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The A,-spectral Radius and [a, b]-factors in Graphs

Yonglei Chen, Fei Wen* and Jing Ha

Abstract. Let A(G) and D(G) be the adjacency matrix and the degree matrix of G,
respectively. For any real o € [0, 1], Nikiforov |12] defined the matrix A,(G) as

Ao (G) = aD(G) + (1 — ) A(G).

An [a, b]-factor of a graph G is a spanning subgraph H such that a < dg(v) < b for any
v € V(G), where a and b are positive integers. In this paper, we give an upper bound
of A,-spectral radius of graphs with unique perfect matching, and then present A,-
spectral conditions for the existence of an [a, b]-factor in a graph. Our results extend
the result of Fan et al. in [4] for the unique perfect matching and [a, b]-factor of graphs,
and that of Zhao et al. in [16] for a [1, b]-odd factor of graphs.

1. Introduction

Throughout this paper, all graphs considered are simple connected and undirected. Let G
be a graph with vertex set V(G) and edge set E(G). Let A(G) and D(G) be the adjacency
matriz and the diagonal matriz of vertex degrees of G, respectively. We write dg(v), i.e.,
d(v), for the degree of the vertex v € V(G), Ng(v) for the neighbor set of the vertex
v € V(G), and Ngv] for {v} U Ng(v). For any real o € [0,1], Nikiforov [12] defined the
matrix A, (G) as Ao (G) = aD(G) + (1 — a)A(G). Tt is easy to see that Ag(G) = A(G),
A1(G) = D(G) and 24,,5(G) = Q(G), where Q(G) is the signless Laplacian matriz.
Moreover, L(G) = (Aa(G) — Ag(G))/(a — B) if o # B for any o, B € [0, 1], where L(G) is
the Laplacian matriz. The A,-spectral radius of G is the largest eigenvalue of A,(G), and
denoted by po(G). The largest eigenvalue of A(G), denoted by p(G), is called the spectral
radius of G. Obviously, po(G) = p(G) if a = 0.

The join and disjoint union of graphs are denoted by the symbols V and U, respec-
tively. A matching M of G is a subset of E(G) such that any two edges of M have no
common vertices. Moreover, if M covers all vertex of G then it is said to be a perfect match-

ing or a 1-factor. Suppose that G is an empty graph with vertex set U = {uy,ug, ..., un},
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and Gg is a complete graph with vertex set W = {v1,va,...,v,}. Let G(2n, 1) be the graph
of order 2n obtained from G U Go by letting Ng, (u;) = {v1,v2,...,v;} for 1 < i < n.
Clearly, G(2n,1) contains a unique perfect matching. More recently, Fan, Lin and Lu [4]
determined the graph G(2n,1) attaining the maximum spectral radius among all graphs

of order 2n with a unique perfect matching, and obtained the following result.

Theorem 1.1. [4, Theorem 1.1] If G is a connected graph of order 2n with a unique
perfect matching, then p(G) < p(G(2n,1)), with equality if and only if G = G(2n,1).

Let Ay (G) be the Ay-matriz of G, and p,(G) be the A, -spectral radius of G. Inspired
by the result of Theorem 1.1 we extend this result by giving the graph attaining the
maximum A,-spectral radius among all graphs of order 2n with a unique perfect matching,

and have the following theorem.

Theorem 1.2. If G is a connected graph of order 2n with a unique perfect matching, then
0a(G) < pa(G(2n,1)), with equality if and only if G = G(2n,1).

In 2021, Zhao, Huang and Wang [16] provided a lower bound for the A,-spectral radius

pa(G) which guarantees the existence of a perfect matching in a connected graph G. Let

10 if0<a<1/2
fla) =< 14 if1/2 < a <2/3,
5/(1—a) if2/3<a<l.

Theorem 1.3. [16, Theorem 3] Let o € [0,1), and let G be a connected graph of even
order n with n > f(a). If pa(G) > pa(K1V(K,—3U2K7)), then G has a perfect matching
unless G = K1V (K,—3 U2K1), where po(K1V(K,—3U2K1)) is equal to the largest root
of 28 — ((a + )n +a — 4z + (an? + (a®? — 2a — 1)n — 2a + 1)z — a®n? + (502 — 3a +
2)n — 10a? + 15a — 8 = 0.

A spanning subgraph H is an [a,b]-factor of a graph G if a < dy(v) < b for each
v € V(G), where a and b are positive integers. Especially, when a = b = 1, a [1,1]-
factor of G is also called a perfect matching or a 1-factor of G. Moreover, a spanning
subgraph H is a [1, b]-odd factor of a graph G if dy(v) is odd and 1 < dg(v) < b for each
v € V(G). In this paper, we extend the result of Theorem by proving that the lower
bound po(K1V(K,—p—2 U (b+ 1)K7)) can guarantee the existence of a [1,b]-odd factor
where a € [0,1/2].

Theorem 1.4. Let o € [0,1/2], and let G be a connected graph of even order n with
n>b+2+a+ w. If po(G) > po(KiV(Ky—p—o U (b+1)K7)), then G has a
[1,b]-0dd factor unless G = K1V (K,_p_2U(b+1)K7), where po(K1V (Kp—p—2U(b+1)K7))
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is equal to the largest root of #3—((a+1)n—b+a—3)z*+(an?+(a?—ab—a—1)n—2a+1)z—
a?n?+ (302 4-202b—a —2ab+b+1)n—a?b? —5a%b—4a? +2ab? +8ab+5a —b? —4b—3 = 0.

Motivated by the theorem above, we pose a problem below.

Problem 1.5. Let o € (1/2,1) and G be a connected graph of even order n. Investigate

the lower bound of p,(G) to guarantee the existence of a [1, b]-odd factor.

In the past decade, more researchers have presented different conditions for a graph
to have an [a, b]-factor. Li and Cai |11] gave a degree condition that if 6(G) > a, and for
any two nonadjacent vertices u,v € V(G), max{dg(u),dc(v)} > ;1%, then G has an [a, b]-
factor. Li |10] provided the neighborhood condition that G has an [a, b]-factor if §(G) >
(k—1)a,n > w and [N (v1)UNG(v2)U- - -UNg(vg)| > ;4% for any independent
subset {vi,v2,...,v,} of V(G). Kouider and Lonc [§] gave sufficient conditions, which
involve the minimum degree, the stability number and the connectivity of a graph. Chen [2]
presented some sufficient conditions on the binding number and the minimum degree for
a graph to have an [a,b]-factor. Cho and Park [3] gave counterexamples of Matsuda’s
conjecture and proposed the following conjecture about adjacent spectral lower bound for

a graph to have an [a, b]-factor.

