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On Various Space-time Properties of Solutions to the One-dimensional Heat

Equation on Semi-infinite Rod

Dong-Ho Tsai

Abstract. We discuss many interesting properties of the initial-boundary value prob-
lem for the heat equation uy(z,t) = vy, (z,t) on (x,t) € (0,00) x (0,00). In particular,
we can prescribe the space, time, and space-time oscillation limits (limsup and liminf)
of u(x,t) by choosing suitable initial data h(z) and boundary dada g(t). We also
consider singular initial-boundary value problem and oblique initial-boundary value
problem for the heat equation.

1. Introduction

The purpose of this paper is to study the space-time asymptotic behavior of solution to
the one-dimensional heat equation u; = uz, on the half space x € (0,00), i.e., solution to

the following initial-boundary value problem (ibvp):

ug(x,t) = ugz(z,t), (z,t) € (0,00) x (0, 00),
(1.1) u(z,0) = h(x), z € (0,00),
u(0,t) = g(t), t € (0,00),

where h(z) and g(t) are given continuous functions on (0,00). The readers can view
this paper as a survey article and at the same time it also contains many new interesting
results not explored before.

For , since we are not interested in the existence of the limit lim, ;)_, o+ o+) u(7, )
in general (except in Lemma [2.3|below), h(z) and g(t) may not be defined and continuous
up to z = 0 and ¢ = 0 respectively. In case both are defined at x = 0 and ¢ = 0, they may
not satisfy h(0) = g(0).

As for the existence of a solution, by Theorem 4.3.1 of the book [2, p. 50], if there exist
positive constants C1, Ca, o € [0,1), € > 0 small, such that h(x) and g(t) satisfy

Cy

(1.2) [h(@)] < Cre®F™, Ve (0,00) [gt)] <

Vte (0,e),
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then the function on (0, 00) x (0, 00):

€T— 2 x 2
) . im fooo (67( —5) 767( ) )h(ﬁ) d¢ (space convolution)
. u(x,t) =<V 2
_i_\/% fg We_w—s)g(s) ds (time convolution)

is a smooth solution of the ibvp (|1.1)) on the domain (0,00) x (0,00) and it satisfies the

initial-boundary condition in the following sense:

14 lim u(zx,t) = h(xg), Vo€ (0,00
(14) ol @) = e, Vao € (0.00)
and

(1.5) lim  w(z,t) =g(to), Vitoe (0,00).

(z,t)— (0T ,t0)

That is to say, u(x,t) lies in the space
(1.6) u(z,t) € C*((0,00) x (0,00)) N CY(([0,00) x [0,00)) \ {(0,0)}).

From now on, we shall denote the two integrals for u(x,t) in as up(x,t) and
ug(z,t) respectively, i.e., u(x,t) = up(x,t) + ug(x,t), where (x,t) € (0,00) x (0, 00).

The ibvp is an old problem. There have been many papers discussing it. We

refer the readers to the references in the two classic books by Cannon [2] and Widder [15]
for related papers. Historically, the people who first studied the ibvp with deeper
analytical tools are mostly Russian mathematicians, around the 1950-1970 period. For
papers related to heat equation us = u,, on the half space x € (0,00), we can cite a few
Russian papers in [1,6,10,|13].
Remark 1.1. The condition on h(x) in automatically implies that it is bounded
near x = 0. The assumption is to guarantee that both improper integrals in
converge. It may not be optimal. For example, one can allow h(z) to become singular
as © — 0T (but still satisfies |h(z)] < C1eC21*"™ as 2 — 00) with the order

(1.7) h(z)| < % on z € (0,¢)

for some constants ¢ > 0, M > 0, p € [0,2). Then the space convolution integral in
still converges. See Lemma and Remark below. In conclusion, as long as
h(z) satisfies and |h(z)] < C1eC2lI™ as 2 — 0o and g(t) satisfies (L.2), then both
convolution integrals in will converge.

Remark 1.2. The second integral of (1.3)) is equal to

-2 (;);:I;(x,t —s)g(s)ds, (x,t) € (0,00) x (0,00),
0
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where ®(z,t) = (vArt)~te=*"/(4) is the fundamental solution of the heat equation. Also
note that

_(@=9)? _(@+9)?
(1.8) O<e @ —e o <1, Vze(0,00),te(0,00), &€ (0,00)

and for fixed x € (0, 00) we have

1 22 3/2
e s <[ = — .
0< (t—s)3/26 < <e) 5 vVt e (0,00), s€(0,t)
Remark 1.3. In the formula (1.3)), u(x, t) depends on h over the whole space domain (0, o),
but depends on g only on the time domain (0,¢). This matches with the principle that
u(z,t) should not depend on future time ¢ > t.

Remark 1.4. If h(z) and g(t) are both continuous on [0,00) with h(0) = g(0) = A and
h(z) satisfies the growth condition in (1.2)), then the function w(z,t) given by (L.3]) will
satisfy the two-dimensional limit
lim u(zx,t) = A
(z,t)—(0t,01)
In this case, u(z,t) is continuous up to the point (z,t) = (0,0) if we define u(0,0) = A,

ie.,

(1.9) u(z,t) € C™((0,00) x (0,00)) N C?([0, 00) x [0, 00)).

1.1. Non-uniqueness of the ibvp (|1.1)

For continuous initial-boundary data h(z) and g(t) on (0,00) satisfying (1.2), the repre-
sentation formula only gives one possible solution. Similar to the heat equation on
the entire space x € (—o00,00) with given initial data, without further restriction on the
growth behavior of u(z,t) on the domain (0, c0) x (0, 00), the ibvp does not have
unique solution for given continuous initial-boundary data h(z) and ¢(t) on (0,00). In
fact, it has infinitely many solutions.

In fact, as demonstrated in [2,/15], there exist several nonzero solutions u(z,t) to
the ibvp for the case h(xz) = 0 and g(t) = 0. One quick example is the following:
Let ®(z,t) = (VArt)~te=*"/(4) be the fundamental solution of the heat equation. The
function u(z,t) = 0, P (x,t) satisfies the heat equation on the domain (0, 00) x (0, c0) with

lim  wu(x,t)=0 and lim  wu(z,t) =0
(z,t)=(0,07) (z,t)—=(07 to)
for fixed zp € (0,00), tg € (0,00), and it decays to zero as t — oo (for fixed z € (0,00))
and 2 — oo (for fixed t € (0,00)). However, on the parabola x = V/4t, t > 0, we have
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u(v/4t,t) — —o0 as t — 0F. Therefore, u(x,t) is not continuous at the corner point (0,0)
and is unbounded on any neighborhood of (0, 0).

On the other hand, one can also find a nonzero solution u(x,t) of the ibvp (/1.1
with h(xz) = 0 and g¢(t) = 0, which is smooth up to the boundary of the domain
(0,00) x (0,00), i.e., smooth on [0,00) x [0,00). Specifically, if we let v(z,t) € C°(R?) be
the Tychonoff solution (a power series solution) as constructed in pp. 211-213 of the

book [7], given by

k)
ot =3 g(zk()ﬁ)m%, (2,1) € (~00,00) X (~00, 00),
k=0

where g(t) is chosen as

exp ( — —), t >0, a > 1is a constant,
0, t <0,

then v(x,t) € C°°(R?) will be a solution of the heat equation on the entire space R?
with v(z,0) = 0 for all z € (—o0,00). Since for each ¢t > 0, v(x,t) is an even function
of x € (—00,00), we have v,(0,t) = 0 for all ¢ € (—o0,00). Therefore, the function
u(z,t) == dyv(w,t) € C°(R?) will be a nonzero smooth solution of the ibvp satisfying
u(z,0) =0 for all z € [0,00) and u(0,¢) =0 for all ¢ € [0, 0).

Clearly, for h(z) = g(t) = 0, the above two nonzero solutions u(x,t) = 0, ®(x,t) and
u(z,t) = Oyv(w,t) of are not obtained through the representation formula (L.3).
Both solutions have defect even if the initial-boundary data are smooth on [0,00). The
first solution blows up near the origin (0,0) and the second solution oscillates very rapidly
as |z| — oco. Unlike the physically correct solution u(z,t) = 0 given by the representation
formula , they are “non-physical” solutions (see Evans PDE book [5, p. 59]). In
the following we mention an uniqueness criteria, which can eliminate these non-physical

solutions.

Lemma 1.5 (Uniqueness property). Assume h(z) and g(t) are continuous functions on
[0, 00) with h(0) = g(0) and h(x) also satisfies the growth condition in (1.2)). Let u(z,t) be
given by the formula (and define u(0,0) = h(0)). Then it lies in the function space
S, given by

(1.10) S = C*((0,00) x (0,00)) N C?([0, 00) x [0,00))
and satisfies the ibvp . Moreover, for each fized T' > 0, it satisfies the growth estimate

(1.11) lu(z, )] < Me™*, Va e [0,00), t €[0,T]
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for some positive constants M, b depending on Cy, Ca, ain (1.2)) and h, g, T. Conversely,
for the above given h(z) and g(t), if v(x,t) € S is a solution of the ibvp and for each
fixed T > 0 it satisfies for some positive constants M, b depending on Cy, Co, «,
h, g, T, then v(x,t) is given by the formula (1.3)) on (z,t) € (0,00) x (0, 00).

Proof. For u(z,t) = up(z,t) + ug(x,t) given by (1.3)), it lies in the space S due to Re-
mark [.4] By (2.1) below, we can write uy(z,t) as

o0
! _Zh(x+fz dz/ _zh —x 4+ VAtz) dz
v anm W

= Ug) ('xﬂ t) - ’U,g) (CL‘, t)a

up(x,t) =

and by (1.2]), we first obtain

M (2, 1)] < e % |h(z + V4tz)| dz
(1 12) \f —x/\ﬁ
' 1 [ o
< 7= e Oy Crlet Vit dz, «a€]l0,1).
™ —x/\/ﬂ

One can split the integral in (1.12]) as fi)x e \f *) dz + fo %) dz and for the first integral

we have

0
1 e*ZQCﬁeCQ‘IJr VAt g,
(1 13) ﬁ —z /4t
: 0
< C’lecwprai e dz < 1C'lecﬂura.
\/7? —xz 4t 2

As for the second integral, we can use the elementary inequality
a? + 0P < (a+b)P <207 NaP +1P), Ya>0,b>0,1<p<oo

to get, for x € [0,00), t € [0, T], the estimate

1 o Colet ATt
— % OpeC2lEtviat T g
VT /0
(1.14) < b CpeC22net e 0067226022%\/4741“ dz
. R4S 0

]. a1+ o0 _ .2 e 14+
< (el e~ % QAT 1w e [0,1).
0

VT

By (1.13) and (1.14)), ugbl)(a;, t) clearly satisfies the estimate (1.11)). The proof for uf)(a;, t)
is similar and we conclude the estimate (L.11)) for up(z,1t).

As for ug(z,t), by (2.1) below again, we have

wy(2,1) f//\r (t— (;Z)?> dz,  (2,1) € (0,00) x (0,00)
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and for z € [0,00), t € [0, 7], it implies

IN

|ug(, 1)

G Lo )]

2 o
max |g(t) ﬁ/o e * dz = max lg(t)].

t€[0,7) t€[0,T)

Since both wy(z,t) and ugy(z, t) satisfy (L.11), u(z,t) also satisfies (L.11)).

Conversely, if v(x,t) € S is a solution of and for each fixed T' > 0 it satisfies
(L.11), then we look at w(z,t) = u(z,t) — v(z,t), where u(z,t) is from formula (L.3). We
have w(z,t) € S with

IN

Oyw(x,t) = wyg(z,t) in (0,00) x (0,00),
w(z,0) =0, x € (0,00),
w(0,t) =0, t € (0,00),

and for each T > 0 it also satisfies
|w(x, t)| < Me" | Vae [0,00), t €[0,T]

for some positive constants M, b. By the well-known uniqueness theory for heat equation
on the semi-infinite rod (see Theorem 6.2 in Widder’s book [15, p. 29], which requires
solution continuous up to the point (z,t) = (0,0)), we must have w(z,t) = 0 for all
(z,t) € [0,00) x [0,T]. Since T > 0 can be arbitrary, we must have w(x,t) = 0 for all
(z,t) € [0,00) x [0,00). The proof is done. O

Motivated by Lemma throughout this paper, we shall focus only on
the solution u(z,t) given by the representation formula (1.3), where the data
h(z) and ¢(t) are assumed to be continuous on (0,00) satisfying the basic as-
sumption ((1.2)) (except in Section @

The main results of the paper are explained as follows. In each section below, we
explore certain interesting properties of the solution wu(z,t) given by . In most sec-
tions, we discuss the space-time asymptotic behavior of the solution u(z,t) under some
assumptions on h(x) and g(t) or under some special choices of h(x) and g(¢) on (0, c0).

In Section 2] we do general discussion on the solution properties of u(z,t) given by
, including its space-time energy and space-time gradient estimate.

In Section (3] we discuss the asymptotic behavior of solution wu(z,t) as  — oo or as
t — oo with polynomial, trigonometric, and logarithmic initial-boundary data respectively.

In Section we prescribe the oscillation behavior of u(x,t) as * — oo or as t — oo

using certain slow-oscillation initial-boundary data.
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In Sections [5] and [, we discuss space and time periodic solutions and solutions with
singular initial-boundary data.

Finally, we would like to mention some useful books on parabolic partial differential
equations. For one-dimensional equation, one can see [2,|15] and for high-dimensional

equation, one can see [41/5/7-9].

2. Solution properties of the ibvp ([1.1)): general discussion

2.1. Rewriting the formula (|1.3))

Lemma 2.1. Assume h(z) and g(t) are continuous on (0,00) satisfying (1.2)). Then the

formula (1.3) can be rewritten as
uw(z,t) = up(z,t) + ug(x, t)

L e ” - — e h(—x tz
(2.1) = <ﬁ —x/f bz + Vatz) dz //\ﬁ h(—z + Vitz)d >

+ \j%/;;\o/zEBZQQ <t— (%) ) dz, (z,t) € (0,00) x (0,00),

which has certain advantage for analysis and computation.

Proof. The rewriting for the integral of h is trivial. For the integral of g in ([1.3)), we do
the change of variables § =t — s first and then let z = x/7/46. The proof is done. O]

As a consequence of ([2.1)), we have the following corollary.

Corollary 2.2. Assume the same assumption as in Lemma 2.1 Along the parabola
P(\) : x4t = X\, where X € (0,00) is a parameter, we can write u(x,t) in (2.1) as

u(z,t) = <\F/ _Zh (1+)\ 22—/ _Zh A))dz)
+\/7T_/>\ 6229<t<1— (2) >>dz, (z,t) € P(A).

The next lemma is an immediate application of ({2.2)).

(2.2)

Lemma 2.3. Assume h(xz) and g(t) are continuous on [0,00) satisfying (1.2). Then
along each fized parabola P(\) : x/\/4t = X\, X € (0,00), the solution u(x,t) given by (1.3)

satisfies

B3 pep-0n Y (\f / - dz)h (\f / o dz) o0

which, by (2.7) below, is an interpolation between h(0) and g(0).



8 Dong-Ho Tsai

Remark 2.4. In particular, if A(0) # ¢(0), the limit on the right-hand side of depends
on A and u(z,t) cannot be continuous up to the point (0,0). But if h(0) = ¢g(0), the limit
is independent of A\ and is equal to h(0) (same as ¢g(0)). In such a case, u(x,t) is actually
continuous up to (0,0) (see Remark also).

Proof of Lemma 2.3} For (x,t) € P()\) we have z = v/4t\ in (2.2) and by the assumption
on h(z) and g¢(t), the Lebesgue Dominated Convergence Theorem (denoted as “LDCT”

from now on) in analysis can be applied here. We obtain

lim u(z,t) = lim u(V4t\, 1)

(2,£)eP(A\)—(0,0) 50+
IR 2 [
— (ﬁ//\e ? dz) h(0) + (\/77/,\ e’ dz) 9(0).
The proof is done. ]

We will make use of (2.2)) again in Section

2.2. The case when h(z) and g(t) are bounded on (0, 00); maximum and minimum

principle

In this section, we assume h(z) and g(t) are continuous and bounded on (0, c0) where
h(z) and g(t) may not be defined and continuous up to z = 0 and ¢ = 0 respectively. They
clearly satisfy the basic assumption ((1.2)). We first observe the following simple estimate:

Lemma 2.5. We have the following simple estimate

2

2 o 2 x
2.4 0</ e dz<e 1, V(x,t) € (0,00) x (0,00).
(2.4) NI (x,t) € (0,00) x (0,00)

Moreover, for fized t € (0,00), we have

o0 12
(2.5) 2/ e dz=0 <\/ie'4t> as T — 0.
VT Jop/@t x
Proof. Let
2 2 o0 2
F(zx) = —=€" e “dz, x€(0,00), F(0)=1.
VT /x

It satisfies

F'(z) = } <er2 /oo 2ze” " dz — 1>
™ x

2 o0
< NG <ex2/z 2z¢7% dz — 1> =0, Ve (0,00),

which implies (2.4) if we replace x by x/A/4t.
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For (2.5)), for fixed ¢t € (0,00), we can use L'Hospital rule to get

00 —22
_ Jopme T dz
lim

T—>00 \/im—le—IQ/(‘Lt) =L =

Lemma 2.6. Assume h(z) and g(t) are continuous bounded functions with |h(x)| < M
and |g(t)| < N for all z € (0,00), t € (0,00) and some positive constants M, N. Then
the solution u(x,t) given by (L1.3)) is also a bounded function satisfying

(2.6)

lu(z,t)| < (ﬁ/ i e dz) M+ <ﬁ //\/476_22 dz> N, V(z,t) € (0,00)x(0,00),

where by the identity

1 [V
- 72 dz + N
Ve —z /4t

we see that the bound on |u(x,t)| in (2.6) is an interpolation between M and N.

(2.7) //\F e dz =1, V (z,t) € (0,00) x (0,00),

Remark 2.7. The bound on |u(x,t)| in is sharp in the sense that when h(z) =
g(t) = M > 0, we have u(x,t) = M and the inequality in becomes equality for all
(z,t) € (0,00) x (0, 00).

Remark 2.8. Note that, in , the coefficient function of M tends to 1 as z — oo (for
fixed t) and tends to 0 as t — oo (for fixed x). Similarly, the coefficient function of N
tends to 0 as x — oo and tends to 1 as t — oo. For general (z,t) — (00, 00), the bound
on |u(z,t)| in does not tend to 0 in general. Along the parabola P()\) : x/\/4t = ),
A € (0,00), we have

1 /A e > (2 /OO e >
w(z,t)| < | —= e dz | M+ | — e “dz| N, V(x,t)eP(\).
) (ﬁ_A = (@) € POV
Proof of Lemma 2.6 By (L.3)), (L.8), and (2.1)), we have for (z,t) € (0,00) x (0,00) the

estimate

_@-9? _ (a+8)? T\ 2
weon=|gi (5~ t> //f (=)

z—£)2 T 2
(e( 02 o) > at + 2N o s

<
T VAnt Jo \/>
1 o VAL 2 2 o0 2
=M e “dz|+N / e “dz|.

The proof is done. O
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Similar to the proof of Lemma [2.6] one can obtain the following maximum principle
result. In order for u(x,t) to be continuous up to the boundary, we assume h(x) and g(t)

are continuous on [0, 00) with h(0) = ¢(0).

Corollary 2.9 (Maximum principle). Assume h(z) and g(t) are bounded continuous
Junctions on [0,00) with h(0) = g(0), supjg o) h(z) = M, supjg .oy 9(t) = N, where M,
N are finite numbers. If M > N, then it is impossible for the solution u(x,t) (given by
(L.3)) to have u(xo,to) = M at some (zo,to) € (0,00) x (0,00). Similarly, if N > M,
then it is impossible for u(x,t) to have u(xg,ty) = N at some (xg,tp) € (0,00) x (0,00).
Finally, if M = N and u(xo,t9) = M at some (x9,t9) € (0,00) x (0,00), then we must
have h(z) = g(t) = M for all x € [0,00) and t € [0, o] and u(x,t) = M on [0,00) x [0, to].

Remark 2.10. Similar results hold for the minimum principle with supremum replaced

by infimum.

