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Multifractal Analysis for Maps with the Gluing Orbit Property

Xiang Shao and Zheng Yin*

Abstract. In this paper, we obtain a conditional variational principle for the topolog-
ical entropy of level sets of Birkhoff averages for maps with the gluing orbit property.
Our result can be easily extended to flows.

1. Introduction

This article is devoted to the study of multifractal analysis for maps with gluing orbit
property. Before stating our results, we first give some notations and backgrounds. By a
topological dynamical system (TDS for short) (X, f), we mean that (X, d) is a compact
metric space and f is a continuous map from X to itself. For a continuous function

p: X = R, X can be divided into the following parts:

X = U X(QD,O()U)?(SOMJC)?
a€R

where for a € R,

n—1
X(p,a) = {x e X: nlggolZgo(f’x) = a}
1=0

n <

and

~

' 1 n—1 . .
X(p, f) = {:U e X: nh_}rrolo— z%go(f x) does not ex1st} .
1=

n <

The level set X (¢, «) is called the multifractal decomposition set of ergodic average of ¢ in
multifractal analysis. And the set X (¢, f) is called the historic set of ergodic average of .
The multifractal analysis of dynamical systems is a subfield of dimension theory. Roughly
speaking, multifractal analysis studies the complexity of the level sets with invariant local
quantities obtained from a dynamical system. There are fruitful results to describe the
size of the level sets. The quantities include Hausdorff dimension, topological entropy and
topological pressure (see |12, 8-11}/13]).

The concept of the gluing orbit property was introduced by Bofim and Varandas [3]

to study large deviations principles for semiflows. It is also called the weak specification
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property, which was introduced by Constantine, Lafont and Thompson [5] independently.
In this paper, we prove a variational principle for the topological entropy of the level set
X (¢, ) for maps with the gluing orbit property.

Let (X, f) be a TDS. For a continuous function ¢: X — R and n > 1, let Spp(x) =
S0 @(fix), and for ¢ > 0, we set

Var (e, ¢) := sup {|p(z) — ¢(y)| : d(z,y) < c}.
For every € > 0, n € N and a point x € X, define
B, (x,¢€) = {y € X :d(fiz, fly) <e0<i<n-— 1}

and
Bu(z,€) = {yEX:d(fix,fiy) <e0<i<n-—1}.

Let C(X,R) be the Banach algebra of real-valued continuous functions of X equipped
with the supremum norm. Denote by M(X), M (X, f) and E(X, f) the set of all Borel
probability measures on X, the collection of all f-invariant Borel probability measures
and the collection of all ergodic measures, respectively. It is well known that (see [12])
M(X) and M (X, f) equipped with weak* topology are both convex, compact spaces. For
measures my,mg € M (X, f), we define the metric D(mq,mz) compatible with the weak™*

topology by

> ndmi— [ fnd
D(m17m2):ZUf T;L:L /1 m2‘7
2 171
where {f,} is a dense subset of C(X,R).

Definition 1.1 (Bowen’s topological entropy). [4] Given Z C X, e > 0 and N € N, let
I'n(Z,€) be the collection of all finite or countable covers of Z by sets of the form B, (x,¢€)
with n > N. For each s € R, we set

m(Z,s,N,e) :=inf Z e " :Cel'n(Ze)
By (z,e)eC

and

m(Z,s,€) := lim m(Z,s,N,e).
N—o0

Define
hiop(Z,€) = inf {s € R: m(Z,s,e) =0} =sup{s € R: m(Z,s,€) = o0}
and topological entropy of Z as

Wi (Z) = lim hi(Z.e).
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It is obvious that the following hold:
(1) hi3,(Z1) < hE(Zy) for any Zy C Zy C X;
(2) hE (Z) = sup2, hE (Z;), where Z = U2, Z; C X.

Definition 1.2. [3,5] We say a continuous map f: X — X on a compact metric space X
satisfying the gluing orbit property if for any € > 0, there exists an integer N = N(¢) > 1
such that for any points z1,...,zr € X and any positive integers nq,...,nx, there are
P1, .-,k < N(€) and a point 2 € X so that d(f/z, f/z1) < € for every 0 < j < n; and

d(fj+n1+p1+~~+ni71+pi71(x), fj(xz)) <e
for every 2 <i < k and 0 < j < n,.
There are two important classes of examples satisfying the gluing orbit property.