Conjecture 1.6. [3, Conjecture 4.4] Let a-n be an even integer at least 2, where n > a+1.
If G is a graph of order n with p(G) > p(Hy,q) where Hy, o = Kq 1V(K1UKy_q), then G

contains an [a,b]-factor.

Recently, Fan, Lin and Lu [4] confirmed Conjecture for n > 3a 4+ b — 1 and gave

the following theorem.

Theorem 1.7. [4, Theorem 1.3] Let a, n be two positive integers such that a-n is even,
and let b> a > 1. If G is a graph of order n > 3a + b — 1 with p(G) > p(Hpq), then G

contains an [a, b]-factor.

Later, Wei and Zhang [15] have completely proved that Conjecture is true. En-
lightened by the results above, we give an A,-spectral condition to ensure that G has an
[a, b]-factor. Moreover, it also extends the result of Theorem

For convenience, suppose that a and b are two positive integers, and set ¢ = [—W —1.
For 1 <a <2, let

fila) =3a+b—1.

For a > 3, let

fi(e) max {3a+b—1,2t+1+ 2} if3/4<a<1landb>a,
1(a) =
3a+b-1 otherwise.
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In addition, we define

KtV(Kl U Kn—t—l) if 3/4 <a<1landb=a,

Hy, otherwise.

Theorem 1.8. Let a, n be two positive integers such that a-n is even, and letb > a > 1.
If G is a graph of order n > fi(a) with po(G) > pa(F), then G contains an [a, b]-factor
where o € [0,1).

2. Proof of Theorem

Firstly, we give some lemmas that will be used in the sequel.

Lemma 2.1. [9, Lemma 2.1], [13] Let a € [0,1) and G be a connected graph with wv; €
E(G) and wv; ¢ E(G) fori=1,2,...,k. Let G' = G — {uv;} + {wv;} fori=1,2,... k
and x be a unit eigenvector of Ay(G) corresponding to po(G). If Ty > xy, then po(G') >
pa(G).

An edge wv in graph G is said to be a cut edge if w(G — uv) > w(G), where w(G)

denotes the number of the components of G.

Lemma 2.2. [7] Let G be a connected graph with a unique perfect matching. Then G

contains a cut edge uv that is an edge of the perfect matching of G.

Lemma 2.3. [6, Lemma 8.7.2, p. 177] If My and My are two nonnegative n X n matrices

such that My — My is nonnegative, then

p(Mi) = p(Ms),
where p(M;) is the spectral radius of M; fori=1,2.

Lemma 2.4. |12, Proposition 14] For a € [0,1), let G be a graph, and x a nonnegative

eigenvector to po(G):
(i) If G is connected, then x is positive and is unique up to scaling;

(ii) If G is disconnected and P is the set of vertices with positive entries in X, then the

subgraph induced by P is a union of components H of G with po(H) = pa(G);

(iii) If G is connected and p is an eigenvalue of Ao (G) with a nonnegative eigenvector,
then = pa(G);

(iv) If G is connected, and H is a proper subgraph of G, then po(H) < po(G).
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Let G[S] be the subgraph of G induced by S for any S C V(G). If dg(u) > 2 and
dg(v) = 1, then wv is called pendant edge, where wv € E(G). From Lemma we
noticed that x is positive if G is a connected graph, where x is a nonnegative eigenvector
corresponding to po(G). In other words, if G is a connected graph, then one can set x

as a positive unit eigenvector of A, (G) corresponding to po(G). We now give a proof of
Theorem [1.21

Proof of Theorem [1.2] Assume that G is a connected graph of order 2n, which has a
unique perfect matching M. According to Lemma there is a cut edge ugvg in M.
Then one can deduce that G — ugvg is consisted of two odd components, and the edges
of each component in M are unique. Let x(©) be the positive unit eigenvector of A,(G)

corresponding to p,(G). Without loss of generality, we suppose that xq(f())) > xq()?)). Let
G1 =G —{vow : w € Ng(vo) \ {uo}} + {uow : w € V(G) \ Ng[uol}-

Clearly, we can see that G; also has a unique perfect matching, say M;. Let H = G—{vow :
w € No(uo) \ {uo}} + {uow : w € Ne(on) \ {uo}}. T (Nar(wo) \ {tio}) € (Na(uo) \ {uo}),
then H = @, which implies that po(H) < po(G). Otherwise, there exists a vertex w
such that w € Ng(vo) \ {uo} and w ¢ Ng(up) \ {vo}. It then follows from Lemma
that po(G) < pa(H). Consequently, po(G) < po(H), with equality if and only if G = H.
Meanwhile, by Lemma it deduces that po(H) < po(G1), with equality if and only if
H = G. Thus, one can obtain po(G) < po(G1), with equality if and only if G = Gj.

Let S; = V(G1) — {uo,v0}. Note that ugvg is a pendant edge of G and ugvg € M.
We have that the induced graph G1[Si] also contains a unique perfect matching, i.e.,
M \ {uovo}. From the definition of G1[S1], it is easy to see that each component of
G1[S1] has a unique perfect matching. Again by Lemma there is a cut edge ujv; in
some component of G1[S;] that is contained in M \ {ugvo}. Let x(1) be the positive unit
eigenvector of A,(G1) corresponding to po(G1). Assume that 331(}1) > xq(,{) Let

G2 = G1 — {viw: w € Ng,s,1(v1) \ {u1}} + {uiw : w € S1 \ Ng, sy [ua]}-

Clearly, G5 also has a unique perfect matching. Similar to that before, from Lemmas [2.1
and we get po(G1) < pa(G2), with equality if and only if G; = Ga.
By repeating this process, one can construct a sequence of graphs Go, G1, G2, ...,Gp_1,

which have a unique perfect matching;:
(i) Go = G,
(ii) for ¢ € [0,n — 2], let S; = V(G;) — {vo, v1,...,vi—1, U0, U1, ..., ui—1} and

Giy1=G; — {in TwE NG@'[SH (’UZ) \ {uz}} + {uiw w € S; \ NGi[S,-][ui]}a



642 Yonglei Chen, Fei Wen and Jing Ha

where u;v; is a cut edge in some component of G;[S;] that is contained in the unique
perfect matching of G;[S;] and arq(fl) < xq(fi), where x( is the positive unit eigenvector
of A, (G;) corresponding to p,(Gj).

