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On the Exterior Problem for Parabolic Hessian Quotient Equations

Ziwei Zhou

Abstract. We prove the existence of ancient solutions of the exterior problem for
parabolic Hessian quotient equations —utSk,l(DQU) = 1 with prescribed asymptotic

behavior at infinity. We construct a subsolution to it and use Perron method to finish

the proof.
1. Introduction
Let
R = {(z,t) | € R, ¢ < 0}.
Denote 5
A(D?u))
Sea(Du) = ZEAD)

kD) = G D7)

where A = A\(D?u) = (A1, A2, ..., \n) are the eigenvalues of D?u, the Hessian matrix on z,

N = D XAy A

11 <t <--<ig

In this paper, we consider the solvability of the exterior problem of the parabolic

Hessian quotient equation

(1.1) —urSgg(D*u) =1 in R\ D,
(1.2) u=p(x,t) on d,D,

where 0 <l <k <n,n >3,
D ={(z,1) | Qz) <t <0}, 9D ={(z,t) | Qz) =t <0},

Q(z) is a strictly convex second-order differentiable function such that D is bounded and

not empty.

Received August 2, 2023; Accepted November 12, 2023.

Communicated by Frangois Hamel.

2020 Mathematics Subject Classification. 35K55, 35A01.

Key words and phrases. parabolic Hessian quotient equation, exterior problem, ancient solution, existence.
The author is supported by NSFC 12301240.

343



344 Ziwei Zhou

The Hessian quotient equation is an extension of the Monge-Ampére equation. In
[3], Caffarelli and Li first studied the asymptotic behavior near infinity and the exterior

problem for the elliptic Monge—Ampere equation
det D*u = 1.

In 2015, Bao, Li and Zhang [2] generalized the results in 3] to
det D*u = f,

where f is a perturbation of 1 near infinity. In [8,/11], Bao, Wang and Zhang obtained the
asymptotic behavior of the parabolic Monge-Ampére equation.
In 2011, Dai [5] studied the existence of solutions of the exterior problem for the elliptic

Hessian quotient equation

Ski(D?*u) =1 in R\ Q,
u(z) = p(x) on 012,

lim sup|) 00 |x]k*l*2}u(m) — (%a!x\Q + c)‘ < 00,

where € is a smooth, bounded and strictly convex domain, a = (C!, /C¥)*=1 0 <1 < k < n,
k—1>3,ceR. In [l], Bao, Li and Li constructed a generalized symmetric subsolution
and proved the solvability of the exterior problem of the elliptic Hessian equation.

In [12], we considered the existence of solutions of the exterior problem of the parabolic
Monge—-Ampere equation. We raised this problem for the first time and constructed a
subsolution to it. In this paper, we continue to extend this problem to the Hessian
quotient equation and generalize the result in [5] to the parabolic case.

Our main theorem is

Theorem 1.1. Let n > 3. For any ¢ € C?*(D), there exists ¢* € R, depending on n,

k,l, D and HQOHCQ(E), such that for any ¢ > c*, there exists a unique viscosity solution

ue € CORZ\ D) of (L), (T2) and

E—1-2

limsup (Jz|*> —t) 2
|z|2—t—~o00

1
ue(z,t) — (—t + §a|x\2 + c) ’ < 00,

where a = (CL/CMEL 0<l<k<n,k—1>3,ceR.

The paper is arranged as follows. In Section [2] we state some notations and lemmas.
In Section [3] we construct subsolutions of the problem. Finally in Section ] we use Perron
method to finish the proof.
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2. Notations and lemmas

We begin with some notations. Given a bounded set Q € R"*! and t € R, we denote
Q(t) ={z: (z,t) € Q}.

Let to = inf{t : Q(t) # 0}. The parabolic boundary of the bounded domain € is defined
by
Fp2 = (Qto) x {to}) U (U(&Q(t) X {t})> ,
teR
where Q denotes the closure of Q and 9Q(t) denotes the boundary of (t). We say that
the set 2 C R™"*! is a bowl-shaped domain if Q(t) is convex for each ¢ and Q(t1) C Q(t2)
for t1 < to.
Let
I'y={AeR"|0;(\) >0,5=1,2,...,k}.

We say that a function u € C%(Q2) is admissible (or k-convex) if A\(D?u) € Ty in Q.

We say a function v € C*J(2) which means that u is k-th continuous differentiable
with spatial variables x € R™ and j-th continuous differentiable with time variable ¢ for
(z,t) € Q. A function u is called locally parabolically k-convex if u is locally k-convex in
z and nonincreasing in t. We say (2 is an open set in the parabolic sense if @ = Q\ 9,0.

The following is the definition of viscosity solutions.