Proof of Corollary 2.9 By the assumption we know that u(z,t) is continuous on [0, 0o0) X
[0,00) and lies in the space ([1.9) and for M > N we have

u(z,t)

o0 2 2 o0
2.8) \/iﬁ/o (e_(zzxf) —e” = ) h(§) d§ + \/27? /m/m 6_229 (t — (;)2> dz
1 x4t 9 ) oo R
< | —= e Fdz | M+ — e dz|N<M
<\/7T e N ) <ﬁ /x/\/ﬂ >
for all (z,t) € (0,00) x (0,00). By (2.8), the first assertion follows. The proof of the
second assertion is similar. For the case M = N, implies u(z,t) < M for all (z,t) €
(0,00) x (0,00). If we have u(xg,tg) = M at some (z9,%y) € (0,00) x (0, 00), the standard
strong maximum principle for the heat equation on the domain U, = (0,b) x (0, to], where
b > x0, implies that u(z,t) = M on Uy, = [0,b] x [0,] (see Evans PDE book [5, p. 55]).

Since b > x( is arbitrary, we must have u(x,t) = M on [0,00) x [0, t], which also implies
h(z) =g(t) =M on z € [0,00) and ¢t € [0,tp]. The proof is done. O

2.3. The characterization of solutions u(z,t) which are constant along each parabola
/N4t =\, X € (0,00)
Lemma 2.11. Assume u(z,t) is a solution of the heat equation on (0, 00) x (0, 00) which

is constant along each parabola P()\) : x /At = X\, X € (0,00), then it must have the form

x/\/ﬂ )
(2.9) u(z,t) = Cl/ e dz+Cy, (z,t) € (0,00) x (0,00)
0
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for some constants C1 and Ca. It satisfies the constant initial-boundary conditions:
u(zx,0) 201@4—02, x € (0,00),
u(0,t) = Cq, t € (0,00).

Remark 2.12. Conversely, if we take h(x) = M, ¢g(t) = N in (1.3, where M, N are
constants, then by (2.1)), we have

2
VT
which is constant along each parabola P()\) and has the form (2.9).

m/\/ZE )
u(zx,t) = (M—N)/ e “ dz+ N,
0

Proof of Lemma [2.11] Assume u(z,t) is a solution on (0,00) x (0,00) satisfying the as-
sumption. Then it can be expressed as u(x,t) = v(z/A/4t) for some single-variable function
v(z), z € (0,00). By

o= (3g) o (4): weton= ()

v(z) must satisfy the equation

V'(2) +220'(2) =0, 2= € (0,00),

2
Vit
which has its general solution given by
z
v(z) = Cl/ e d0+ Cy, Vze (0,00), 2= —=
0

for some integration constants C7 and Cy. The proof is done. O

Remark 2.13. For a solution u(z, t) of the heat equation on (0, 00) x (0, 00), it is impossible
for it to be constant along each curve of the form z/t* = A, where « > 0 is some constant
and A € (0,00) is a parameter, unless & = 1/2. For such a solution, it must have the form
u(z,t) = v(x/t*) for some single-variable function v(z), z € (0,00) and the identity
ug(x,t) = ugy(x,t) implies

U//(Z)tzia + zv'(z)% =0,
which does not give rise to a self-contained equation unless a = 1/2.

2.4. Conditions on h(z) and g¢(t) which imply u(x,t) — 0 as z — oo

In this section, we are interested in the convergence of u(z,t) to 0 as z — oo or as t — oo.

We first need the following simple calculus fact: for fixed = € (0, 00) we have

1 2 6\*?% 1
(2.10) eé%?é) <93/26 49) = (@) E > 07
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where the maximum is attained at 6 = 2%/6.
The following lemma is about the convergence of u(z,t) to 0 as x — oo.

Lemma 2.14 (Conditions implying u(z,t) — 0 as © — o0). Assume h(x) and g(t) are
continuous functions on (0,00) satisfying (1.2). If h(z) also satisfies

(2.11) either le h(z) =0 or / |h(z)| dz < oo,
x o0 0

then we have

(2.12) li_)m u(z,t) =0 for fizred t € (0, 00).

Here u(x,t) is the solution of (1.1)) given by (1.3]).

Proof. Denote the two integrals for w(x,t) in (L1.3) as up(z,t) + ug(z,t), where (z,t) €
(0,00) x (0,00). We can express up(x,t) as an integral over the whole space £ € (—o0, 00)
as

_(z—9)?
4t

H(E) dg

up(z,t) =

Vit |

(2.13)
:ﬁ/me "H(x +Vatz)dz, (,t) € (0,00) x (0,00),

where H (&) is the odd extension of h(§) to £ € (—oo o0) (we can define H(0) = 0).
By (2.11), we have either limg_,o H(§) = 0 or [ |H(£)|dé < co. Note that H(£) is
continuous on (—o0,0) U (0,00), bounded near = = 0.

For the first case in (2.11)), | H (¢)] is a bounded function on (—oco, 00) with lim¢|_,o, H ()
= 0. Standard result for heat equation with such initial data implies lim,_,oo up(z,t) = 0
for fixed ¢t € (0,00). The discontinuity of H() at £ = 0 will not cause any problem. For
the second case in (2.11]), we have |H ()| € L'(—o0,00) and, for fixed ¢t € (0,00), the
LDCT implies

(z—6)2
lim up(x, t lim e % H(¢)deE = 0.
T—v00 h( \/E/ (z%oo > <£) §

Next, for fixed ¢ € (0,00), we look at

ug(z,t) = \/E/ t783/2e (*S)g()d \/E/ ek 4eg(t—9)d¢9,

and here we only assume g(s) is continuous on (0, 0o) satisfying (1.2)), which implies that
g(s) is integrable near s = 0 and so g € L'(0,¢). By (2-10)), we have for fixed ¢ € (0, o)

x 6\%? 1
< —— (= - — - — 0.
lug(z,t)] i <e> 3 /0 lg(t —0)]df — 0 asxz— oo

The proof is done. O
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Remark 2.15. In case h(z) does not satisfy (2.11)), then the conclusion (2.12)) fails in

general. A simple example is to take h(xz) = sinx and g(¢) = 0, then the solution u(x,t) =

e tsinx does not satisfy (2.12)).

Remark 2.16. In Lemma if we replace the condition (2.11]) as (without changing the
condition on g(t))

T—r00

either lim h(x) =M or / |h(x) — M|dz < oo,
0

then we will have
lim wu(z,t) = M for fixed t € (0, 00).

T—r00
This is due to the superposition principle if we decompose (|1.1)) into two problems with
initial-boundary data h(z) — M, g(t) and M, 0 respectively.
It is interesting to know that (2.11]) is not a necessary condition for the conclu-

sion (2.12) to hold. To see this, let hi(xz) > 0, ha(z) > 0, g1(t), g2(t) be four continuous
functions on (0, c0) satisfying (1.2), with

(2.14) h_}m hi(z) =0 and / hi(z) dz = oo
T—00 0
and
(2.15) li_)rn ha(x) does not exist and / ho(x) dz < oco.
x o 0

Let u(z,t) be the solution of given by , where now the initial-boundary data
h(zx), g(t) are given by h(z) = hi(x) + ho(x), g(t) = g1(t) + g2(t). Clearly, by and
, h(z) does not satisfy . By the superposition principle, we have u(x,t) =
ui(x,t) + ua(x,t), where u;(x,t) is the solution of with initial-boundary data h;(z),
gi(t) respectively, i = 1,2. By Lemma for fixed t € (0,00), we have

lim u(z,t) = lim wi(z,t) + lim wus(z,t) =04+0=0.
T—00 T—00 T—00

Therefore, u(x,t) satisfies (2.12) even if h(x) does not satisfy (2.11]).

2.5. Conditions on h(z) and g(t) which imply u(x,t) — 0 as t — oo
The following lemma is about the convergence of u(zx,t) to 0 as t — oo.

Lemma 2.17 (Conditions implying u(z,t) — 0 as ¢ — 00). Assume h(z) and g(t) are
continuous functions on (0,00) satisfying (L.2). If h(x) also satisfies

(2.16) either h(z) is bounded on (0,00) or / |h(z)|dx < oo
0
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and g(t) also satisfies

(2.17) either tli)rgo gt)=0 or /OOO lg(t)] dt < oo,
then we have

(2.18) tlgrolo u(z,t) =0 for fized x € (0, 00).

Here u(z,t) is the solution of (1.1)) given by (1.3)).

Proof. Same as in the proof of Lemma we write u(x,t) as u(x,t) = up(x,t) +ug(z,t),
where up(z,t) can be expressed as (2.13]).

We first estimate up(x,t). By the assumption (2.16)), H (&) in (2.13)) is either bounded
on (—o0,00) or [ |H(&)|d < oo. For the first case, we have uy(0,¢) = 0 for all
t € (0,00) and note that wuy(z,t) satisfies the following gradient estimate

B © 1 peré-
gt = | [ e T H O ag

47t 2t
(2.19) ‘ i [t b Vi as
\/—7? Y (z,t) € (0,00) x (0,00),

where M > 0 is the bound of |H(§)| on (—o0,00). By the mean value theorem, for fixed

€ (0,00), we have

M
lup(x,t)] = |up(z, t) — up(0,t)] < PT 0 ast— oo

vt
For the second case, we have |H(¢)| € L'(—o0, 00); hence
lup(z,t)| < %/ &)|d¢ -0 ast— oc.

Next we estimate ug(z,t), where g(t) satisfies (2.17). For the first case in (2.17), for
any € > 0 there exists a number M > 0 such that |g(t)| < € on [M, c0). We have for large
t > M > 0 the following

22

e Ht=9g(s)ds

)ds +

x 1 __az®
t = 4(t—s)
(2.20) (@, ?) Var /0 (t— 5)3/26 9(5) VA / (t—s) 3/2

=1+1]
and since g € L'(0, M), for fixed x € (0, 00) we have

x 1

Vi (t— M

M
(2.21) |7 < )3/2/ lg(s)|ds =0 ast— oco.
0
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On the other hand, by the change of variables z = x/4/4(t — s), the second integral in
(2.20)) satisfies

T t 1
2.22 Il < ) ds =e—— -2 <
ez e e e [P s

As £ > 0 can be arbitrarily small, by and (2.22), we have ug(z,t) — 0 as t — oo
for fixed z € (0, 00).

For the second case in (2.17)), we first look at ug(x,t) at t = n € N and let n — oo
eventually. For fixed z € (0,00), set

12

2

meignis)g(s)a 5 € (0)77’)7
0, s € [n,00),

fn(s) =

which gives

ug(z,n) = \/%T/o fn(s)ds, where nh—%lo fn(s) =0,Vs € (0,00)

and note that

e

6\%? 1 .
£ (2) ) € 0.5, ¥, Vs (0.00)
The LDCT implies

lim ug(z,n) = ——= lim / fn(s

n—>00 47-‘- n—>oo

\/ZE/ T}Lngofn s)ds =0 for fixed z € (0, 00).

By analogy, for any sequence a, — 0o, we also have lim,,_,« uq(x, a,) = 0. This implies
ug(x,t) = 0 as t — oo.
Combining all of the above estimates, we have (2.18]). O

Remark 2.18. In case h(z) does not satisfy or g(t) does not satisfy , then the
conclusion fails in general. For the first example, we take h(z) = = and ¢(t) = 0,
then the solution u(z,t) = x for all (z,t) € (0,00) x (0,00). For the second example, see
Section [3.2| with h(x) = sinz and g¢(t) = sint.

Remark 2.19. In Lemma if we replace the condition (2.17) as (without changing the

condition on h(x))

either tlim g(t)=N or / lg(t) — N|dt < o0,
—00 0
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then we will have
lim u(x,t) = N for fixed z € (0, 00).

t—o0
This is due to the superposition principle if we decompose (|1.1)) into two problems with
initial-boundary data h(z), g(t) — N and 0, N respectively.

Again, we note that, (2.16) and (2.17) are, in general, not necessary conditions for the

conclusion ([2.18]) to hold. To see this, let hq(x), ha(x), g1(t), g2(t) be four nonnegative
continuous functions on (0, c0) satisfying (1.2)), with

hi(z) is bounded on (0,00) and [ hi(z) do = oo,
ha(z) is unbounded on (0,00) and [ ha(z) dx < oo,

lim¢ 00 g1(t) =0 and fooo g1(t) dt = oo,

limy o0 g2(t) does not exist and [ g2(t) dt < oco.
\

Let u(x,t) be the solution of given by , where now the initial-boundary data
h(z), g(t) are given by h(x) = hi(x) + ha(x), g(t) = g1(t) + g2(t). Clearly h(z) does
not satisfy and g(t) does not satisfy either. By the superposition principle,
we have u(z,t) = uy(x,t) + uz(x,t), where u;(xz,t) is the solution of with initial-
boundary data h;(z), g;(t) respectively, i = 1,2. By Lemma for fixed z € (0,00), we
have
tliglo u(z,t) = tlggo uy(z,t) + tlgglo u(z,t) =0+0=0.

Therefore, u(z,t) satisfies (2.18)) even if h(z) does not satisfy and ¢(t) does not
satisfy .

2.6. Total space and total time energy

In this section, we study the total space energy and total time energy of u(x,t). To begin

with, we collect some useful integral identities, which will be used in this section.

Lemma 2.20. We have the following integral identities:

1 00 )2 wte)2 1 N4t
(2.23a) / (e( e > de = / e dz € 0,1), Vt,&>0,
Vart Jo VT —eNAt

> 1 (z—¢)2 (e+£)?
2.23b —— e " —e =& dt = min{zx,&}, Vaz,£ >0,
(2.23) = ) (0.6}, Vae

z [t 1 a2 2 [
(223C) \/E/O me 40 d@ = ﬁ /‘I/\/ZEG dZ S (0, 1), Vx,t > 0,
x 1 a2
(2.23d) \/E/o e mAI=1, Va0,
o] 2
(2.23¢) / L ar— L veso.
0 A 63/2 vl
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Proof. The verifications of (2.23al), (2.23c) and (2.23d)) are straightforward. For fixed
0 > 0, if we do the change of variables x = V40z, z € (0,00), we can obtain (2.23€)).

Finally for (2.23b) we first let t = 1/(4s?) to get

22 122
s _ebs

>~ 1 < JIZPQ (IX?Q) gt 1 /O"e a p
e —e = s,
VAt Var Jo 52

where a = x — ¢ and b = = + £. By the integration by parts, we have

7b2 2

e e‘*%(—i)

€7b282b2) ds.

\/E/ —a?s?

/0 (_a522d5—|a|/ Zdz-|a|£

and the same for fooo (6*1’252 b2) ds. Therefore, we conclude

Note that we have

2 o0 422 2 _b22 2 ]. .
T e "% at—e ") ds = =(lz + & — |z — £]) = min{x,
e )ds = (|l +¢| = |o — €]) = min{z, €}
for all z,& > 0. The proof is done. O

Now we discuss the total space and total time energy respectively. For the total space

energy, we have

Lemma 2.21 (Total space energy). Assume h(z) and g(t) are continuous functions on
(0,00) satisfying ([L.2) and also [;°|h(£)|dé < oo. Let u(x,t) be the solution of (L.1])
gwen by (1.3} . Then, for fized t € (0,00), its total space energy, defined as Espace(t) =
fo (x,t) dx, is finite and can be expressed as

(2.24)

VA,
Espm(t):/o (f/s/\/ﬂ dz> €)dé + — / Vo, t € (0,00).

Proof. By (L.3), we have Egpace(t) = I(t) + 11(t), where

I(t) = /0 (@, ) da = /0 - [ \/4% ODO <e—”4f>2 e “*“2) he) df]
1) :/Oooug(:z:,t) d:nz/ooo (\/% /Ot #e—%g(t—e) d@) da.

We will use the classical Tonelli’s Theorem (see the book [14]) to see that we can

(2.25)

change the order of integration in both I(t) and II(t). The theorem says that for any
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nonnegative measurable function f(z,y) defined on an interval J = J; x Jo C R*™™ we

always have the identity

) [[ feadsin= [ | ( R dy> o= | 2 ( [ s dx) ay.

In particular, for f > 0, the finiteness of any one of the three integrals in implies
that of the other two. Hence for any measurable f(z,y), the finiteness of any one of the
three integrals for |f(z,y)| implies that f(z,y) is integrable on J = J; x Jo and that all
three integrals in are equal due to the Fubini’s Theorem.

For I(t) in (2-25)), we have for z > 0 and £ > 0 the following

1 (z—6)2 (z+8)2 1 (z—8)? (2+6)2
e~ 4@t —e 4 h = e~ @t —e 4t h
= )| = = ( )i
and by ([2.23a)) we get

> 1 ® [ _@=9? _ (@+9)? S
/O (\/m 0 (6 wo—e o )dx) !h<£)!d§§/0 |h(€)] dE < .

Hence, by Tonelli’s and Fubini’s Theorems, we have

o 1 Cf _@-9? _@+9?
1(t) :/0 (\/E (e it —e & ) dx) h(§) d¢

:/O (f/j;; 2 dz) h(e) de.

For I1(t), by (2.23¢) and the assumption on g(¢) in (L.2), we have

/{Jt(/om\/%weﬁdx>lg(t— )| do = f/ \f‘g 8] df < oc.

Hence Tonelli’'s and Fubini’s Theorems imply

IS
2.28 II(t) = wWg(t—0)dl ) de = — | —=g(t —0)db.
029 1= [ (= [ e Foe-0w) a2 [ Lga-o
The proof of ([2.24) is done due to (2.27) and (2.28). O

(2.27)

Remark 2.22. For fixed £ > 0, the positive quantity

/é/ (0,1) ( )
e dz € 0,1), te€ (0,00
f §/VAL

is strictly decreasing from 1 to 0 with respect to ¢t € (0,00). Hence, by the assumption
Jo7 [h(z)] dz < oo and the LDCT, we can conclude

. Wi, -
Jm [ ( Lot dz) me)de = [~ hede,

li i 4z | h(€)de =0
Am | (f/g/\/@ z) (§)dg=0.
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However, if we only assume ¢(t) satisfies the condition in (1.2)), i.e.,

C1
o) < 5L Ve (0,9)
for some positive constants C1, ¢ > 0 small, and « € [0,1), then in general, we have no

convergence of the term fg %g(t —0)dh ast — 0" or as t — oco. For example, we can
take g(t) = 1/t*, t € (0,¢), with a € (1/2,1), then

tq 1 /1 1 1
—g(t—0)do > — df = 127% 500 ast— 0T,
/o\/ég( ) —\/E/o(t—e)a l1—a

Therefore, we do not have lim;_,o+ Espace(t) = [y h(£) d€ in general unless we put more

assumption on ¢(t) on (0,00) (for example, assume g(t¢) is bounded near ¢ = 0).

Remark 2.23. If g(t) = t", n € NU {0}, its contribution to Espace(t) is equal to

\}E/Ot\}é(t_g)ndez(f/ \[1—3 ds)t"*é, n € NU{0}, t € (0,00).

For the total time energy, we have

Lemma 2.24 (Total time energy). Assume h(z) and g(t) are continuous functions on

(0,00) satisfying (1.2). In addition, we also assume

(2.29) /Ooo h(6)| d¢ < o0 and /OOO lg(8)] dt < oc.

Let u(x,t) be the solution of (1.1 - given by (L.3). Then, for fized z € (0,00), its total

time energy, defined as Eime(T fo (x,t)dt, is finite and can be expressed as

(2.30) Fume(z) = /0 xgh(g) de + / " oh(€) de + /0 Ty dt, e (0,00).

In particular, we have
o
lim Fiime () —/ g(t) dt.
+ 0

x—0

Proof. By (1.3), we have Eiime(z) = I(z) + I1(x), where

I(x) = /000 up(z, t) dt = /000 [\/% Ooo (e_<z4f>2 — e_@f)z) h(&) df] dt

oo 00 t 22
II(x):/O ug(x,t)dt:/o [\/%/0 031/26_<wg(t—9)d0] dt.

