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Reflexive Modules over Arf Local Rings

Ryotaro Isobe and Shinya Kumashiro*

Abstract. We provide a certain direct-sum decomposition of reflexive modules over
(one-dimensional) Arf local rings. We also see the equivalence of three notions, say,
integrally closed ideals, trace ideals, and reflexive modules of rank one (i.e., divisorial
ideals) up to isomorphisms in Arf rings. As an application, we obtain the finiteness
of indecomposable reflexive modules, up to isomorphism, for analytically irreducible

Arf local rings.

1. Introduction

The study of maximal Cohen—Macaulay modules over Cohen—Macaulay local rings, which
is known as the Cohen—Macaulay representation theory, is an important and a classical
subject. We cannot cover all literature comprehensively in this article; instead we refer
the reader to the book such as [13]. One problem in this study is when a Cohen-Macaulay
local ring has a finite number of indecomposable maximal Cohen—Macaulay modules up to
isomorphism (such a ring is called of finite Cohen—Macaulay type). In dimension one, there
is a complete classification of rings of finite Cohen—Macaulay type (see |13, 4.10 Theorem)).
In relation to the result, Bass proved in his “ubiquity” paper [2] that the following hold

for rings with multiplicity two.

Fact 1.1. [13, 4.18 Theorem| Let R be a Cohen-Macaulay local ring of dimension one,
with multiplicity two. Then the following hold true.

(a) Every maximal Cohen-Macaulay module is isomorphic to a direct sum of ideals of

R.

(b) The ring R has finite Cohen—-Macaulay type if and only if R is analytically unrami-
fied, that is, the completion of R is reduced.
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In this article, by focusing on reflexive modules, we generalize the above result from
rings with multiplicity two to Arf local rings. For the definition of reflexive modules, refer
to Setup One can consult, for example, [7] for several results on reflexive modules.
Here, we just note that in dimension one, all reflexive modules are maximal Cohen—
Macaulay modules and the two notions coincide for rings with multiplicity two. We now
discuss Arf rings. To simplify the description, let (R, m) be a one-dimensional Cohen—
Macaulay local ring. Then, R is an Arf ring if and only if R satisfies the following
condition (see [16]): for every m-primary integrally closed ideal I, there exists a € I such
that I? = al.

The notion of Arf rings originates from the classification of certain singular points
of plane curves by Arf [1]. Thereafter, in 1971 Lipman generalized the notion to one-
dimensional semi-local rings and characterized them as above (see [16]). Arf rings continue
to interest algebraists, see, for example, [4,/12]. The aim of this study is to clarify the
structure of reflexive modules over Arf local rings, and the main result is as follows. For

the definition of trace ideals, see Subsection [2.1

Theorem 1.2. (Theorems and Let R be an Arf local ring with the mazximal ideal
m. Then, the following hold true.

(a) For an m-primary ideal I, the following are equivalent:

(i) I is reflexive as an R-module.
(ii) I is isomorphic to some trace ideal.

(iii) I is isomorphic to some integrally closed ideal.

(b) Suppose that the integral closure R of R is local. Then, every reflexive module with
positive rank is isomorphic to a direct sum of m-primary integrally closed ideals of

R.

The class of Arf rings contains all Cohen—Macaulay local rings with multiplicity two
(see [16, Example, p. 664]). Furthermore, Cohen-Macaulay local rings with multiplicity
two are Gorenstein; hence, all maximal Cohen—Macaulay modules are reflexive. Therefore,
Theorem (b) fully extends Fact from rings with multiplicity two to Arf rings, under
the additional assumption that R is local. As an application to the above result, we
further obtain the finiteness of indecomposable reflexive modules over Arf local domains
(see Corollary . We should note that the finiteness result has been independently
announced in [5,6] at about the same time (but the proof seems different).

We now explain how this article is organized. In Section [2| we collect facts on trace
ideals and Arf rings to prove our main result. In Section [3| we establish Theorem

Below, we summarize the notations that we use in this article.
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Setup 1.3. In what follows, all rings are commutative Noetherian rings and all modules
are finitely generated. Let R be a ring and M an R-module. Let Q(R) and R denote
the total ring of fractions of R and the integral closure of R, respectively. A module M
is called torsionfree ift M — Q(R) ®r M is injective. We denote by (—)* the R-dual

Homp(—, R). We consider the canonical map
h: M — M*™; zw— (f~ f(x)), wherex € M and f € M".

