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Normalized Solutions for the Fractional Choquard Equations with Lower

Critical Exponent and Nonlocal Perturbation

Zilin Chen and Yang Yang*

Abstract. We study the existence and nonexistence of normalized solutions for the
following fractional Choquard equations with Hardy—-Littlewood—Sobolev lower critical
exponent and nonlocal perturbation:

(=A)u+ du = (Lo * [ul VYl ¥ ~u+ (Lo« [ul ) ul?™?u in RY,

Jan |u|? dx = 2,

where N >3, s € (0,1), @ € (0,N), v, pt,¢ > 0 and 2, := 82 < ¢ < 2,5 = Mt
1, is the Riesz potential and A € R appears as an unknown Lagrange multiplier. By
precisely restricting parameters v, p and ¢, using constrained variational method and

introducing new relevant arguments, we establish several existence and nonexistence

*

results. In particular, we consider the case ¢ = 27,

which corresponds to equations
involving double critical exponents, and the Hardy-Littlewood—Sobolev subcritical

approximation method is used to solve the case.

1. Introduction and main results

In this paper, we are concerned with the following lower critical fractional Choquard

equation with a nonlocal perturbation:
(1.1) (=A)u+ At = y(Io * [u| VY |u| ¥ "t + (I, * w20 in RY,

having prescribed L2-norm
(1.2) / lu|? dz = ¢,
RN

where N > 3, s € (0,1), « € (0,N), v,u,c > 0, 2, < g < 2F ., and A € R appears

a,s?

as a Lagrange multiplier and is part of the unknowns. In particular, 2, := % is
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the Hardy-Littlewood—Sobolev lower critical exponent and 27, ; := ]]\\EQO; is the fractional

Hardy-Littlewood-Sobolev upper critical exponent. Here, I,: RV \ {0} ~ R is the Riesz
potential defined by

)

I(x) = _Aa_ with 4, = (
’x‘N—a
o

w\z

)
(s

)

and the fractional Laplacian (—A)® is defined for u € S(RY) by

(—A)*u(z) = Cn., P. V. /RN W dy, z€RY,
where S(R™) denotes the Schwartz space of rapidly decreasing smooth functions, P. V.
stands for the principle value of the integral and C s is the positive normalization con-
stant. The fractional Laplacian appears in many diverse domains, including optimiza-
tion, phase transitions, conservation laws, anomalous diffusion, stratified materials, ultra-
relativistic limits of quantum mechanics, crystal dislocation, water waves and so on. We
refer to [4,/11] for more applied backgrounds.
Recently, the following Choquard equation

(1.3) —Au+Vu= I+ |ul")|ulP?u in RV,

has been investigated by many scholars. Physically speaking, Choquard equation appears
as several models in quantum mechanics. For N =3, a=2,p=2and V =1 in ,
Pekar [39] introduced it to describe the quantum theory of a polaron at rest, Choquard [29]
adopted it as a certain approximation to Hartree—Fock theory of one component plasma
to model electron trapped in its own hole, and Penrose [40] put forward its application in
investigating the self-gravitational collapse of a quantum wave function. We shall pay more
attention to the mathematical aspects. When V =1 in , Moroz and Schaftingen [35]
established the existence, regularity and radially symmetry of ground state solutions to

N+a <p< ]J\\[ﬁ_'g For more related

(1.3) with an optimal range exponent p satisfying
topics, we advise readers to read a survey paper [306) and its references.
Meanwhile, when it comes to the fractional Choquard equations, d’Avenia et al. [10]

studied the following fractional Choquard equation:
(=A)*u +wu = (Jz|* N« juf)|uP~2u  in RV,

where w > 0, N > 3 and p > 1, and they obtained regularity, existence, nonexistence,
symmetry and decays properties of solutions. Shen et al. [42] investigated the existence
of ground state solutions for a fractional Choquard equation involving a nonlinearity

which is subcritical and satisfies the general Berestycki—Lions type conditions. Chen
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and Liu [6] considered an autonomous fractional Choquard equation via Nehari mani-
fold and concentration-compactness arguments. By using variational methods, Mukherjee
and Sreenadh [37] obtained some existence, nonexistence and regularity results for weak
solution of the Brezis—Nirenberg type problem of nonlinear fractional Choquard equa-
tion. He and Radulescu [18] studied the critical fractional Choquard equations with small
linear perturbation, and they established a nonlocal global compactness property in the
framework of fractional Choquard equations and obtained the existence of at least one
positive solution. For more results about the fractional Choquard equations, we refer
to [2,3L/15,33,/34] and the references therein.

For the last few years, normalized solutions to nonlinear elliptic problems have been
widely concerned by scholars. Jeanjean [20] introduced a stretched functional, construct-
ing the mountain pass structure for the functional on a natural constraint related to the
Pohozaev identity to obtain the existence of at least one normalized solution for a non-
linear elliptic problem. Luo [32] approached a Hartree equation by multiple constrained
minimization methods which differs from the methods in [20]. In [43}44], Soave considered
the existence of normalized solutions to the following nonlinear Schrédinger equation with

local perturbation:

—Au = \u+ plu|9%u + [ufP2u  in RY,

Jgn u]? dz = a®.
When N > 1,,u€Rand2<q§2—|—% <p<2= %,q#p, Soave [43| proved
that if the perturbation term is small, there exists at least one normalized radial ground
state. In particular, if 2 + % <p <22 < qg< 2 and g > 0 small, there are two
radial positive solutions. When N > 3, u > 0, A € R and p = 2%, in the context of
L2-subcritical, L?-critical and L?-supercritical perturbation u|u|9~2u, Soave [44] obtained
several existence/non-existence and stability/instability results. Later, when N > 3, u >
O,p=2and 2 < ¢ < 2+ %, Jeanjean et al. [21] established the existence of ground
state and demonstrated that the set of ground states is orbitally stable. By the Sobolev
subcritical approximation approach to mass constrained problem, Li [25] got the existence
of normalized ground states with p = 2* for L?-critical and L?-supercritical perturbation.

Yao et al. [47] considered normalized solutions of the following Choquard equation:
—Au+ M= y(Iy * [ulP) uP~2u + plu|9%u  in RV,
S~ Jul?dz = 2,

where p = & j\;o‘ is the Hardy—Littlewood—Sobolev lower critical exponent. Under different

assumptions on ¢, p, v and u, they established several existence and nonexistence results.
When v =1 and p = 2}, := %, Li [26] considered the case 2 < ¢ < 2 + %, then the
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existence and orbital stability of the ground states were obtained. Moreover, the case
Nt2ho o p < 2% and 2+ + < ¢ < 2* was investigated in [27].

Moreover, Ding et al. |12 explored the following equation:

—Au = Au+ (I * [ulP)[ulP~2u + p(Iy * [u|®)|[ulf 20 in RV,
fRN ‘U|2 dl’ = a27
where N > 3 and % <qg<p< % They got the existence and nonexistence of
normalized solutions to this problem. In particular, when p = 2, Ye et al. [4§] and Shang
et al. [41], using the method in [44], studied the critical Choquard equation with nonlo-
cal perturbation. Then, for L?-subcritical, L?-critical and L?-supercritical perturbation
p(L * |u|?)|u|9"2u, the normalized ground states and mountain-pass type solutions were
obtained.
When it comes to investigating normalized solutions for the fractional Choquard equa-

tions, Li and Luo [23] studied the following equation:
(=A)*u = Au~+ (I * [ulP)|ulP%u  in RY,

where N > 3 and max {2, W} < p < 23, By using the constrained minimization

method, they got the existence of normalized ground state. For the following equation:

(=A)u = A+ [u|?2u + p(Ly * [ufP)|ulP~2u  in RY,

fRN |U’2dl’ = CLQ,

when N > 2, 2—1—% <q< Nziv25 and N+]2\f+o‘ <p< ]]\\/f;;, Yang [46] used a refined version
of the min-max principle, and under suitable assumptions on the related parameters they
obtained the existence and asymptotic properties of normalized solutions. When 2 < p <
W, Li et al. [24] obtained the existence and asymptotic properties of normalized
solutions. Relied on a Lagrange formulation and new deformation arguments, Cingolani
et al. [7] obtained the existence of a symmetric ground state solution with a general
nonlinearity.