Again, we use Tonelli’s Theorem to imply the change of order of integration in both I(x)
and II(x). For I(x), we first look at the integral

(2.32) T(z) = /Ooo K/Ooo \/Z% (6“715)2 —e(“”l'f’2> dt) |h(§)|] e

(2.31)
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and by the assumption (2.29)) and (2.23b)), we have for any fixed x € (0,00) the following

oo

T(x) = /0 " min{e, £} - [b(€)] d = /0 " elh(e)| de + / £[1(€)] de < o,

which implies the convergence of the improper integral for I () in (2.32)). Hence the Fubini
Theorem is applicable to the improper integrals in I(z) in (2.31]) and we have

I(z) = /0 h [ /0 b \/i?t <e—”’4f’2 —e—<“ﬁf’2> dt} h(e) de
-/ Cen(©ds+ [ ane) de

For I1(z) in (2.31), for fixed € (0, 00), we first look at the integral

M x b1 2
/0 <4ﬂ/0 e w[g(t—@)]d&) dt.

where M > 0 is temporarily a fixed number. By the assumption [ |g(t)|dt < co and the

estimate (2.10f), we have

[ G [ )= (5 ()73 e

which, by Tonelli’s Theorem, implies that the nonnegative function

(2.33)

T 1 2

Ewef%"’g(t —0)|

is integrable on the domain {(6,t) € R? : 0 < § < ¢,0 < t < M} for any M > 0 and

Fubini’s Theorem implies
M t
[I(z) = lim <”“° / L e~fg(t—0) d@) dt
M—o0 J Var Jo 0/
M M
= lim <x/ %6_%.9(75—9) dt> de
M—o0 J Var Jo 63/
M M—6
= lim mle_ﬁ/ g(s)ds | do.

Next, for fixed z € (0, 00), let

It satisfies

. x 1 a2 [
Jim f(0) = —=gme® [ gls)ds Vo€ (0.00)
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00 M T 1 a2 M—6
/0 fM(Q)dGZ/O <\/E93/26 49/0 g(S)dS> d¢9,

O] < —=gme ™ [ la(s)las, 0.0 € (0.50)

where, by the identity (2-23d)), the function (z/\/47)0~3/%¢ —?/40 Jo" 19(s)| ds is integrable
with respect to 6 € (0,00) for all x € (0, 00) with

0 z 1 2 [ o
SRS ds | df = ds, Yz € (0,00).
I (Fgine @ [ laolas) o= [Tlallas, voe 0.0

The LDCT implies for any = € (0, 00) that

= lim / fa (0 d9—/ lim  far(0) df

M—o0 M—o0
(2.34) o .
_/0 (\/703/2 49/0 g(s )ds) d9:/0 g(s)ds.
The proof of the identity (2.30]) is done due to and (| - O

Remark 2.25. If we have h(z) =0 in , then

Erimel() = /0 gt dt, Vi € (0,00),

which is a constant independent of = € (0, 00).

2.7. Gradient estimate of u(z,t)

In this section, we do estimate on u; and u, under the assumption that both h(x) and

g(t) are bounded continuous functions on (0, co).

Lemma 2.26 (Space derivative estimate). Assume h(x) and g(t) are bounded continuous
functions with |h(x)] < M and |g(t)] < N for all z € (0,00) and t € (0,00). Then the
solution u(z,t) given by (1.3)) is a bounded solution on (x,t) € (0,00) x (0,00) satisfying

the estimate

(2.35) (o) < 2+ <2ﬂ ; y2<1+2y2>dy> s

for all (x,t) € (0,00) x (0, 00).

Remark 2.27. As one can see from Theorem [3.10]or from Remark [3.15] below, the assump-

tion that h(z) and g(t) are bounded is necessary for (2.35)) to be valid. Also note that, for
fixed t € (0,00) and fixed x € (0, 00) respectively, we have

M 2N

(2.36) limsup |uz(z,t)| < lim sup |ug(x,t)| < <

v Jo

1
77, y21+22d)
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For bounded trigonometric initial-boundary data, the solution u(z,t) may oscillate along
z-direction and also along t-direction. Therefore, both limsup limits in (2.36) are not

zero in general. See Lemma below.

Remark 2.28. Similar to estimate (2.4)), one can check that for any number o € (0,1)
there is a constant C'(¢) > 0 such that

o0 172
(2.37) / e (1422 dy < C(o)e=% . ¥ (w.) € (0,00) (0, 00).

Proof of Lemma [2.26] Let H(&) be the odd extension of h(€) to £ € (—o0,00) (we can
define H(0) = 0). We have

12
u(x,t) = e wg(t—0)do

x b
(2.38) \/E H()de + \/E/o 93/2
= I(x,t) + II(J:,t), (x,t) € (0,00) x (0,00)

and so uy(z,t) = Iy(x,t) + 11z (z,t). Since |H(&)| < M for all £ € (—o0,00), we have

_@=9? |z — €| M 1 [ i M 1
I (z,t) e d Floldy = — —
o< 2= [ o de= o [ T = T
and
1 1 a2 r [t 1 _2/ =z
a2 N 1.2
\/47r/ 932" d9+2\/47r 95/26 o
N4/ . 2Nl6/°° 2 9
= dy + ——— e YV y dy
Var x /\F 2V/4m x3 o N
N 2 _
= Vs L
x t
which implies the conclusion. ]

Lemma 2.29 (Time derivative estimate). Assume h(x) and g(t) are bounded continuous
functions with |h(x)| < M and |g(t)] < N for all z € (0,00) and t € (0,00). Then the
solution u(z,t) given by (1.3) is a bounded solution on (z,t) € (0,00) x (0,00) satisfying

the estimate

1 12N 2 1
(2.39) lug(z, t)| < M - = -|- ( 7 //\Fe y2y2 <1 4 3y2> dy) =

for all (x,t) € (0,00) x (0,00).



On Various Space-time Properties of Solutions to the Heat Equation on Semi-infinite Rod 23

Remark 2.30. Similar to (2.37)), for any number o € (0,1), we have the estimate

> 2 22
[ e (130 ) dn = o, vl € 0.0) x (0.9,
o N 3
where C'(0) > 0 is a constant depending only on o.

Remark 2.31. By Lemmas [2.26] and [2:29, we have

lim Uz (x,t) = lim u(x,t) =0
(z,t)—(00,00) ( ) (z,t)—(00,00) t( )

for bounded continuous functions h(z) and g(t) on (0, 00).

Proof of Lemma 2.29 In this case, by (2.38), we need to look at I;(x,t) and II;(x,t). We

first have

Kt = ke [ S mgaes L [T S O g
= 2_\/1%1/(:6% (v + VAtz)dz + fi /OO ZzzQH(:c—i-\/ZEz)dz
which gives
I, 0] < 51+ o = o

Next, we look at

(2, t) = [ (x,t) = <\/E/ e ot — 0) d9>
ax<vqﬂ/‘mme "yl -9 d9+wqw/a@m “(—;)g@—Gﬁw)

:_23; t@;fz4g@—9yw+4¢@“/ew2 g(t—0)do
and conclude
[[1;(x,t)| < ;j% Ot #e_% do + 4;% 071/26—% do
= ;j;%ig /Oo4t ey dy + zhjiiﬂi;l/ e Yyt dy
The proof is done. O

Motivated by (2.35) and (2.39), we have the following interesting result.
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Corollary 2.32. Assume h(z) and g(t) are bounded continuous functions with |h(zx)| <
M and |g(t)] < N for all z € (0,00) and t € (0,00) and let u(x,t) be the bounded function

given by (1.3). Then the function
(2.40) zug(z,t) + 2tug(x,t), (x,t) € (0,00) x (0,00)

is also a solution of the heat equation on (0,00) x (0,00). Moreover, along the parabola
P(\) : x4t = X\, where X € (0,00) is a parameter, we have the estimate
M 2N [ 2
t) + 2tug(x,t)| < |20=+ [ == V(1 +2y%)d
feuste0)+ 2ule0)] < (225 + (22 [T e a2 )

1 (12N [> _ ., 2
OIM + — [ —= V(1427 d
e (G v (i) o)

for all (z,t) € P(\). Note that the bound in (2.41) depends only on M, N and A.

(2.41)

Proof. By parabolic scaling, for each constant ¢ > 0, the function U(x,t,¢) := u(cw, c*t)

is a solution of the heat equation on (0,00) x (0,00). By this, the function

oU
(2.42) %(x, t,c) = x - ug(cx, *t) + 2ct - ug(cx, c*t)

will also be a solution of the heat equation on (0, 00) x (0,00) for each ¢ € (0,00). Taking

¢ =1 1in ([2.42)) will give rise to the solution in (2.40)). As for the estimate in (2.41)), it is a
consequence of (2.35) and ([2.39)). O

2.8. Derivative up to the boundary

In this section, we discuss the values of the derivative u,(x,t) and u;(z,t) on the boundary
of the domain (0,00) x (0,00) (except at the corner point (0,0)). For our purpose of
discussion, h(z) and g(t) are assumed to be at least continuously differentiable on [0, 00).

Since we have u(z,t) = up(z,t) + ug(z,t), we look at up(x,t) and ug(x,t) separately.

Lemma 2.33 (Derivative of uy(z,t) on the boundary t = 0). Assume h € C[0,00) N
C?(0,00) and |h(z)|, |W ()|, |h"(z)| all satisfy the growth condition in (1.2). Then we

have

Oun,
ot

(2.43) Oun (4 0) = ' (x),

Oz (z,0) = h"(z), V€ (0,00).

Proof. The first identity in (2.43) is obvious since up(x,0) = h(x) for all € (0,00). For
the second identity, since both |h/(z)| and |h”(x)| satisfy the growth condition (1.2)), we
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have

(2.44)

auh - 82uh
o 0= gz @)

(;E/_O:/\ﬁ _Zh(m—k\/»z dz—//f _Zh —a +Vitz)d )

]. m2 ]. o0 2 2
——e wh(0)+ — / e R (x+ Vitz dz+/ e % W (—x + Vatz) dz
x [wrt © ﬁ( —e N ( ) VAR ( )

]. 1-2 X ]. o0 2 o0 2
=——-¢e % (—— ) h(0) + — / e W' (x+ Vitz) dz f/ e W' (—x +VAitz) dz

and for fixed z € (0,00) we obtain lim; ,g+ (up/0t)(x,t) = h(x). By the mean value
theorem, there exists 6(t) € (0,¢) such that

62
T o2
9

Ouy, . up(x,t) —up(x,0) Ouy,
(2.45) W(l‘,()) = t1_1>%1+ ; = tl_)r(])rlJr 8—(3: 0(t)) = h"(z), =z € (0,00).
Hence (Ouy/0t)(z,0) exists and the second identity is verified. O

Remark 2.34. Be careful that we cannot use the identity to derive the conclusion
since the extended function H (&), £ € (—o0, 00), is not even continuous at £ = 0 if ~(0) # 0
and one cannot move the differentiation into the integral sign. Also, one cannot prove the
second identity using the following argument
ouy, O%uy,
E(ff ,0) = el

since up,(z,t) satisfies the heat equation only on the domain (0, c0) x (0, 00).

(,0) = h"(z), x€(0,00),

Lemma 2.35 (Derivative of uy(r,t) on the boundary = = 0). Assume h € C'[0,00) and
both |h(z)| and |W'(z)| satisfy the growth condition in (1.2)). Then we have

(2.46) aa”h(o b = \/%h(ow\; /Oooez2h'(\/47z)dz, a;h(o H=0, Ve /(0,00).

Remark 2.36. By integration by parts, we can also express (8uh/8a:) (0,1) as

auh
a: O r/ (Vatz) ds
Proof of Lemma [2.35. The second identity in is obvious due to u(0,t) = 0 for all

t € (0,00). As for the first identity, by (2.44] -, we have
aUh 1 z2

%(xvt) = ?efﬂh(o)

(2.47)
1 o0 oo
+ — / e 7 b (x + Vatz) dz + / e 7 W (—x + VAitz) dz
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and letting z — 0% we obtain

Ooup, 1 2 © 2
2.48 | —(x,t) = —=h(0) + —= R (V4tz)d
(2.48) Jim S at) = (o) + = [T e N (V) s
The first identity in (2.46)) will follow due to (2.48]) and the mean value theorem argument
similar to ([2.45). O

In the following we use two examples to verify the correctness of the formulas in

Lemmas 2.33] and 2.35]

Example 2.37. We choose h(z) = 2™, where m = 2k + 1, k € NU{0}, is an odd natural
number. By (3.12)) below, we have

| l
up(z,t) = 2™ +m(m — Da™ 2+ + L ——y ﬁgmtk,

3!1(k —1)! k!
which gives
%(:1: t) =ma™ t +m(m —1)(m — 2)a™ 3t + L‘?).I‘ 2Rl 'tk
oz 3‘(/<; 1)! K
Qun -2 m! k—2 k=1,
—(x,t) = —1z™ oo ——a (k= 1)t kt
gr (0t = mlm = Da" ek gk ) + e
and hence
O 0,0 = ma =t O 0) = — 1)a 2,
(2.49) o m! ou
h k h
—(0,t) = —t —(0,t) =0
81‘( ) k' ot (0.%)
To see that (2.49) is consistent with (2.43) and ([2.46)), it suffices to check that
auh k _ m—1 _
which is equivalent to the identity
e 1 (2k)!
(2.50) /0 e 2 dy = s (k,\/% k€ NU{0}.

One can verify (2.50) using the identities [j° 22¢7% dz = /7 /4 and

0 2 0

together with the mathematical induction.
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Example 2.38. We choose h(z) = sinz, x € (0,00), and obtain uy(x,t) = e 'sinz. We
see that

0 0 0 0
(;;h (x,0) = cosz, %(x,O) = —sinuz, %(O,t) =e !, (;Lth (0,t) =0.
Again, to check the correctness of (2.46) and ([2.43)), it suffices to check that
(2.51) / e cos(VAatz)dz, Yt e (0,00).
f
However, we note that (2.51)) is a consequence of the familiar identity
_t -
e ‘cosx = g cosydy, (xz,t) € (0,00) x (0,00).
v I ydy, (@.0) € (0.00) x (0,0)

Lemma 2.39 (Derivative of ug(z,t) on the boundary t = 0). Assume g € C[0,00) (which
will satisfy (1.2) automatically). Then we have

Oug uq
ox ot
Proof. The first identity in (2.52)) is obvious due to ug(x,0) = 0 for all € (0,00). For

the second identity, we compute

Oug I x 2 [ ., x\2
Tt @ = e 4t9(0)2t+\/7?/$/\/zt6 g <t_<2z) >d’z
and for fixed z € (0, 00) we have lim; o+ (Ouy/0t)(z,t) = 0. Hence we have (Ju,/0t)(z,0)

= 0 due to the mean value theorem. O

(2.52) (z,0) =0, (x,0) =0, Vaz € (0,00).

Lemma 2.40 (Derivative of uy(z,t) on the boundary z = 0). Assume g € C1[0,00).

Then we have

Oug 1 L[t g(s) Oug
0,t —9(0) — —= -
Ox ( ) AV th( ) \/77' 0 t—s * ot

Remark 2.41. One can also express (Oug/0z)(0,t) as

Oug 1 2/t

g(ovt) = —ﬁg(O) - ﬁ ;

Proof of Lemma [2.40] The second identity in is obvious due to u4(0,t) = g(t) for
all t € (0,00). For the first identity, we compute

Oug 0 2 [ x \2
o Y = 5 <ﬁ/x/@f 9(’5 (zz)>dZ>

= —\/%eﬁg(O) + \; /x:J/E efzzg’ <t — (22)2> (—%) dz.

(2.53) (0,t) =g'(t), Vte(0,00).

(2.54) 1 g (t(1 — 62)) db.
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For fixed t € (0,00), if we do the change of variables s =t — (%)2, we will get

2 [* ., x \2 x 1 [t —22_ g'(s)
- z — | — — - (t—s)
\/7?/96/\/56 g <t (22) ) ( 222> dz = ﬁ/o ‘ t—sds

with
(2.55) lim <—1 te_#iﬂﬁ ds> __1 /t () ds.
a—0+ \ VT Jo Vi—s VT o Vi—s
By , we conclude
t
Jim S 00) = ) - [ s
which implies the first identity in due to the mean value theorem. O

Combining Lemmas [2.33} [2.35} [2.39] [2.40, and (2.54]), we can conclude the following

theorem.

Theorem 2.42 (Derivative of u(x,t) on the boundary z = 0 and ¢ = 0). Assume h €
C1[0,00) N C%(0,00), g € CY0,00), and |h(z)|, | (x)|, |h"(x)| all satisfy the growth
condition in (L.2). Let u(z,t) = up(z,t) + ug(z,t), (z,t) € (0,00) x (0,00), be the solution
given by . Then we have

Ou ' Ou "
5, &0 =n(x), o (2,0)=h(z)
and
8u —z /
52(0,8) = \ﬁ( +2x// n'(Viatz)d )
1
2.56 - (11 — 62
(2.56) \/><()+2t/og(t(1 0))d0),
20,0 =g

for all z € (0,00) and all t € (0,00).

Example 2.43. Again, we use a simple example to check the correctness of (8u/ 8m) (0,1)
in (2.56). We choose h(z) = ¢e*, z € (0,00), and g(t) = €, t € (0,00). The solution u(z,t)
of the ibvp (L.1]), given by (L.3), is equal to u(z,t) = e***. To verify the correctness of
, we need to check the identity

o] 1
(2.57) et = <2\/£ / e FeViE gy — ot / et(192)d0>, vt e (0,00).
Vvt 0 0
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We first note that

/ ALy P / e (=VD? gy — et/ e~ ds
0 0 —Vt
1 1 t Vit
/ et(1=0%) g9 — et/ e 0% dp = £ / e=5" ds.
0 0 Vit Jo

Hence the right-hand side of (2.57)) is equal to

2¢et /°° 2 /*/'E_ 2¢et 2
— e * ds— 5 do esds:et, YVt e (0,00),
ﬁ(—\/i 0 ~ Ve (0, 00)

as verified.

and

2.9. Monotonicity of uy(z,t) and ugy(z,t)

In this section, we discuss the monotonicity of uy(z,t) and ug(z,t) under suitable assump-
tions on h(x) and ¢(t). However, the monotonicity of u(x,t) is, in general, very difficult

to determine even if we know that of uy(z,t) and ugy(z,t).

Lemma 2.44 (Monotonicity of uy(z,t) in space direction). Assume h € C'[0,00) and
both |h(x)| and |h'(z)| satisfy the growth condition in (1.2). If h(0) > 0, h'(x) > 0 on
(0,00), and h(x) is not identically zero, then, for fixed t € (0,00), up(x,t) is positive for

all z € (0,00) and is strictly increasing in x € (0,00).

Remark 2.45. h(x) is increasing (strictly increasing) on (0, 00) means that, for 0 < x1 < x2,
we have h(z1) < h(z2) (h(z1) < h(z2)).

Proof of Lemma [2.44] For fixed ¢t € (0,00), by (1.3) and (1.8), up(z,t) is clearly positive
for all z € (0,00). Also, by (2.47), we have (Ouy/0z)(z,t) > 0 for all z € (0,00) due to
the assumption on A(z). The proof is done. O

The monotonicity of up(z,t) in the time direction will depend on the sign of A”(x) on
(0,00). However, the sign of /() on (0, 00) is irrelevant as one can see from Example

below.

Lemma 2.46 (Monotonicity of uy(z,t) in time direction). Assume h € C'[0,00) N
C?(0,00) and |h(z)|, | (x)|, | (z)| all satisfy the growth condition in (1.2)). If h(0) <0,
R"(z) > 0 on (0,00), then, for fixred x € (0,00), up(z,t) is increasing in t € (0,00).
Proof. Assume h(0) < 0 and h”(z) > 0 on (0,00). By ([2.44)), we have, for fixed z € (0, c0),
the following

8uh - 82uh
o Y= g ()
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it 2t
1 o0 o0
(2.58) + 7 (/ e*ZQh”(x +V4tz)dz — / efz2h"(—x + V4tz) dz)
™ fx/\/ﬂ z/\/lﬂ
1 22 x 1 o (@—&)? (@+&)?
— ¢ @ (=) h(0 - _ o ey g
= o s | (6 oo ) (©de
>0, te(0,00).
The conclusion follows due to (1.8) and the assumption on h(z). O
Example 2.47. Assume h(z) = sinz, x € (0,00), h(0) = 0. The corresponding up(z,t)
is given by
up(x,t) = e tsinx, (2,t) € (0,00) x (0,00), ux(0,t) =0, wup(z,0)=sinz.

For fixed z € (0,00) with sinz > 0 (i.e., h”(x) < 0), up(x,t) is decreasing in ¢t € (0,00)
and for fixed z € (0, 00) with sinz < 0 (i.e., h”(z) > 0), up(x,t) is increasing in t € (0, 00).

The sign of h/(z) does not come into play at all.

Corollary 2.48. Assume h € C1[0,00) N C?(0,00) and |h(z)|, |K'(x)|, |h"(z)| all satisfy
the growth condition in (1.2). If h(z) satisfies the assumption in Lemma and also
B (x)+ h"(z) > 0 on (0,00), then on the region {(z,t) € (0,00) x (0,00) : & < 2t}, we

have

(2.59) (8uh dup,

81‘+6t> (Qi,t) > 0.