M is called torsionless (resp. reflexive) if h is injective (resp. bijective) (see [3, page 19]).
In our assumption on R and M, the torsionless of M implies the torsionfreeness of M
(see |3, Excercise 1.4.20]). For each nonnegative integer ¢, we say that M has rank ¢ if M,
is an Rp-free module of rank / for all p € Ass R.

For an ideal I, I denotes the integral closure of I. We say that I is a fractional ideal if
I is a finitely generated R-submodule of Q(R) such that I contains a non-zerodivisor of R.
For fractional ideals I and J, I : J denotes the colon fractional ideal {a € Q(R) | aJ C I}.
We freely use the fact that I : J = Hompg(J,I) (see |11, Lemma 2.4.2]).

2. Preliminaries

In this section, we summarize several known results that we need in this article.

2.1. Trace ideals

Let R be a Noetherian ring, and let M be a finitely generated R-module. Then,

trp(M) = Z Im f=Im(M*®rM — R), where f @z f(z) for f € M* and x € M
feM~

is called the trace ideal of M. An ideal I is called a trace ideal if I = trp(M) for some

R-module M. For an ideal J containing a non-zerodivisor of R, we have
trr(J) = (R:J)J

by identifying the map J* ®r J — R with (R: J)®rJ - R; f@ax— fxfor fe R:J
and z € J.

Lemma 2.1. [8,/15] Let I be an ideal of R and v: I — R be the embedding. Then, the

following are equivalent:
(a) I is a trace ideal, (b) I =trp(I), (c) Homg(I,I) %> Hompg(I,R) is bijective.

Proof. This is known, but we include a proof for the convenience of reader.
(¢c) = (b) = (a) is clear.
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(a) = (c): Suppose that there exists f € Hompg(/, R) such that Im f Z I, and choose
x €Im f\I. Set I =trr(M) for some R-module M. Then, the map M*@r M — I ENy”
shows that x € trg(M) = I. This is a contradiction. O]

Corollary 2.2. Let I be an ideal containing a non-zerodivisor of R. Then, the following

are equivalent:
(a) I is a trace ideal, (b) I=(R:1)I, (c)I:I1=R:1.

Remark 2.3. (a) (see |14, Proposition 2.8(viii)]) trr(M) ®r A = tra(M ®pr A) for any
commutative flat R-algebra A. In particular, the localization of a trace ideal is a trace

ideal.

(b) If M has a positive rank, then trp(M) contains a non-zerodivisor of R.

Proof. (a) Since trg(M) is the image of M*®@r M — R, where f®x — f(z), flat extensions
are compatible.

(b) Let p € AssR. By (a), trr(M)R, = trg,(M,). Furthermore, if M has a positive
rank ¢, then trg, (M,) = ter(Rf;) = R,. It follows that trp(M)R, = Ry, which implies
that trr(M) € p. Hence, trg(M) contains a non-zerodivisor of R. O

Proposition 2.4. (cf. [2| (7.2) Proposition]|) Let M be a reflexive R-module of positive
rank £. We define an endomorphism algebra A := trg(M) : trg(M). Then, we can regard
M as an A-module by the action extending the R-action.

Proof. By applying the R-dual (—)* to the canonical map M* @ r M — trr(M) — 0 (see

the definition of trace ideals), we obtain that
0 — Hompg(trr(M), R) — Homp(M, M**) = Homp(M, M)
since M is reflexive. On the other hand, we have
Hompg(trr(M), R) = Hompg(trg(M),trr(M)) = A

by Lemma Hence, passing to the map A — Hompg(M, M), we can regard M as
an A-module. We note that if we restrict the A-action to R, then it coincides with the
R-action. 0

Remark 2.5. With the same assumption and notation of Proposition [2.4] the A-action

extending the R-action of M is unique.

Proof. Assume that there are two actions o and o extending the R-action of M. Let

a € Aand x € M, and set « = a/s, where a,s € R and s is a non-zerodivisor of R. Then,

s(aox) = (sa)oxr=aox=aod x=(sa)d z=s(ad z).
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It follows that s(aw oz — o’ ) = 0. This proves that « o x = «a o z. Indeed, all

non-zerodivisors of R are non-zerodivisors of M since Ass M = Ass M** C Ass R. O
Proposition fails if M is a non-reflexive torsionfree module.

