el :i=1,2,...}

and
1 ifi=jy,
0 ifi#j.

For convenience, we write X; := Re;. Now, we are going to prove our main results.

<6;<,6j> =
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3.1. Proof of Theorem

Lemma 3.1. Suppose that (B) and (C1)—(C3) are satisfied. Then B(u) > 0, and B(u) —

00 as ||ul]| = oo on any dimensional subspace of E.

Proof. Evidently, from (C1), we have B(u) > 0 for all w € E. Let H C E be any finite
dimensional subspace of E. Next we will show that B(u) — oo as |lu| — oo on H. We
claim that for any finite dimensional subspace H of F, there exists a constant g > 0 such
that

(3.1) meas {x € RN |u(x)| > e lull} > e0, VueH)\{0}.

If not, for any n € N, there exists u,, € H \ {0} such that

1
meas {xERN s un(x)] > nHunH} <—, VnelN

1
n
Let wy, = uy/||uy||, for all n € N, then ||w,|| =1 for all n € N, and

1 1
(3.2) meas {a: eRY : wn(z)| > } < VneN.

n

By the boundedness of {w,}, passing to a subsequence if necessary, we may assume that
wp, — w with ||lw|| = 1 in E for some w € H since H is a finite dimensional space. By

Lemma [2.1] we have

(3.3) /]RN |wp () —w(z)Pde — 0 asn — oo.
Since w # 0, there exists a constant dyp > 0 such that

(3.4) meas {z € RY - w(z)| > o} > do.

For any n € N, we set

1 1
D, = {:UERN : Jwn(z)] < n} De = {xeRN : wn(z)] > n}

and Dy = {:): e RY : |w(z)| > 50}. Thus for n > (p+ 1)/dp, by (3.2) and (3.4]), we get

Pdo

meas(D,, N Dy) > meas(Dy) — meas(Dy,) > 1
p

Consequently, for n > (p 4 1)/8y, by the inequality |w — w, [P > |w|? — p|wP™ |wy|, we
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have
/ |wy(x) — w(x) P dz > / |wy () — w(z)P dz
RN DnNDy
> [ (@)l - ple@P ()] de
D,NDg

-1
Z/DnﬂDo [w(@) [P [lw(z)] — plwn(z)]] dz

> 5371 (50 - %) meas(D,, N Dy)

p +1
o 0.
T 7

This is in contradiction with (3.3). Therefore (3.1)) holds.
By (C3), there exists R > 0 such that

(3.5) F(x,u) >d|ul” forall z € RY and |u| > R.

Let D, = {z € RY : |u(z)| > o |jul} for v € H \ {0}. By (3.1), we see that for any
u € H with ||u|| > R/eo, we have |u(x)| > R for all x € D,,. Hence, for any v € H with
|lul| > R/eo, from (C1) and (3.5, we get

B(u) :/RN Fla.u@)do > [ Fa,u(a) da
> /Du d|u(z)|” dx > def ||ul|” meas(Dy,)

> deb* [luf

This implies that B(u) — oo as [|u|]| — oo on any finite dimensional subspace H C FE.
The proof is completed. O

Lemma 3.2. Suppose that (B) and (C1)—(C3) are satisfied. Then there exist two se-
quences 0 < 1 < pr — 0 as k — oo such that

ar(A) = inf ®y(u) >0, br(A) = max Py(u) <0

UELy, u€Yy
llwll=px llull=rk
and
dp(A) = inf ®y\(u) >0 ask— o0
uEZy,
llull<px

uniformly for X € [1,2].

Proof. Let ag = supyey, |juj=1 llull, for ¢ € [p, pf,), we see that ay — 0 as k — oco. Indeed,
suppose that this is not the case, then there exist an ¢y and {w;} C E with u; L Y,
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such that [lu;l| = 1, [|uif, > €0, where k; — 0o as j — co. For any v € E, we may find

w; € Yy, 1 such that w; — v as @« — oo. Hence,
[(wi, v)| = [{us, wi — v)| < flwi — v =0

as ¢ — o0o. Thus, u; — 0 weakly in F, as a result, by Lemma [2.1] we have u; — 0 in
LY(RY). This is in contradiction with [Ju;, > eo.