As mentioned above, we see that G; has a unique perfect matching for each 7, and p,(G;) <
pa(Git1) with equality if and only if G; =2 G;4+1(0 < ¢ < n—2). Note that Gj,—1 =2 G(2n, 1).
O

Hence the proof is completed.

3. Proof of the Theorem

In 1985, Amahashi |1] gave a sufficient and necessary condition for the existence of an odd
[1, b]-factor.

Lemma 3.1. [1, Theorem 2| Let G be a graph and let b be a positive odd integer. Then
G contains a [1,b]-odd factor if and only if for every subset S C V(G),

o(G - 8) <blS|,
where o(G — S) is the number of odd components in a graph G — S.

Let po(G) = M(Aa) > X2(Aq) > -+ > A\y(Aq) denotes all eigenvalues of A, (G) for
a € [0,1]. Based on Rayleigh’s principle, Nikiforov [12] obtained the following conclusion.

Lemma 3.2. [12, Proposition 2] If « € [0,1] and G is a graph of order n, then

Pa(G) = M(Ay) = max (Aax,x) and A(Aq) = min (A,x,X).

l[x[[2=1 [Ixfl2=1

Moreover, if x is a unit n-vector, then po(G) = M (Aa) = (AaX,X) if and only if x is an

eigenvector to po(G), and A (As) = (Aax,x) if and only if x is an eigenvector to \,(Aq).

Lemma 3.3. Let a € [0,1) and n = Zleni—i-s. If ny >ng > - >ng > p and
ny <n-—s—p(t—1), then

Pa(KsV (Kny UK, U+ U Ky,)) < pa(KsV(K, s pr-1) U (t —1)Kp)).

Proof. Let G = K V(K,, UK,,U---UK,,) and x be a positive unit eigenvector of A,(G)
corresponding to p,(G). By symmetry, one can suppose that z, = z; for all v € V(K,,,),
where 1 < i <t, and z,, = y; for all u € V(Kj). Then it follows from A,(G)x = po(G)x
that (pa(G)—((n1 —1)4as))r1 = (1 —a)syr > 0, which gives that po(G) > (n1 —1)+as.
Again, for 2 < j <, one can see that

(pa(G) — (n; — 1) —as)(x1 — xj) = (1 —nj)xr > 0.
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Since po(G) > n1 — 1+ as > nj — 1+ as, we have 1 > z; for 2 < j < t. Let
G' = K{V(K,_s_pi—1) U (t = 1)K}). By Lemma and numbering the vertices of G’

properly, we can get

Pa(G') = pa(G)
> 2T (AL(G) — Aa(G))z  (by Lemma@

= (1-a) (Zt:(n — p)zi(nizy — pa;) + Z p)z; (m:vl + Z m->>

i=2 i=2
¢ t
+a<Z(ni p)(n1x? — pa? )4—2(71Z p)(n—pt—1)—n; —s)z ) >0
i=2 1=2
and so, the result follows. ]

Let H be a [1,b]-odd factor of a graph G. Then by the definition of [1, b]-odd factor,
for each v € V(G), 1 < dg(v) <b—1<bifbis an even number. Thus, one can also call
that [1,b']-odd factor is a [1,b]-odd factor of G, where ¥’ = b — 1 is an odd. Therefore,
we always take b as an odd number to consider [1, b]-odd factor. Now we give a proof of
Theorem [L.4]

Proof of Theorem [1.4. 'We here discuss two cases in the following.

If b =1, then n > b+2+a+w =34 a+4(3 — a)? > 10, moreover,
Pa(G) > pa(K1V(Kp—p—2U (b+ 1)K1)) = pa(K1V(Kp—3 U2K7)). Thus, it follows from
Theorem [1.3] that G has a [1, 1]-factor unless G = K1V(K,_3 U2K), it therefore means
that if n > b+2+a+ w and po(G) > po(K1V(Ky—p—2U(b+1)K7)), then G
also has a [1, b]-factor unless G = K1V (K,_p—2 U (b+ 1)K}).

If b > 1, we assume, by a contradiction, that G contains no [1,b]-odd factor. Then by
Lemma there exists some nonempty subset S of V(G) such that ¢ = o(G — S) > b|S|.
Let |S| = s. We assert that ¢ and bs have the same parity. If s is an odd, then n — s
and bs are odd numbers since n is even and b is odd. As n — s is odd, the number of odd
components in G — S must be odd, i.e., ¢ is also odd. If not, ¢ is even, then the number
of vertices of all odd components in G — S is also even. And together with the number
of vertices of all even components in G — S, we have n — s is even, a contradiction. So, ¢
and bs are odd numbers. Similarly, one can prove that ¢ and bs are even numbers if s is
an even. Thus, ¢ and bs have the same parity. Hence ¢ > bs + 2. To promote the proof,

we first prove the following claims.

Claim 3.4. G is a spanning subgraph of G = K,V (K, UK,,U---UK,,_) for some positive
odd integers n; > ng > --- > n, with Z?:l n; =mn—S.
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Proof. Note that G — S is consisted of ¢ > 1 odd components and & > 0 (say) even
components. We write X; (1 < i < ¢) for the odd components, Y; (0 < j < k —1)
for the even components in G — S, where |V(X;)| > |[V(X2)] > --- > |[V(X,)|. To
obtain some positive odd integers ny > ng > .-+ > ng such that Y 7 n; =n—s, we
consider X;VYj for some 1 < i < gand 0 < j <k —1. Clearly, |V(X;VYj)| is an odd
number. Without loss of generality, let us join all even components of G — S to X7y, i.e.,
XiV(YoUYy---UY;,_1). We can see that |[V(X3V(YoUYy---UYr_1))| is also an odd
number and X;V(YpUY7---UY;_1) must be a spanning subgraph of K, for some odd
integer n1 = |V(XiV(YoUY1---UY,_1))|. Meanwhile, X; (2 <1i < ¢) must be a spanning
subgraph of K, for some odd integers n; (2 < i < q), respectively, where n; = |V(X;)|.
Recall that |S| = s and G[S] is a spanning subgraph of K. Thus, G is a spanning subgraph
of G1 = KsV(Ky, UKy, U---UK,,) for some positive odd integers n; > ny > --- > nq
with 37 nj=n—s. O

In addition, it deduces from Lemma [2.4](iv) that po(G) < pa(G1), where the equality
holds if and only if G = G;.