Proposition 1.3. [3l/5] Let X be a subshift of finite type. The 3 is transitive if and only
if X satisfies the gluing orbit property.

Proposition 1.4. [5] Let X be a compact, locally CAT(-1), geodesic metric space, with
non-elementary fundamental group. Then the geodesic flow on GX satisfies the weak

specification property (the gluing orbit property).

We state our result as follows.
Theorem 1.5. Suppose (X, f) is a TDS, f satisfies the gluing orbit property, o € R, and
¢ € C(X,R). Then

hE (X(p,a)) = sup {hl,(f) v e M(X, f) and /godu _ a} |

2. Proof of Theorem

In this section, we will prove our main result. The upper bound on hg)p(X (p,)) is easy

B
top

property. The proof will be divided into the following two subsections.

to get. In order to obtain the lower bound on h (X (g, «)), we will use the gluing orbit

2.1. Upper bound on hff)p(X(go, «))

Let (X, f) be a TDS. For z € X, let d, be the unit measure concentrated on z. For n € N,
define
Op + 0f(z) + -+ Opn
Enl) = —— S0,
Let V(x) be the set of all limit points in M (X) of the sequence &,(z).

The upper bound of h{%p

(X (p,@)) can be easily obtained by the following lemma.
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Lemma 2.1. [4] Fort > 0, consider the set
B(t) ={x € X : Av € V(x) satisfying h,(f) < t}.

Then hg)p

(B(t)) <t.
Let

t:sup{hy(f) .y e M(X, f) and /(pdz/:a}.

Then X (p, ) C B(t). Thus we have

(X () < sup { (1) v € MOEf) and [ v =af.

2.2. Lower bound on hgp(X(np, a))

B
top

tion such as gluing orbit property. Our strategy is inspired by the work of Takens and
Verbitskiy [10], developed by Chen, Kupper and Shu [6], Pfister and Sullivan [9], Pei and
Chen [8] and Thompson [11].

To get the lower bound on A, (X (¢, )), the dynamical system needs some mild assump-

2.2.1. Katok’s definition of metric entropy

We use the Katok’s definition of metric entropy based on the following lemma.

Lemma 2.2. [7] Let (X,d) be a compact metric space, f: X — X be a continuous map
and v be an ergodic invariant measure. For ¢ > 0, 6 € (0,1), denote N¥(n,€,d) the

minimum number of e-Bowen balls By (x,€), which cover a set of v-measure larger than

1—96. Then

1 1
hy(f) = lim lim inf — log N”(n,€,d) = lim lim sup — log N”(n, €, d).

e—0 n—oco N e—0 nosoco N

Fix 6 € (0,1). For €e > 0 and v € E(X, f), we define

1
h},{at(f, €) := liminf — log N”(n, ¢, ).

n—oo n

Then by Lemma
ho(f) = lim hE* (£, o).
e—0

If v is non-ergodic, we will define hXa'(f ¢) by the ergodic decomposition of v. The

following lemma is necessary.

Lemma 2.3. Fiz ¢, > 0 and n € N, the function s: E(X, f) — R defined by v —

NV (n,e,d) is upper semi-continuous.
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Proof. Let {v;} be a sequence of ergodic measures satisfying v, — v when k — oco. Let
a > N¥(n,e, ), then there exists a set S which (n, €) spans some set Z with v(Z) >1—46
such that a > #5, where S denotes the number of elements in S. If k is large enough,
then v (U,cq Bn(z,€)) > 1 — 4§, which implies that

a > N (n,e€,0).

Thus we obtain
NY(n,e,d) > limsup N"*(n, €,6),

k—o0

which completes the proof. O

By Lemma we know the function s: F(X, f) — R defined by
s(m) = hi*(f,€)

is measurable.

Assume v € M(X, f), v = fE(X f) mdr(m) is the ergodic decomposition of v. Define
REA(f €)= / hant(f, €)dr(m).
E(X.f)

By monotone convergence theorem, we have

(2.1) mmzéw#%%WhMWMﬂwah»

2.2.2. Some important lemmas

Let
C = sup{h,,(f) v e M(X, f) and /gpdi/ = a}.