By (C1)—(C3), it is easy to prove that for arbitrary ¢ > 0, there exists C. > 0 such
that

(3.6) F(z,u) < elulf’ + Cea(x) |ul", V(zx,t) € RN xR.
Therefore, for u € Zj and e small enough, by (3.6, we have
1 ;
P (u) = . [ull” = Ae [lully — AC: [lall,; vy llull;

1
> 5 [ull” = e llall, g o lull”-

p/(p—r

If we choose p = (4pc|lall, /- o)/ =) "then pj, — 0F as k — oo and by computation,
we get

. 1
ar(A) = ulensz D)\ (u) > @pﬁ > 0.
[[ull=px

In addition, for all A € [1,2] and u € Z, with [Ju|| < pg, we have
r(u) = —cllall,p_ry ok llull” = —cllall,;—r) @%Pk =0
as k — oo. Therefore,

dp(\) = 1€an ®)\(u) - 0 as k — oo uniformly for A € [1,2].
UE Zy,
lull<pr

By (C1)-(C3), we can get
F(z,u) >d|ul” —¢|ulf — Cea(z) [u|", V(zx,t) € RN xR,

Hence, if v € Y}, by the equivalence of any norm in finite dimensional space, Holder

inequality and the above inequality, we get

Dy (u) < = |Jul|P — /RN F(z,u)dx

1 - r/p
< Tl —a [ e [l de s Colalyg ([ o)

< el + ellally g el = er fluf”

K=

3
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Therefore, we choose r; > 0 small enough satisfying r; < pi such that

be(\) = max ®y(u) <0 forall X el,2].
ucYy
llull=rk

The proof is completed. O

Proof of Theorem [L.1]. It follows from and Lemma that ®, maps bounded sets
into bounded sets uniformly for A € [1,2]. Evidently, ®)(u) = ®\(—u) for all (\,u) €
[1,2] x E. From Lemmal[3.2] we see that all the conditions of Lemma[2.2]have been verified.
Consequently, we know from Lemma that there exist A, — 1, u(\,) € Y}, such that

,>\n|Yn(u()‘n)) =0, Dy, (u(An)) — cr € [dp(2),bk(1)] as n — oo.

For simplicity, we denote u(\,) by wuy, for all n € N. We claim that the sequence {u,} -,
is bounded in E. In fact, by (B), (3.6) and the Holder inequality, we have

i U
unlp == [ EBZYINV ggy 2 [ v P
el = [ dway [ V@) @) de

p |z -yl
= d, (up) —i—)\n/ F(z,uy,)dx
RN
<q)>\(un)+26||un||p—|—20/ 2) lun| dz
(57) A e O
< My + 2eCY ||lun || + 2C: /p/ a(z)V(x)"/? |u,|" dz
‘/OT
< My + 2eCY |lun||P + 2C: a ’
0 H H V,r/p H Hp/p r) /7
< Mo + 22CY [|un || + QCEW lall,/pr llunll",
0

where M is some positive constant and Cp is the embedding constant for [lun ||, < C1 [[un||
(by Lemmal[2.1). Since p—1 < r < p, implies that {u,} is bounded in E. So we can
find M > 0 such that ||u,|| < M for all n € N.
Our next step is to show that there is a strongly convergent subsequence of {u,},- ; in
E. Indeed, in view of the boundedness of {u,}>-
still denoted by {u, } 2
Let P,: E — Y, denote the projection operator for all n € N, then we have

n—1, bassing to a subsequence if necessary,

n—1: We may assume that u,, — ug weakly in E.

0= (I),/\n|Yn (un) = an)/An (un).
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Thus, <Pn<I>’)\n (Up), up — u0> = 0 and from wu, — ug, we see that (®](ug),un — up) — 0 as
n — oco. Therefore, by the inequality ‘|u\p_2 u— |vP™? U’ |u —v| > clu — v’ (where c is a

constant independent from the variable u and v), we conclude that

(P @ (un) — @ (o), up — uo)

N+ap

/ P, {Iun(x) — un ()P (un(2) = un(y)) — [uo(x) — wo(y)|" > (uo(z) — uo(y))}
R2N lz =yl
X (tn () — un(y) — uo(x) + uo(y)) dr dy