Example 2.6. Let R = K[[t3,t*¢°]] and I = (3,t*), where K|[[t]] denotes the formal
power series ring over a field K. Then, since I is isomorphic to the canonical module
of R and R is not Gorenstein (see [9, Example 2.1.9]), I is a non-reflexive torsionfree
R-module. Tt is easy to check that trp(I) contains the maximal ideal m = (¢3,¢4,#%), thus
trr(l) : trr(l) = m : m = K[[t]]. However, I # IK][t]], that is, I does not become a
K{[[t]]-module.

Later we will use the following fact.

Proposition 2.7. |14, Proposition 2.8(iii)] Suppose that R is a local ring. Then, trp(M) =

R if and only if M has a nonzero free direct summand.

2.2. Arf rings

In this subsection we survey the notion of Arf rings. Let R be a Cohen—Macaulay semi-
local ring with dim R, = 1 for all m € Max R. Here, we should not restrict ourselves to
local rings. Indeed, the Arf property is often inherited by intermediate rings between R
and R as shown in Theorem but intermediate rings are not necessarily local rings

even if R is local.
Definition 2.8. [16] R is called an Arf ring if the following two conditions hold:

(a) For every integrally closed ideal I which contains a non-zerodivisor of R, there exists

an element a € I such that I = (a), i.e., I""! = aI™ for some n > 0.
(b) If z,y,z € R such that x is a non-zerodivisor of R and %, e R, then % € R.

Remark 2.9. |16 Corollary 2.5] R is Arf if and only if Ry, is Arf for all maximal ideals m
of R.

The notion of Arf rings is characterized as follows.

Theorem 2.10. |[16, Theorem 2.2] Let R be a Cohen—Macaulay semi-local ring with
dim Ry = 1 for allm € Max R. Then, the following conditions are equivalent:

(a) R is an Arf ring.

(b) For every integrally closed ideal I that contains a non-zerodivisor of R, there exists
a € I such that I?> = al.
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According to the condition that I? = al, we note the following fact.

Fact 2.11. [16, Lemma 1.11] Let a € I be a reduction of I, that is, I"*! = aI™ for some

n > 0. Then the following are equivalent.
() I?=al. (2)I:I=a"'I
Moreover, if the above condition holds, then I? = bI for any reduction b € I.

Let J(R) denote the Jacobson radical of R. We note that J(R) is an integrally closed

ideal containing a non-zerodivisor of R (see |11, Remark 1.1.3(6)]). Set
‘ . ) R if n =0,
R, = U[J (R)" : J(R)!], and define recursively R, =
=) [Ro1]i ifn>0
for each n > 0. Then, we obtain the tower

R=RyCR1C--CR,C--

of rings in R. Every R, is a Cohen-Macaulay semi-local ring such that all maximal ideals
are of height one. By using this tower of rings, we obtain another characterization of Arf

rings as follows.
Theorem 2.12. |16, Theorem 2.2] The following conditions are equivalent:
(a) R is an Arf ring.

(b) [Rn]m has mazimal embedding dimension for every n > 0 and m € Max R,,, that is,

the embedding dimension coincides with the multiplicity.
The following examples can be verified by using Theorem [2.12

Example 2.13. [16, Example, p. 664] Let R be a Cohen—Macaulay local ring with
e(R) < 2. Then, R is an Arf ring.

Example 2.14. Let n > 0, and let R = K[[t",#""1 ... t>"~1]] be a subring of the formal
power series ring K[[t]]. Then, R is an Arf ring. This shows that for any n > 0, there

exist Arf rings with multiplicity n.

Note that Example [2.14] shows that the main result of this article, Theorem 1.2} fully
generalizes Fact We can find more numerous examples of Arf rings, for example,
by using a characterization of numerical semigroup Arf rings via numerical semigroup
(see |17, Corollary 3.19]).



Reflexive Modules over Arf Local Rings 7

3. Main results

In this section we prove theorems displayed in the introduction. Throughout this section,

we work under the following assumption.
Setup 3.1. R denotes an Arf ring.