Moreover, He et al. |[19] considered the following equation:

(=A)su = Mu+ plul92u + (Iy * [ul?>=)|u)?>"2u  in RV,
Jgn [u]? dz = a®.

For 2 < ¢ < #45,

solutions. When p > 0 is large enough, Feng et al. [16] got the existence and multiplicity

they obtained the existence and asymptotic properties of normalized

of normalized solutions by the concentration-compactness principle and truncation tech-

nique. Besides, Yu et al. [49] researched the following fractional lower critical Choquard
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equation:
(=A)u = M+ (Lo * |ul?)|ul?>2u + plu|92u  in RV,

Jrn |u|? dz = a2,

where 2 < ¢ < N%N%, they got the existence and symmetry of normalized ground states.
Lan et al. [22] studied the following fractional critical Choquard equation with a nonlocal

perturbation:

(—A)*u = Au+ a(lo * [ul?)|u|T?u+ (In * [u]*>)|ul*>="2u in RV,

S~ Jul?dz = 2.

Under L2-subcritical, L?-critical and L2-supercritical perturbation a (I, |u|?)|u|?%u, they
obtained the existence of normalized ground states and mountain-pass-type solutions.

However, there seems to be no result on normalized solutions to the fractional Choquard
equations involving Hardy—Littlewood—Sobolev lower critical exponent and a nonlocal per-
turbation in RY. For the fractional Choquard equation, the Hardy-Littlewood-Sobolev
lower critical exponent 2, is a new feature which is associated with the phenomenon of
“bubbling at infinity”, and this makes it differ from the case of the Hardy—Littlewood—
Sobolev upper critical exponent.

Motivated by the aforementioned works, especially by [41,/47//49], we shall focus on the
problem (|1.1)) and (| . for four different scenarios: (i) L2-subcritical case: 2, < ¢ < q :=
Nt2sta : (iv) doubly

«a,s)

: (11) L2-critical case: ¢ = g; (iii) L2-supercritical case: § < q < 27

crltlcal case: q = 27 _ respectively.

«a,S8)

Before we state our main results, we first introduce some notations. Throughout this
paper, L"(R") denotes the Lebesgue space with the norm [ul, = ( [en |u|" dz) YT for any
1 <r < oco. H*(RY) is the fractional Hilbert space defined as

HARY) = {u e L*(RY) : (-A)2u € L*(RV)},

which is endowed with the standard inner product and norm given respectively by

)= [ (=)

where c )|2
El N,
oy = G2 [ ] SR daay,

Define E,(u): H*(RY) — R by

(N1

w(=A) v +uv) dz, ulZe = (uu) = [|(=A)2 |2+ [ful3,

1 s
Eq(u):2/ (~A)3uf dm—ﬁ (T x o)l dz
RN
(1.4) ;
(L ) uf? da.
2(] RN
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It is standard to check that the energy functional is of class C', and a critical point of

Eq4(u) restricted on the constraint

S(c) = {u € H*(RY) : /

lu|? dz = 62}
RN

corresponds to a solution of the problem (|1.1)) and (1.2)).

Now, we recall the following definitions.

Definition 1.1. We say that u € H*(R") is a weak solution to ([.1) if
/ (—A)gu(—A)Svdx—l—/\/ wv dx
RN RN

= 7/ (Io * [u)?*) [u*> 2uv dz + u/ (Io * |u|®)|u|? 2uv dz
RN RN

for any v € H*(RN). Moreover, (ue, A\e) € H*(RV) x R is a couple of weak solution to
(1.1) if u, is a weak solution to (1.1]) with A = A., where A, arises as an unknown Lagrange

multiplier which depends on the solution u..

Definition 1.2. We say that u. is a normalized ground state solution of the problem (/1.1
if (ue, Ae) € H¥(RY) xR is the solution to the problem (T.1), and u. has the minimal energy
among all the solutions which belong to S(c), that is,

Eils@)(uc) =0 and Ey(u.) = inf{Eq(v) | Els()(v) =0 and v € S(c)}.

Here, \. depending on the solution u, is an unknown Lagrange multiplier.

Let we set v

N+ a2 Nia

= Sa e

¢ ( N~y ) “

and
2q5 (2a—1)(Nq—Nia)+2qs—23-2a
Cy 1= —
pC(Ng— N —a)

N+4+a+2s—Ng

|: ’y(Nq — N — a) :| 2(2a—1)(Nqg—N—a)+4gs—4s24
X
2055 (Nq— N — a — 25)

)

where C and S, are defined in (2.3) and (2.6 in Section [2| respectively. In addition, the
definitions of S and C\, are given in (2.1)) and (2.4]) respectively in Section

The main results read as follows.

Theorem 1.3. Let v, > 0 and 2, < q¢ < q. It results that the infimum

1 ,y 4o @
U(C) = ué%fc) Eq(u) < —Esaz 022
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is achieved by u* € S(c) which is a normalized ground state solution of the problem (|1.1))
and (L.2) with the corresponding Lagrange multiplier \* > %Soj%c%a. Besides, u* is a

real-valued positive function in RN, which is radially symmetric and non-increasing.

Theorem 1.4. Let v > 0 and ¢ =q. For 0 < p < %c_“#a, problem (1.1) and
(1.2) has no solution for any A € R.

Theorem 1.5. Let v > 0, ¢ < q < 2, and 0 < ¢ < c.. Then there exists n >0
such that for every p > i, problem (1.1) and (1.2) possesses a normalized ground state
solution u € H*(RN) with the corresponding Lagrange multiplier 2> 0, which is positive

and radially symmetric.

Theorem 1.6. Let ¢ =2}, ., 0 < ¢ < min{cy, ¢*}, and

a,s’

o \N Nia /(ON-25\ NE:Ta) a(v-29)
N (€] N(2s+a
7> (m) 5 (e P

o+ 2s
Then, there exists i > ji such that for every p > i, problem (1.1) and (1.2) possesses a

normalized ground state solution u € H®(RN) which is positive and radially symmetric,

and the corresponding Lagrange multiplier A satisfies 0 < A< 75;2040%.

To better understand the context of this paper, let us briefly state the strategies and
methodologies which are used to prove the above theorems. Firstly, when 2, < ¢ < ¢, the
functional E; is bounded from below on S(c). To prove that the infimum o(c) is achieved,
we utilize the fractional concentration-compactness principle. Specifically, we rule out the
vanishing and dichotomy of the minimizing sequence to obtain the compactness of the
minimizing sequence. The dichotomy can be excluded by applying the strict inequality
o(c) < o(c1) + o(c2). Moreover, we take advantage of the extremal function to make an
estimate of o(c), which allows us to exclude the vanishing. Secondly, when ¢ = G, we
make restriction on g and then obtain the nonexistence result. Next, when it comes to
q € (q, 2%, 5], we find that F; is no longer bounded from below on S(c). Hence, we make use
of the Pohozaev manifold P,(c) as a natural constraint of E, that contains all the critical
points of E, restricted to S(c) to make sure that the functional E, restricted to Pgy(c) is
bounded from below. Then, for g < ¢ < 27, ;, inspired by [9], we introduce the homotopy-
stable family to establish the existence of Palais—Smale sequence, and take advantage of
a similar idea in [47,[49] to get the compactness result and then illustrate the existence of
normalized ground states. Finally, when it comes to the case ¢ = 27, ; which involves the
interaction of the double critical terms, due to the assistance of some processes and the
solutions obtained in proving Theorem [1.5] we make full use of the Hardy-Littlewood—
Sobolev subcritical approximation method combined with the new estimate trick to achieve

our results. Due to the dual influence of fractional Laplacian and nonlocal perturbation,
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the problem becomes more complex and challenging. This requires us to precisely restrict
parameters. We further estimate accurately, mainly use constrained variational method,
and then under different assumptions on parameters we obtain new and interesting results
about the existence and nonexistence of normalized solutions for the fractional Choquard
equation.