—|—/ V(x)P, [|un|p_2 U, — |uoP 72 u} (un, — up) dz
RN

_/\n f(xaun)Pn(un _UO) d$+ f(xaUO)(un _UO) dx
(3.8) RN -
P |(un(2) = un(y)) = (uo(x) — uo(y))[” op
> /RzN o — y‘N-pr dr dy + co /RN V(x) Py, |un, — ugl” dx
_)\n f(mvun)Pn(un _UO) dr + f(xaUO)(un _UO) dx
RN RN
> ¢ | Pt — o) " — / ) Putity = o) dz+ [ o 0) 1y = o) o
= c3 || (un — uo)||” — )\n/ (@ un) Pp(un — ug) do + f(zyuo) (uy — ug) da.
RN RN

From hypotheses (C1) and (C2), we see that given € > 0, we can find C; > 0 such that
(3.9) @D < 2o P + Cea@) [0, ¥ (@,t) e RV xR

From the choice of the function a € LP/®?=")(RN), we can choose R. > 0 such that

3

(3.10) HG‘HLP/(P*T)(QS) < m7

where Q¢ = RV \ Q. and Q. = {z e RV : |2| < R.}.
Since the embedding E — L (RY) is compact, u, — ug in E implies u, — ug in

LP (RY), and hence there exists ng € N such that

loc

9
(3.11) [[un _UOHLP(QE) <

Mr1C; ||aHLp/<p,T)(RN)

for n > ng.

Using (3.9)—(3.11) and the Holder inequality, we can estimate the last line of (3.8) as
follows:

/ [z, upn) Pp(uy — ug) de

2e
< IIUnHLp &) 1Pn(un = wo)|l Lo gy
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+ 2C¢ [|al| Lo/ - )(Qe) HunHLp Q) HPn(un_UO)”Lp(QE)
(3.12) +2C¢ [|al| Lo/ - )(Q¢) HunHLp Qc) HPn(un_UO)”Lp(Qg)

Cy€
< P P — )|
€
Mr=1C;. HGHLM(D—”(RN)

+ ¢5Ce ”CLHLP/(P—T)(RN) HunHr_l

+ c6Ce—— MT H " 1P (i — o) |
< cre
and
- f(z,uo)(up — ug) do
<3 Lol e = wl o Ce [ ala) ol sl do
13
=1 [ ol I —Uo|d37+C'/ 2) ol u, — o] da
+c/ ) o] " |t — g dax
(3.13) - MP otz ey um = ol o

+ Ce llall o/ - (0 ||U0HLp Qe) [Jun — UOHLP(QE)

+ C- ||a||Lp/ (=) (Q) ||u0HLP (Qe) |n — UOHLp(Qg)
(639
< —
- Mpr
= 8

+ coC: ||all oo vy o)
< Lp/ (=) (RN) MT_ICEHGHLP/(p*T)(RN)

o~ [fun — o]

+e10Ce e IIU [
< cne.
Since ¢ is arbitrary, it follows from , f that
Un, — Uug in B asn — +oo.

Thus, from the last assertion of Lemma we know that ® = ®; has infinitely many
nontrivial critical points. Therefore, problem (1.1) possesses infinitely many nontrivial

solutions. The proof of Theorem [I.1]is completed. O

3.2. Proof of Theorem

In this section, we use Lemma to prove Theorem Next, we will verify that all
the conditions of Lemma are fulfilled. In fact, it is obvious that B(u) > 0 from
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the definition of the functional B and (D1). Moreover, A(u) — oo as ||u|]| — oo, and
Oy (—u) = ) (u) for all (\,u) € [1,2] x E. From the hypotheses (D1) and (D2), we known
that ®, maps bounded set into bounded sets uniformly for A € [1,2]. Thus, conditions (1)
and (2) in Lemma have been verified. Moreover, we will verify that condition (3) of
Lemma 2.3 is fulfilled.

Lemma 3.3. Suppose that (D1)—(D4) are satisfied. Then there exist two sequences 0 <
e < pr as such that

br(\) = ulngk Dy (u) > ap(N) = max Oy (u), VYAeL2].
l[ull=rx l[ull=pr

Proof. By (D1) and (D2), for any € > 0, there exists a ¢ > 0 such that
(3.14) 1flz,u)] <eluf ™' +e|ul’t forallz e RN, ueR.