Claim 3.5. For a € [0, 1), we have
Pa(KsV (K U Kp, U=+ U an)) < pa(KsV(Kp—s—q+1U (¢ — 1)K1)),
where the equality holds if and only if (n1,n2,...,n4) = (n —s—¢+1,1,...,1).

Proof. If (n1,ng,...,ny) = (n—s—q+1,1,...,1), then K,V(K,, UK, U---UK,, )=
K V(K s—q41U(g—1)K1). Hence po(KsV (K UKp,U---UKy,,)) = pa(KsV(Ky—s—g1U
(g —1)Ky)).

If (n1,n2,...,ng) # (n—s—q+1,1,...,1), it follows from Lemma[3.3|that po(KsV (K,
UKp, U---UKp,)) < pa(KsV(Kn—s—g+1U (g —1)K1)). So, this proves Claim (3.5 O

Claim 3.6. For a € [0, 1), we have
Pa(KsV (Kn—s—g41 U (g — 1)K1)) < pa(KsV(Kp—s—ps—1 U (bs + 1) K1),
where the equality holds if and only if ¢ = bs + 2.

Proof. If ¢ = bs + 2, then K,V(Ky_s_g+1U (¢ —1)K1) = K{V(Kp—s—ps—1 U (bs + 1) K7).
So, we have po(KV(Kp—s—qr1U (¢ —1)K1)) = pa(KV(Kp_s_ps—1 U (bs +1)K7)).

If ¢ > bs +4, then K,V (K, _s_¢+1 U (¢ — 1)K1) is a subgraph of K,V (K,_s_ps—1 U
(bs + 1)K1). Thus, by Lemma it deduces that po(KsV(Kp—s—g+1 U (¢ — 1)K7)) <
Pa(KsV(Kp—s—ps—1 U (bs + 1)K7)). Now, we prove the inequation is strict, that is,

0BV (Kn—s—qi1U (@ — 1)E1)) < pa(KsV(Kp_s_ps_1 U (bs + 1)K1)).
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Let Gy = KV( [ q+1U(q—1)K1) and Gg = KV( n—s—bs— 1U(b$+1) )
Clearly, V(G3) can be partitioned as V(G3) = V(Ks) UV (Kp—s_ps—1) UV ((bs + 1)K3),
where V(K;) = {ui,ug,...,us}, V((bs+1)K1) = {v1,v2,...,0ps+1} and V(K _s_ps—1) =
{w1, wa, ..., Wn—s—g41, Wn—s—q42; - - -, Wn—s—bs—1 - 10 addition, we write £y = {ww; | 1
i<n—-s—q+ln—s—q+2<j<n—-s—bs—1}U{wwg |n—s—q+2<1
n—s—bs—2i+1<k<n-—s—bs—1}. Obviously, Go = G3 — Ej.

Let x (resp. y) be the positive unit eigenvectors of A, (G3) (resp. Ay (G2)) correspond-

<
<

ing to pa(G3) (resp. pa(G2)). By symmetry, x takes the same value on the vertices of
V(Ks), V(Kp—s—bs—1) and V((bs+1) K1), respectively, say 1, z2 and 3. Similarly, y takes
the same value on the vertices of V(Kj), V(K,—s_q+1) and V((¢—1) K1), respectively, say
y1, y2 and y3. Then, it follows from A,(G2)y = pa(G2)y and A, (G3)x = po(Gs)x that

XT(pa(Gg) — pa(G2))y
= XT(AQ(G?)) - Aa(GQ))y

n—s—bs—1 n—s—q+1
:a( Z (n—bs — s — 2) Ty, Yu,; + Z (q—bs—2):cwiywi)

i=n—s—q+2 i=1
n—s—q+1 n—s—bs—1 n—s—bs—2 n—s—bs—1
SEIED VD I IIEAED S D
i=1  j=n—s—q+2 i=n—s—q+2 k=i+1

=a((g—bs—2)(n—bs —s—2)zays + (n —s— ¢+ 1)(q — bs — 2)xay2)
+ (1= a)((g—bs—2)(n—s—q+1)(z2y2 + y322) + (¢ — bs — 2)(¢ — bs — 3)z2y3)
>0 (since ¢ > bs+4).

Thus, pa(KsV(Kp—s—g+1 U (¢ — 1)K1)) < pa(KsV(Kp—s—ps—1 U (bs + 1)K1)). ]

2(b+1)(b+2—a)?
b

Claim 3.7. For a« € [0,1/2],if n > b+ 2+ o+ and b > 1, then we have

(K V( n—s—bs— IU(b5+1)K1)) <pa(K1V( n—b— QU(b+ ) ))
with equality holding if and only if s = 1.

Proof. If s =1, then K,V (K, _s_ps—1 U (bs+1)K1) = K1V (K,,_p—2U (b+ 1)K7). So we
have po(KV (K s o1 U (b5 + 1)K1) = pu (K1Y (Kp_p 2 U (b+ 1K),

If s > 2, we should verify that po(KsV(Kp_s—ps—1 U (bs +1)K1)) < pa(K1V(K,_p_o
U(b+1)Ky)). Let G4 = K1 V(Ky_p—2U (b+1)Ky). Obviously, G4 = G3 — {uv; | 2 <i <
5,1 < <b+1}+{vwj | b+2<4,5 <bs+1,i# ji+{wv; |1 <i<n—s—bs—1,b4+2 <
Jj <bs+1}.