The paper is organized as follows. In Section 2] we give some preliminary results which
will be used later. In Section [3] we deal with the case 2, < ¢ < § and prove Theorem
In Section [ we consider the case ¢ = g and prove Theorem [1.4] In Section[5] we treat the

*
a,s

case ¢ < q < 2
and [L.6l

and the case ¢ = 2, ; respectively, and give the proofs of Theorems

2. Preliminaries

In this section, we present various preliminary results that will be used later. Firstly, let

us recall the following fractional Sobolev embedding, see [11, Theorem 6.5].

Lemma 2.1. Let 0 < s < 1 and N > 2s. Then there ezists a constant S = S(N,s) >0
such that

s 112
—A)2u
(2.1) S = in 7“( )2 H2,
weHsRM\{0}  |lull3
where 2% = N2iV25 Moreover, H*(RN) is continuously embedded into LI(RN) for any

q € [2,2%] and compactly embedded into LI (RY) for every q € [2,2}).

Next, we introduce the fractional Gagliardo—Nirenberg inequality of Hartree type es-
tablished in [15].

Lemma 2.2. Let 0 <s <1, N >2s and q € (24,2, 5). Then, for all u € H3(RN),

~ £ 12q7qs 1 112a(1=7q,s
22) /R (Lo * Jul ) ul? dar < C|(=2)3ul 7 uf 377,
where V4.5 = % and the optimal constant C is given by
2 2 N N Ng—N—«a
= sq s¢— Nqg+ N+ o _—
(2:3) ¢= ol >,
2sq — Nq¢g+ N+« Ng— N —«

where W is the ground state solution of (—A)SW + W — (I, x |[W|9)|W[92W = 0.

The following Hardy-Littlewood—Sobolev inequality is of importance, see [31].
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Lemma 2.3. Let a € (0,N) and r,t > 1 with 2 + 1 =1+ &. Let f € L"(RY) and
h € LXRYN), then there exists a constant C(r,t, o, N) such that

f(x)h(y)
—————dady| < C(r,t,a, N B¢
L | 2 ey < Crta )£
In particular, if r =1t = N+ , then
veo T(8) (DI)F
(2.4) C(r,t,a,N)=Cy =7 2 2 2 .
r(55) | T@)

Remark 2.4. Let r =t = N—Jra and f = h = |uP € L"(R"), then according to Lemma

the integral
) |Pluly)”
v dzdy
RN JRN |$ —y|Ne
is well defined. Thus, for u € H*(RY), by Lemma we have

N+a§p§ N—i—a‘
N N — 2s

N&FO‘, for any u € H*(RY), we have

In particular, when p =
N+ao

a e _Nta N
(2.5) / (o * N )]u!N% de < Sy 7V </ |ul? da:) ,
RN RN

where S, is relevant to the following minimization problem:

(2.6) Sa:inf{/ yu|2dx:ueL2(RN)and/ (T Ju "> Y fu] ™ _ }>o.
RN RN

Furthermore, by [31, Theorem 4.3 and |30, Theorem 3.1], S, is achieved by the function

27) Vi) =0 (o)

€2 + |z — z|?

S

for some C' € R, e € RT, and z € RY.

In what follows, we show the weak compactness result for the nonlocal nonlinearities,
see [49, Lemma 2.7].

emma 2.5. Suppose that q € s N5e | - Up 18 @ sequence satisfying u, — u
L 2.5. that Nia Mol ‘ tisfyi

weakly in H*(RY), then, for any ¢ € H*(RY), we have

/ (Lo # [t |) [ |72t i — / (L * ]l 2o e
RN RN

as n — o0.
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In view of the Brezis-Lieb lemma for the Riesz potential (see |10}/18]), we obtain the

following lemma.

Lemma 2.6. Let g € [24 242 ] and {u,} be a bounded sequence in H*(RN). Ifu, — u

a.e. on RN asn — oo, then
/ (Lo * |up — u|)|up — ul?de = / (Io * |un|?)|up|? de — / (I * |u|?)|u|? dz + o, (1).
RN RN RN

Now, we introduce the following Pohozaev identity, which can be derived from [8,28].

Proposition 2.7. Let u € H*(RN) be a weak solution of (L.1)), then u satisfies the

Pohozaev identity:

N — 2s s 2 )\N
2 -yt 2 g
(2.8) N N
S WD [ el ao+ MO [ 1, g,
22, RN 2q RN

Next, we show the Pohozaev manifold.

Lemma 2.8. Let u € H*(RY) be a weak solution of (1.1)), the Pohozaev manifold is the
following:
Py(c) = {u € S(c) : Py(u) =0},

where

Pu) = -yl = g (8= FE0) [t fulnful

Proof. In view of Proposition 2.7, we know that u satisfies the Pohozaev identity as follows:

N — 2s AN

2 2 ‘
N N

_ / (1o * |u]2")|u|2“ dz + 7M( +a) / (I * |u|?)|u|? dz.
2 RN 2(] RN

[(=A)2u]; + =~ lull3

Moreover, since u is the weak solution of ([1.1]), we have

HFAﬁM@+MM@=v/ @whﬁﬂmwdx+g/<A*MMWWMa
RN RN

Therefore, we have

[(~A)3u; — £ (N— N*“) /RN(Ia i Jul?) ul? dz = 0,

2s q

which finishes the proof. O
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In light of Lemma it is clear that any critical point of F,|g(. belongs to P,(c).
Thus, the properties of P,(c) are related to the minimax structure of Ey|g(.). Actually,
for each u € S(c) and t € R, we define

N
2

t

up(x) : u(tz) for ae. z € RY.

It results that u; € S(c). Then we define the fibering map t € (0,00) — ®,(t) := E4(us)
given by

]. S
D,(t) = §t23H(—A)§uH; — % RN(Ia * |u\2‘*)]u\2“ dz

- Lot /RN(IQ ) [u]? e
Lemma 2.9. Let u € S(c), then t € R is the critical point of ®,(t) if and only if u; €
Py(c).

(2.9)

Proof. For u € S(c) and t € R, it is easy to check that

s N
P (t) = stQS_lH(—A)iqu B <N - M) th_N_O‘_l/ (I * |u|?)|u|?dz
RN

2 q
s s o2 M N+«
(2.10) = a3 - 5 (N - ) /RN(Ia * || da
_ sPy(uy)
—
Then, by Lemma [2.8] we can easily draw this conclusion. O

It is natural to consider the decomposition of P,(c) into the disjoint union Py(c) =
P(c) UP(c) UP, (c), where
Py (0) :=={u € S(c) | ,(1) = 0, (1) > 0},
Py (¢) :={u € S(c) | @,(1) = 0,2y (1) < 0},
0 — — —
PY(c) = {u € S(e) | B, (1) = 0,8/(1) = 0},

Moreover, for u € Py(c), we have

@//(1) = s(2s — 1) (~2)u;
a <N— N+a> (Ng— N —a— 1)/RN(LX  |ul?)|u|? dz

(2.11) B
=5(2s — Ng+ N + a)H(—A)%qu

2

We now analyze the structure of the Pohozaev manifold P,(c). Similar to the argu-

ments in |22, Lemma 3.1, Proposition 3.1] and [43], the following proposition holds.
Proposition 2.10. Assume that Py(c) = (). Then Py(c) is a smooth manifold of codi-

mension 2 in H*(RN) and a smooth manifold of codimension 1 in S(c). Moreover, if

u € Py(c) is a critical point for Eq|p, (), then u is a critical point for Ey|g()-
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3. The case 2, < ¢ < 7@

Lemma 3.1. Let v, > 0 and q € (24,q). Then the following statements are true.