Proof. By ([2.47) and (2.58]), we have
8uh 8uh
S TR (gt
(ax o > ()

1 .2 1 (%) _ceo® _e?
= (1-2) —=e Th(0) + (e( I >h’(§) de

Since h/(z) > 0 on (0, 00), we have

1 /(w62 _ (@+8)? , 1
Wm/o ( £, t)<h<s>+h<s>>dg

and note that the equality sign in (2.60)) occurs only when h/(x) = 0 on (0, 00) and it will
imply ~(0) > 0. By this, under the assumption on h(z), we must have (2.59)) on the region
x < 2t. The proof is done. O
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Example 2.49. Take h(z) =1 in Corollary We have
1 V4t 2
up(x,t) = — e * dz, (z,t)€ (0,00) x (0,00)
V4 —z At
and obtain 5 5 .
Up, Up, .
JE——— - t = — t 1 —_ f 2t.

(8:1:+6t>(x’) w?t64( i) >0 i<

This example says that the condition 2 < 2¢ in Corollary [2.48]is necessary.

Lemma 2.50 (Monotonicity of uy(z,t) in time direction). Assume g € C°(0,00) and
satisfies (1.2)). If g(t) is positive and increasing on (0,00), then, for fized x € (0,00),
ug(x,t) is strictly increasing in t € (0,00). Moreover, we have

(2.61) 0 < ug(z,t) <g(t), VY(zt)e(0,00)x(0,00).

Proof. For fixed = € (0,00) and 0 < t1 < t2, we have

x 2 1 _ﬁ xT to 1 _ﬁ
(x to) = \/E Me W0 gty —0)dd + — N —93/26 19 g(to — 0) do
t1
t1 t
I SR m/ e gl — 0)d0 = uy(a, 1),

Hence ugy(z,t) is strictly increasing in ¢ € (0,00). For (2.61)), we note that

0 < ug(z,t) = \F//\F (t (2>>dz_\r//\/> g(t)dz < g(t)
for all (z,t) € (0,00) x (0,00). The proof is done. O

Lemma 2.51 (Monotonicity of uy(z,t) in space direction). We have the following two
results:
(1) Assume g € C°(0,00) and satisfies (1.2)). If g(t) is positive on (0,00), then, for fived
€ (0,00), ug(z,t) is strictly decreasing in x € (v/2t,00).

(2) Assume g € C°[0,00)NCL(0,00) and ¢'(t) also satisfies (1.2)). If g(t) is positive and
increasing on (0,00), then, for fired t € (0,00), uqy(x,t) is strictly decreasing in
€ (0,00).

Proof. For (1), to avoid the differentiation on g, we use the formula for uy(x,t) in (L.3)
and get, for fixed ¢ € (0,00) and for z € (v/2t,00), the following

8ug 0 T N
O (z,1) = o (TW ; g32¢ wg(t—0) d<9>
1 1 a2 x?
=7 ) e o0 (1-5) a0

2

\/g/ g wg(t—6) (1—‘;) do < 0.
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The proof is done.
For (2), since we assume g € C°[0, 00) N C(0, ), we can differentiate it. Now we use

a different formula for uy(z,t) and get

8ug _ 8 2 o0 _ 2 _ i 2
oY= (ﬁ/gg/\@e o(-(3)) dZ)
x? T T

= —\/%B_Mg(()) + \/27?/2:)/56_229/ <t — <22>2> <—2—Z2> dz < 0,

for all z € (0,00). Note that the integral in (2.62) converges since ¢'(t) satisfies the
condition in (|1.2)) near ¢ = 0. The inequality in (2.62)) is due to the assumption that g(t)

is positive and increasing on (0, 00). The proof is done. O

(2.62)

The following result is analogous to Corollary

Corollary 2.52. Assume g € C°[0,00)NCY(0,00) and ¢'(t) also satisfies (1.2)). If g(t) is

positive and increasing on (0,00), then, on the region {(z,t) € (0,00) x (0,00) : & > 2t},

Oug  Ouy
<8x + 5 ) (x,t) > 0.

we have

Proof. Since we can differentiate g(¢) on (0, 00), we have

Oug o 2 [* _q x\2
My gty = 2 [ = Pole— () ) d
ot (%) ot (\/%/m/\/ge g< <2z> ) Z)
L ) LA Ay PR A
= 7=¢ g(0)2t+ ﬁ/x/\/ﬂe g (t (22> ) dz >0,

where the inequality in (2.63)) is due to our assumption on g(t). Combining (2.62)) and
[E63), we get

Oug ~ Ouyg 1 z 7%
(E):z:+8t> (00 = 7= (5= 1) ¢ 900

CE L (G 0 ) e

On the region = > 2t, we have 2t/x € (0,1) and

(2.63)

(2.64)

2t
-5 ¢€ <1 - =, 1) C (0,1) for z € (z/V4t, 0).
2z z

Therefore, by the assumption on g(t), the quantity in (2.64) is positive on the indicated

region. The proof is done. ]
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Example 2.53. Take g(¢) = 1 in Corollary We have

ug(z,t) e dz, (z,t) € (0,00) x (0,00)

2 f//f

and obtain

Oug  Ouyg R e .
(8374_875)(%”_@ a (——1)>0 if x > 2t.

This example says that the condition x > 2¢ in Corollary is necessary.

3. Solution properties of the ibvp (|1.1)): special initial-boundary data

3.1. Polynomial initial-boundary data

In this section we study the asymptotic behavior of u(x,t) with polynomial initial and
boundary data. We divide the discussions into 3 cases.
Case 1: h(z) =0, xz € (0,00), g(t) =t", t € (0,00), n € N. By Lemma we first

have u(z,t) = ugy(z,t) and

lim u(x,t) =0 for fixed t € (0, 00).

T—r00

Clearly u(z,t) will not tend to zero as t — co. Now, by (2.1), we can express u(z,t) as

ety =2 [ (1= (5)) an b= () e 0

and along each parabola P(\) : z/A//4t = X\, A € (0, 00), we have

(3.1) u(z, t) \f/ < @)2)"61,2 = B,(\)t",

where

(3.2)  Bn(\) = \% /;O e <1 - <2>2>ndz €(0,1), A= % € (0, 00).

Note that B, () is a decreasing function of A € (0, 00) with limy_,o+ B, (A) = 1,
By (B.1)), along the parabola P(\) : 2/A//4t = A, we can express u(z,t) — t" as

_ Bn(A) —1 . xtnfl/Q’ (

(3.3) u(z,t) — " = (Bp(\) — 1)t =

z,t) € P()).
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Note that for fixed z € (0,00), ¢ — oo is equivalent to A — 0. We can evaluate the

following limit using the L’Hospital rule and LDCT:

lim Ln()\) -1
A—0+ 2

(34) — Ali?& B;L2()\) )\—>0+ (f/ <1 - <2>2>n1 ( i;\) dz)

2 > 1\ 1 9 00 1\ 1
= lim+ el eV (1 - —ds | = _n 1- = — ds,
A—0 N s s N s s

where the improper integral in (3.4) does converge. By (3.3) and (3.4), we can conclude

the following result.

Lemma 3.1. The solution u(z,t) of the ibvp (L.1) with h(z) =0, = € (0,00), g(t) = t",
€ (0,00), n € N, is given by

X

35 ulzt) f//f < - (22)2>n dz, (2,t) € (0,00) x (0,00).
For fizred t € (0,00) it satisfies

(3.6) lim w(z,t) =0

T—00

and for fized x € (0,00) and t — oo, it satisfies the following asymptotic behavior

(3.7) w(z,t) =t" 4+ (=C + o(1)) - 2t" Y2 lim o(1) = 0,

t—o00

where C > 0 is the value of the integral

on [ 1\" 11

Moreover, along each parabola P()\) : x/\/4t = X, u(z,t) can be expressed as
uw(z,t) = B,(Mt", (z,t) € P(\), X € (0,00),

where By () € (0,1), given by (3.2), is a decreasing function of X € (0,00) with
limy_,o+ Bn(A) =1 and limy_oo Br(A) = 0.

Remark 3.2. In case n = 0, we have h(z) = 0, g(t) = 1, and (3.5) is still correct with

n=20,ie.,

2 T 2z x o0 o0
u(x,t):ﬁ/xwe dz € (0,1), (2,1) € (0,00) x (0,00).
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Remark 3.3. If we pick n to be the rational number n = 1/2, i.e., g(t) = V/¢, then the
computation in (3.4) is still correct and (3.7)) becomes
u(z,t) =Vt + (—=C +o(1))z, lim o(1) =0,

t—o0

where now ) - .
c- L / L gV
VTl osvs2—1 2
Hence we conclude

(3.9) lim

t—o00

u(z,t) — <\/£ - \fx) ’ =0 for fixed z € (0, 00).

We will need (3.9) in the proof of Lemma below.
Proof of Lemma [3.1] It suffices to explain ([3.7) a little bit. By (3.3)), we have

U(:c,t) —t" = *Cﬁtn_1/2 + (Bn(g\z\_l + C’> $tn_1/2’

where by (3.4) we have for fixed x € (0, 00) the limit

. (B,(\) -1 (B, -1 B
th%o(nw)—&%(zxw =0

The proof is done. O

Case 2: h(z) = 2™,z € (0,00), g(t) =0, t € (0,00), m € N. In this case, the solution
behavior depends on whether m is odd or even. We discuss it separately.

Case 2A: m € N is odd. In this case, h(z) is an odd function on (—oo,o0) and by
(2.13)) we have u(z,t) = up(z,t) and

u(z,t) = ! /Oo 67%5771 d¢.
Virt oo
For h(z) =z, g(t) = 0, we have
u(z,t) =z, (x,t) € (0,00) x (0,00)
and for h(z) = 23, g(t) = 0, we have
u(z,t) = 23 + 62t, (x,t) € (0,00) x (0, 00)

and for h(z) = 2°, g(t) = 0, we have

u(z,t) = x5 + 2023t + 60xt?,  (z,t) € (0,00) x (0,00).
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For general odd m, we can try u(z,t) to have the space-time polynomial form
(3.10) (@, t) = po(x) + p1 (@)t + p2(2)t* + p3(2)t* + pa(z)t* + -~ (finite terms only),

where we want u(z,0) = po(x) = h(z) = 2™ and each p;(x), i > 1, is a polynomial in z to
be determined. We can plug (3.10) into the heat equation to obtain each p;(z). Compute

ug(z,t) = py(x) + 2pa ()t + 3ps(x)t* + dpa(z)t® + - -
and

Uge (2,1) = po () + 1 ()t + P ()% + p5(a)t® + -+,
and by comparing the coefficient functions, we need to require

pi(@) = (). pala) = Spi(e) = ol (@),

(3.11) 1 /" 1 (6) 1 (2k)
p3(x) = gpQ(az) = gpo (), ..., prlz)= Epo (), keN, k>4.

The above process will cease somewhere since po(z) = 2™ has a finite degree. As a result,
we get a space-time polynomial solution u(x,t) of the heat equation on the entire space

(—00,00) x (—00,00) and it satisfies the initial condition
u(z,0) = po(z) = h(z) =2™, Ve (0,00).

However, it may not satisfy the boundary condition u(0,t) = g(¢) = 0 unless m is an odd
natural number.
If m = 2k 4 1 for some k € N, then the last term pg(x) in (3.11)) is given by
1 oeny, L& g (2k+1)
and so

(2k+1)

|
u(z,t) = o 4 2k + 1)(2k)x? 1+ + o "tk (x,t) € (0,00) x (0,00),

which is a solution of the ibvp (1.1) with
u(z,0) = h(z) = 22", w(0,t) =0, V(z,t) € (0,00) x (0,00).
We can conclude the following result.

Lemma 3.4. Let m = 2k + 1, k € NU {0}, be an odd natural number. The solution
u(z,t) of the ibvp (1.1) with h(z) = ™, z € (0,00), g(t) =0, t € (0,00), is given by

| |
m. _ m.
23t et

— em D™
(3.12) u(z,t) = 2™ +m(m — 1)z "t + +3!(k5—1)! k!

where (z,t) € (0,00) x (0,00).
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Remark 3.5. For fixed t € (0,00) (fixed z € (0,00)), one can determine the asymptotic
behavior of u(z,t) as x — oo (as t — 00) easily from ((3.12)).

Remark 3.6. Note that the space-time polynomial in is also a solution of the heat
equation on the entire space = € (—oo, 00) with initial data u(z,0) = 2™, x € (—o0, 0).

Case 2B: m € N is even. The method in the odd case is no longer valid for the even
case. For example, for h(x) = 22, g(t) = 0, the method will give rise to the function
u(x,t) = 22+ 2t, which satisfies the heat equation with u(x,0) = 22, but with u(0,t) = 2t,
which is not the desired u(0,t) = 0. We note that for m = 2k, k € N, the last term pg(x)
in is now a constant, given by

1 (o 1 d? (2k)!
pe(e) = ) = e = )

and the space-time polynomial solution u(z,t), constructed by (3.11)), satisfies
(2k)!

(3.13) u(0,t) = Ttk, t € (0,00).
Motivated by (3.13)), let v(z,t) be the solution of the ibvp (|1.1)) with
2k)!
v(x,0) =0, v(0,t) = (k:')tk’ Vz € (0,00), t € (0,00).

By (3.5]) in the previous example, we know that v(x,t) is given by

2R 2 s z\2\" x\2
v(x,t) = W vr x/\/@e t <22> dz, wheret (22) € (0,1).

Hence the function
w(z,t) = u(z,t) — v(z,t)

k
2% 2%—2 (2k)! . (2k)! 2 /OO 22 z 2
= 2k)(2k — 1 t+ - v — — t—(— d
T+ (2R Ja A KOV S (22) ‘

will satisfy the ibvp (1.1)) with
w(x,0) = 2%, w(0,t)=0, Ve (0,0), te(0,0).

Note that by (3.7) (with n replaced by k), as t — oo, we have the asymptotic behavior

for v(x,t) as t — oo:

_ (2R ~ k—1/2 : _
vz, t) = T(t +(=C +o(1))xt ) tlg})lo o(1) =0,
where C > 0 is the value of the integral
~ 2k [ 1\ 1
(3.14) C=— 1-— — ds.
N 52 52

Similar to Lemma we can conclude the following result.
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Lemma 3.7. Let m = 2k, k € N, be an even natural number. The solution u(z,t) of the
ibvp (1.1) with h(x) = 2™, x € (0,00), g(t) =0, t € (0,00), is given by

m! 2 k-1 My
20k = 1)!x A ﬁt —v(z,t),

(3.15) u(z,t) = 2™ +m(m — 1)z™ 2t 4+ +
where (x,t) € (0,00) x (0,00) and

m! 2

o0 2 T\ 2 k
’U(z‘,t) = ﬁ% I/ 4t€ <t — (g) ) dz.
For fized t € (0,00), v(x,t) satisfies

lim v(z,t) =0

T—r00
and for fized x € (0,00), as t — oo, it satisfies

| ~
%(tk +(=C + o(1))zt*1/2),  lim o(1) =0,

t—o00

(3.16) v(x,t) =

where C > 0 is the constant from (3.14).

Remark 3.8. In case m = 0, we have h(z) =1, g(¢t) =0, and (3.15)) is still correct with

(2,) =1— — /°° I T L Y
w(z,t) =1— — e dz=— e dze€(0,1),

where (z,t) € (0,00) x (0, 00).
Remark 3.9. For fixed x € (0,00), as t = 00, (3.16)) says that the leading term in ¢ for the
solution in (3.15]) is given by

| | -
Ttk — vz, t) = = (C — o(1))ath—1/2
k! k!
(3.17) ,
m.  ~

=7 (C- o()at™m V2 m =2k keN,

where lim;_,o, 0(1) = 0. On the other hand, for m = 2k 4 1, as t — oo, the leading term
in t for the solution in (3.12]) is given by

| |
(3.18) %xtk = %xﬂm—l)/?, m=2k+1, ke NU{0}.

In terms of m and for fixed x € (0,00), both (3.17) and (3.18) have the same order of
exponent as t — oo, i.e., tm=1)/2,

As a consequence of Lemmas and we can summarize the following theorem.
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Theorem 3.10 (Solution with polynomial initial-boundary data). Let m,n € N. The
solution u(x,t) of the ibvp (1.1) with h(z) = 2™, x € (0,00), g(t) = t", t € (0,00), is
given by

_.m m—2 m! 3h-1, ™ g
ula ) = o™ mlm = 12" et gt
(3.19) o oo ) oy n
+/ e’ <t—(>) dz, ifm=2k+1 is odd
VT S 2z
and
. .m m—2 m! 2,k—1 m! k
ula, ) = 2™ mlm = D2 gt
m! 2 o0 2 T\ 2 k
| 2 a2y
(3.20) KT Jopm < 2z > :

2 & 2 z\2\"
— ot - (= d ) =2k i
+ \/E/x/ 4te ( (22) ) z, ifm s even,

where (z,t) € (0,00) x (0,00).

Case 3: The general polynomial case. We now assume h(z) = 3" a;z" and g(t) =
Z?:o bjtj, m,n € N, where a;, b; are constant with a,, # 0, b, # 0, then by Theorem
and the superposition principle for linear equations, one can determine the solution u(x, t)
of the ibvp (given by the formula ) and its space-time asymptotic behavior.
In particular, to determine the asymptotic behavior of u(z,t) when t — oo (for fixed

x € (0,00)), we need to compare the following quantities

! .
%xt(m_l)ﬂ (m =2k + 1), %(C — 0(1))$t(m—1)/2 (m = 2]6), " (—C—i—o(l))xtn_l/Q,

where limy_,, 0(1) = 0 and the constants C, C are from (3.8) and (3.14).

3.1.1. Restriction of u(x,t) to the parabola z/A/4t = A > 0 for polynomial

initial-boundary data

When we have polynomial initial-boundary data h(z) = 2™, g(t) = t", m,n € N, in
Theorem the solution u(z,t) = up(x,t) + ug(x,t) is no longer a polynomial due

to the integral terms in (3.19) and (3.20). However, if we restrict the solution to the

1-parameter family of parabolas P(\) : x/A/4t = A, where A € (0, 00) is a parameter, then,
after suitable rewriting (write t as x2/4)\2 in uy(x,t) and write = as VAt in uy(z,t)), it

can be expressed as the form

(3.21) w(z, 1) = Ap(N)a™ + Ba(E, Y (2,1) € P(N),
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where A, (\), Bp(\) are coeflicient functions depending only on m, n, A.
More precisely, for odd m = 2k + 1, k € NU {0}, in (3.19) we have

|
up(x,t) =™ +m(m — 1)z™ 2t + - + %xtk

B m(m — 1) m! m m _a?
_<1—i—+"‘+k!(4)\2)k>x = Anp(N2™, t=

and for even m = 2k, k € N, in (3.20) we have

| !

Uh(.’lf,t) = xm + m(m _ 1)$m*2t + - 4+ Lﬂ;tkil + 7tk

20k — 1) il

i s A G ODES |

= Ap(\)z™.

As for ugy(z,t), by (3.1)), we have

ug(a,t) = (\37? /:O e (1 - (;\)2)ndz> "= B, (A",  x = VAtA.

‘We note that

(3.22) Ai(N) =1, A,(\) e (1,0), Bp(A)e(0,1), VmmneN m>1
with
(3.23) lim A,(A\) =1, lim B,(A\)=0, Vm,neN, m>1,

A—00 A—00

which matches with the initial data h(z) = 2™ since the parabola curve t = z2/4)\?
approaches the half-line {(z,0) : z > 0} as A — oo. On the other hand, as A — 0T, we

have

(3.24) lim A,(\) =00, lim A,(AM)A" =0, lim B,(A\)=1, Vm,neN, m>1,

A—0t A—0+ A—0t
regardless of whether m is odd or even.

Remark 3.11. For m = 0 and n = 0, we have

o0

A
(3.25)  Ao()) = ;7? /_ T B - ;% /A e dz, Ao(\) + Bo(\) = 1

for all A € (0,00).
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Now we look at the general polynomial case. Assume h(z) = Y 1" a;z" and g(t) =
Z?:o bjtj, m,n € N, where a;, b; are constant with a,, # 0, b, # 0. By the superposition
principle and (3.21]), we have

u(z,t) = Z W+ZB Nbt?, Y (x,t) € P()).

=0

One can use (3.22), (3.23), (3.24) and (3.25) to know the asymptotic behavior of each
A;(X) and Bj(A).