Let z be the positive unit eigenvector of A, (G4) corresponding to po(G4). By sym-
metry, z takes the same value on the vertices of V(K37), V(K,_p—2) and (b + 1)V (K1),
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respectively, say z1, zo and z3. Recall that x is the positive unit eigenvector of A,(G3)
corresponding to p,(G3) and takes the same value on the vertices of V/(K), V(K —s_ps—1)
and V((bs + 1)K}), respectively, say x1, x9 and x3. Then, from A,(G4)z = po(G4)z and
An(G3)x = pa(G3)x it follows that

(3.1) pa(Ga)za = a(n —b—2)z + (1 —a)(z1 + (n— b —3)22),

(3.2) Pa(Ga)zs = azg + (1 — a)z,

(3.3) Pa(G3)re = a(n —bs — 2)zg + (1 — a)(sz1 + (n — bs — s — 2)x2),
(3.4) pa(Gs)rs = asrs + (1 — a)szy

From (3.1) and (3.2]) we have
_ palGi)—a—(n—b-3)

3.5 _ .
(35) * G —a
From and we have

B (1—a)s

(36) 2= pa(G3) —as—(n—bs—s— 2)331

and
(I1—-a)s

3.7 T3 = —————17.

(3.7) 5= a(G) s

Note that K7 UK, 42U (b+ 1)K is a spanning subgraph of K1V (K, o U (b+1)K1),
meanwhile, both G3 and G4 are the proper subgraphs of K,. It is easy to see that
pa(G3) <n—1and n—b—2 < pu(Gy) <n— 1. Together with A,(G3)x = po(G3)x and
Aa(G1)z = pa(Ga)z we get

ZT(pa(G4) — pa(G3))x
=27 (An(Gy) — Au(G3))x
=a(—=(b+1)(s— Dz +b(s —1)(n —bs — s — 1)zox2 — (b+ 1)(s — 1)z323
+b(s —1)(n—b—s— 2)zs)
+(I—a)( = (b+1)(s—1)23m1 + b(s — 1)(n — bs — 5 — 1) 2022
—(b+1)(s—1zaag+b(s —1)(n —b— s — 2)z0x3)
(1-a)s
pa(Gs) —as—(n—bs—s—2)
Pa(Gy) —a—(n—b—23) (1-a)s
pa(Gi)—a  “pal(Ga)-as"

+bn—b—s— 2)22%@)

:(s—l)a(—(b+ 1)zox1 + b(n —bs — s — 1)z9 1

—(b+1

pa(Gs) —a—(n—b—3)
Pa(G4) -«

2221

+(s—1)(1—a)(—(b+1)
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(1-a)s (1-a)s

—bhs—s—1 _ Do Y
+b(n—bs—s )Z2pa(G3)—as—(n—bs—s—2)x1 b+ )ZQPQ(GS)_anl
1—
+bn—b—s— 2)zzmx1> (from (3.5), (B-6) and (3.7))
o 3) —
(s — 1)zomq

" (Pa(G1) = @) (pa(Gs) — as)(pa(Ga) — as — (n —bs — s — 2))
% a( = b+ D)(pa(G1) = @) (pa(Ga) = as) (pa(Gs) — as — (n— bs — s — 2))
+b(n—bs — 5 = 1)(1 = a)s(pa(Ga) — a)(pa(Ga) — as)
+b(n—b—5—2)(1 = a)s(pa(Gs) = @) (pa(Gs) — as — (n— bs — s - 2))
— b+ D) (pa(Gs) —a—(n—=0b—-3))(pa(G3) —as— (n—bs —s—2))(1 — a)s)
s —1)zoxy
(pa(Ga) = a)(p @g—é@@icw—awwn—m—s—m>
% (= 0+ D(palGa) = a = (0= b= 3))(pa(Gs) — as)(pa(Gs) — as — (n— bs — 5 — 2))
+b(n—bs — 5 = 1)(1 = @)s(pa(G1) — @) (pa(Ga) — as)
+b(n—b—5—2)(1 — a)s(pa(G1) — @) (pa(Gs) — as — (n—bs — 5 = 2))
— (b+ 1)(pa(Gs) = a)(pa(Ga) —as — (n—bs — s = 2))(1 — a)s)

+

(1—-a)

(s — 1)zomq

" (Pa(Ga) — 0)(pa(Gs) — a5)(pa(Gs) — as — (n—bs 5 — 2))

x ( = (0+1)(pa(Gs) —a = (n=b=3))(pa(G3) — @s)(pa(G3) — as — (n—bs — s — 2))
+ a(b+1)(pa(Gs) — as)(pa(Gs) —as — (n = bs — 5 = 2))(=(n — b - 3))
b0 — bs — 5 — 1)(1 — a)5(pa(Gs) — ) (pa(Gs) — as)
— (04 1)(pa(Gs) = @)(pa(Gs) —as — (n—bs —s —2))(1 —a)s
+ab+1)(n—0—-3)(pa(Gs) —as—(n—bs—s—2))(1 —a)s
+bo(n—b—s5—2)(1—-a)s(pa(Ga) — a)(pa(G3) —as— (n—bs—s — 2)))

_ (s — 1)zomy
(Pa(Ga) — @) (pa(Gs) — as)(pa(Gs) — s — (n—bs — 5 — 2))

X (a(b +1)(pa(Gs) —as—(n—bs —s—2))(n—b—3)((1 — a)s — (pa(G3) — as))
b0 — b — 5 — 1)(1 — 0)3(pa(Gs) — ) (pa(Gs) — as)
— b+ 1)(1 — 0)8(pa(Gs) — 0)(pa(Gs) — as — (n — bs — s — 2))
+bn—b—5—2)(1 —)s(pa(Gs) — @)(pa(G3) — as — (n —bs — s — 2))
= (0+1)(pa(Gs) —a = (n=b=3))(pa(G3) — @s)(pa(G3) —as = (n—bs —s — 2)))

_ (s — 1)zoay
(Pa(G1) — @) (pa(Gs) — as)(pa(Gs) — as — (n — bs — s — 2))

% (= alb+ 1)(pa(Gs) = as = (n = bs =5 = 2))(n — b= 3)(pa(Gs) — 5)
+b(n—bs—s—1)(1—a)s(pa(Gs) — @)(pa(Gs) — as)
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+(b(n—b—s—2) — b+ 1))(L -~ a)s(pa(Ga) — a)(pa(Gs) — as — (n—bs — s —2))
— (b+ 1)(pa(Ga) — o = (0 b = 3))(pa(Gs) — 5)(pa(Gs) — a5 — (n — bs — 5~ 2)))