We may assume that C is finite and C > 0. The case that C' is infinite can be included in
our proof. Fix small 0 < §,n < 1 and n < C'/5. Choose a measure u € M (X, f) satisfying
[ ¢ dp = o such that

hu(f) > C = 2.

By ([2.1]), we can choose € > 0 sufficiently small so that
hE(f,4e) > C —n.

Then
Kat
h, " (f,4€) —4n > C — 51 > 0.

Let {0} k>1 be a sequence of positive numbers strictly decreasing to 0. We have the

following lemma.
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Lemma 2.4. For p € M(X, f), there exists a sequence of measures { iy }~,, where

Sk Sk
pe =Y apimpi, Y api=1, ap; €Q, 1<i< sp, my; € B(X, f)

‘/wdu /soduk

such that

<Ok, hpt(f,de) <Za;“hKat (f,4e).

Proof. Let
1 :/ mdr(m)
E(X,f)

be the ergodic decomposition of u. Fix k. We make (; > 0 such that if D(u1, u2) < (g,
then | [ pdur — [odus| < 6,/2. Let {Ag1,..., Aps,} be a partition of E(X, f) with
diam(Ay;) < (i, 1 <@ < 5. For any Ay, there exists an Ergodic measure my; € Ay ;
such that

hEat(f 4e) dr(m) < T(Ak;) - hﬁiti(f, de), 1<1i< s.
Ap,i '

So
hEat(f 4e) dr(m T(Ag) - K2 (£, de).
/E(X,f) z:: e

By the density of rational number, we can choose ay; such that

L g
sk llell 27

|ag,; — 7(Ap,)| < <i< s

and

hKat (f,4e) < Zak ZhKat (f,4e).
i=1

Let pp = Zfil ax;my i, by Choquet representation theorem, we have

’/@du—/@duk
gpdm) akz/SOdmk,i
/ ([ pam)aston =3

[ (Jomm)rton =3 [, ([ eom)ore
E|] (foum)omr ], (foum)n]

O O,
< Z ET(A]W') + ? = . ]

+ Z lag,i — 7(Ax)| [l

=1
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By Birkhoff ergodic theorem, we can choose a strictly increasing sequence {lj}.~;

satisfying o — 0 and [ — oo as k — oo so that the set

1
Y= {x € X: 'nSngo(x) — /gpdmk,i

< 0 for all n > lk}

satisfies my, ;(Ys,:) > 1 — 0, where 1 <14 < s.

Lemma 2.5. There exist a sequence of numbers {ny};~, satisfying Ny — oo as k — oo,
ar,in € N and N(57)/(ak,Mk) < 0k, and a countable collection of finite sets Sy ; such that
each Sy ; is an (ay Ny, 4€) separated set for Yy ; and

Sk = exp (an i (A (£, 46) = 2n))
where 1 < i < s, n > 0 is a small number.

Proof. For A C X, we define

Qn(A,4e) = inf {45 : S is an (n, 4¢) spanning set for A},
P,(A,4€) =sup{#S : S is an (n,4e) separated set for A}.

Since my, ;(Yy,;) > 1 — 6, we have
Pn(Yk,’i7 46) Z Qn(Yk,ia 46) Z Nmk,i (na 46a 6)
Thus

1 1
lim inf — log Py, (Y%, 4€) > liminf — log N"™*(n, 4¢, 6)

n—oo N n—oo n

= hpt (f,4e), k€N, 1<i<s.