3.2. Trigonometric initial-boundary data

The trigonometric functions which can be defined on (0, 00) are sine and cosine functions.
For simplicity, we only look at the case h(x) = sinz and g(t) = sint in the ibvp .
The discussions of other combinations are similar. Both functions are bounded on (0, co)
satisfying the basic assumption . By , the solution u(x,t) is given by

2 & 2 T\ 2
(3.26)  wu(xw,t) = up(w,t) +ug(z,t) = e 'sinz + / e “ sin (t — (—) ) dz,
9 ﬁ m/\/lﬂ 2z
which is smooth on (0,00) x (0,00) and satisfies (1.4)), (1.5) and
lim |u(x,t) —e 'sinz| =0 for fixed t € (0,00).

T—00

As for fixed x € (0,00) and t — oo, we first expand sin(t — 22/(422)) to get
22 . 1'2
ug(x,t) \F //\Fe sin <t - 422> dz
= / e co (x2> dz | sint — 2/00 e~ sin (562) dz | cost
ﬁ T4t 422 \/77- x4t 4z? 7
and conclude
332 2 o0 _2 1’2
tli}Iglo T //\/7 0S (422> dz = f/ e COS <422> dz := A(x),
) 2 e’} B 2 I‘Q
tlggloﬁ//fe sin <422> dz = \F/ * sin (422> dz := B(x).

By Hélder inequality, the functions A(z), B(z) satisfy (decompose e~ cos(z2/(422)) as

Ve . Ve cos(x? /(422)), etc.)

9 o] 2
0< A%(x) < ﬁ/ e " cos? <j;2> dz, z € (0,00)
0



42 Dong-Ho Tsai

72
0 < B%(x / e~ sin ( )dz x € (0,00),
422

which implies 0 < A%(z) + B?(x) < 1 for all x € (0,00). Since up(z,t) = e tsinx — 0 as

t — 0o, we can conclude

and

lim |u(z,t) — (A(z)sint — B(x)cost)| =0 for fixed z € (0, 00)

t—00
and so
1= inf < liminfu(z,t) = —/A2(x) + B2
. Jnt_g(t) < lminfu(a, 1) (@) + BX(a)
' <V A2(z) + B?(x) = limsupu(z,t) < sup g(t) =1.
t—o0 te(0,00)

We also note that
lim A(z) =1, lim B(z) =0,

z—07t z—07F
which matches with the fact that «(0,¢) = g(t) = sint. Also by the Riemann-Lebesgue

Lemma, we have

lim A(z) = lim } / ~ e cos ( 5”2) iz (et z = 1\/5)

T—00 T—00 422
. 2
= zlgglo \f/ 33/2 <4s> ds =0

and similarly lim,_, . B(z) = 0.
Due to h(0) = g(0) = 0, u(x, ) satisfies the 2-dimensional limit lim, y)_, o+ o+) u(z,t) =
0 and lies in the space (1.9)) if we define u(0,0) = 0.

We can summarize the main result in this section, i.e.,

Lemma 3.12 (Solution with trigonometric initial-boundary data). The solution u(x,t)
of the ibvp (1.1)) with h(x) =sinz, z € (0,00), g(t) = sint, t € (0,00), is given by (3.206))

and it satisfies

(3.29) li}m lu(z,t) — e 'sinz| =0 for fired t € (0,00)
and
(3.30) tli}m |u(z,t) — (A(x)sint — B(z)cost)| =0 for fized x € (0,00),

where A(x) and B(x) are given by (3.27)).

Remark 3.13. We can write A(x) on (0,00) as

2 &0 1
Az) = ﬁ/o H(y) cos(x®y) dy, where H(y) = 1y73/2e*1/4y € L'(0,00).
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By the uniqueness theorem for Fourier-cosine transform of functions in the space L (0, 00),
the function A(z) is not identically equal to zero on z € (0,00). Similarly, the function
B(z) is not identically equal to zero on = € (0, 00). We think the identity A?(x)+B?(z) =0

will not happen for all x € (0,00), but do not know how to prove it.

3.3. Logarithmic initial-boundary data

In this section, we take h(x) =log(z + 1), z € (0,00), g(t) = log(t + 1), t € (0,00), in the
ibvp (L.1). By (2.1)), we have u(x,t) = up(z,t) + ug(x,t), where

uh(x7t>
(3.31) = 1 / e log(z 4+ V4atz 4+ 1) dz — e log(—z + VAtz + 1) dz
ﬁ —x /4t z VAt
= I(w,t) — II(z,), (2,) € (0,00) x (0,50)
and
(332) (e t) = —= [ e Flog (t - (1)2 + 1) dz, (z,t) € (0,00) x (0, 00).
VT VAt 2z

We first look at limg oo up (2, ) and limg_ee ug(z, t) for fixed t € (0,00). For uy(x,t), we
clearly have
(3.33)

I D= tim 2 [ el (t— (Z) 41) dz=0 forfixed t € (0
z1_>n010ug(x, )—xglgoﬁ 373/\/Ee og —(2—2) - z = or fixed t € (0, 00)

due to t —(x/22)?+1 € (1,t+1) for z € (z/N/4t,00). As for up(z,t), letting & = —x++/4tz
in I1(z,t), we obtain
(3.34)
: : 1 22 [ 20 £
lim II(x,t) = lim e 4 / e 4 e 4 log(§+1)dé =0 for fixed t € (0,00),
0

T—00 T—00 /A7t

where we have applied the LDCT in (3.34]) with

2z

2 2
‘e_fe_% 10g(§ + 1)‘ < e_% log(f + 1) S Ll(o, OO) for fixed t € (0, OO)

for all x € (0,00). It remains to estimate I(z,t). We look at the difference

I(z,t) —logx

_ L e log(z + V4dtz + 1) dz — (1 /OO e dz) log x

ﬁ —z N4t ﬁ —o0
(3.35) 1 [ . 1V

= — e “ llog(x + Vatz+1) —logx| dz — / e dz | logx

Vi Sy OB VAR D sl G [
1 [ 2 1 itz 1[NV

= — e “log|1+—+ dz — / e * dz | logux,

ﬁ —z NAt < € Zr ) (\/77— —00
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where, for fixed ¢ € (0,00), the second integral in (3.35) will tend to zero as z — oo due

to the estimate (2.4) in Lemma
For the first integral in (3.35]), we note that for any fixed large number M > 0 (say

M > 1/\/4t), as long as = > 0 is sufficiently large (with 2 > \/4tM), it can be decomposed

as
1 [ 1M
— (x)dz = ( )dz + — / *)dz + —= /
and by the LDCT, the second integrals in (3.36|) will tend to 0 as x — oco. As for the third
integral in ([3.36)), for fixed ¢ € (0, 00), if > 0 is large enough, we will have

Vitz

(3.36)

0<62210g<1+ + ><6Z210g(2+2)6L1(M700)7 Vz € [M,00).

Hence the LDCT is applicable and we get

Jiifio(\f/ Zlog(l—l— fz) ):0.

However, we need extra care on the first integral in (3.36]) since the function log(1+1/z+
Vatz/z) will tend to —0o as & — oo and z is close to —x/A/4t. We do the change of
variables z = (x/\/4t)s in the first integral to get

L B log (1 + -+ fz)
™ —T
(3.37) vr e 1
1 /—(\/It/z)M <€_(($/\/It)s)2 x ) log (1+ s —|— s+l i
VT Vat s+1 s

and note the following: (1) e=?*6 is a bounded function on 6 € (—oo,00). (2) For large
M > 0 and even larger x > M, we have

1 1 — \/ tM 1
-1 —|— <s —|— - <0, s+—¢€(-1,0), wheres e [—1,—(V4t/z)M]
x
and
s+ 1 1
LI<14+|— <1+ <2, where —x < sz < —V4tM < —1.
s sx vVatM

(3) The positive function P(6), 6§ € (—1,0), given by

log(1+ 0) s 00— (140)log(1+60)
—g >0 PO= T

P(0) = 0 & (-1,0)
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is strictly decreasing on 0 € (—1,0) with

li P(0) = lim P(#) =1 li P'(0) = — lim P'(9) = —1/2.
ooty POV = roo Ip POY=1 ) B = oo g PO =1/

0
1
/ og(l+s)
—1 S

converges. By the above four properties, we can apply a slight modification of the LDCT
to the integral in (3.37) and obtain, for fixed ¢ € (0, 00), the following

- x 1 1
i 1/ (Vat/z)M o—((@p/AD)s)? T log( + —i—s)s—i—;ds
w00 /) ViE') T sl s

/ lim < <w/f))2$$>10g(1+;+s)s+;
\f 1 T—00 \/475 34_% s

More precisely, for any sequence x,, — 0o, where, without loss of generality, we may take
Tp =n €N, let

(4) The improper integral

(3.38)

ds = 0.

~((NTs)? n_g) 108 Ha+s) sty
Fn(s) = (e (A0 )2\/58)(%(8-1—;) s » S S (_ 1, _@ML
0, s € [— @M’ 0)

For each fixed s € (—1,0) it will lie on the integral (—1, —(v/4t/n)M] as long as n € N is

large enough, and we have

1 1 V4t 1
s+ — € (—1+,—M—i— C (=1,0) for all large n and lim F,(s) =0.
n n n n n—00
Also, by the decreasing property of P(#) = (log(1+6))/6 on 6 € (—1,0), we have

Cl.bg(%s).cz’ Vs e (_1,—@M] C (-1,0), Vne N, n >0,
07 s € [—(\/ZE/TL)M,O),

where C', Cy are some positive constants independent of s and n. Hence, as long as n € N

[Fn(s)| <

is large enough, we have
-Cy, Vse (—1,0),

where we know that f s Llog(1 + s) ds converges. The LDCT can now be applied and we

have

T <e<(n/¢zﬂ)s)2 n >log (t5ts)s+s
n—oo [_4 \/ZR 5+ -

0 0 0
= lim | Fo(s)ds :/ (hm Fn(s)> ds :/ 0ds = 0.
n—oo J_4 _1 \n—00 1
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The same argument can be applied to any sequence x, — oco. Therefore, the conclusion
in is verified and the three integrals in all tend to 0 as z — oc.

As a result of (3.33)), (3.34) and (3.35]), we can conclude the following space asymptotic
behavior (note that u(z,t) = I(z,t) — II(z,t) + ugy(z,t))

lim |u(z,t) —logz| = lim |u(z,t) —log(z + 1) =0 for fixed ¢t € (0,00).
T—00

T—r00

Next, we look at limy_,o up(z,t) and limy—,o ug(z, t) for fixed x € (0, 00). For up(x,t),
we can write I(z,t) in (3.31)) as

o0

1 2 T 1
I(x,t = (log V4t +1 <+ +>>d
@=T7 e (1o i 1o (24 7))
1 & 2 1 & 2 T 1
= —= e % dz Iog\/ZE+/ e log <+z+> dz
(ﬁ —x 4t ) \/7? —x /At \/47t VAt
= Ix(z,t) + Ip(x,t)

and similarly, we can write I1(x,t) in as

oo

1 2 x 1
II(z,t) / e dz log\/4t+/ e log(——i—z—i—) dz
( (\f N ) VT S Vat Vvt
= ITa(z,t) + IIp(z,1).

Since the integral fooo e (log z) dz converges, one can modified the LDCT slightly to get

(3.39) lim Ip(x,t) = lim IIp(z,t) = \F/ logz

t—o00 t—o00

Hence, to find the limit lim;_,o up(z,t), it suffices to look at

1 x /N4t 5
(3.40) lim ([4(z,t) — I14(x,t)) = hm e * dz |logvit| =0,
t—o0 f _I/\/i

where the limit in (3.40)) is easily seen by the L’Hospital rule. By (3.39)) and (3.40), we

conclude
(3.41) 1tl_i>m up(z,t) = tlim (I(x,t) —II(xz,t)) =0 for fixed z € (0,00).

Next, we look at ug(x,t) given by (3.32), which can be written as

(3.42) ugy(z, 1) <\F//f - dz> logt+ —— //f e log (1—1(;)2+1> dz.
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Again we need extra care on the second integral in (3.42)) since the function log (1 —
(z/22)%/t +1/t) will tend to —oo as t — oo and z is close to 2/v/4t. We choose § € (0, 1)
to be a small fixed number and decompose the second integral in (3.42) as

(3.43)
2 [ 1rzN\2 1
ﬁ/x/me 10g<1_t<22> +t> dz

x V46t 0
92 / \/ / 2 < 1/x\2 1)
= — + e log(l—=-(=—) +-]dz, (z,t) € (0,00)x (0,00

and do the change of variables z = z /\/4st for the first integral to get
(3.44)

2 1,/,2N\2 1 1 L 2 g log (1 -5+ l)
e 1o 1= = (7) +> dZ:/ e 4st ¢ ds
f/ g( t \22 ¢ v s Vst 5

For large ¢ > 0 satisfying 1/t < 6, we have 1 — s+ 1 < 1 for all s € [§,1] and then

1 1
log (1—s+t>‘ < |log (t>‘ =logt, Vseld1].

Therefore, the integrand function in (3.44) on the interval s € [4, 1] satisfies

2 log(l—s+%) x logt
e 4st < s
Vst s V4aét 6

which implies, for fixed x € (0, 00) and fixed small § € (0, 1), the limit
(3.45)

9 [T 1/7xN\2 1 x logt
lim |—= log (1-5 (o) +5)dz| <) / ds| = 0.
tggo‘\/fr/m/\/@ c og( t \2z +t> tggo'\f 5 m 5
For the second integral in (3.43), we do not do change of variables. Instead, we restrict
the integral on the parabola 2/A//4t = X and let A — 0 (equivalent to t — oo for fixed

1
Vs e [d,1], . < 0,

€ (0,00)). More precisely, we have
(3.46)

2 [ 2 1/7z\2 1 2 [ A\ ? 42
Bl “log(1-2 (Z) +2) de= = g (1-(2) +2 )4
ﬁ/r/v45t6 Og( t<2z) +t> T VE /\/\/36 Og( (Z> " 552) -

where by
M2 4N 4\? 402
1—() +—5 € <1—6+2,1+2>, V2 € ANVG,00)
z T x T

we have for sufficiently small A > 0 the estimate

2 2 2
log<1—<)\) —i—4)\2)’§1 <1—5+4)\>|
z x

< |log(1 — 8)| = —log(1 —d), Vze [ANG, )
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and so

e
z x

log <1 - <A>2 + “j)‘ < e (—log(l - 4)), Vze MG, o0)

for all sufficiently small A > 0.
Let \=1/n,n=1,2,3,... and let

e_zzlog(l—(i)2+ 22, z € [1/(nV/$), 00),

Fn (Z) — nz W

0, z € [0,1/(nV59)).
It satisfies for large n € N the estimate
IFo(2)] < e % (=log(1 —6)), ¥n>>0,Vze][0,00),
where e~ (—log(1 — §)) € L[0, ), and
lim F,(z) =0 for all fixed z € [0, c0).

n—oo

Hence the LDCT can be applied to the integral in (3.46)), i.e., for fixed z € (0,00), we
have
0 2 1\? 4 >
lim e “log|1— () +-—55 | dz= lim F.(z)dz
n—oo 1/(n\/g) nz n<x n—oo Jo

n—oo

= / lim F,(z)dz = 0.
0

Therefore, we have

2 [® A7 4N?
lim — e’ log (1 — () + 2> dz = 0.
A—0, x=1/n /T [\ 1/5 z x
One can repeat the above argument along any sequence A = \,, — 0. Therefore, by (3.46]),

we conclude

2 0 2 1 /,2N\2 1
4 lim — ! 1——(— — | dz=0.
s w1 HE) ) o

Now (3.47)) and (3.45) imply that the second integral in (3.42)) converges to 0 as ¢t — oo

and we obtain
2 /OO 2
— e “dz—1|logt

9 [T
(— e dz) logt

tliglo lug(x,t) —logt| = lim

(3.48)

-0,
LI
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where the limit in (3.48]) is due to the L'Hospital rule. As a result, we conclude
tlgglo lug(z,t) —logt| = tliglo |ug(z,t) —log(t+1)| =0 for fixed z € (0, 0)
and together with (3.41)), we obtain
lim |u(z,t) —logt| = lim |u(z,t) —log(t+1)| =0 for fixed z € (0,00).
t—o00 t—o0

Due to h(0) = g(0) = 0, u(z, t) satisfies the 2-dimensional limit lim, ;) o+ 0+) u(z,t) =

0 and lies in the space
u(z,t) € C%((0,00) x (0,00)) N C°([0,00) x [0,00))

if we define u(0,0) = 0.

We can summarize the main result in this section, i.e.,

Lemma 3.14 (Solution with logarithmic initial-boundary data). The solution u(x,t) of
the ibup (1.1) with h(x) =log(x + 1), x € (0,00), g(t) =log(t+ 1), t € (0,00), satisfies
lim |u(x,t) —log(x+ 1) =0 for fized t € (0, 00)

T—00

and

tli)m lu(z,t) —log(t+ 1) =0 for fizred x € (0, 00).

Remark 3.15 (Exponential initial-boundary data). As a comparison, if we take exponen-
tial initial-boundary data with h(z) = e, z € (0,00), g(t) = €', ¢t € (0,00), then the
solution u(z,t) of the ibvp (1.1)) is given by u(z,t) = e*, (z,t) € (0,00) x (0,00). The

asymptotic behavior of u(z,t) is clear.

4. Prescribing the oscillation limits of solutions of the ibvp (1.1

4.1. Prescribing the oscillation limits of u(x,t) using slow-oscillation initial-boundary
data

In this section, we want to explore the space-time oscillation behavior of u(z,t). In
particular, we would like to prescribe the liminf and limsup values of u(z,t) as z — oo
or as t — oo respectively. The idea is to use certain slow-oscillation functions for h(z)
and for g(t). For oscillation behavior of solutions to the heat equation on the entire space
x € (—00,00) or x € R™, one can see the two papers [3}/11].

We first take the following initial-boundary data in the ibvp :

h(z) =sin(log(x + 1)), g¢(t) =sin(log(t+ 1)), =z € (0,00), t € (0,00).
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Both functions oscillate between —1 and +1, with asymptotically slow oscillation due to
W(x)=0(1/(x+1)), 2 — oo, and ¢'(t) = O(1/(t + 1)), t = oc. In this case, we have

1 oo
up(z,t) = e sin(log(z + V4tz + 1)) dz
\/> 71/\F
1 2
e % sin(log(—z 4+ V4tz + 1)) dz
R A )
= I(x,t) — II(z,t)
and
2 T \?2
4.1 t) “* sin (1 t— | — 1 dz.
(4.1) ug(z,t) f//fe s1n(og< <2z> + >) z
For fixed t € (0,00) and x — oo, we clearly have
(4.2) Ilggo II(xz,t) =0 and xlgglo ug(z,t) = 0.

As for I(x,t) in up(z,t), we have

1 2 Atz
e * sin | log(x + 1) + log dz,
NGV < ( ( T 1))

which, by the LDCT (note that sin(-) is always bounded by 1), implies

I(z,t) =

(4.3) lim |I(z,t) —sin(log(x + 1)) =0 for fixed t € (0, c0).

T—00

Hence we conclude

lim |u(x,t) —sin(log(z + 1)) =0 for fixed ¢t € (0, 0).

T—r 00

On the other hand, for fixed x € (0,00) and ¢ — oo, we first note that uy(0,¢) = 0 for
all ¢t € (0,00). Since h(x) is a bounded function, the gradient estimate (2.19) holds and,

for fixed x € (0, 00), we have

M
(4.4) up (2, 8)] = |up (@, ) — up(0,8)] < e 0 as t — 0.

Vit

For ug(z,t), we have

ug (2, 1) f//f e~ sin [log(t—l—l)—i—log <1 % (;Z)zﬂ dz
_ [ﬁ /x/\/zt e cos <log (1 . t+11 (%)2 ) dz] sin(log(t + 1))
)

[f Lt vt <1°g <1_t+11(2xz)2 )d] cos(log(t + 1)),
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where by
& 2 1 2
hm/ ezcos<log<1—() )) dz =1,
t=00 \/T Jo /2t t+11\2
& 2 1 2
hm/ ezsin(log<1—<) )) dz =0,
t—o0 /T S /i t+1 \2z
we obtain
(4.5) tli}m lug(z,t) —sin(log(t 4+ 1)) =0 for fixed x € (0, 00).
o0

Hence we conclude

lim |u(z,t) —sin(log(t + 1)) =0 for fixed = € (0, c0).

t—o00

In this example, we have (compare with (3.28))

—1= inf g¢(¢t) =liminfu(z,t) < limsupu(z,t) = sup g(t) = 1.
t€(0,00) t—o0 t—o0 t€(0,00)

Due to h(0) = g(0) = 0, u(x, t) satisfies the 2-dimensional limit lim, ;) o+ o+) u(,t) =

0 and lies in the space
u(, t) € C=((0,00) x (0,00)) N C([0, 00) x [0, 00))

if we define u(0,0) = 0.