B (s — 1)zomq
= (0a(Ga) — )(pa(Gs) — a5) (pa(Cs) a5 — (n— b5 — 5~ )
x(p(,Gg —as—(n—bs—s—2))

x (1 = a)s(pa(Gs) —a)(b(n—b—s5—2) = (b+1)) —a(d+1)(n—b—3)(pa(Gs) — s))
+ (pa(G3) — as)((1 — a)bs(n — bs — s — 1)(pa(G4) — @)
(b4 )(pa(Gs) — @~ (n— b 3)(pa(Gs) — s — (n— bs — 5 - 2))))

(s — 1)zomq
(Pa(Ga) = @)(pa(Gs) — as)(pa(Gs) — as — (n—bs — 5 — 2))

X ((pa(GB)—OéS—(n—bS_S_Q))n—;)—S

X (s(b(n —b—5—-2)—(b+1))— (b+1)(pa(G3) — s))
+ (pa(Gs) — as)(gbs(n — bs — 5~ 1)(palCs) — )

>

~ (04 1)(pa(Ga) ~ a5 = (= b3 5= 2)(pa(G) — a— (n =) )

(since a € [0,1/2] and po(G4) >n —b—2)
(s — 1)zomq
(Pa(Ga) = @)(pa(Gs) — as)(pa(Gs) — as — (n —bs — s — 2))

X ((pa(Gg)—ozs—(n—bs—s—Z))n_b_3

>

2
x (2(b(n—b—s5-2)—(b+1)—(b+1)(n—1-35))

+ (pa(G3) — as)(%bs(n —b—2—a)— (b+1)(bs+25s — as)(b+2 — a))>

(since s > 2,p4(Gs) <n—land n—b—2 < po(Gs) <n—1)
_ (s — 1)zomy
(Pa(Ga) = @)(pa(Gs) — as)(pa(Gs) — as — (n —bs — 5 — 2))

X ((Pa(G:s)—ozs—(n_bs_s_Q))n;73

X ((b=1)n—(2b(s+b+3)+2—(s+1)(b+1)))

+ 5(pa(Gs) —as)(%b(n— b—2—a)— (b+1)(b+2—a)b+2— a)))

(s — 1)zomq
(Pa(Ga) = @)(pa(Gs) — as)(pa(Gs) — as — (n —bs — 5 = 2))

X ((Pa(st)—as—(n_bs_s_z))n—;)_g

X ((b—1)n—(2b(s+b+3) +2 — 2b(s + 1)))

>

+ s(pa(G3) —as)(%bn— %b(b+2—|—a) —b+1D)b+2—a)(b+2 —a))) (since b > 1)
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O

2(b+1)(b+2a)2>.

>0 <Sincen>b+2+a+ 5

Claim 3.8. For any b > 1, we have K1V (K,_,_2U(b+1)K;) contains no [1, b]-odd factor.

Proof. Let Vi =V (K1), Vo = V(K,—p—2) and V3 = V((b+1)K;). Taking S = V; we have
o(G—8) =b+2 > b|S| = b. Thus, by Lemma 3.1]it follows that KV (K,_p_oU(b+1)K1)

contains no [1,b]-odd factor. O

Combining Claims 3-6] 3.7 and [3.8] the proof is therefore completed. O

4. Proof of Theorem

In this section, we firstly present some preliminaries, and then give a proof of Theorem 1.8
Lemma 4.1. [11, Theorem 5| Let G be a graph of order n > 2a+b+ “QT*“ with minimum,
degree 6(G) > a, and a, b be two integers such that 1 < a < b. If

an
a+b

max{dg(u),dg(w)} >
for any two nonadjacent vertices u and w of G, then G contains an [a, b]-factor.

A spanning subgraph H is an [a, b]-factor of a graph G, if a < dy(v) < b for each
v € V(G), where a and b are positive integers. Especially, if a = b = k, then [a, b]-factor

is also called a k-factor.

Lemma 4.2. [14] Suppose k > 3. Let G be a connected graph of order n > 4k — 3 with
minimum degree 6(G) where k -n is even and 6(G) > k. If

max{dg(u),dg(w)} >

|3

for any two nonadjacent vertices u and w of G, then G contains an k-factor.

Lemma 4.3. Let G be a connected graph of order n and let u, w be two nonadjacent
vertices of G. If 1 < max{dg(u),dg(w)} < t, then po(G) < pa(KiV(2K1 U K,_4_2)),
with equality if and only if G = K,V (2K1 U Ky——9).

Proof. Let x be a positive unit eigenvector of A, (G) corresponding to p,(G). By num-
bering the vertices in V(G) \ {u,w} appropriately, we may assume that V(G) \ {u,w} =
{v1,v2,..., 02} with zy, >z, > -+ >m,, ,. Let

G'=G—{uv|ve Ngu)} —{wv|ve Ngw)}+ {uv;,wv; | 1 <i <t}

We note that v and w are two nonadjacent vertices of G such that 1 < max{dg(u),dg(w)}
< t, which implies that ¢ < n — 2. Thus, by Lemma it follows that po(G) < pa(G),
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with equality holds if and only if G = G’. On the other hand, since G’ is a spanning graph
of K4V(2K1 U K,,_¢_2), from Lemma iv) we have po(G') < po(K:V (2K U Kp—¢—2)),
the equality holds if and only if G’ & K;V(2K; U K,,_¢—3). Therefore, combining with
above one can get that po(G) < po(KiV(2K; U K,—¢—2)), with equality if and only if
GG = KVEEK UKy o), ie., G= K V2K UKy o). O

Lemma 4.4. [12, Proposition 4] Let 1 > a > 8 > 0. If G is a graph of order n with
Aq(G) = Ay and Ag(G) = Ag, then

Ak (Aa) — Ak(Ag) >0

for any 1 <k <mn. If G is connected, then the inequality is strict, unless k =1 and G is

reqular.

As usual, we write K,,_1 + v for K,,_1 Uwv, and K,_1 + e for the complete graph of

order n — 1 with a pendent edge.