Choose nj, — oo such that ay ;ny € N and N(Q%)/(amﬁk) < 0. We have

1
——1og Pn(Yii 4€) > hp2t (f,4e) — .
Ak ;N ’

Let S; be the (ay Ny, 4€) separated set for Y} ;, and satisfying

5k > exp {arin(RE (f,4¢) - 20)}.
The desired result follows. O

We now use the gluing orbit property to define the set Si as follows. Let y; € S,
and define z = z(y1,...,ys,) to be a choice of point which satisfies
€

(2‘2) dak,lﬁk (yl7 fal (x)) < ok
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for all [ € {1,2,...,s,}, where a; = 0, a; = Zi;} aging + Zi;}pk,i, Dk < N(2%) for
I € {2,...,sp}. Denote S be the set of all points constructed in this way. We set
ng = Zl L ki + Y ’“1 Pr,i- Then ny is the amount of time for which the orbit of
points in Sy has been prescribed and we have %—: — 1 as k — 0o0. One can verify that Sy
is (ng, 3€) separated, so §S, = §Sk1 - - - 1Sk.s, -

Lemma 2.6. Let p € M(X, f), a = [ @odu. For sufficiently large k, we have
(1) 4Sk1 - - 4S5, = exp{ni(C — 5n)};
(2) if x € Sk, then

1

stnk@(x) -

ny + Ny,

k
< Var(ep,e/2%) + [l -

S+ —me lell + =
Proof. (1) By Lemmas and for sufficiently large k we have

Sk
§Sk,1 - - - ESk,s;, = exp {Z ap g (o (f, 4€) = 277)}

i=1
= exp {ﬁk (Z ak,i(h}f@it,i(f’ 4e) — 277)) }
i=1
> exp {n(hy ™ (f, 4€) — 2n) }
> exp {ng(hu(f, ) —3n)}
> exp {ng(C —4n)}
> exp {ni(C —5n)}.

The last line follows from e 1 as k — oc.
(2) Suppose x = z(y1,...,Ys,) € Sk, then from Lemma and (2.2)), we have

[Suwile) = mxal = |8, 0() . [ @du‘

< Snksﬂ(x)—nk/<ﬁduk + nk/‘Pd/ﬁk—nk/@dﬂ‘
< |Sp,p(x Zak znk/wdmk,i + N0
< nkSO ZSaklnkQO yz ak,n;ﬁp yz Zak znk/@dmk,i + ok

Skl

< i, Var(p, €/2%) + D pri lleoll + Zak Mo + (i — 1) (|| + nd
=1 =1
Sk—l

< 7y, Var(p, €/2%) + (ni + )8+ D P llooll + (e — ) [l
i=1

The desired result follows. O
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Thus we obtain the following lemma.

Lemma 2.7. We can choose ny — oo such that N(5z)/ng — 0, and v — 0, and a

countable collection of finite sets Sy such that each Sy is an (ng, 3€) separated set and
1Sk > exp(nk(C — 57)),
and for any x € Sk,

n

1
—Spp() — /@d#‘ < Yk

2.2.3. Construction of the fractal F’

Let us choose a sequence N}, increasing to oo sufficiently quickly so that

(2 3) lim M —0 lim Nl(nl +p1)+"'—|-Nk(nk —{—pk)

=0
k—o0 Ny, k—o0 Nk—i—l ’

where p; < N(5;), i > 1 satisfying Definition

We enumerate the points in the set Sg, i.e., Sp = {xf 1= 1,2,...,1j8k}. For k >
1, we consider the set Sliv’“. For any N points x’f,x’j,...,x?vk in S, we denote z;, =
N,
(zk, 2k ... ,x’f\,k) €S, k.
Define
a; = ny, b1 = a1+ p1,
az = by +nq, by = az + p1,
an, -1 =by,—2+mn1,  bny—1=an,-1+p1.

By the gluing orbit property, there exists a z € X such that
d(flay, fl2) <270 0<j <,
<27,

d(fizh, fi101z) 0<j<ny,

d(fj:c}vl,fjJ“le—lz) <27l 0<j<n.
Denote Iy = Niny + (N1 — 1)pq,
L, = {z:z(gl) rxy = (21,23, ..., 2,) 68{“}.