We can summarize the above as

Lemma 4.1. The solution u(zx,t) of the ibup with,
(4.6) h(z) =sin(log(x + 1)), g¢(t) =sin(log(t +1)), =z € (0,00), t € (0,00)

satisfies

lim |u(x,t) —sin(log(z + 1)) =0 for fizred t € (0, 0)

T—00
and

tlirn |u(z,t) —sin(log(t +1))| =0 for fized x € (0, 00).
—00

4.1.1. Prescribing the space-time oscillation limits of u(x,t)

With the help of the above h(x) and g(t) in (4.6)), we can establish the following prescribing

result.
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Lemma 4.2 (Prescribing the space-time oscillation limits; finite case). Consider the
ibvp (1.1). For any four finite numbers c1 < ca, c¢3 < ¢4, one can find a solution u(x,t) of

lying in the space
(47) U(l’,t) S COO(((L oo) X (O’ OO)) N C«O(([O7 OO) % [0’ OO)) \ {(0’ 0)})

and satisfies

(4.8a) = lirginfu(x,t) <limsupu(z,t) =co for fixred t € (0, 00),
L—00 T—00

(4.8b) c3 = litrginfu(x,t) <limsupu(z,t) =c4 for fized x € (0,00).
o0 t—o00

Proof. We take the initial-boundary data in (1.1)) as

h(z) = psin(log(z + 1)) + ¢, =z € (0,00),
g(t) = asin(log(t + 1)) + 8, t € (0,00),

where a, 3, p, q are constants with p > 0 and a > 0. By (22.1)), (4.2)) and (4.3)), we have

lim |u(x,t) — (psin(log(z + 1)) + ¢q)| =0 for fixed ¢ € (0, 00).

Tr—00

Similarly, by (2.1)), (4.4) and (4.5), we have
tlim |u(z,t) — (asin(log(t + 1)) + )| =0 for fixed x € (0,0).
—00

Hence we conclude

—p+ ¢ = liminf u(z,t) <limsupu(x,t) =p+q for fixed t € (0, 0)
T—00

T—r00

and

—a+ B = litrgigfu(a:,t) <limsupu(z,t) =a+ [ for fixed z € (0,00).

t—00

Now (4.8a)) will follow if we choose ¢ = (c2 + ¢1)/2, p = (c2 — ¢1)/2. The proof for (4.8b))
will also follow if we choose 8 = (¢4 + ¢3)/2, a = (¢4 — ¢3)/2. Since we do not have

h(0) = g(0) in general, the solution lies in the space (4.7). It may not be continuous up
to (z,t) = (0,0). The proof is done. O

Remark 4.3. In case we have ¢1 + ¢o = c3 + ¢4, it will imply h(0) = g(0) and u(x,t) can
be continuous up to (0,0) if we define u(0,0) = h(0).

Another interesting prescribing result is the following
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Lemma 4.4 (Prescribing the space-time oscillation limits; finite-infinite case). Consider
the ibvp (1.1)). For any two finite numbers c; < ca, one can find a solution u(x,t) of (L.1)

lying in the space (4.7) and satisfies

(4.9a) = Iilginfu(:z,t) <limsupu(z,t) =co for fixred t € (0,00),
T—>00 T—00

(4.9b) —00 = hgn inf u(x,t) < limsupu(z,t) = 400 for fized x € (0,00).
o0 t—o0

Similarly, for any two finite numbers cs < cq, one can find a solution u(z,t) of (1.1) lying
in the space (4.7) and satisfies

(4.10a) —00 = lirginfu(a:,t) <limsupu(z,t) = +oo for fired t € (0,00),
L0 T—00
(4.10b) cg = hm 1nfu(x t) < limsupu(z,t) =cq4 for fized x € (0,00).
t—o00

Proof. Take the initial-boundary data for (1.1)) as

h(z) = 3% sin(log(z + 1)) + 3%, @ € (0,00),

(4.11)
g(t) = tsin(logt), t € (0,00),
and obtain u(z,t) = up(x,t) + ug(x,t), where by the results in (2.1), (4.3) and (4.4), we
have
lim |up(x,t) — <C2 —a sin(log(z + 1)) + 2t Cl) ‘ =0 for fixed t € (0, 00),
T—00 2 2
(4.12)
thm up(z,t) =0 for fixed x € (0,00).
—00

As for ugy(z,t), we have

-G [ () oo )

(4.13) 2 / R 122 | 1 22
=t—= 1—-— logt 41 1—-— d
N x/\/@e ¢ 122 sin | logt + log Y 122 z
X

= t[A(x,t)sin(logt) + B(z,t) cos(logt)], (z,t) € (0,00) x (0, 0),
where
= L[ et (- e (115 )
(4.14) 1 a2 1 2?
e (B AR (S (W) PN
By

2

1
1- -2 €(0,1) forall z € (x4, 00),

t 422
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we can apply a slight modification of the LDCT to the integral in (4.14) and obtain

lim A(z,t) = lim B(z,t) =0 for fixed t € (0, 00),

lim A(z,t) =1, lim B(z,t) =0 for fixed z € (0, 00),
t—ro0 t—o0

which implies

lim wy(z,t) =0 for fixed ¢ € (0,00),

(4.16) e
litm inf ug(z,t) = —oo, limsupuy(z,t) =+oo for fixed z € (0, 00).
—ro0 t—o0

Combining (4.12)) and (4.16) will prove (4.9a) and (4.9b)).
For (4.10)), we take the initial-boundary data for (1.1)) as

h(z) = zcosz, x € (0,00),
g(t) = 959 sin(log(t + 1)) + <52, t € (0,00).
The corresponding solution u(x,t) is given by

u(z,t) = (e 'wcosz — 2te 'sinx)

cs—c3 [ 2 e T \2
— # 1 t— | — 1 d
+ 5 (\/7?/%/@6 sm(og< <2z> + >> z)
c4 + 3 2 /oo .2
+ — e * dz

c4 + c3

(4.17)

C4—C3

2
By (4.1) and (4.2), we know that

lim wug, (z,t) = lim ug,(z,t) =0 for fixed ¢ € (0, 00).

T—r00 T—00

= up(x,t) +

ug, (z,t), (x,t) € (0,00) x (0,00).

Hence, for fixed t € (0, 00), we conclude

liminfu(z,t) = liminf (e 'z cosz — 2te”*sinz) = —o0,
T—00 T—00
limsup u(z,t) = limsup (e ‘'z cosz — 2te " sinz) = +oo

T—r 00 T—00
which gives (4.10al). On the other hand, for fixed x € (0, 00), we first have lim;_,oc up(x,t) =
0. Also by (4.5)), we have

tli}m |ug, (x,t) — sin(log(t + 1))| = 0, 1tlim ug,(x,t) =1 for fixed x € (0, 00).
Therefore, by (4.17), we conclude

c3 = liminfu(z,t) < limsupu(z,t) = ¢4 for fixed z € (0, 00),
t—o0 t—o00

which gives (4.10Db)). O
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Our next prescribing result is the following

Lemma 4.5 (Prescribing the space-time oscillation limits; infinite case). Consider the

ibvp (1.1). One can find a solution u(x,t) of (L.1)) lying in the space (4.7)) and satisfies

—oo = liminf u(z,t) < limsupu(z,t) = +oo  for fized t € (0,00),

‘ —o0 = liminf u(z,t) <limsupu(z,t) = 400 for fized x € (0,00).
t—o0 t—o0

Proof. This is comparatively easy. Let a # 0, 8 # 0 be two arbitrary constants and let
p=a?— % g=2apf. Then the function

u(z,t) = e P sin(Bz + qt), (z,t) € (0,00) x (0,00)

is a solution of the heat equation on (0,00) x (0,00) with u(x,0) = e**sin Sz, u(0,t) =
ePlsingt. We choose the initial-boundary data for (1.1) as h(z) = e**sinx, g(t) =

3t sin(4t) and obtain the solution
u(z,t) = ¥ 3sin(z + 4t), (x,t) € (0,00) x (0, 00),
which clearly satisfies (4.18)). O

To end this section, we note that, without oscillation, it is much easier to prescribe

the convergent limit of u(x,t) as x — oo or as t — co. We have

Lemma 4.6 (Prescribing the space-time convergent limit). For any two numbers —oo <
p,q < 400, one can find a solution u(x,t) of (L.1) lying in the space (4.7)) and satisfies
lim u(x,t) =p for fized t € (0,00),
T—00

tlim u(z,t) =q for fired x € (0,00).
—00

Proof. If both p, q are finite numbers, we just take h(x) = p, g(t) = ¢. If p is finite and
q = o0, by Lemma we can take h(x) = p, g(t) = £log(t + 1). Similarly, if p = o0
and g is finite, we can take h(x) = +log(z+1), g(¢t) = ¢. Finally, if p = +00 and ¢ = o0,
we can take h(x) = £log(z + 1), g(t) = £log(t + 1). O

4.1.2. Prescribing the space oscillation limits of u(x,t)

In Lemmas and the liminf and limsup values of u(x,t) are either both finite
or both infinite. In this section, we focus on space oscillation limits and time oscillation
limits respectively and construct examples in which one is finite and the other is infinite.
See Lemmas [£.10] and [£.15] below.

To prove Lemma we need to make use of the following interesting result.
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Lemma 4.7. The solution u(zx,t) of the ibup (1.1)) with

h(z) = zsin(logz), g¢(t)=0, =z € (0,00), t€ (0,00)

satisfies
(4.19) li)m |u(z,t) — zsin(logz)| =0 for fized t € (0,00)
and

(4.20)  lim |u(z,t) — (Asin(log V4t) + B cos(log \/Zt))x‘ =0 for fized x € (0,00),

t—o00

where A, B are constants given by the values of the mtegmls:

A= / e %" 22 cos (logz)dz, B = / e % 22 sin (log z) dz.
\/> f

Remark 4.8. If we replace h(z) = zsin(logx) by h(z) = zsin(log(z + 1)), then the time
limit remains the same, i.e., (4.20) is still correct. But now the space limit becomes

lim |u(x,t) — zsin(log(x + 1)) =0 for fixed t € (0, 00).

T—00

Note that we have

lim [z sin(log(z 4+ 1)) — x sin(log ) — cos(log x)] = 0.

T—r00

Remark 4.9. By Holder inequality, we have

0<A2+BZ<<\f/ e~ 22 cos? (log 2) dz+/ e~ 22 sin? logz)d>
4 o0 _ 2

= — e 22dz = 1.
!

Therefore, for fixed x € (0,00), the asymptotic time oscillation limit of u(x,t) in (4.20))
lies between —x and +x. This matches with the maximum principle since the initial data
of the ibvp (1.1)) satisfies —x < xsin(logz) < z for all € (0,00) and by (1.3) we have

the estimate

o0 z—£)2 T
<e( i —e” (+§) >§sm(logf df‘

< i ), ( e cde—n, V() € (0,00) % (0,00).

Proof of Lemma [4.7. By (2.1 we have u(z,t) = up(x,t) with

u(z,t) = L ” e (z 4 V4tz) sin(log(z 4+ V4tz)) dz
ﬁ —r/\/éﬁ
(4.21) L e_zz(—m + V4tz) sin(log(—z + V4tz)) dz

= I(x,t) — II(z,t), (x,t)€ (0,00) x (0,00).
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By the LDCT and inequality ([2.4)), for fixed t € (0,00), we have

As for I(z,t), we can write it as

(4.22) lim II(z,t) = lim (\/17? /ZO/AE 6_22(—ZE + V/4tz) sin(log(—z + V4tz)) dz> = 0.
I(z,t) = sin(log ) /OO e (z + V/4tz) cos <log (1 +

T—00 Tr—00
dz
ﬁ —x N4t ) )

+ cos(logx)/ e (z + V4tz)sin [ log [ 1+ Vit dz
ﬁ —x N4t Zr

= IA(xat) + IB(x7t) + TA(x7t) + TB(:‘Ca t)a

Vitz
T

where, by the LDCT, we have

(4.23)
4t sin(1 o 4t
lim Ip(z,t) = lim \/w/ ez cos [log [ 1+ Vit dzp =0
T—00 T—00 ﬁ 71/\/5 €T
due to ffooo e=*2dz = 0. Similarly, we have
(4.24)
~ 4 1 ©0 4
lim Ip(z,t) = lim \/M/ e %z sin [log [ 1+ Vitz dz % =0.
T—00 T—00 ﬁ —x/\/ﬂ T

It remains to find the limits of I4(z,t) and I4(z,t) as x — co. We will estimate the limits
of I4(z,t) — zsin(log ) and I4(z,t) as © — oo respectively.
Estimate on [4(x,t) — zsin(logx): We first have

I4(z,t) — xzsin(log z)

_ TIo8T) sin(log ) / e cos [log [ 1+ Vi dz —/ e dz
ﬁ —x /At x —00

. 00 —;E/\/E
esin(log ) / e |cos [log [ 1+ Vi —1| dz — / e dz
ﬁ —x /At z —00

= P($7t) - Q(:’Cat)
and by (2.4), we know that lim, . Q(z,t) = 0 for fixed t € (0,00). To estimate P(z,t),

we use the inequality

(4.25) |cos(log(1+6)) — 1| < 4|0, V6 e (—1,00).
Note that (4.25)) is obvious for § € (—1,—1/2] since 4|0| > 2. For 6 € (—1/2,00), by

_ sin(log(1 +6)) < 1 <9
1+0 — 1467

Vo e (-1/2,00),

d%(cos(logu +0)) - 1)' _ )
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(4.25]) holds on 0 € (—1/2, 00).
As long as z € (—z/A/4t, 00), we have v/4tz/z C (—1,00) and, by (#.25)), the integrand

of P(x,t) satisfies
x sin(log x) =2 | cos log [ 1+ Vatz q
N3 x

2 2
(4.26) < re cos (10g (1 + \/EZ’)) -1 < re -4 vtz
N3 x NZ3 x
.2
e
NG (—00, 0).

By (4.26]), the LDCT can be applied and we obtain, for fixed ¢t € (0,00), the following
(denote 1/x as p)

lim x/ e |cos log l—i—mz —1| dz
T—+00 7:3/\/477& €T

= / e | lim cos(log(1 + Vatzp)) - 1] dz = / e - 0dz =0,
—o0 p—07F p —o0
which implies lim, o P(z,t) = 0 and we conclude
(4.27) lim [I4(x,t) — zsin(logz)| =0 for fixed ¢ € (0, 00).

T—00

Estimate on I4(z,t): We have

Ia(z,t) = cos(l\/oEg:r)/ /mez2xsin <log <1 + J;ljtz)) d

To estimate I, A(z,t), we now use the inequality

(4.28) |sin(log(1 + 0))| < 26|, V0 € (~1,00).

Note that ( is obvious for 6 € (—1,—1/2] since 2|6| > 1. For 6 € (—1/2,0), by

cos(log(1+6)) 1 9

—1/2
116 ‘—1+9— VO E(=1/2,00),

‘sm log 1—1—9))‘ =

([4.28) holds on § € (—1/2,00). As long as z € (—x/\/4t,00), we have v4tz/x C (—1,00)
and by (4.28]), we have
1 4t
LS( 087) e~ rsin log [ 1+ vtz
Nis x

P

xre
<

R

(4.29) v

tz] € L'(—o00, 00).
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By (4.29), the LDCT can be applied and we obtain, for fixed ¢ € (0,00), the following
(denote 1/x as p)

o V4
lim e~ |rsin log [ 1+ tz dz
T—00 —m/\/ﬂ €T

I Sl sin(log(1 + V/4tzp)) Y i N s —
_/ e [hm p ]dz—/ (V4tz)dz = 0,

— oo p—0+t

—0o0

which implies

(4.30) lim Ia(z,t) =0 for fixed ¢ € (0,00).

T—00

By (4.22)), (4.23), (4.24), (4.27) and (4.30)), we conclude the interesting asymptotic behav-

101

lim |u(x,t) — xsin(logz)| =0 for fixed ¢ € (0, 00).

T—00

The proof of (4.19)) is done.
Next, we prove (4.20)), which is more subtle. We decompose u(x,t) in (4.21)) as

u(z,t) == uM(z,t) +u®(x,t), (x,t) € (0,00) x (0,00),

where
(1) L ( ES
u'(xz,t) = e * xsin log\/4t+log< —i—z)) dz
( ) ﬁ -z N4t Vit
1 ee 2 —x
- — e ? (—x)sin | log V4t + log ( + z)) dz
VT Jop/a (o) ( VAt
and

u? (z,t) = 1/ e itz sin(log(x + V4tz)) dz
VT apa

1 o0

- — e % ViAtz sin(log(—xz + V4tz)) dz.

Expanding the sine functions in u")(z,¢) and applying the LDCT, we can obtain
(4.31) tli)m |u(1)(ac,t) — (A sin(log V/4t) 4 B cos(log \/@))m} =0 for fixed = € (0, 00),
where

(4.32) A = / e cos(logz)dz, B; = / e sin(log 2) dz.
0 0
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As for us(z,t), we let A = 2/A/4t and note that, for fixed x € (0, 00), t — 0o is equivalent
to A — 07. We have

u® (2, 1)

— [ (ow (o (14 5))) e [T e s 1o (o (<14 5))) s}

x [®e ’\)Q(z—)\)—e (= )‘)2(2—1—)\) z x
_\F/o 3 sm(og(x)\)) dz, )\—\/ZEE(O,OO)

Let F(0) = e %6, 6 € (—o0, 00). By the mean value theorem, we have

F(Z—A) = F(E+\) = F'(62,)(=2)) = e "2 (1 — 262,)(—2))

for some number 3 ) lying in the interval (2 — X,z + A). Hence we have

u(2)(x,t) = x/ 6_6%)‘(49;)\ — 2)sin (log <xi>> dz, 0zy€(Z—XNZ+N)
0

™

and, without loss of generality, we may assume A € (0,1) since we will let A — 0%

eventually. By the estimate

679;)‘(49;)\ — 2)sin (log <xi>) ‘ < e_(g_)‘)z(ll(?—k N?+2) < 6_52+25(4(5+ 1)% +2),

957)\ € (Z— )\,54— )\), = [0,00), A€ (O, 1),

where e=*12%(4(Z + 1)2 4 2) € L'[0,00), we can apply the LDCT to u® (x,1).
Before applying the LDCT, we write sin (log (x%)) as
(4.33)

sin <log <xi> ) = sin(log(V/4t2)) = sin(log V/4t) cos(log Z) + cos(log V/4t) sin(log )

and note that

—(F-N2 (7 _ _ oGN3y
(4.34) lim & (F=N—e (Z+X)

_ (4132 -z
lim y = (4z° —2)e *.

By (4.33) and (4.34), we have for any fixed z € (0,00) the following limits (note that
A — 07 is equivalent to t — o0)

(4.35)

. ) =2 —Z2
1 1 —(4z° = 2)e™*
Jim, cos(logz) — (4z )e

[e—@—A)Q(z— M) — e GV (z 4

y cos(log E)] =0

and
(4.36)

lim
A—0+

[e<“>2(z— A) —e GV (z 4 )
A

sin(log 2) — (42% — 2)6_52 sin(log ?)] =0.
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Finally, by (4.33)), (4.35)), (4.36]) and the LDCT, we can conclude

(4.37) tlim |u(2) (2,t) — (Agsin(log V/4t) + Ba cos(log \/@))m} =0 for fixed z € (0, 00),

where
(4.38)
A ! /00(422 2)672}2 cos(logz)dz, B ! /00(42)2 2)672}2 sin(log 2) dz.
2 = — = - P 2 = — = - .
VT Jo v Jo

The proof of (4.20) is done due to (4.31), (4.32), (4.37) and (4.38). O

As a consequence of Lemma [£.7] we have the following new result about prescribing

the space oscillation limits.

Lemma 4.10 (Prescribing the space oscillation limits; finite-infinite case). Consider the

ibvp (1.1). For any finite number c1, one can find a solution u(xz,t) of (1.1) lying in the
space (4.7)) and satisfies

(4.39) c1 = liminfu(x,t) < limsupu(z,t) = 400  for fized t € (0, 00).