Lemma 4.5. [5, Theorem 2] Let G be a graph of order n and spectral radius p(G). If
p(G) >N — 27

then G contains a Hamiltonian path unless G = K,_1 +v = Hy 1. If the inequality is

strict, then G contains a Hamiltonian cycle unless G = K1 +e = Hy, 5.
Now we give a proof of Theorem [1.8]in the following.

Proof of Theorem [I.§ Let G be a graph satisfying the assumption of Theorem We
assert that G is connected. If not, we may assume that Gp,Go,...,G; (I > 2) are the
components of G. Then p,(G) = max{ps(G1), pa(G2),...,pa(G1)} < pa(Kn—1) =n — 2,
a contradiction. Moreover, we declare that §(G) > a. If 1 < §(G) < a — 1, then together
with §(Hy, ,) = a and the structure of H,, , one can see that G is a spanning subgraph of
H,, o, where a > 2. Hence po(G) < po(Hp,q), it is a contradiction.

Case 1: 1 < a < 2. Let 0 < a < 1. Then by Lemma Pa(G) = M(4n) >
M (Ag) = p(G). Note that po(Hpz2) > pa(Hpi) = n — 2. So, one can deduce that
Pa(G) > pa(Hp1) > p(Hpy) =n—2for a =1, and po(G) > po(Hnz2) > p(Hp2) >n—2
for a = 2. On the other hand, from Lemma [4.5] we know that G contains a Hamiltonian
path for ¢ = 1 and a Hamiltonian cycle for a = 2. Thus, if po(G) > pa(Hp 1), then G
contains a 1-factor, and if po(G) > pa(Hpy,2), then G contains a 2-factor.

Case 2: a > 3. Assume by a contradiction, that G is a graph of order n > fi(«) which
contains no [a, b]-factor. Since 3a+b—1—(2a+b+ Lb—a) =a—(1+ a2b_a) = (a_l)b(b_a) >0
and 3a +b—1—(4k—-3) =2 > 0, we have n > 3a +b—1 > 2a+b+‘127_a and
n>3a+b—12>4k — 3. So, by Lemmas and there are two nonadjacent vertices
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u and w such that max{dg(u),dg(w)} < [aa—ﬁ)w —1<[2] -1 Lett= w‘—&w — 1. Then

t > max{dg(u),de(w)} > 6(G) >a>3andn>2t+1 (since t = [ 2] -1< [2] - 1<

(%+1)—1). Thus, one can deduce that po(G) < pa(K;V(2K1UK,—¢—2)) from Lemma 4.3
In order to prove po(K;V(2K1 U Ky —t2)) < pa(Hnq), we now discuss two subcases
as follows.
Subcase 2.1: 0 < a<3/4 andb>a or3/4<a<1andb>a.

We first give a claim, which can be used in subsequent proof.
Claim 4.6. If t > a > 3 and n > fi(a), then (n —t —2)(n —2 — a(a—1))(1 —a)t — (t —
a+1)2a+ (1 —-a)(t+2)(a+ (1 —a)a) > 0.
Proof. f0<a <3/4and b>a,then (n—t—2)—(t—a+1)=n—2t—1+a—2>1and

n—2—ala—1)—2a—(1—a)(t+2)
=n—t—44+at—a)+a>2t+1—-t—4+at—a)+a>a«

byn>2t+1andt>a> 3. Thus, we have

nm—t-=2)(n—2—-afla-1)1-a)t—(t—a+1)2a+(1—-a)(t+2))(a+ (1—-a)a)
>(t—a+1+1)(a+2a+(1—a)(t+2))(1—a)t

—(t—a+1)2a+ (1 —a)(t+2))(a+ (1 —a)a)
=(t—a+l+la(l-—a)t+(t—a+1+1)2a+ (1 —-a)(t+2)1—-a)

—(t—a+1)2a+1-a)t+2)a—(t—a+1)2a+(1—a)(t+2))(1 —a)a
>(t—a+1+1)o(l-—a)t+ 2o+ (1—a)(t+2))(1—ajt

—(t—a+1)2a+ (1 —a)(t+2))a.

Set h(a) = (t—a+1+1a(l—-—a)t+2a+(1—-a)(t+2)(1—a)t—(t—a+1)2a+

(1—a)(t+2))a, ie., h(a) = (t? —t)a? + (—2t> — 3t +2a — 2)a +t> +2t. Through a simple

calculation, one can see that h(«) is opening up, and its symmetric axis is

22 4+t +2(t — 1 22+t +2
_ At (t—a+t )> i (since t > a)

2(¢2 — 1) =202 —¢)
2t2 — 2t + 3t + 2 3t+2
- =14+ S
22 — 1) ST

Hence, h(«) is monotonically decreasing in [0, 1).
Note that

h<i) =(t2—1t) <i>2+(—2t2—3t+2a—2) (i) + 1%+ 2t

1, 13 3 1 13\* 1 132
= 24+ 2@-1)>—(t-2) - === i >
16 16 +2(a )_16< 2> T +3 (since a > 3)
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> 0.

Thus, we can deduce that if € [0,3/4], then (n —t—2)(n —2—a(a—1))(1 —a)t — (t —
a+1)2a+ (1 —a)(t+2))(a+ (1 —a)a) > 0.
If3/A<a<landb>a,then(n—t—2)—(t—a+1)=n—-2t—14+a—2>1+ 12

and

n—2—ala—1)—2a—(1—-a)(t+2)

1
:n7t74+a(tfa)+a22t+1+1+a7t74+a(tfa)+a
— o
1
> +a+a>a
-«

by n>2t+1+ 42 and ¢ > a > 3. Thus, we have
(n—t—2)(n—2—ala—1)(1—a)t—(t—a+1)2a+ (1 —a)t+2)(a+ (1 —a)a)
> <t—a+1+1+iz> (a+ 20+ (1—a)(t+2))(1 — a)t
—(t—a+1)(2a+(1—a)(t+2)(a+(1-a)a)
= <t—a+1+1+iz>a(1—a)t
4 (t—a+1+1+iz> (20 + (1 — a)(t+2))(1 — )t
—(t—a+1)(2a+ (1

1
> <t—a—|—1+1+1+a

a)t+2)a—(t—a+1)2a+(1—a)(t+2)(1—a)a
)a(l—a)?H— (1—1— Lra

l-—«o
—(t—a+1)2a+(1—-a)(t+2))

— > Ca+(1—-a)(t+2)(1—a)t

=(t—a+Da((l-a)t—Q2a+(1-a)(t+2))+ <1+ .