(i) The functional E4 is bounded below and coercive on S(c);

(ii) o(c) := infyeg(e) Bqlu) < —ﬁS&Qacma < 0;

(iii) Let c1,c2 > 0 be such that ¢3 + ¢ = c2. Then o(c) < o(c1) + o(ca).
Proof. (i) By (L.4), and (2.5)), for every u € S(c), we have

= %\»(—m%uui ~ o ot ) da = 2 /R (T )l d
T e [N
q

Since 2, < g < g, we can deduce that the functional F; is bounded below and coercive on
S(e).

(ii) By (2.5) and (2.7, we have
24
(3.1) / (Io * |Ve|>)|Ve|?> dz = S 2 </ |V6|2dx> :
RN RN

N
2

\V] \

Then we define v := HV ; and vy =t v(tx). It is clear that v € S(c) and v; € S(c). By

[29) and (), we have

Eq('l)t)
1 s 12 T
o8 [SVSERT % RNUQ % |v))|v]?e do — Qﬂqt” N “/RN(Ia * |v]T)|v|? dz
2 12 —_N— g —Za @
tQSH QUHQ ?qth N oc/RN(Ia * |U|q)‘U|de _ ESaQ 622 )

Thus, in view of 2, < ¢ < ¢, there exists tg € (0,1) such that %tst(—A)%UH; -
Qﬁqth_N_o‘ Jen (I * [v]7)|v|9dz < 0. Then, we have
’y Ot [e3
E,(vy) < — R LG 20?2 <),

namely, there exists some T = v; € S(c) such that Ey(T) < —53-55 2a 22 < 0. Thus, we
can deduce that o(c) < —53-S5 2o 22 < (.

(iii) Let {u,} C S(c¢) be a bounded minimizing sequence for o(c). Then for any
6 € (1,4/2) and u € S(c), it holds that fu € S(fc) and

92 _ 922a

T [ o uaPo)un P do

22, RN
. 6% — 924

2q

Eq(Oun) — 02Eq(un) =

” / (Lo # [t0n]9) 1|7
RN

< 0.
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This implies that o(6c) < 6%0(c), where the equality holds if and only if
/ (In * |[tn]?®) |tp |* d +/ (1o * |up|?)|up|?dz -0 as n — oo.
RN RN
However, this is impossible, since otherwise we find that
0>o0(c) = lim Ey(u,) > hmlnffH %unuz > 0.

n—oo n—oo

Therefore, we have the strict inequality o(fc) < 6%c(c). It follows that

J(c)<02o<g):a(g>+(02—l)a (\/9217—1 920_1c><a<;)+0<929_10>.

\/7

Then, choosing ¢; = §, c2 = ¢, we have ¢? + c3 = ¢? and o(c) < o(c1) + o(c2). The

proof is completed. O

Lemma 3.2. Assume that v,pu > 0 and 2, < q < q. Let {u,} C H*(RY) be a sequence
such that Eq(u,) — o(c) and ||uy|l2 = ¢ — c. Then the sequence {uy,} is relatively
compact in H*(RN) up to translations, that is, there exist a subsequence, still denoted by
{un}, a sequence of points {y,} C RN, and a function ug € S(c) such that un(-+yn) — uo
strongly in H*(RN).

Proof. 1t follows from Lemma [3.1]i) and ¢, — ¢ that the sequence {u,} is bounded in
H?*RY). Then according to the fractional concentration-compactness principle (see [14,
Lemma 2.4]), we take g, := —up, and there exists a subsequence, still denoted by {sn},
for which one of the following properties holds:

(i) Compactness: there exists a sequence {y,} in RY such that, for any ¢ > 0, there
exists 0 < r < co with

()2 da > 2 —e.
lz—yn|<r

(ii) Vanishing: for all r < oo, it follows that

lim sup / lon(x)]? dz = 0.
" yeRN Jla—yn|<r
iii) Dichotomy: there exist a constant ¢; € (0,¢) and two bounded sequences {v,},
iii) Dichot th ist tant 0 d two bounded
{wn} such that

supp v, Nsuppwy, = 0;  |vn] + |wn| < [sal;

HVnH% - C%v Hwn”% — C% = - c% as n — oo;

2N
N —

llsn — vn —wpllr =0 for 2 <r< 5
AYially = (=) 5wl; — [(=2) e} > 0.

)
s

l\)\m

n—oo

lim inf { H
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Firstly, we verify that the vanishing cannot occur. Suppose the contrary. Then by [13,
Lemma 2.2] we have that u,, — 0 in LT(RN) for 2 < r < 2. Noticing ¢ € (24,2} ;)

@ “a,s
implying that % € (2,2%), by (1.4 and Lemma 3l it follows that

7() + on(1)

= 38 - éﬁRJI*mPWuPWx 5 [, Ut ln
> S8} = 182t - B a4,

z;w— Sl - ;as;%c%+on<1>

= o, 2, Sa o,

which contradicts Lemma [3.1](ii).
Next we claim dichotomy cannot occur. Otherwise, according to [2, Lemma 2.14]
and [5, Proposition 1.7.6 with Lemma 1.7.5(ii)] which state that

/’@»MMMWM—/<MH%MMWM+/<aw%mmmm+%m
RN RN RN
for ¢ € [24,7). Then we have

o(c) = lim Ey(uy) = 11m Eq(cn) > limsup(Eq(vn) + Ey(wn)) > o(c1) 4+ o(c2),

n—00 n—00

which contradicts Lemma [3.1f(iii). Thus, the compactness holds, then there exist {y,} C
N and ug € S(c) such that ¢,(- + yn) — ug in L*(RY). Since ¢, — ¢ and {u,} is
bounded, then we have that @, := u,(-+y,) — up in L?(RY). Meanwhile, by interpolation

inequality and fractional Sobolev embedding theorem, we have

_ _ 1-6 _
[ — wollh < [[@n — uoll8 | — uollss " < Clln — uol|y =0 asn — oo,

where r € (2,2%) and 2 = g + 12_*0, then we have that @, := u, (- + y,) — uo in L"(RY)
for 2 < r < 2*. Then, by Lemmas [2.6| and we can imply that

/ﬁUAHwﬁwuu%de/‘Uauwﬁﬂud%dw+%a»

RN RN
/(Ia*yunm\un\qu:/ (L, % 0| o |7 da + on (1),
RN RN

Hence, we can deduce that

o(c) < Ey(up) < liminf E,(u,) = liminf E,(u,) = o(c),

which implies that Ey(ug) = o(c) and H(—A)%ﬁan — H(—A)%”LL()H; Consequently,
through the above analysis, we have that |[@,|| gs @~y — [[uol s (mvy, namely, un(-+yn) —
ug strongly in H*(R™), and ug is a minimizer for o(c). We complete the proof. O
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Proof of Theorem [L.3] Tt follows from Lemma [3.2] that there exists a minimizer ug for Ej
on S(c). Hence, the infimum o(c) < —g3-55 2o 22o ig achieved by ug € S(c) which is a
ground state of problem and . Then, let u* denote the Schwartz rearrangement
of |ug| and we have

(3-2) [u*[13 = luoll3 = c*.