We will define recursively Lj and [; as follows. Suppose we have already defined the set
Ly, then

. _ (k1 k1 k+1 Ny,
Lk+1 = {Z:Z($ayk+1) 'xELkayk+1 - (y1+ » Yo ""’yNk+1) GSkJriH}a
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where z = z(x,ykﬂ) is a point such that

€ k+1 gl €
dy, (z,2) < h T and dnkﬂ( L phepentmg (1)) < ST
and m; = (j — 1)(pr41 + nkt1), J = 1,2,..., Npy1. Such a point z exists because the

map f satisfies the gluing orbit property. Let lp11 = I + Ngy1(pr+1 + ngr1), then
lk+1 Z N (pz + nz) P1-

Lemma 2.8. For any x € Ly, y = (y’f+1,y§+1, . ,yfv‘:il) = (yikﬂ,yékﬂ, . ,y;@:fl)
SR Nee1 ith y#y', it follows

€

dlk(z(x,g),z(x,g')) < ok and dlkﬂ(z(azjy),z(x,yi/)) > 2e.

Proof. First, obviously we have dlk(z(az,g),z(a@,y’)) < di, (2(z,y),x) + dy, (m,z(w,yf’)) <
ot e = gn

Since y # 3/, there exists j € {1,2,..., Ng41} such that yf“ #* y;.kﬂ. We may assume
7 > 2, then

d

k: 1 rl
nk+1( + fk+pk+1+mj( (a:,g))) < o1

(L, Pt (o )

d"k+1 J ) A — 9k+1°

A

Together with dnkﬂ(yfﬂ, y;-’”l) > 3¢, we have

iy, (2(2,9), 2(2,)) > digy, (FPH57 (5(2, ), fIAPont™ (z(2, o))
> oy (U5 0T = gy (g PR (22, )
ey (L P (o (2 4))
€ €

3e— - — = =2 O
> o€ 5 5 €

By Lemma , L is a

(Ik,2€) separated set. In particular, if z,2’ € Ly, then
Elk (27 zk%l) ﬂElk (zl7 Qkil) @

Lemma 2.9. For z = z(x,y) € Lpy1, where x € Ly, and y = (y]fﬂ,yé:“, ... ,y]]i;;l) IS
S,i\g'fl“, we have

_ € — €

Biu (= 3¢) < Bu (o 551)-
Proof. Let 2’ € By, (%, 5%), then

€ € < €
ok T ok+1 = 9k—1

dy, (Zlax) < dy, (Zlvz) + dlk(xvz) <
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For every k > 1, put

— €

€Ly

By Lemma Fit1 C Fy, ie., {Fy},> is a decreasing sequence of compact sets. Hence
the intersection F' = (72, F} is non-empty.
For ¢ € N, we define the sequence M, as follows:

ni + (g — 1)(p1 + n1), if 0 <q < Ny,
n1 + (N1 = 1)(p1 +n1) + (¢ — N1)(p2 + na2), if Ny < ¢ < Np+ No,

P10 Ni(ps i) + (@ — S Ni)(Prr + mn), i S Ny < g < SE NG,

Lemma 2.10. For any y € F, lim, o + ) i cp(fiy) = «, where a = [dp, p €
M(X, ).

Proof. By ([2.3)), it suffices to show that

| Ma
lim — y) =
S ZZ; (f'y)

We assume that M, = —p; + Zizl Ni(pr + nx) + t(pj41 + nj41), where 0 < t = g —
S N < N]{;rl. For y € F, by the gluing orbit property, the‘re existg (Z1,.--,241) €
SN s ... ij_ﬁIrl such that y € B(zy,...,2;41), where z; = (21,...,2%,) € SZM,

Blen = (o1 §) B, (5, 5) 1o (14,),

lh =n1+ (N1 — 1)(p1 +m),

Na
B(zy,...,z) = B(zy) N (ﬂ f—l1—(i—1)(P2+n2)—P2Bn2 (m2 6)) n---

=1 v 22
<m I li— Nj(pj+mn;)— (ifl)(karnk)*pank <xi€, 22)) )

k< g, let yp = foAEE Nty Let ap, = pr + (m — 1)(ng + pi),
(N — 1)pk, we have

For 1 <
¢ = Npng +

Se0(yr) —Ck/sﬁdﬂ‘ < e (f Yk —Ck/sﬁdu + pi(Nk — 1) [l

N
<2
=1

Ng
Snp(f*yr) — Snkcp(ﬂff“)‘ +>
=1

Smp(al) — nk/wdu‘
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+ 2pi (N — 1) |||
€
< Npny {Var (so, 27) + %} +2pk(Ne — 1) ||| -