4 (1 + TZ) 20+ (1— a)(t+2)(1 — )t

1 1
— a(t—a+1)+ <1+ 1J_FZ> a(l = a)t + (1+ 13) (20 + (1 - a)(t +2))(1 — a)t
1+«
=—2a(t—a+1)+2at + <1 + 1_@) 2a+(1—a)(t+2)(1—a)t>0.
Therefore, the claim holds. O

Let Gi = K;V(2K; U Ky—+—2) and Gy = H, ,. Then V(G;) can be partitioned as
V(G1) =V(2K))UV(K) UV (K, _—2), where V(2K1) = {u,w}, V(K;) = {v1,v2,...,0}
and V(Kp—i—2) = {Vi41,...,vn—2}. Obviously, Go = G1—{uv; | a < i < th+{wv; | t+1 <
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j < n—2} Let x (resp. y) be the positive unit eigenvectors of A,(G1) (resp. Aa(G2))
corresponding to po(G1) (resp. pa(G2)). By symmetry, x takes the same components on
the vertices of V(2K), V(K;) and V (K, —¢_2) respectively, say x1, 2 and x3. Similarly, y
takes the same components on the vertices of V/(K7), V(K,—-1) and V(K,_,) respectively,
say y1, y2 and y3. Then, from A,(G1)x = pa(G1)x and A,(G2)y = pa(G2)y, one can
obtain that

(4.1) pa(G1)xs = a(n —3)xs + (1 — a)(txe + (n — t — 3)x3),
(4.2) Pa(G2)y1 = a(a — Dy + (1 — a)(a — 1)y,
(4.3) pa(G2)ys = a(n = 2)ys + (1 — a)((a — D)yz + (n — a — 1)ys3).
From we have
_ pa(G1) —a(n—=3) — (1 —a)(n—t—3)
(4.4) Ty = (1 — Oé)t 3.
From and we get

(45)  (pa(G2) —ala=1))y1 = (pa(G2) —a(n = 2) = (1 —a)(n —a —1))ys.

Combining po(G2) >n—2=a(n—-2)+(1—a)(n—2),n>3a+b—1and b>a >3, it

is easy to see that

pa(Ga) — afa —1)

Y

an—2)+(1—-a)(n—2)—ala—1)
an—a—1)+(1—-a)(n—2)
>a2a+b—-2)+ (1 —a)(Ba+b—-3) >0,

and

pa(Ga) —a(n =2) = (1 —a)(n —a—1)
>an—-2)+(1-a)n—2)—an—-2)—1-a)(n—a—-1)=(1-a)(a—1) > 0.

Moreover,

pa(G2) — ala—1) = (pa(G2) —a(n = 2) = (1 —a)(n —a —1))
=an—-2—-a+1l)+(1—-a)n—a—-1)=n—-a—-1>2a+b—-2>0,

that is, pa(G2) —ala —1) > pa(G2) —a(n —2) — (1 —a)(n —a —1).
Hence, it follows from (4.5) that y; < y3 and

Pa(G2) — afa —1) y
pa(Ga) —a(n—2)— (1—a)(n—a—1)""

(4.6) Y3 =
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Together with A, (G1)x = pa(G1)x and A, (G2)y = pa(G2)y, we have

¥ (pa(G2) = pa(G1))x
=y (Aa(G2) — Aa(G1))x
= a((n—t = 2)(z1ys + 23y3) — (t — a + 1) (2191 + 2y3))

n—2 t
+(1- a)( D (@l + T, yw) = > (Tub, + mmyu)>
j=t+1 i—a

a((n—t—2)(z1ys + z3y3) — (t — a+ 1) (z1y1 + 22y3))
+ (1 =a)((n—t—2)(r1ys + z3y3) — (t —a+ 1)(z1y3 + T291))
a((n—t—2)zys — (t —a+ Dayr + (n —t — 2)azys — (t — a+ 1)xays)
+(1—a)((n—t=2)—(t—a+1))z1ys + (n —t — 2)z3ys — (t — a + 1)z211)
>a(((n—t—2)—(t—a+1)zys + (n—t —2)zzys — (t — a + 1)x2ys3)
+(1—a)((n—t=2)—(t—a+1))zys + (n —t — 2)zsys — (t —a+ 1)z2y1) (since y; < y3)
a((n —t—2)xsys — (t —a+ 1)zays)

+(1-a)((n—t—2)z3ys — (t —a+ Dzay;) (since n > 2t+1)
>(n—t—2)wz3ys — (t—a+ 1Dwzayr  (since y1 < y3)

o, palGs) — afa— 1)
a 3y1(( ! 2)Poc(Gz)—04(71—2)—(l—oz)(n—a—l)

pa(Gl) — O((TL _(?)__a()lt_ a)(n —t- 3)) (fI‘OHl and )

>$3y1((n—t—2)(n—2—a(a—1)) (t—a+1)(2a+(1_a)(t+2)>)

—(t—a+1)

a+(1-a)a (1—-a)t

(since po(G1) <nm—1and n—2 < pa(G2) <n—1)
mn—t—-2)n—-2—-ala—1)1—-a)t—-—(t—a+1)2a+(1—a)(t+2))(a+ (1 - a)a)
(a+(1—a)a)(l—a)t

>0 (by Claim [4.6).

Thus, we have p,(G1) < pa(G2), i.e., po(K;V(2K1 U Ky——2)) < pa(Hy,q). Together
with po(G) < po(K:V(2K1UK,,—;—2)), one can obtain po(G) < pa(Hp,q), a contradiction.

Subcase 2.2: 3/4 < a <1 and b= a.

Note that p(G) < pa(KV(2K1 U Ky——2)) and K; V(2K U K,,_;_3) is a spanning
graph of K;V (K, U K, _;_1). According to Lemma we get po(G) < po(K V(2K U
Kp_t-2)) < pa(K:V(K1 UK,_t_1)), also a contradiction.

Therefore, the proof is completed. O
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