Let a = supycz, uj=1 [l omry (6 € [p,pg)), from Lemma we see that ap — 0 as
k — oco. Therefore, for u € Zj, and ¢ small enough, by (3.14]), we have

1 Ae Ac
P — 25 1P — 255 010,119
W) = flull” = == lully = 5= llulg

1

> 5 Il = exz [lull
1

> — |ull” — c20f Jul’ .

2 oo lull? = evzaf lul

If we choose 71, = (4pci12al)/ =9 then for any u € Z, with |lul| = rg, we get that
Dy (u) > (4p)9/(p—9) (Cuag)p/(p—O) > 0.
This inequality implies that

be()) = inf By (u) > (4p)" P~ (c120)P/ =0 > 0, v e[1,2].
uc sz
lull=r

Note that the proof of (3.1]) does not involve the conditions (C1) and (C2), we only use the
condition (C3). Therefore, we replace it by the condition (D3), it still hold here. Hence,
for any k € N, there exists a constant €; > 0 such that

(3.15) meas(Sy) > e, V |u| € Y\ {0},

where S, = {z € RY : |u(z)| > ¢ ||lul|}. By (D3), for any k € N, there exists a constant
Rj. > 0 such that

1
(3.16) F(z,u) > QIST [ul?,  V |u| > Rg.
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Hence, by (3.15), we see that for any u € Yy with ||u|| > Ry/ex, we have |u(z)| > Ry,
for all x € S,,. Therefore, for any u € Yy with ||u|| > Ry /er and X € [1,2], by (3.15]) and

(3.16), we have
B (u) < Hqu—/ Pla,u) do
]RN

< Hqu—/ F(a,u) da

S

p w
1 1
<l - /S ey o da
u k
1 S
< Dl — b [ 2255
P ez
1 p—1
< Ll = g = ~2=L e

3

If we choose py, > max {ry, Ry/c}, we get that

(p—1)ry
ag(A) = max Dy (u) < ——2 <0, VkeNandforall A €[l,2].
ue D
Jull=p
The proof is completed. O

Proof of Theorem [I.2] By Lemma [3.3] the third condition of Lemma [2.3] have been veri-
fied. Hence, for almost every A € [1,2], there exists a sequence {uﬁ(A)}zozl such that

(3.17) sup

uQ(A)H <o, DLEO) 0, By(uF(N) = ep(N) asn — +oo.
By (D1) and (D2), for any € > 0, there exists a C. > 0 such that
(3.18) |fz, )| < e[t~ + Cob(x) |17, V(x,t) e RY x R.

Let B = suPyucz, ju|=1 Je~ 0(*) lu|® dz. We claim that 8, — 0 as k — +oc. In fact, it is
obvious that By > Br+1 > 0, 50 B — Bo > 0 as k — +oo. For each k = 1,2,..., taking
ug € Zg, ||ukl] = 1 such that

1

(3.19) 0< B — /RN b(a) gl o <

As FE is reflexive, {u} has a weakly convergent subsequence, without loss of generality,

suppose up — u weakly in F, that is,
(ef,u) = lim (ej,ux) =0, 1=1,2,...,
k—o0

which implies that u = 0, and so uy — 0 weakly in FE.
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Take Q) = {z € RV : |z| < k} and Qf = RY \ Bj. From the choice of the function
b e LI(RYN), for any given number £ > 0, we may find k; > 0 big enough such that

5
(3.20) HbHLq(Qil) < @7

where Cj is the embedding constant for [|u|[;4/(u-1)gyy < C2 [ul| (by Lemma .
Since the embedding E < Lqe/(q_l)(RN) is compact, u;, — 0 in E implies u; — 0 in

loc

L (q_l)(RN ), and hence there exists k2 € N such that

loc

9
(3.21) [kl paosa-via y < 57— for k> ka.
L V(%) 9 ”bHLq(RN)

Using (3.20) and (3.21)), we get
/ b(z) yukyedx:/ b(az)|uk|9dz+/ b(z) |ug)’ dx
RN k1 921