We note that R is a one-dimensional semi-local ring by the definition of Arf rings. The

following is a key ingredient in our result.

Proposition 3.2. If I is a trace ideal containing a non-zerodivisor of R, then I is an

integrally closed ideal.

Proof. By passing to the localization of each maximal ideal containing I, we may assume
that R is a local ring with maximal ideal m (see Remarks [2.3|a) and [11, Proposi-
tion 1.1.4]). Let T' = R[X|ypg[x], where R[X] is the polynomial ring over R. Then, IT is
a trace ideal in T by Remark [2.3|(a). Since the residue field T'/mT is infinite, there exists
a non-zerodivisor ¢ € I'T such that ¢T is a reduction of IT. It is sufficient to show that
IT = IT since R — T is faithfully flat.

Because IT C IT, we obtain that

TCIT:ITCT:ITCT:IT=1IT:IT,
where the last equality follows from Corollary 2.2 By multiplying IT to the above,
IT C (IT : IT)IT C (IT : IT)IT = IT.

It follows that IT = (IT : IT)IT. Meanwhile, there exists a non-zerodivisor a € I of
R such that I° = al because R is Arf. T hus, (IT)? = a(IT). By Fact we have
(IT)? =t(IT). Hence, it follows that

IT: 1T =t 'IT
by Fact [2.11] Therefore, we obtain that
IT = (IT : IT)IT = (t 'IT)IT.

On the other hand, since t € IT, we have tIT C IT - IT C (IT)? = tIT. Hence,
(t—'IT)IT = t~"%IT = IT. Thus, we obtain that IT = IT as desired. O

The converse of Proposition does not hold true.

Example 3.3. Let R = K[[t?,#%]] and I = (#3,t%), where K][[t]] denotes the formal
power series ring over a field K. Then, R is of multiplicity two; hence, R is an Arf

ring. Furthermore, I = t3K[[t]] = t3R is an integrally closed ideal of R. However,
trR(I) = (t27t3) 7& I
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In contrast to the above example, we will establish that every integrally closed ideal

is isomorphic to some trace ideal (see Theorem [3.5). We prepare the following.

Proposition 3.4. Let M be a reflexive module of positive rank. Set A = trr(M) : trr(M).
Then, we have tra(M) = A = trr(M).

Proof. Set I =trr(M). Then, I is an integrally closed ideal containing a non-zerodivisor
of R by Remark (b) and Proposition We choose t € I such that I? = ¢I, and
set A=1:1=t"'1 by Fact Then, M is an A-module by Proposition We
prove that trq (M) = A. Indeed, let f € Homp(M, R). Then, Im f C I since [ is a trace
ideal. We can define the map g: M — A, where x + t~!f(x). The map g is of course
R-linear. Furthermore, the following argument proves that g is A-linear: for all @ € A
and all z € M, by letting @ = a/s, where a,s € R and s is a non-zerodivisor of R, we
obtain that

sag(z) = ag(z) = g(ax) = g(sax) = sg(az),
where the fourth equality follows from ax € M since M is an A-module. It follows that
s(ag(x) — g(ax)) = 0; hence, ag(z) = g(ax) since M is torsionfree.

Therefore, we obtain that

tra(M)= > Imh2 > t'Imf=t"trg(M)=A
heHom 4 (M,A) f€Homp(M,R)
Hence, tra(M) = A =t L trr(M) = trp(M). O

Theorem 3.5. Let R be an Arf ring. For an ideal I containing a non-zerodivisor of R,

the following are equivalent:
(a) I is reflexive as an R-module, i.e., I is a divisorial ideal.
(b) I is isomorphic to some trace ideal.
(c) I is isomorphic to some integrally closed ideal.
When this is the case, I = trg(I) = I* and trr(I) is an integrally closed ideal.

Proof. (b) = (c) follows from Proposition[3.2} (c) = (a) follows from the following claim.
Claim. If I is an integrally closed ideal containing a non-zerodivisor of R and I? = tI
for somet e, thenl =R:(R:1I).