T—00 T—00
Similarly, for any finite number ca, one can find a solution u(z,t) of (1.1) lying in the
space (4.7) and satisfies
(4.40) —oo = liminfu(z,t) < limsupu(z,t) =ca for fixred t € (0, 00).
T—00 T—00
Proof. We choose
(4.41) h(z) =xsin(logz) + x +c1, ¢g(t) =0, x € (0,00), t € (0,00).

The solution U(z,t) of (L.1)) with the initial-boundary data (4.41)) is given by

(4.42) Uz, t) = u(z,t) + o + % We* dz, (z,t) € (0,00) x (0,00),

where u(x,t) in (4.42) is given by (4.21)). Hence we have
lim |U(z,t) — (zsin(logz) + x4+ ¢1)] =0 for fixed ¢ € (0, 00),
T—00

where
liminf U(z,t) = lim inf [m(sin(log z)+ 1)+ 01] =1

T—00 T—00

and

lim sup U(z,¢) = limsup [z(sin(logz) + 1) + ¢1] = +o0.

T—r00 T—00

The proof of (4.39) is done.
For (4.40]), we just replace (4.41]) by

h(z) = —zsin(logz) —x 4+ co2, g¢g(t) =0, x € (0,00), t € (0,00).

The proof is done. O
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Remark 4.11. For fixed z € (0, 00), the solution U(z,t) given by (4.42)) also satisfies

litrginfU(:E,t) = (1 — VA% + B2> z, limsupU(z,t) = (1 + VA2 + BQ) x.

t—o00

4.1.3. Prescribing the time oscillation limits of u(x,t)

In this section, we focus on time oscillation limits and construct examples in which one is
finite and the other is infinite. See Lemma below. We first look at two examples with
g(t) = tsin(logt) and g(t) = v/t sin(log v/t) respectively. The first example can be viewed

as a counterpart of Lemma 4.7

Lemma 4.12. The solution u(x,t) of the ibup (1.1)) with

h(z) =0, g(t) =tsin(logt), =z € (0,00), t € (0,00)

satisfies
(4.43) zlgglo u(z,t) =0 for fizred t € (0, 00)
and
lim u(z,t) = tsinlog?) (Psin(logt) + Qcos(logt))| =0 for fized x € (0, 00),

t—o00 wﬁ

where P, QQ are constants given by the values of the integrals:

IR
P=—— ———|cos(log ) — sin(log #)] d0,
" Vfolﬂlﬁ[ (1og6) —sinlog )
Q:_ﬁ i ﬁ[sin(log@%-cos(log@)] de.

Remark 4.13. If we take h(z) = 0 and g(t) = ¢, then by (3.6) and (3.7)) in Lemma [3.1] with
n =1, we have
lim u(z,t) =0 for fixed t € (0,00)

T—r00
and
u(x,t) —t 2

zv/t VT

Proof of Lemma [£12] The function g(t) = tsin(logt) has already appeared in (4.11)),
where by (4.13)) we know that

lim
t—o00

=0 for fixed z € (0, 00).

u(w,t) = ug(z,t) = t[A(z,t) sin(logt) + B(z,t) cos(logt)], (z,t) € (0,00) x (0, 00),

where A(x,t) and B(x,t) are given by (4.14]) and satisfy (4.15)). Therefore, we clearly have
@43).
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To find the precise asymptotic time limit for fixed 2 € (0, 00), we let A = 2 /A/4t (note
that A — 0T is equivalent to ¢ — oo) and write ¢ as zv/¢/(2)\) and look at the difference

Az, t) -1 B(xz,t
u(z,t) — tsin(logt) = zV/'t - ((:E’”? sin(logt) + (;): ) cos(log t)) : % =\
where, by (4.14) and in terms of A = z/A/4t, we have
% -z 2
A(m,t)—l f (1—’2\—;)cos(log(1—i—2))d2—l
2\ 2\
and o 2 -
B(z, t) f e ”? ( 2) sin (log (1 — 72)) dz
2\ 2 '

For fixed z € (0,00), as t — oo, by L’Hospital rule we have

A -1 1 [ 2 A2
lim Awt) =1 = lim / e _2 cos|log|1l——] ) dz
A0+ 2\ =0t VT Sy 22 22
1 o0 2 2 . A2
Gk () (-5))

and if we let z = As, s € (1,00), the above becomes

(4.45)

B Lo (e
- ( 22) sin <1og <1_12>> ds}
el ) e
Similarly, we have

. B(z,t) 2 <1 |, 1 1
(4.46) )}E{ﬁ —on v |:Sln <10g <1 - 52>> + cos (log <1 - 82>):| ds.

Therefore, the ratio (zv/t)~!(u(z,t) — tsin(logt)) approaches Psin(logt) + @ cos(logt) as
t — oo, where P and @ are the values of the two convergent integrals in (4.45)) and (4.46)).

Finally, if we do the change of variables § = 1 — 1/s?, we will get the two integrals in

(4.44). The proof is done. O

Another interesting example similar to Lemma is the following

Lemma 4.14. The solution u(x,t) of the ibup (1.1)) with

h(z) =0, g(t)=+tsin(logvt), z€ (0,00), te (0,00)
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satisfies

lim u(x,t) =0 for fized t € (0,00)

T—r00

and, for fized x € (0,00), the following

(4.47) lim |(u(z,t) — Vtsin(log vt)) — (M sin(log v/t) + N cos(log \/f))x‘ =0,

t—o00

where M, N are constants given by the values of the integrals:

1

M=— cos(log 8) — sin(log 6)| d6,
s \( ﬁ[ (log 0) — sin(log 0)]
N = vl m [sin(log 8) + cos(log )] df.

Proof. We have

T\2 . T\2
u(x,t) = ug(x,t) \F//f - <2—Z) sin (log t— (§> ) dz
2 _2 1 33‘2 1 $2
% \/7?/1/\/@6 \llt“81n<log\[+log t422) dz]

= \/E[A(a:, t)sin(log v't) + B(z,t) cos(log \/7?)},

where
o0 2 1 22
Az, t) = — 1= 1 = )d
(@) \/77/56/\/@6 £ 422" <Og t422> -
2 [ 2 2 1 22
Blz,t) = —— — 1 1 Rl I
(x,t) \f/x/\/ﬂe 1 2sm(og t422> z
with

lim A(x,t) = lim B(z,t) =0 for fixed t € (0, 00),

T—r00 T—00

lim A(z,t) =1, lim B(z,t) =0 for fixed x € (0,00),
t—o0 t—o00

which implies

lim u(z,t) =0 for fixed t € (0,00).

T—00

To find the precise asymptotic time limit for fixed = € (0,00), we let A = 2/A/4t (note that
A — 07 is equivalent to ¢ — oo) and look at the difference

u(z,t) — Vtsin(logVt) = z - (A(m’;;_l sin(log Vt) + B(;): 2 cos(log \/f)) . Vt= .
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As X\ — 07, by L’Hospital rule, we have
Az, t) -1

lim
A—0t

A2
1 1——=]dz—1
[f/ R CURE
1. d|2 [ _2/] A2 / A2
:2)\12(1)1+cl)\[\/7?/>\ e 1—?008 <log 1—22> dz—l]
A
oo _A 22 22
lim / e lcos (log\/1—2>—sin <log 1—2>] dz
\f,\—>o+ \ /1_2% z z

and if we let z = As, s € (1,00), the above becomes

1 . 22 1 1 ) 1
——— lim e ——— |cos|logy/1— = | —sin|logy/1— — ds p .
/T AS0+ 1 svs? —1 52 52

Since the integral

. ds—
/1 svs?—1

converges, the LDCT can be applied and we have

. Az, t) B 1 . 1
)\11)1})1+T— \f/ [cos <log\/1—82>—sm <log\/1—52>] ds.

Similarly, we have

lim B(:c,t)__l/ool sin | lo \/1—i +cos | lo \/1—i ds
A=0+t  2A - ﬁ 1 sv/s2 —1 S 52 & 52 '

Finally, if we do the change of variables §# = /1 — 1/s2, we will get the two integrals in
(4.48]). The proof of (4.47) is done. O

As a consequence of Lemma we have the following new result about prescribing

the time oscillation limits.

Lemma 4.15 (Prescribing the time oscillation limits; finite-infinite case). Consider the
ibvp (1.1). For any finite number c1, one can find a solution u(z,t) of (1.1) lying in the
space (4.7) and satisfies

(4.49) c = hm mfu(x t) <limsupu(z,t) = +oo for fired x € (0, 00).

t—o0
Similarly, for any finite number ca, one can find a solution u(z,t) of (1.1) lying in the
space (4.7) and satisfies

(4.50) —o0 = liminf u(xz,t) <limsupu(z,t) =co for fixred x € (0, 00).

t—o0 t—o0
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Proof. Unlike the proof of Lemma where we have g(t) = 0, here we need a nonzero
h(z) to help us achieve the goal. For (4.49)), we take

(4.51) h(x) = <M + \/27?> z, g(t) = Vtsin(logVt)+Vt+eci, x€(0,00), t € (0,00),

where the constant M in (4.51)) is given by (4.48). The solution u(z,t) of (1.1)) with the
above data is given by u(z,t) = up(x,t) + ug(z,t), where

up(z,t) = <M+ \27?) z, (z,t) € (0,00) x (0,00)

and
ug(z,t)

2 e _ 2 / 1 {L‘2 . / 1 1‘2

1 33‘2 261 >

2 *° 2
+\/£/ e N1l ———dz+ —
VT Tz N4t t 4z VT Tz N4t
By Lemma and (3.9) in Remark we have for fixed x € (0,00) that

e dz, (x,t) € (0,00) x (0,00).

tliglo |Ug(33, t) - F(.Tl),t)| = 07

where

I(z,t) = (Vtsin(log Vt) + vVt +c1) + (M sin(log v/t) + N cos(log V1) — \/;> x

Therefore, we have

lim |u(z,t) — Az, t)| = tlgglo |(un(x,t) + ug(z,t)) — Az, t)] =0,

t—o00

where now

Az,t) = T(z,t) + (M + ‘f) x

(4.52) = (M + \/27?> z + (Vt[sin(log Vt) + 1] +c1)

+ <M sin(log v/t) + N cos(log v/t) — \/27?> z, (z,t) € (0,00) x (0,00).
We clearly have
limsup A(z,t) = +oo for fixed z € (0, 00)

t—o00
due to the term v/t[sin(log /%) + 1] € [0,2v/#]. For fixed = € (0,00), along the sequence
tr — oo with sin(log+/tx) = —1 for all k, we have A(z,t;) = ¢;. Therefore, the limit



On Various Space-time Properties of Solutions to the Heat Equation on Semi-infinite Rod 67

liminf; o A(z,t) = Ag € (—00, 1] exists and there exists a sequence s — oo such that
Az, sg) — Ao as k — oo. Clearly we must have sin(log /si) + 1 — 0, otherwise we will

get a contradiction. Therefore, along the sequence {sj}7°, attaining Ag, we have
lim sin(log+/s;) = —1, lim cos(log+/s;) =0,
k—o0 k—o0

which, by (4.52]), implies the convergence of the nonnegative sequence ,/si(sin(log /sx) +

1). Since Ay < ¢1, the sequence must converge to 0 and we have Ag = ¢;. The proof of

(4.49) is done.
For (4.50)), we just replace (4.51]) by

h(z) = — <M—|— \/27?> z, g(t)=—Vtsin(logvt) —Vt+ca, z€(0,00), t € (0,00).

The proof is done. O

5. Space and time periodic solutions

In this section, we explore the existence of space and time-periodic solutions of the
ibvp . For space and time-periodic solutions of the heat equation on the entire space
(z,t) € (—00,00) X (—00,00), one can see the paper [12]. A smooth solution u(z,t) of the
heat equation on (0, 00) x (0,00) is called a space-periodic solution with period a > 0
if it satisfies

u(x + a,t) = u(x,t), VY(z,t)e (0,00)x (0,00).

Similarly, it is called a time-periodic solution with period b > 0 if it satisfies
u(z,t+b) =u(z,t), V(z,t) € (0,00) x (0,00).

By parabolic scaling (z,t) — (Ax,A%t), where A > 0 is a constant, one can rescale a
space-periodic solution u(z,t) with period a > 0 into another solution with any period
p > 0. Therefore, without loss of generality, one may assume a = 27. Similarly, one can
also assume b = 2m. Also note that a space-periodic solution is smooth on [0, c0) x (0, c0)
and a time-periodic solution is smooth on (0, 00) x [0, 00).

In the following we would like to show that for a given space-periodic initial data
h(zx), one can find a boundary data g(¢) so that the corresponding solution u(z,t) of
the ibvp is space-periodic on (0,00) x (0,00). Similarly, for a given time-periodic
boundary data ¢(t), one can find an initial data h(x) so that the solution u(x,t) is time-
periodic on (0, 00) x (0, 00).

Note that if both h(x) and g(t) are 2m-periodic on [0, 00), the solution u(x,t) of the
ibvp ([1.1)), given by the representation formula , may not have any periodic property
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at all. A simple example is when h(z) = sinz and g(t) = sint, then the solution u(x,t) is
given by , which is neither space-periodic nor time-periodic. However, for fixed
t € (0,00) it is asymptotically space-periodic and for fixed x € (0, 00) it is asymptotically
time-periodic. See and in Lemma
For our purpose of discussion, we need to use the following Fourier series result: Assume
h(z) is a 27-periodic C' function defined on € [0,00). Then the following series
o0
% + nz::l(an cosnx + by sinnz), x € [0,00)
converges absolutely and uniformly to h(z) on [0, 00), where ag, an, b, are the Fourier

series coefficients of h(z), given by

1 21
an = / h(z)cos(nz)dx, n=0,1,2,3,...,
T Jo
(5.1) Lo
by, = / h(z)sin(nz)dz, n=1,2,3,....
T Jo

For space-periodic solution, we have the following

Lemma 5.1 (Existence of space-periodic solution). Assume h(x) is a given 27-periodic
C' function defined on x € [0,00). Then one can find a unique continuous bounded
function g(t) on t € [0,00) with g(0) = h(0) such that the function u(z,t) given by
is a bounded function lying in the space S in , and is a space-periodic solution
(with period 27) of the ibup (L.1)).

Proof. Let
a oo
)
(5.2) gty =3 + Zlane i e [0,00),
n=

where ag, a1,as,... in are the Fourier series coefficients of h(x) in (5.1). Since the
Fourier series for h(x) converges absolutely for all z € [0,00), the series for g(¢) does
converge and represents a bounded continuous function on [0,00) with ¢g(0) = h(0) =
%ao + 307 | an. We claim that the bounded function u(z,t) given by is equal to the

following, namely
a > 2
(5.3) u(z,t) = ?0 + Zefn Y(an cosnz + by sinnzx), (z,t) € (0,00) x (0,00).
n=1
To see this, note that one can commute any order of differentiation (with respect to z

or t) with the summation sign > in (5.3) on the domain (0,00) x (0,00). Therefore,
the function u(z,t) given by (5.3)) is a bounded smooth solution of the heat equation on
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(0,00) x (0,00) and it satisfies (1.4]), (1.5) and lies in the space S in ((1.10)). Moreover, it
is space-periodic with period 27. Since the function u(zx,t) given by (5.3)) is a bounded

function, by Lemma it is the same as the solution given by the formula (|1.3)).

As for the uniqueness of the function g(t), if u(x,t) € S is a space-periodic solution
(with period 27) of the heat equation on (0,00) X (0,00) with u(z,0) = h(z), x € (0, 00),
then by Fourier series expansion for the smooth solution u(x,t) and the identity u; = s,
it must be given by (where ag, a1, as,...in are the Fourier series coefficients of
h(z)). Therefore, u(0,t) must be equal to the function g(¢) in (5.2)). The proof is done. [

Remark 5.2. If u(x,t) € S is a space-periodic solution (with period 27 > 0) of the heat

equation on (0,00) x (0,00), then its average space integral (27)~! 027r u(x,t)dx is a
constant C' independent of ¢ € (0, 00). Moreover, we also have we have lim;_, o u(z,t) = C

for all z € (0, 00).

As for time-periodic solution, we have the following
Lemma 5.3 (Existence of time-periodic solution). Assume g(t) is a given 2mw-periodic C*
function defined ont € [0,00). Then one can find a continuous function h(x) on x € [0, 00)
with h(0) = g(0) such that the function u(z,t) given by (1.3)) is a time-periodic solution
(with period 2 ) of the ibvp (1.1)) lying in the space S in (1.10]).

Remark 5.4. The choice of h(z) in Lemma |5.3|is not unique.

Proof of Lemma [5.3 Since g(t) is a 2r-periodic C! function n t € [0,00), by the above

Fourier series expansion, it is equal to

~ oo
g(t) = %0 T Z(an cosnt +5n sinnt), te€[0,00)
n=1
where
1 27
n = / g(t)cos(nt)dt, n=0,1,2,3,...,
™ Jo
(54) . 1 27
by, = / g(t)sin(nt)dt, n=1,2,3,....
™ Jo

Now we choose h(x) as
(5.5)

h(z) = 20 ; Ty i (ane—\/?x cos <\/Zw> — bpe V2% sin <\/Zx>> .z €0,00),

n=1

where ag, an, by, ... in (5.5) are the Fourier series coefficients of g(t) in (5.4) and ¢ €

(—00,00) is an arbitrary constant (which means that the choice of h(z) is not unique).
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Since the Fourier series for g(t) converges absolutely for all ¢ € [0, 00), the series for h(x)
does converge and gives a continuous function on [0, 00) with h(0) = g(0). We claim that
the function u(x,t) given by (|1.3) is equal to the following, namely

(5.6)

u(z,t) = 20 —; <4 Z <5ne\/§‘r cos <\/§SL’ — nt> — e V5% sin <\/§x — nt>> ,

n=1

where (z,t) € (0,00) x (0,00). To see the above identity, similar to the series (5.3)), one
can commute any order of differentiation (with respect to = or t) with the summation
sign Y in on the domain (0,00) x (0,00). Therefore, the function u(x,t) given by
is a smooth solution of the heat equation on (0,00) x (0,00) and it satisfies
and and lies in the space S in . Moreover, it is time-periodic with period
2. Since the function u(x,t) given by is a continuous function satisfying the growth
estimate , by Lemma it is the same as the solution given by the formula (|1.3]).
The proof is done. O

Remark 5.5. If we choose ¢ = 0 in (5.5)) and (|5.6)), the result of Lemmais still correct. In
such a case, the solution u(z, t) in (5.6|) is a bounded continuous function on (0, co) x (0, 00).

Remark 5.6. This is to compare with Remark If u(xz,t) € S is a time-periodic

solution (with period 27 > 0) of the heat equation on (0,00) x (0, 00), then its average
27
0

(0,00). However, by the identity

time integral (27)~! u(x,t)dt is, in general, not a constant independent of x €

d2 1 2w 1 27 1 27
) <27r/0 u(x,t) dt> = 277/0 Ugg (x,t) dt = by ; u(x,t)dt =0, =z € (0,00),

we must have
2

— u(z,t)dt = A+ Bz, x € (0,00)
2T 0

for some constants A, B. For example, for u(z,t) given by (j5.6)), it satisfies

1 2m ag + cx

2 )

u(z,t)dt = Ve (0,00).

2 Jo

The following says that a solution u(zx, t) which is both space-periodic and time-periodic

must be a constant.

Lemma 5.7. Assume that u(x,t) given by (1.3|) is a solution of the ibup (L.1) lying in
the space S in (1.10) and moreover, it is both space-periodic with period a > 0 and time-

periodic with period b > 0. Then it must be a constant function.
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Proof. Let v(z,t) = u(Ax,\’t), where A = a/(27w). Then v(x,t) is a solution of the
heat equation which is space-periodic with period 27 > 0 and time-periodic with period
b/A? > 0. By Remark we know that

. 1
tllglov@’ t= o

2m
/ v(x,0)dz, Yz e (0,00).
0

Since v(x,t) is also time-periodic with period b/A?, we have v(z,t) = v(z,t + mb/\?) for
all m € N and all (z,t) € (0,00) x (0,00). Letting m — oo, we obtain v(z,t) = const. and

so is u(x, t). O

6. Singular initial data

Until now, we always assume that the initial data function h(z), = € (0, 00), satisfies the
basic assumption , which automatically implies that h(x) is bounded near z = 0. In
this section, we look at one interesting example of A(z) which is singular at z = 0 and
may not be integrable near z = 0. In case h(x) is not integrable near x = 0, the space
convolution formula in , given by

6.1)  S(zt) = \/4% /OOO <e””lf)2 _ e(“”Z?Q> hE)de, (x,t) € (0,00) x (0, 50)

needs to be analyzed more. In particular, one cannot split (6.1]) into the difference of two
integrals since each one is divergent.
We have

Lemma 6.1 (Singular initial data). Assume h(z) is continuous on (0,00) and there
exist positive constants M, e, Cy, Cy and o € [0,1), 8 € [0,1), such that

(62 <3 e

1+«
CyeC2lel on x € [g,00),

then the above function S(z,t) is a smooth solution of the heat equation on (0, 00) x (0, 00)

satisfying

(6.3) lim S(z,t) = h(zo), Vo€ (0,00).