0 0
(3.22) < HbHLQ(le) HukHLqG/(q—l)(le) + HbHLq(Qzl) HUkHLqe/(q—l)(le)

IN

0 o
101l awvy [l pao /-1 (q, ) + 10l Lagae ) 1wkl oo @a-0 @
(@) (%) @) (=)

13 13

< — — = €.
f2+2 €

Therefore, from (3.19) and (3.22), we conclude that Sy — 0 as k — oco. Thus, for u € Z,
and ¢ small enough, by (3.18]), we have

D\ (u) :1/Rzszd$dy+;/ﬂw V(:J:)\u(x)\pd:n—)\/ F(z,u)dx

P | — y| RN
1 AE \C,
+ p & P _ e 0
> P = 2 [l — 25 [ W@ ol o
1 AE AC, 0
> — flull” - ;Cf [Jull” — eeﬂk [l

— 3

0
> —|ull” = eC ul|” — Cef |ul

S

> 55 Nl = Ceb [lul”.
If we choose rj, = (4pCefi)Y/P=9) then for any u € Z, with ||ul| = 7, we get that
() = (4p)"/ P~ (C.p)" =0 > 0,
which implies that
(3.23) br(A) > (4p)?/ PO (Cp )P/ P >0, YA€ [1,2].
Then by virtue of and Lemma we have

() > br(\) = (4p)? =0 (C.B )P/ P9 = b, — 00 as k — .
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However, note that

= inf P < P =: Cf.
ck(A) inf max A(y(w)) < max @y (u) =: T

So we have
(3.24) Bk < ck()\) <¢, for k> k.

Moreover, using , we see that if we choose a sequence A,, — 1, then the sequence
{uﬁ()\m)}zo:l is bounded. Using the similar arguments of the proof of Theorem u we
can prove that the sequence {u,’j()\m) }720:1 has a strong convergent subsequence as n — co.
Hence, we may assume that lim,, .., uX(\,) = u¥(\,,) for every m € N and k > ko. Thus,
combining (3.17)) and (3.24)), we obtain

(3.25) ) (uW(A\p)) =0 and @), (u*(\n)) € [bg,cx] for k > ko.

Next, we will prove that {uf (/\m)}fnozl is bounded in E. If it is unbounded we define
W, = uF(Ap)/||u*(Am)||- Without loss of generality, suppose that there is w € E such
that

Wy — W in E,
Wiy — W in LT .(RY) for 7 € (p,pL),

Wi () = w(z) a.e. z € RV,

Here, two cases appear.
Case 1. If w =0 in E, using (3.25]), we have

P, (1 (Am)) — (B, (1 (), 1 (Am))
[[u* () 7

F:p,uk Am)) = f(z, uF ()P (A,
+)\m/RN\wm(:1:)|pM( ( ))W’;En),p( NECm) g,

By
p

Hence,

(2, u* (Am)) — f (@, 1" Am))u* (Am) dr -2 -1 asm— co.

(3.26) Am /RN [wm (2) [ wr )P p

But by hypothesis (D4),

o BE @t () = £, 6 () Jut (M)

Combining with (3.26) and (3.27)), we get u/p —1 <0, i.e., p < p, and this is in contra-
diction with the assumption.

|wim (2)[” < 0.
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Case 2. If w # 0 in E, we have

1 (I)Am(uk(/\m)) F(x,uk()\m))

- — TR = A T G

P [l Ry [[uF (Am)]

F(x,uF O\,
— )\m/ |t (2) [P M
{wm ()70} [ (Am)|

By (3.25), (D3) and Fatou’s Lemma, we deduce a contradiction that

k
! :liminf)\m/ |wm(x)]pwd:c—>oo as m — o0o.
{wm ()0} [u* (Am)

p m—ro0

dz.

o0

Hence, {uk()\m) }:::1 is bounded in E. Thus, as in the proof of Theorem {uk()\m)}

possesses a strong convergent subsequence with the limit u* € E for all k > ky. Therefore,

m=1

the limit " is a critical point of ® = ®; with ®(u¥) € [by,c]. Since by — +00 as k — +oo,
we get infinitely many nontrivial critical points of ®. Consequently, problem (1.1)) possesses
infinitely many nontrivial solutions with high energy.

The proof is completed. O
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