By the Riesz’s rearrangement inequality |31, Theorem 3.7], we have

(3.3) / (I * |u*|)|u*|? da > / (I * ugl?)|ug|? de,
RN RN
(3.4) / (Lo # [ ) 2 dae > / (L, % [1t0 ) g |2~ dz.
RN RN
And the fractional Polya—Szeg6 inequality [38] shows that
S ow12 s 2
(3.5) [(=2)zu Hz < H(_A)QUOHQ'

Thus, u* € S(c) and Ey(u*) < E4(up) = o(c). According to the definition of o(c), we
have E,(u*) = o(c), which implies that o(c) is achieved by the real-valued positive and
radially symmetric nonincreasing function. Moreover, corresponding to u*, there exists a

Lagrange multiplier A* € R such that

A2 = —H(—A)Su*Hng’y/ (Lo * [u*[P) ju* P d:c+u/ (Lo * |u*[7)]u”|? do
RN ]RN

2 —1 —1
= —20(c) + 7(“>/ (Lo  [u*2)[u*[? dz + “(Q)/ (I  [u*|9)|u*|? da
2a RN q RN
> —20(c),
together with Lemma [3.1f(ii), we have
A" > lS;QQCQWa.
24
We complete the proof. O

N+2s+a

4. The case ¢ =q = =5

Proof of Theorem 1.4l Let u € S(c) and ¢ > 0. By (2.2) and (2.10), we have

_ El /LSN _ _ _
¥, (1) = st 1H(—A)2U}|3—mt23 1/RN(Ia*|u!q)|u!qdﬂ?
_ s usNé ds+2a oo s
> st* 1H(—A)2“H§—mc V| (=0) 2l
,usNé 45420 _ s
= <_N—|—2+a v )tzs I 2l

N"—QS“'—O[ _ 4s542a %
——=—¢C N

>0 ifu< =yt
7 % u
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This implies that the fiber map ®,(¢) is strictly increasing, and then the functional E,
has no critical point on S(c) for 0 < p < p*. Hence, when 0 < p < p*, problem (1.1)) and
(1.2) has no solution for any A € R. We complete the proof. O

5. The case § < ¢ <2,

In this case, we notice that the functional E, is unbounded from below on S(c). Thus, we
shall restrict it to a natural constraint manifold P4(c) on which E; is bounded below and

then we may find critical points of .

Lemma 5.1. Assume that v,y > 0 and ¢ < q < 27, ;. Then the following statements are

true.
(i) There exists a unique t, = t(u) > 0 such that uz, € Py(c) =Py (c) and

Eq(usy

7,) = max Eq(u);

(ii) The map u € S(c) — t, € R is of class C'.

Proof. (i) In view of § < ¢ < 2}, ; and (2.11)), we have P,(c) = P, (c). Fix u € S(c) and

a,s

we define

2qs
F(t) =
) w(Ng—N

According to Lemma we have u; € Py(c) if and only if F(t) = [pn(la * [u]?)|u|? dz.
We notice that F(t) is decreasing on (0, +00), lim;_,o+ F'(t) = 400, lim_400 F(t) = 0.

“A)sy|[PeNter2s=Na g4 5 ),
SN

This implies that there exists a unique ¢, > 0 such that uz, € Pqy(c). Furthermore, we
also obtain that ®,(t) > 0 on (0,%,) and ®,(t) < 0 on (t,,+00), namely, Ey(uz)) =
maxyso Eq(ue).

(ii) By a direct application of the implicit function theorem on the C! function G: R x
S(c) — R defined by G(t,u) = @ (t), we easily reach the conclusion. O

Lemma 5.2. Assume that v, > 0 and q € (q,2;, 5. Then the functional E, is bounded

below and coercive on Pq(c) for 0 < ¢ < ¢, where ¢y is defined as

2qs
uC(Ng— N - a)

Cy 1=

S
] (2a—1)(Ng—N—a)+2qs—25-2q,

N+a+2s—Ngq

|: fy(Nq — N — a) :| 2(2a—1)(Ng—N—a)+4gs—4s-2q
2053 (Nq— N — a — 25) '

Proof. Let u € Py(c), then we have

s N +
gl = 2 (5= 20 [ g il




Normalized Solutions for Fractional Choquard Equations 17

Combined with Lemma [2.2] then

2s

s 2 2(]8 _ 2¢stNta—Ng Ng—N—a—2s
H(_A)QUHQZ ~ - C s .

It follows that
Eq(u)
= gl-mull = g [ o= 2 s
- (; - Nq_N_a) l=a)Fuly = 5y [ o)l da
> (3w ) Il - sy
.

> (1 — § ) — 2qs -c 2QS+N;‘I’0¢*N¢Z e — lS_QaCQQOc
~\2 N¢—-N-a/) \uC(Nqg— N —a) 22,

> 0,

provided that ¢ < c.. We complete the proof. O
Through the above discussion, we can define
mg(c) == inf Ey(u).
We now work in the subspace of functions in H*(RY) which are radially symmetric
with respect to 0, denoted by H2(RY), and we define
S.(c) == S(c) N H}(RY) and Pylc) =Py N HE(RY).

Lemma 5.3. Suppose that v, >0 and q € (q,2}, |. Then for 0 < ¢ < cx, the following

statements are true.

(i) mg(c) = infyep, () Eq(u) = infuepr () Eq(u) > 0;

(i) If my(c) is achieved, then it is achieved by a Schwarz symmetric function.
Proof. (i) Since Py (c) C Py(c), then we obtain that

5.1 inf E,(u) < inf FE,(u).
( ) u€Pqy(c) q( )_UG’P;(C) q( )

Next, we claim that inf,ep, () Eq(u) 2 inf,epr(c) Eq(u). Indeed, by Lemma (i), it is

clear to see that

(5.2) mo(e) = inf Eyfu) = inf o Ey(u)
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and Fy(uz, ) = maxyso Eq(ue). Let u € S(c) and 9 € S(c) be the Schwartz rearrangement

of |u|. Then by (3.2)—(3.5)), we obtain that
1 sal2 - 7 2 2
Dy(t) = t*||(=A)20||, — = [ (Lo *[9]%)[0]*d
o) = 250~ 1 [ s loPloe g

—”th—N—a/ (L, + [9])[9)7 da
RN

2q
5.3 1, £ 112 i 24 20
(5.3) ggtSH(_A)zu‘b—E RN(IQ*M ) u|? dz
— 'uthNa/ (Lo * |u|?)|u|? dz
2q RN
= d, ().

Moreover, we also have ®/y(t) < ®/,(t) for t € (0,+00), which implies ¢y < #,. Then it
follows from (j5.3)) that

(5.4) ueig;(c) Eq(u) < max Eq(0:) = ®y(ty) < Pulty) = Eylug,) < max Ey(u).

Then,by (5.2) and (5.4]), we have

5.5 inf E. (u)> inf E,(u).
(5.5) uEP,(c) al )_uepg(c) a()

Thus, it follows from (5.1)), (5.5) and Lemma that

inf E,(u)= inf E,(u)> 0.
vend q(u) e q(u)

(ii) Let v € Py(c) satisfy E,(v) = my(c), and let k be the Schwartz rearrangement of |v|.
Indeed, according to (B:2)-BA). if [|[(—A)2x[5 < |(=A)3||2, or fun (Ta * |x[9)[x]? dz >
Jan Lo = [0]9)|v]?dz, or [on (Ia * |6[%)|k]|% dz > [pn (Ia * [v]**)|v]?> dz hold, then, based
on (5.2) and (5.4)), we can deduce that

- i < — T ) = ) < —
my(e) = inf e By () < mie By ) = Ri(E) < Bulf) = Ey(vg,) < Byfv) = myfc),

which is a contradiction. As a result, we have
s 2 El 2
(=2)32 = || (—a) 5o / (L, + |#]9) 4] dz _/ (L, [o]9)]0]? da,
RN RN
[ Gas Pl do = [ (1os o) o da.
RN RN

Then combined with (3.2)) we can imply that x € P;(c) and Ey(x) = Ey(v) = my(c). We
complete the proof. O
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Next, we shall take advantage of the homotopy-stable family and some related known

results in order to establish the existence of Palais—Smale sequence.

Definition 5.4. [45, Definition 3.1] Let D be a closed subset of a metric space X. We
say that a class F of compact subsets of X is a homotopy-stable family with boundary D
provided that

(i) every set in F contains D;

(ii) for any set = € F and any £ € C([0,1] x X, X) satisfying £(t,z) = x for all
(t,z) € ({0} x X) U ([0,1] x D), we have that E({1} x E) € F.