Proof of Claim. Set A =1 :1 =111 (see Fact . Then, R: (R:I)=R: (R:tA) =
t(R: (R: A)). Because A is a subring of R, we have (R: A)A- A= (R: A)AC R, i.e.,
(R:A)ACR: A. Thus (R: A)A= R : A. It follows that

R:(R:A)=R:(R:A)A=(R:A):(R:A)=ZHomgr(R:AR:A).
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Thus, R : (R : A) is a subring of R; hence, [R : (R : A)]> = R: (R : A). Hence,
[R:(R:1I)*>=tR: (R:I). In particular, (¢) is a reduction of R : (R : I). Therefore,
by |11, Corollary 1.2.5], we obtain that I C R: (R :I) C (t) = I = I, which concludes
the assertion.

(a) = (b): Set A =trgr(l) : trg(I). By Proposition we have try(I) = A. Hence,
by Remark [2.3(a) and Proposition I is a locally free A-module of rank one for all
maximal ideals of A. It follows that I is a free A-module of rank one because A is semi-
local (see [3, Lemma 1.4.4]). Hence, I = A = trgr(I) as R-modules.

When this is the case, R : I & R : trg(I) = trg(I) : trr(I) = t 1 trg(I) = I, where
t € trgy(I) is a reduction of trr(I). We complete the proof of Theorem O

Now, we are in a position to prove the second main theorem.

Theorem 3.6. Let (R, m) be an Arf local ring. Suppose that R is a local ring. If M is a
reflexive R-module with positive rank, then M decomposes to a direct sum of m-primary

integrally closed ideals of R.

Proof. Set Ay = trr(M) : trr(M) and r = rankg M. Note that A; is local since R
is local. By Propositions and we get that as an Aj-module, M decomposes as
M = A1 & N, for some Aj-module Ny. But this is also an R-isomorphism. The rank of Ay
as an R-module is 1 because R C A; C Q(R). Hence the rank of Ny is r — 1. In addition,
N is reflexive because N; is a direct summand of a reflexive module M. Therefore, by

induction on the rank of M, we have
MEZAPAD--- DA DN,

where, for 1 < i < r, N; is some reflexive R-module of rank r — ¢ and A; = trr(N;—1) :
trr(N;—1). Since N, is reflexive of rank zero, N, = 0. Since A; = trr(NV;—1) by Proposi-
tion we conclude the assertion by Theorem O

As an application of Theorem we have the following corollary.

Corollary 3.7. Let (R, m) be an Arf local ring. Suppose that R is a local ring and finitely
generated as an R-module. Then, there are only finitely many indecomposable reflexive

R-modules up to isomorphism.

Proof. Due to Theorem all reflexive modules are decomposed into integrally closed
ideals up to isomorphism. On the other hand, there are only finitely many integrally closed
ideals, which are not ideals of R (see [12, Corollary 5.4]). Moreover, since R is a discrete
valuation ring, every non-zero ideal of R is isomorphic to R. Hence, there are only finitely
many integrally closed ideals up to isomorphism. This concludes that indecomposable

reflexive modules are finite up to isomorphism. O



10 Ryotaro Isobe and Shinya Kumashiro

Remark 3.8. Let QCM(R) denote the category of first syzygies of maximal Cohen—-Macaulay
modules. Thus, QCM(R) consists of all R-modules M such that there exists an exact se-
quence 0 > M — F' — X — 0 with a free R-module F' and a maximal Cohen—-Macaulay
R-module X.

Suppose that R is a local ring of dimension one and generically Gorenstein, that is,
R, is Gorenstein for all associated prime ideals p. Then, it is known that QCM(R) is the
same as the category of reflexive modules (for example, see [10, Lemma 4.1]).

With this perspective, since R is generically Gorenstein under the hypothesis of Corol-
lary we can rephrase the sentence “there are only finitely many indecomposable re-
flexive R-modules up to isomorphism” in Corollary by the sentence “QCM(R) is of
finite type”.

Remark 3.9. The condition on M in Corollary cannot be weakened from reflexive to
torsionless. Indeed, it is known that for any positive integer n, there is an indecomposable
maximal Cohen-Macaulay R-module of rank n if R is a one-dimensional Cohen—Macaulay
local ring with multiplicity > 4 (see |13, 4.2 Theorem]). On the other hand, we have
examples of Arf rings with multiplicity > 4 (see Example [2.14]).
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