Let yj41 = f—p1+Z{:1 Ni(ni+pi)y - Similarly, we have

St(pjr1+na)PWi+1) — t(pj+1 + nj41) /sﬁdﬂ‘

€
< tnya {Var (0, 5577 ) + 1 | + 2tps el
Thus we have
J

k=1

’SMQD — M, /wlu‘

Ck@ Yk _Ck/wdﬂ‘

j
+ | St(pjer+nj20)PWi+1) — t(Pj+1 + 1j41) / @du‘ +2 Zpk lell
k=2

J
€ €
< E Niny {Var (ga, 21) + ’yk} +tnj {Var (% 723'“) + ’Yj+1}
k=1

J
+2 (ZPka + tij) el -

k=1

It follows from ([2.3)) and the fact

N(£
hmVar< ):0, lim 2 < im YO g lim 4 = 0,
k—o0 2k k—o0 Ty, k—oo Ty k—o0
we have
1 My—1
lim — by) =
Jm ; o(f'y)
Thus the desired result follows. O

2.2.4. Computation of the topological entropy of the fractal F'

Next we compute the topological entropy of F. Let 2/,2” € F. We appoint Ly = 0.

Assume that for k > 0, 2’ € By, (21, 5%) and 2" € By, (22, 57 ), where 21 = z1(x, 2;,,,) €
N,

Liy1 and 2o = ZQ(y,ka) € Lipp1. oy # Y1 € Sk_ﬁl, by Lemma we have

dy,.,(#',2") > e. For k > 2, we define
i =lp—1 +i(pr +nk), 1<i< N
Since F' is compact we can consider finite covers C of F' with the property that if By, (x,€/2) €

C, then By (z,¢/2) N F # (). By definition

m(F,s, N,¢e/2) = inf Y eiCelN(Fef2)
B (z,e/2)eC
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for each C € T'n(F,€/2), we can define a new cover C’' in which for My ; < n < My 11,
B (w,¢€/2) is replaced by By, ,(z,€/2). Here we appoint My, n, +1 = Mg11,0- Then

m(F,s,N,e/2) = inf E e " > inf e~ Mi,it15
( /2) cern(Ze/d) p L= cern(Fe/2) , g;/mec'
e ki \E

We use the lexicographical order for the set {(k,7): k,i € N,1 <i < Ni}. Let
(ko,i0) = max {(k,%) : B, (x,€/2) € C'}.
For k£ > 2, define

k—1
N o
Wk,i = H Sj J X Si;, Wko,io = U Wk,i'
7j=1 (k,3)<(ko,i0)
Each = € By, , N F corresponds to a unique point in Wy ;. For (k,i) < (ko,i0), each
w € Wy is the prefix of exactly §Wi, i, /8WWk,i elements of Wy, ;.. If W C Wy, 4, contains

a prefix of each element of Wy, ;,, then
Wi

2, tovn W’“”')W > Wi io»
(k,5)<(ko,i0) ki

ie.,

(k,i)<(ko,io)
It follows from
Sk > exp(nk(C — 57)),

that
Wi > (1SN (8S2)™2 -+ (8S)—1) Ve (8Sk)’
> exp {(n1 N1 +naNay + -+ - +np_1 Np—1 +npi)(C = 5n) } .

One can readily verify that

lim niN1 +ngNo + - +np_1Ny_1 +ngi 1
k—o0 Mk,i+1 -

Since C’ is a cover, each point of Wy, ;, has a prefix associated with some By, , € C'.

When N is large enough, we have
m(F7 C - 6777 N7 6/2) > Z exp {_Mk,iJrl(C - 677)}
BA{k,i (gc,e/2)€C’
> Z {=(miN1 +naNa+ -+ +ng_1Ng_1 +ngi)(C — 5m)}

B]Wk i(l‘,e/2)ecl

> ﬁl}zl,

4%
Blwk i(z,e/?)e(l’ k’Z
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which implies that
htop (F %) > C — 6.

Since € and 7 is arbitrary, we have hf (X(¢,@)) > hf (F) > C, which completes the
proof of Theorem
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