In particular, the above definition is still valid if the boundary D is empty.
Lemma 5.5. Foru € S,(c), t € R, the map

TSy (c) — Tu{u Sp(e), Y=g
is an linear isomorphism, where T,,S(c) denotes the tangent space to Sy(c) in u.

Proof. The proof is standard, see |47, Lemma 5.5] or |1, Lemma 3.6], so we omit the
details. O

Now we define the functional J: S;(c) — R by
J(u) = Eq(ug,)-
According to Lemma (ii), we obtain that the functional 7 is of class C*.

Lemma 5.6. It holds that
I (W] = Ey(ug,)[vy,]
for any u € S-(c) and ¢ € T,,S-(c).

Proof. The proof is similar to [9, Lemma 3.15]; we omit it here. O

Then, the result for the existence of Palais—Smale sequences to a general homotopy-

stable family is as follows.

Lemma 5.7. Let F be a homotopy-stable family of compact subsets of Sy(c) with closed
boundary D, and let

;= inf .
o= B mar T

Assume that D is contained in a connected component of Py(c) and

max{sup J(D),0} < er < 0.

Then there exists a Palais-Smale sequence {un} C Py(c) for Ey restricted to Sy(c) at level

CF.
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Proof. By Lemmas and similar to the arguments of [9, Lemma 3.16], we can easily

obtain the conclusion. O

Lemma 5.8. Suppose that v, > 0 and q € (q, 2273]. Then for 0 < ¢ < ¢, there exists a
Palais-Smale sequence {u,} C Py(c) for E, restricted to Sy(c) at level my(c) > 0.

Proof. Let F; be a family of all singletons belonging to S, (c). Clearly, the boundary D is
empty. Then, by Definition [5.4] it is clearly a homotopy-stable family of compact subsets
of S, (¢) (without boundary). Besides, by Lemma [5.3| one has

= Eiél]f'-l IEG&EX I(u) = ueigrf(c) I(w) = uei’lr’l;(C) Eq(u) = ueigqf(c) Eq(u) = mq(c)

Consequently, choosing F = F7, the lemma follows directly from Lemmal[5.7} We complete
the proof. O
5.1. The subcritical perturbation

Lemma 5.9. Let v,u > 0, ¢ € (4,2},5) and {un} C Pg(c) be a bounded Palais-Smale
sequence for E, restricted to Sy(c) at level my(c) > 0. Then there exists a constant i > 0

such that for every pn > i, up to a subsequence, u, — u strongly in HS(RY) for0 < ¢ < c,.

Proof. Since {un} C Pj(c) is a bounded Palais-Smale sequence, then there exists u €
HE(RY) such that

(5.6) w, =0 in HSRY), wu, —a in L'(RY) for 2 <r < 2%, u, — 1 a.e. on RV,

Based on the Lagrange multipliers rule, there exists A, € R such that for every ¢ €
HE(RY),

/ (—A)Sun(—A)§¢dx+)\n/ umodx—v/ (Ia*|un\2a)]un|2a_2ungpd$
RN RN RN

(5.7) — ,u/ (1o * |un\q)|un|q_2ung0 dz
RN

= on(1)|l¢l]-
It follows that
)\nCQ == )\HHU‘TLH% - V/N(Ia * ‘un‘2a)‘un’2a dx
R

(5.8)
[ e a4 = [~ E [+ 0n 1),

which implies that {\,} is bounded. Then, up to a subsequence, there exists ) € R such
that A, — A as n — o0o. In view of ¢ € (7, 25 s)> (5.8) and the fact of Py(u,) = on(1), we
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have
A2 = lim pe
n—oo
= lim ['y/ (Ia*|un|2a)|un|2“ dz
(59) n—oo RN

Ng— N —«
+ (1 -= 2 > / (Lo * |un|?)|un |7 da
qs RN

>0

)

which implies P\ > 0. Then, we claim that 2 =% 0. Otherwise, by , we have that
Jan Lo * [un [2) Jup |? dz = 0,(1) and [pn (o * [tn|?)|up|? dz = 0,(1), and then combined
with Py(u,) = o,(1) we deduced that H(—A)guan = 0,(1). Thus, we have E4(u,) =
mq(c) + on(1) = 0, (1), which is contradictory to mg(c) > 0. Consequently, > 0.

Next, we claim that u # 0. Suppose by contradiction that u = 0, obviously we

have H(—A)%uan = on(1l). Moreover, by Lemma and (5.6), we have [y (Iy *
tn|9)|tin|? dz = 0,,(1). Then, in view of (5.8) and A > 0, we have

0 < A2 = lim ’)//N(Ia * \Un’%)’un’za de,
R

n—oo
which contradicts

0 < mg(c) = nh_{go Eq(un) = _%7}1_{120 RN(Ia s |tn|*) [up [ da.
«

As a consequence, u # 0.
Now, according to u, — @ in H(RY), (5.7) and Lemma it follows that w is a

weak solution such that
(5.10) (—A)°u+ i = Y1y * |ﬂ\2‘*)]ﬁ\2°"2ﬁ + Ly * |ﬂ]q)|ﬂlq’2ﬂ in RV,

Then, it follows from Lemma [2.8[ that P,(u) = 0.
Let v, := u, — 4, then by (5.6) we have v, — 0 weakly in H5(RY). Thus, one has

s 2 EPNIY s 2
(5.11) 1(=2)2unfly = [|(=2)2a]|, + [|(=2)2val, + 0n(L).
Moreover, it follows from Lemma and (5.6) that
/ (Lo * |up **)|ug > dz = / (Lo * [a]*) [a]* dz + / (Lo * [vn[*) on[* dzr + 0n(1),
RN RN RN
/ (Lo * |un|?)|up|? do = / (I * |u]?)|u)? dz +/ (Lo * [vp|T)|vp|? dz + 0, (1),
RN RN RN
and then by Lemma [2.3| we know that

lim (I * | |?)|vp]? da = 0,
n—roo RN
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which implies that

(5.12) / (Lo * |up|?)|up|? de = / (Lo = [u|?)|u|? dz + on(1).
RN RN

By (5.11)), (5.12)) and the fact of P,(uy,) = o,(1), we have

" (N_N+a
q

[=a)2a; + (-2 iell; =

) [ G i)tz + 0u(1)
]RN

which shows that H(_A)%UnH; = o,(1) by the fact of P,(u) = 0.
Moreover, by (j5.10)), we have that

(5.13) E(u )tp—i—)\/ updr =0
RN

for every ¢ € H3(RY). Taking ¢ = v, in (5.7) and (5.13)), and then subtracting, we have

A2l Mol = [ (Lot foal ol v [ (T oo o+ 00(2),
R R

which implies that

(5.14) L= lim Aon| = lim 7/ (Lo # [0 ) o2 da,
n—00 n—00 RN

where we also have used the fact that H %van = 0,(1) and fRN (I * |vp|T) v |9 da =
on(1). It follows from and (2.5)) that either L=0o0r L >y a ()\S )NM
If £L=0, by and H 2vnH2 = 0,(1), then we obtain u, — @ in H(RYN).
fL>~« (/\S ) , firstly, similar to the argument of Lemma |5.2] according to
P,(u) = 0 and ||ul]2 < ¢, we can easily deduce E,(u) > 0 for 0 < ¢ < c,. Then, for one

thing, we have

P 1 ) 1. )
mg(e) + 5¢ = my(e) + 5 T Anllunl = mqfe) + 5 lim Aullon3

R ) An
= E,(u) + 11_}1101o <Eq(vn) + 2||vn||%>

n

A gl
5.15 = o i on 2_ L 20 2a
(5.15) Eq(u)+nlggo< 3 Ioalls = g [ G oa*lnl dx>

N ya
= B,(7) + nlzf%ozuvm/ (Ta * [enlonl™ da

« Nta [0 N ~ N+a
__* % )\Sa a ——————7"a (ASy) .