(z,t)—(z0,01)

Proof. To see the convergence of the integral in (6.1)), it suffices to prove the convergence
of

1 ¢/ _@-9? _(@+8)?
(6.4) = /0 ( TP )|h<§>|df
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for each fixed (z,t) € (0,00) x (0,00). However, by the assumption (6.2]) and the limit

1 z—¢)2 T 2 22
(6.5) lim — (6_( i e ) = %e_ﬂ, (x,t) € (0,00) x (0,00),

we clearly have the convergence of . Together with the second condition in , the
integral for S(x,t) in does converge for all (z,t) € (0,00) x (0,00).

Next, we show that one can differentiate S(x,t) with respect to x and ¢ under the
integral sign. Note that the fundamental solution ®(x,t) of the heat equation, for any
m,k € NU {0} and fixed constant 0 < n < 1/4, satisfies the estimate (see the book [8|
p. 274])
(6.6) ‘ AR )' < C(m k) - =M 5) =3 (1) € R x (0,00)

otmozk - T ’ ’ T
where C'(m, k,n) is a constant depending only on m, k, n. We now pick n = 1/8 in
and get
(6.7) ‘ ot

W(I)({L‘,t)‘ < C(m, ]{J) . ti(er%)i?e*g? V(Jl‘,t) cR x (07 OO)
X

For fixed ¢ € (0,00), let Q(A) = /8 0 ¢ (—oo o0). It satisfies
02 0 1 1

at| 2Vt ‘ ’ 2\/ \F Vie Vi’
For a fixed but arbitrary point (xg,ty) € (0,00) X (0,00), one can choose the open set
U = (z0/2,2x0) % (to/2,2tp) C (0,00) x (0,00) containing (zo,tg) such that for any
m,k € NU {0} the improper integral

w8>\aw»=\ 76 € (=00,00),

€ 8m+k aerk
| (s =60 - e+ 60) 0O de, ()€U

tmOxk

converges uniformly on U. To see this, we can use and mean value theorem and

to get

€ am+k am+k
/0 W‘I’(ﬂf —&,t) — W@(x +§7t)‘ |h(&)| d§
<cm%mw4wﬂ*éﬁef@$2—a“m n(e) de
< Clm, k) -+~ (m+5)- éff/ 25§1+5 < Clm,k, M, tg, B0, ¥ (a,t) € U

for some constant C'(m, k, M, ty, 3) depending only on m, k, M, tg, 8. Moreover, using the
decay term e~ /8 in (6.7) and the assumption (6.2)), for any m, k € NU{0} the improper

integral

0o omtk gtk
| (mge®a = 6.0 - pmgrdle+ 6.0 ) WO de, (w0 €U
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also converges uniformly on U. By standard theorem in analysis, one can differentiate
S(z,t) with respect to x and ¢ under the integral sign at any point (xg, ty) € (0, 00) x (0, 00)
and we conclude that S(z,t) is a smooth solution of the heat equation on (0, 00) x (0, 00)
satisfying . The proof is done. O

Remark 6.2. The assumption |h(x)| < M/z'*# on z € (0,¢) for § € [0,1) is optimal. If
we have 8 = 1 and take h(z) = 1/2? on (0,¢), then the integral

1 €/ _(z-9)? _ (z+6)? 1 £/ (@-9? _@+9?) 1
47rt/0 <e it —e 1t )h(g)dg: 47Tt/0 (6 T —e 1 >§2d§

will diverge for all (z,t) € (0,00) x (0,00) due to the limit (6.5).

6.1. Singular initial-boundary value problem; an example with h(x) = 1/x and

glt) = 1At

Consider the ibvp with singular initial-boundary data h(z) = 1/z, x € (0,00) and
g(t) = 1A/4rt, t € (0,00). We first note that the function g(t) = 1/A/4nt still satisfies the
growth condition in . For h(x) = 1/z, as proved in Lemma the representation
formula still makes sense and the solution formula in is now given by

u(z,t) = up(z,t) + ug(x, t)

1 /°° ( _aze? (zﬁf)z) 1 g+ x /t 1 _4(f2 1 J
e - e - e —S8 87
Vmt Jo 3 Vi Jo (t—s)3/2 Vs

where (z,t) € (0,00) x (0, 00).
We first claim the following

Lemma 6.3. We have the identity

L | 1 2
e 4(t—s)

T t 1
Vi /0 (t — s5)3/2 4Ams Vit

for all (x,t) € (0,00) x (0, 00).

(6.9)

Proof. Both sides of are solutions to the heat equation u; = g, on (0,00) x (0,00)

with the same initial-boundary limits:

lim u(z,t) =0, xo € (0,00); lim ku(z,t) =

. to € (0,00).
(z,t)—(20,0T) (z,t)—(0F,t0) \/47Tt0 0 ( OO)

However, since both solutions blow up near the origin (0,0), we cannot apply the familiar
uniqueness property as in Lemma [I.5] Here we can give a direct quick proof if we make
use of the 1-parameter family of parabolas P(\) : z/A//4t = A\, A € (0,00). Note that, if we
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multiply both sides of by = € (0,00) and restrict them to the parabola P()), and
use the formula ({2.2)) for ug(x,t), then is equivalent to the identity

2 / e A d A
— e —————dz = —=¢
s ) 2 ™
VER - YT
We can prove (6.10]) easily if we cancel A\/\/7 first and then do the change of variables
0 =+z2— X2 0 €[0,00). The proof is done. O

(6.10) X VA e (0,00).

Next, we claim the following

Lemma 6.4. We have the identity

1 [ e 2 1 1 a2\ [VE
(6.11) / <e_( e R > —d¢ = (e_u) / e dz
Vvt Jo £ Vit 0

for all (x,t) € (0,00) x (0,00).

Proof. 1t is easy to check that the right-hand side of (6.11]) is a solution of the heat

equation on (0,00) x (0,00). Moreover, for fixed x € (0,00), by L’Hospital rule we have
szZQ dz er/(éLt)( T )

— 1
6.12) lim 20— " — lim 44372 ==, Vaze(0,00).
( ) t—0t  \/ter?/(4t) t—0+ 721&}/2 ex?/(4t) 1 \/Zer/(4t)( — %) T ( )

Therefore, both sides of (6.11) are solutions to the heat equation u; = uz, on (0,00) X

(0,00) with the same initial-boundary limits:

1
li 1) = —, € (0,00); li 1) =0, toe (0,00).
(ﬂ%t)—igw*) ue?) Zo 70 € (0, 00) (m,t)—1>r(I0@1+,to) u(z,t) 0 € (0,00)

Unfortunately, unlike the proof in Lemma here we cannot restrict both sides of
to the parabola P(A) and use the formula for up(z,t). This is because each integral
in for h diverges when h(xz) = 1/z. Therefore, we need to use a different trick here.
Note that is the same as the identity

© z—£)2 T 2 z2 x/\/ZE
/ <e< T ) 2d§ = <\/47re4t> / e dz, (x,t) € (0,00) x (0,00)
0 0

and we let

00 )2 )2 22 N4t
[(x,t) :/ (e_( S ) éd& Az, t) = <\/47re_4t> / e dz.
0 0

We first have

(6.13) 0(0,t) = A(0,£) =0, Yt e (0,00).
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Next, for fixed ¢ € (0,00) we can compute

Lo [ (L226) e (L2t 6)]
0= [ ) - ) e

1 [ (z—8)? (z+€)?
= —Ef(x,t) + / P e d¢
2t 0

2t

o

= —ﬁf(x,t) + i\/ZE / e dz + / e dz
2t 2t 71/\/5 z/\/ﬂ

x m
=—=—T +4/=, V
o (x,t) \/Z, x € (0,00)

and similarly we also have
d T T
%A(x,t) = —%A(:c,t) + \/;, Va e (0,00).

Therefore, for each fixed t € (0,00), I'(x,t) and A(z,t) satisfy the same linear ODE in
x € (0,00) with the same initial condition (6.13). Uniqueness theorem implies I'(x,t) =
A(z,t) for all (z,t) € (0,00) x (0,00) and ([6.11]) follows. O

As a consequence of Lemmas and we can conclude a solution formula for the

following singular initial-boundary value problem:

up(w,t) = uge(x,t), (x,t) € (0,00) x (0,00),

(6.14) u(z,0) = h(z) =1 z € (0,00),
u(0,t) = g(t) = ﬁ, t € (0,00).

The following result is now clear.

Theorem 6.5 (Solution of (6.14)). The function

u(z,t) = up(z,t) + ug(x, t)
(6.15) e\ [eNE e
:<\/ie 4t>/0 e dz—{—me 1, (z,t) € (0,00) x (0,00)
s a solution of the singular initial-boundary value problem and it lies in the space
. In particular, along each fived parabola P(\) : x/\/4t = X\, X € (0,00), it can be
expressed as a linear combination of h(x) = 1/x and g(t) = 1\/4xt, given by

A 1 2 1
6.16 u(x,t) = 2)\6_A2/ ezzdz>~+e_)‘- . (2,t) € PO,
610 ulwn) = (2 e @ P

where

A
lim <2Ae—*2 / e’ dz) 1, lim e =0,
A—00 0 A—00

A
lim <2)\e)‘2/ e dz) 0, lim e = 1.
A—07F 0 A—07F
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Remark 6.6. Note that both (6.16) and (3.21)) have similar form when we restrict solution
u(z,t) to the parabola P(A). In (3.21) we have m,n € N, but now we have m = —1,

n=—1/2 in (6.16).

Corollary 6.7. The function up(x,t) in (6.15)) satisfies

(6.17a) up(x,t) = O <i> as x — oo for fized t € (0, 00),
(6.17b) up(z,t) =0 (1) ast — oo for fized x € (0, 00),

which tmplies

O (2) as x — oo for fized t € (0, 00),

(6.18) u(z,t) = o (xl )

as t — oo for fized x € (0,00).

Proof. For fixed t € (0,00), by the L’Hospital rule, we have

x /N4 22 I2
I b T SN e dz 4 wer®/0) L
R Vie Tz
a?/(4t) 1
xre
= lim T VA 1,

z—00 /ter?/(41)

Kls

which implies (6.17a)). The proof of (6.17b) is similar. By (6.17)), we have (/6.18). O

An interesting observation of the singular solution ([6.15) is the following

Corollary 6.8. One can write the singular solution (6.15)) as

u(z, t) = ( ! eﬁf) (m/ow/mezz’ dz—i—l) — B, 1) - U, t),

VAt

where ®(x,t) is the fundamental solution of the heat equation and V(x,t) is a solution

of the backward heat equation, i.c.,
Uy (x,t) + Uyp(x,t) =0, (z,t) € (0,00) x (0,00).

Remark 6.9. A solution H (z,t) of the heat equation times a solution B(z,t) of the back-
ward heat equation will be a solution of the heat equation if and only if the function
H(z,t)By(x,t) is independent of x.
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6.2. Self-similar solutions

Another interesting property we have discovered is that (6.15)) is a self-similar solution
of the heat equation on (0, 00) x (0, 00). We recall the following definition for a self-similar

solution of the heat equation on R".

Definition 6.10. Let u(x,t) be a solution of the heat equation on R"™ x (0, 00). Then for
any constant & > 0 the function k™u(kz,k?t) is also a solution of the heat equation on
R™ x (0,00). We say u(zx,t) is a self-similar solution of the heat equation u; = Au on
R™ x (0, 00) if it satisfies

(6.19) u(z,t) = k"u(kx, k>t)
for all (z,t) € R" x (0,00) and all constant k£ > 0.

Remark 6.11. In the one-dimensional case, by differentiating (6.19)) with respect to k and
let k = 1, a self-similar solution of the heat equation u; = ugz, on R x (0, 00) will satisfy
the identity

u(z,t) + zuz(x,t) + 2tug(x,t) =0, V(x,t) € R x (0,00).

For n = 1, the above definition still makes sense if we confine the domain of u(x,t) to
(0,00) x (0,00). Therefore, the solution is indeed a self-similar solution of the heat
equation on (0,00) x (0, 00).

The following result says that is essentially the only self-similar solution on
(0,00) x (0,00).

Lemma 6.12 (Self-similar solution). Assume u(z,t) is a self-similar solution of the
heat equation on (0,00) X (0,00). Then it has the form
(6.20)
1 .2 z /N4t 2 1 .2
u(z,t) = Ch (\/ie 4t> /0 e dz+ Cs (\/477116 4t> ,  (x,t) € (0,00) x (0,00)

for some constants C1, Co. In particular, when C; =1 and Cy = 1, it is the solution of
the singular initial-boundary value problem (6.14)).

Proof. Clearly, if u(x,t) satisfies (6.19) on (0,00) x (0,00), then, by taking k = 1//t, it

must have the form

(6.21) w(z, t) = \}%U <j%> (1) € (0,00) x (0,00)

for some single-variable function v(z) defined on (0, c0). Hence we can just focus on ([6.21).
Since u(x,t) is a solution of the heat equation on (0,00) x (0,00), v(z) must satisfy the
equation

V" (2) + %zv’(z) + %v(z) = d%: <v'(z) + ;zv(2)> =0, Vze(0,00),
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and so there exists a constant ¢; such that v'(z) + zv(z)/2 = ¢; for all z € (0,00), which

gives the general solution

- z 92/4 722 _ xT
v(z) = e d9+02>e T, z=—¢€ (0,00

for some constants c1, co. Plugging the above v(z) into (6.21)) will give us the for-
mula (6.20)). The proof is done. O

To end this section, we note the following interesting improper integral represen-
tations for the two self-similar solutions in (6.20)).

Lemma 6.13. We have the identities

]. z2 ]. > 2
(6.22) e =— e W cos(wy)dy, VY € (—00,00), t € (0,00)
VAart T Jo

and

22

1 TNV o
(6.23) (6_4t> / e” dz :/ e W sin(zy)dy, V€ (—00,00), t € (0,00).
Vit 0 0

Remark 6.14. By (6.22)), (6.23) and (6.12)), we have the following two interesting limits

which are not so obvious:

o0

1 [ 1
lim — / e v’ cos(zy)dy =0, lim e v’ sin(zy) dy = for fixed x € (0, 00).
0

t—0t+ T t—0t+ Jo x

The remaining limits (as t — oo, x — 07, and z — o0) are obvious due to the LDCT and

Riemann-Lebesgue Lemma.

Proof of Lemma [6.13]. For (6.22]), we first consider the function

F(z) = /000 oV’ cos(zy)dy, =€ (—o0,00), F(0)= \é%

with -
F'(z) = —/ ye v’ sin(zy) dy, = € (—o0,00), F'(0)=0.
0
For z # 0, integration by parts gives

2

Fa)="2 /0 ye ¥ sin(ey) dy, @ € (—o0,00), @ £ 0,

which yields the ODE for F(z) on x € (—o0,00):

F'(z) + gF(:c) =0, x € (—00,00), F(0)= Y~
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and its unique solution is given by
o0 2
F(z) = / e ¥ cos(xy)dy = ~——e 4, x€(—00,00).
0
After a change of variables, we can obtain
1 [ e 1/002 (:1:)1 1 .2
— eV cos(xy)dy = — e cos|—z | —dz= e 4
7r/0 (y) dy T Jo Vit Vi VAt

for all z € (—o0,00) and ¢ € (0, 00).
For the proof of (6.23)), we let

G(z) = / eV’ sin(zy) dy, = € (—o00,00), G(0)=0
0
with ~
G'(x) = / ye ¥ cos(wy)dy, @€ (—00,00), G(0) =3
0

and by similar computations to the above, we obtain the ODE

1
5 VI € (_00700)7 G(O) =0,

G'(z) + gG(m) =2

with unique solution

o0 2 xr
G(z) = / eV’ sin(zy) dy = 6_4/ Mz, we (—00,00).
0 0

After a change of variables, we can obtain

e~ ysmmy Yy = / Sln< z> dz
/0 Vi vt

e ()= () [

for all z € (—o0,00) and t € (0,00). The proof is done. O

7. Generalization of the ibvp (1.1)) to a linear equation with constant coefficients

It is not difficult to generalize the problem ((1.1)) to a linear equation with constant coeffi-

cients, namely

ut(x,t) = ugz(x,t) + Aug(z,t) + Bu(z,t), (x,t) € (0,00) x (0, 00),
(7.1) u(z,0) = h(x), x € (0,00),

u(0,t) = g(t), t € (0,00),

where A, B are given constants and h(x), g(t) are given continuous functions on (0, co)
satisfying the growth condition (1.2)).
For the linear equation in (7.1)) on the entire space (z,t) € R?, it is closely related to

the standard heat equation on R2. More precisely, we have
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Lemma 7.1. Let A, B be any two constants. If u(x,t) is a solution of the linear equation

U = Uy + Auy + Bu on R2, then the two functions
(7.2) (e, t) = e Blule — At,t), wla,t) = e2 1@ 4By 0 1) (2,1) € R?
are both solutions to the heat equation on R?.

Proof. This is a straightforward verification. O

Using the second identity in ([7.2)), we see that u(z,t) is a solution of the problem ([7.1)
on (0,00) x (0,00) if and only if w(z,t) in (7.2)) is a solution of the problem

we(z,t) = wee(x, 1), (x,t) € (0,00) x (0,00),
(7.3) w(z,0) = egxh(a;), x € (0,00),
w(0,t) = et@=4B)g(4) 1 € (0, 00).

Therefore, to solve ([7.1)) one can solve the problem (7.3)) first and then obtain u(x,t) by
the second identity in ((7.2). By (1.3 (or (2.1])), we can obtain a solution formula for
u(x,t) of the initial-boundary value problem ([7.1). The details are left to the readers.

8. Oblique initial-boundary value problem for the heat equation

Next, we will use the first identity in (7.2]) and consider the function v(z,t) = e~ Blu(x —
At, t), where we assume u(x,t) is a solution of the problem ([7.1]) on (0, c0) x (0, 00). Now
v(z,t) is defined on the domain D = {z > At} N{t > 0} C R? and it satisfies the following

oblique initial-boundary value problem:

ve(x,t) = vgp(z, 1), (xz,t) € {x > At} N {t > 0}
(8.1) v(z,0) = u(z,0) = h(x), x € (0,00)
v(At,t) = e Blu(0,t) = e Blg(t), t€(0,00),

where A and B in (8.1)) are two arbitrary given constants. For given continuous functions
h(z), g(t) on (0,00), the problem ({8.1) has a solution formula due to the relation between

v(z,t) and w(z,t) in (7.2)), given by
v(x,t) = e Pt {efg(fot)fi(Az%B)tw(a: - At,t)} .

Since there is a solution formula for w(z, t) in the problem ([7.3]), there is a solution formula
for v(z,t) in (8.1)). If we use the formula (2.1)) for w(z,t), we can obtain
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Lemma 8.1. Let A, B be any two constants and h(x), g(t) are given continuous functions
on (0,00) satisfying the growth condition (1.2)). Then the function

v(x,t) = e Plu(x — At,t) = e B {6_%(27_‘415)_%“2_43”10(»% — At t)

= 2 (@—An)- (\f/ ZQeg((m_AtH‘/éﬂz)h((:v — At) + V4tz) dz
(z—At)/
1 o0

- \f (xz—At) N4t

/L N 2 a2 )0—03?)3g<t_.<x;;“>2>d%>

where (z,t) € D = {x > At} N {t > 0}, gives a solution of the oblique initial-boundary

eze(<wmwfwm_@_Aw+¢E@@

value problem (8.1)) on D and it lies in the space
u(z,t) € C*(D)NCY(D\ {(0,0)}).
Moreover, if we have h(0) = ¢(0), then u(z,t) € C*°(D) N C%(D).

Proof. This is a direct consequence of the known properties stated in the Introduction
section, together with Lemmas [2.1] and O

Remark 8.2. Note that the constant A in Lemma can be either positive or negative
(A = 0 is trivial and we ignore it). For A > 0, the domain D C (0,00) x (0,00) and for
A <0, the domain D D (0, 00) x (0, 00).
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