> By (u) +

For another, we make use of the e><];vtremal function V; in (2.7)) to estimate my(c) + %cQ.
We define 7 := c”V” and 7, := t27(tx). Clearly, 7 € S(c) and € S(c). It follows
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from Lemma that there exists a unique ¢, > 0 such that 7. € Py(c) and Ey(r; ) =

maxyso Ey(7¢), then we have

< = =~ ).
mq(e) < max By (r) = By(ry)

Moreover, by (2.9) and (3.1]) we have

mq(c) < Ey(73,)

= S @A - gy [ G e de
o Al NSO
= %(E)QSH(—A)%\E - Qﬂq(%l)N‘J‘N‘“ /RN(Ia i« |7|)|7]7 do — is;%c%.
Then, we choose
~ CIH(—A)%THE (;T)23+N+aqu.

T fRN(Ia * |7|9)|7]? d
Thus, for every u > Ji, there holds that

mo(c) < g5 -3¢,
«
which implies that
X N~ _Nta (N+a) X
(5.16) KOR E e L IR LS

Let us consider the function £: RT™ — R given by

N _Nte avia) A
I S e A
2(N + a)

(5.17) K(c) =

S N Nia
By a direct calculation, we have that K has a unique critical point ¢ = (%) 20 5,2 which

is also a global maximum point. Then, the maximum of K is

(6% N o~ Nto

)773()‘5'&) *

(5.18) K(co) = T,

It follows from ([5.16)), (5.17)) and (5.18) that

Ao @ N ~ , | N+a
5.19 — ————— 2 (ASy) @
( ) mq(c)+2c <2(N—|—Oé)’y ( Ot) )
which contradicts (5.15)), that is, £ > 7_%@5&)]% “ is not true. Consequently, we have

Up — U in HE(RY). The proof is completed. O
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Proof of Theorem [I.5 By Lemmas [5.2] and for 0 < ¢ < ¢, there exists a Palais—
Smale sequence {u,} C Py (c) for Ej restricted to S(c) at level mg(c) > 0. Then in view
of Lemma[5.9] we have that there exists a constant 7 > 0 such that for every u > i, up to
a subsequence, u,, — U strongly in H:(RY) for 0 < ¢ < ¢,. Combined with Lemma |5.3(i),
we can deduce that w is a ground state normalized solution of for some A > 0.
Moreover, by Lemma [5.3{ii) and the maximum principle (see [L7, Theorem 8.19]), @ is a
positive radial ground state normalized solution of for some A > 0. O

5.2. The critical perturbation

N+«
N—-2s?

doubly critical Choquard equation with prescribed L?-norm. Here, we mainly apply the

In this part, we consider the case of ¢ =2, ; = which corresponds to the fractional

Hardy—Littlewood—Sobolev approximation method to study the problem. We first present

a relevant property of mg(c).

Lemma 5.10. Assume that v, >0 and q < q <2, ;. Then

lim sup mg(c) < max (c).
q—23 s

Proof. By the definition of may (c), for any € € (0,1), there exists u € Pay_(c) such that
(5.20) B (u) <mgy (c) +e.

It follows from (2.9) that there exists ¢£; > 0 large enough such that Eps (us) < —2.
Moreover, by the Young inequality, we have

*

2 _
(5.21) ulf < 22 q|uyp +
204,5 -Pp

q—p
23,5—17

*
a,s*

’u‘T&,s forg<p<qg<?2

By the Lebesgue dominated convergence theorem, we have that

MthNO‘/ (Lo * |u|?)|u|? dz
2q RN

is continuous on ¢ € [p, 27, ;] uniformly with respect to ¢ € (0,t1]. Therefore, for any ¢ > 0,
there exists 0 > 0 such that

(522) ]Eq(ut) — EQZ,S (ut)\ <é€

for ¢ € [2, 5 — 6,25 5] and t € (0,%1], which implies that F;(u;,) < —1 for any ¢ €
(25,5 — 6,25 5] Then it follows from Lemma (1) that there exists a unique critical point
ti € (0,t1) of Eq(uz) such that Py(uq,) = 0. Noticing that u € Pay  (c), we deduce that

.2 FEo- = FEo- .
(5.23) 25, (1) = max By ()
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As a consequence, by (5.20)), (5.22) and (5.23)), we have

mg(c) < Eq(ur,) < Eor (ur,) +& < Eoy (u) +& <mgy (c) +2¢

for any q € [2;,  — 0,27, 5]. Hence, lim SUD, - mg(c) < max (c). O
N N N+a
Lemma 5.11. Let g = 2375, ct = ( ]\;;a)m o** , 0 < ¢ < min{c,, c*}, and
& e N—25\ N(2sFa) a(N—_25)
v (2 ) g (Ca pNETe).
a+2s SN+a

Then, there erists a constant [i > [i such that for every p > f, the infimum mas (c) is

achieved by w, where 1 is as in Lemma [5.9]

Proof. Let q, — 2%, as n — oo. According to Theorem and Lemma for every

,s
p > i, there exists a sequence of positive and radially functions {u, := ug,} C P"gn(c)
such that

Eqn (un) = an (C) S m2(*¥7s (C) + 17

and then combining Lemma we have that {u,} is bounded in H?(R"™). Thus, there
exists u € HS(RY) such that, up to a subsequence, u, — @ in H(RY), u, — @ in L"(RY)
for 2 < 7 < 2%, and u, — @ a.e. on RY. Then by the Lagrange multipliers rule, there
exists A, € R such that for every ¢ € H3(RY),

[

(5.24) — M/N(Ia * ]un|qn)|un|q”72ungp dx
R

= on(1) |-
There holds that

= [ el o[ o e -+ on0),
R R

N|w

un(—A)gwdx—l—)\n/ ungodx—'y/ (Ia*|un|2°‘)|un|2a_2un¢dx
RN RN

which shows that {\,} is bounded. Similar to the argument in Lemma we know that
there exists A € R such that A\, — X\ as n — oo and X > 0.

Now, we claim that @ # 0. Assume by contradiction that w = 0. Similar to the
inequality (5.21)) we have

gn — P

2% —
(5.25) o < S *
2a,s_p

2% _
T Uu @8 fOr < < .
= 2275 s | n‘ q<pP<{(4n

| [P+

Moreover, since {u,} is bounded and w, — @ in L"(RY) for 2 < r < 2%, using the

Hardy—-Littlewood—Sobolev inequality in Lemma [2.3] we have

(5.26) / (Lo * ]un|p)|un|23»s dz = 0,(1), / (Lo * |un|P)|un|P dz = 0, (1)
RN RN



26 Zilin Chen and Yang Yang

for ¢ < p < g,. Hence, we conclude that

2
qn — P * *
/ (Ta * [un|*) [un | dz < ( . ) / (Lo Jun |*) u [* dz + 0p (1)
RN 2a,s p RN

(5.27)
< [ U unPon P d + 01,
RN

qn—p . .
Whe%m have used (5.25)), (5.26)) and 0 < 2% < 1. Besides, it follows from Lemmas
and that

* * 22;5 _ 0% s 22
(5.28) /N(Ia * \un\Qays)]uanS dz < CaHUnHQ; < 0SS 20s (—A)zunH2
R

Thus, by Py, (un) =0, (5.27), (5.28) and g, — 2}, 5, we can infer that

_ 3 2—& _N+a an qn
|- b2 = 2 <N )/RN(IQ*W Yt

dn
(529) < zﬂ (N_ N+a> Cas—Q(*;S
S

< Iucag—%,s

<—A>§un\}§% +0,(1)

Since lim inf,,_, o H(— %un||2 > 0, then it follows from (5.29)) that

N—2s N+ao

(5.30) lim sup H(—A)gunH; > (uC,)~ oF2s Satas,
n—oo

Then, by Lemma (5-30)), (2.5) and Py, (uyn) = 0, we have

max (c) > limsupmyg, (c)
’ n—00

=timsup || (=8)Fun 3 = 5o | o fun )P o
e [SSEA 1
(5.31) > lim sup (;—Nq__a) [-2)8un; - 25 2%2%}
s [ (3~ ) el s
—tmsup [ 02 )} - s
> mwca)—fﬁigﬁﬁ _ 2; S22

Moreover, similar to the process of | in Lemma [5.9( with ¢ = 2, ; and = 1, there

holds that

s

(5.32) may (¢) < 57—
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However, in view of

e} [e] N
«a N Nio ((ON—28\ N@sta) a(N-2s) N4+ a2 Nta
> ( > Sa ™ < S ,LLN(25+a) and 0 <c<c": Sa?*

o+ 2s SN+a N~y
we get
a+2s _N-2s N+a Y oo 99 « _ N Nta 1,
_— C a+2s Sa+25 — 75 @ @ > e o S @ —
2N 1 o) HC) 92,7 ¢ oN+a) "7° 2"

which is contradictory to (5.31]) and ([5.32]). Thus7 u # 0.
Next, we claim that @ is a weak solution of with ¢ = 27, ;. Note 7 := Niv Since

2*
{Nlun|®™2uy, — [@|?s ul” } is bounded in L% (RN) and |u,|" 2u, — [@|* 27 — 0
2*
a.e. on RV, we can infer that ‘|un|q”_2 — |a@|?es~ u| — 0 in L%.s"(RN), and then
H(|un\q"_2un - |H[237872ﬂ)g0HF — 0 for any ¢ € H*(RV). Since {|u,|?} is bounded in

L™(RY), by the HardyLittlewood-Sobolev inequality, we have

(5.33) / (I * |un|q”)(\un]q"72un — \ﬂ|237572ﬁ)90da: — 0.
RN

Since [@|%*+2Tp € LT(RY), we have I,  ([a|?=27ayp) € L%(RN). Besides, |uy, | —
[@|?ss in L7(RY). Therefore, we have

(5.34) | o (aPe=2a0) s — e do = 0.

It follows from (5.33]) and ([5.34)) that

(5.35) / (I * ]9 ) |1 |7 2o dz — / (I * || %5 [@) %= 2T da.
RN RN

Then, by Lemma (5.24) and (5.35]), we have

(536)  E (un)p+ A /

upp dz — Eb. (u)gp—i—)\/ updr =0 asn — oo,
RN a,s

RN
which implies that u is a weak solution of (L.1)) with ¢ = 27 ;. Then, it follows from

Lemma 2.8 that P (u) = 0.
Finally, we shall prove that mas (c) is achieved. Set [y~ )% dz = B2 < ¢? and define

@3 [ =e ey =

(5.39) [ Gl i do = [ (1, e e da,
RN RN
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and

[ o el o =
(5.39) RV
> /RN(Ia  [a[2) [P da.

_ 2(N+a)

o™
~_

(o * [al) [a* do
N

Thus, u € Sy(c). Moreover, by P (u) =0, and ([5.38)), we have

)2, = [[(-a)za]; = % (N - N:a) /R o [al)[al? da

N IO
:“(N— +“) [ G s az,
2s q RN

which implies that u € Pse S(c). According to Proposition and (5.36)), we have

-2 AN
—ll-a “ Il

—112
Azl +
N N
- / e e a4 200 [ oy az,
2 RN 2q RN

which shows that
2s s AN (B z
szl 2 (2) g

(5.40) ~ 2(N+a) N
N
o G I R e N T
2 C RN 2(] RN

where we have used (5.37), (5.38) and (5.39). Then, by (5.37)—(5.40) and the Fatou’s

lemma, we have

mgzys (C) S EQZ’S (a)

1 512 YN ~120\ 7|20 2 ~\q\ |
— sl - gt [ el de =2 [ (1ot ao
Nl 1o\
2l ~120\[5]2
- . _ Ia [e% ad
2 N—2$<c N+ta /RN( * )l de
Y 2
,u(2s+a)/ S AN B\ ~i0
P TR I, 9|79 do — L
oV = 2s) RN( * [ul?)[ul? dz SN =29 \e l[ulla
N| 1 TEY N o
gl 1203 —(2
=17 = L Lo [a2) @] d
2 |N—-2s N—I—a(c) /RN( [l )l da

w(2s + ) i\~ AN 2
T 2N —29) /RN(IO“ * [l de = 5558
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TN 1 1 / 120 [77]2
= — — I a @ d
2 <N—25 N—l—a) RN( o x [ul)ful™ de

,u(2s+a) AN
a(N — 25) /RN(I * [al )l dz = 2(N—25)B2

2(N+a)

iy [ o [ da

2a 20
<hnrrﬁ1\1oréf [ (N—Qs N—i—a) / (Lo Jun™)|un[** dz
w(2s + a) / AN 9
I dn dn d _
T SV —25) Jn o ¥ el ™l ™ dar} = 555

. 2(N+a)

N N
b (1= (5) [ G o da.

Moreover, by the Pohozaev identity in (2.8), we know that

YN 1 1 / 2 2
- Ia n < mn ad
2 (N—2s N+a> RN(  fun ") fun [ da

SO o )
= 2(]\7]—V25) /RN(Ia s |t |2 ) | up > dz + m /]RN(Ia % [t |97 [up |7 da
— 2(13]1@) /RN(Ia # [t |29 || 2 Az — ﬁ /RNU“  [tin|9) |12 dz
= Sl + 5l = s [ (o Pl d
=g |y e )2
= By ) + i gyl

Therefore, from the above, we can conclude that

mQZ,s (C) S EQZ,S (ﬂ)

AN

N /B _2(N1\;ko¢)

i —12a\ |2
1— s I @ ad
"oV +a) <c) /R{N(a”“' il d

< limsup mg, (¢) < ma; (c),

n—oo

- 5%
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provided that

AN YN 6
v e | (5)

_2(N+o)
N

/ (L, % [a)[a[2= dz < 0.
RN

If 8 = ¢, then we can clearly obtain that mos | (c) is achieved by u for all v > 0. If 8 < ¢,
then moy (c) is achieved by u when
AN = B*)(N +a)

_ 2(N+a)

(5.41) v > .
(N =25)((2)" % —1) fon Lo * []2)[@]? dz

Note that . N
a N N+4a CN—QS N(2s+a) a(N—2s)
> S N @ N(2s5+a)
> (arm) o ()W
then there exists g > i such that (5.41)) holds. Thus, for every p > g, the infimum
max (c) is achieved. O

Proof of Theorem [1.6] According to Lemma we know that mox (c) is achieved by 1,
then there exist A, n € R such that

(By:, @)+ [

tpde =n(Py (U),p) for every ¢ € HI(RY).
RN a,s

It follows that w satisfies
(—A)°u+ N — v(Iq |ﬁ]2“)]ﬂ\2“’26 — u(Iy * |a|22,s)|m?2,872ﬂ

(5.42) 3 ™ -l
— [2(=A)T — 2 - 25 (T * @)% ) ]2 =20

that is,
(1= 20)(=A)"T + N = y(Lo * [@*)[a]** %0 + p(1 = 20 - 25, ) (T * |65 7]+,
Similar to Lemma [2.8] u satisfies the following identity
(1= 2| (~8)3] = 1 =20 20,) [ (o a5 e do
Together with u € sz,s(c)’ we can infer that
2um (25,5 —1) =0,
which implies that n = 0. Moreover, it follows from and Py (u) = 0 that

~ 1 s 112 —~ —~ ~ DX 0%
A== |—[[(=A)2al]; +7/ (Lo * [u]*) ] dx+ﬂ/ (Lo * []?es)[]?o da
C RN RN
= 2 (s a2l da < 4572
C RN

Thus, @ € H*(RY) is a normalized ground state solution to the problem (T.1)) and (T.2)),
and the corresponding Lagrange multiplier \ satisfies 0 < A <S5, 200 Moreover, by
Lemma (ii), u is positive and radially symmetric. We complete the proof. O
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