Definition 2.1. Let u be an upper-semicontinuous (USC for short) (resp. lower-semiconti-
nuous (LSC for short)) function in §2. Then u is called a viscosity subsolution (supersolu-

tion) of
(2.1) —u Sy (D*u) =1 in Q,

if for any point (z,7) € Q and any function h € C*1(Q, (T, 1)) satisfying

w(x, t) — h(z,t) <u(z,t) — h(z,t) (u(z,t) — h(z,t) > u(z,t) — h(Z,1))
for all (z,t) € Q,(,t), where
Q (T, 1) = {(z,t) ||z —T| <rt—r*<t<t}CQ

we have

—hi(Z, 1) Sk (D*W(T, 1) > 1 (—hy(T, 1) Sk (D*1(Z,T)) < 1).

For the supersolution, we also require that A is locally parabolically k-convex.
A function u € C%(Q) is called a viscosity solution of (2.1)), if it is both a viscosity
subsolution and supersolution of ({2.1)).
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Definition 2.2. A function u is called a viscosity subsolution (supersolution) of the prob-
lem ([L.1)), (1.2)), if w is a viscosity subsolution (supersolution) of (L.1)), and u(z,t) < ¢(z,t)
(u(z,t) > ¢(z,t)) on 9,D.

A function u € CO(R™™ \ D) is called a viscosity solution of (L.1)), (L.2), if u is a
viscosity solution of (L.1), and u(z,t) = ¢(z,t) on 9,D.

Definition 2.3. We call u a generalized parabolically symmetric function with respect to
a if u is a function of )
h=—t+ —alzx|®
+ 2a|x!

Lemma 2.4. Let O C Q9 be two open subsets in R"1 in the parabolic sense. Suppose
u € USC(£y) and v € USC(Q) satisfy

(2.2) —u S (D*u) > 1 in Qs
and
(2.3) —UtSk,l(DQU) > 1 Ql

in the viscosity sense, respectively. Furthermore, assume
u<v inQy, uwu=v ondQ\ (02 NIN).

Let
v(z,t), (z,t) €,

u(z,t), (z,t) € Qa\ Q.
Then w € USC(Q2) satisfies

—’UJtS].CJ(DZw) > 1 QQ

in the viscosity sense.

Proof. Let h € C*(Qy) and (7,%) € Qy satisfying

w(x,t) — h(z,t) <w(T,t) — h(Z,t), V(z,t) € Q. (T,1)

for some Q. (z,t) C Qo.

v(x,t)—h(z,t) = w(z, t)—h(z,t) < w(@,t)—h(Z,t) = v(T,t)—h(Z,t), V(z,t)e Qr(T,1).

By (2.3), we have
— (%, 1) Sk (D*h(T, 1)) > 1.
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If (z, f) € Q9 \ O, then

By (2.2), we have

Based on Jensen approximations [6], and referring to the parabolic analogue in [9], we

can obtain our comparison principle below.

Lemma 2.5 (Comparison Principle). Let Q2 be a bounded open set in R™™1 in the parabolic

sense. Let u € USC(2) and v € LSC(R2) satisfy
—wSp(D*u) > 1 in Q and  —vSky(D?*v) <1 in Q
in the viscosity sense respectively. Then we have

(2.4) sup(u — v) < sup(u — v).
Q 8,0

1
Proof. By replacing v by S%Tu, we may assume that u satisfies
—u;Spi(D*u) > B in Q

in the viscosity sense, where 3 > 1. Construct the sup- and inf-convolution v} and vZ of

u and v, respectively, on Q:

|z —yl* |t —s]? [z —yF? Jt—sIP

ul (z,t) = sup {u(y,s) — — =u(yl,sl) — £ — £,
(y,5)€Q € € € €

2ol eof)

9 9

N S T et
v(yz 82 ) + 68 + 557

o) = inf {v<y, 5+

where € > 0 is an arbitrarily small parameter.

Since u is upper semi-continuous, we have that u is bounded above in €, and for any
(z,t) € Q,

=yt Pt = st P = eluly?, s1) — ut(@,6) < (sgpu _ u(w,w) .

Therefore,

u(z,t) < liminful (z,t) < limsupul (z,t) < limsupu(y, sT) < u(z,t),
e—0 e—0 e—0

which implies that u} converges to u in Q. Similarly, we can also prove that v converges
to v in . Then if (2.4]) were false, there would exists a small constant £y > 0, such that
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+

2 attains its local maximum at some

— v

whenever 0 < ¢ < gg, the function w, := u -

interior point (x.,t.) € Q in the parabolic sense.
Let

e ={(z,t) € Q:Ip € R" s.t. we(z,t) +p- (y—x) > we(y,s),Y(y,s) € Qs <t}

be the upper contact set of w.. Similar to the proof of Lemma A.3 in [4], we can prove
that I'. has positive measure. Indeed, by mollification, we may assume that w, is smooth.
Note that w, attains its local maximum at (z,t.). Let we p(z,t) := we(x,t) —p-x. If 0 is
sufficiently small and p € Bs, then every maximum of w, , lies in the interior of {). Since
Dw, — p = 0 holds at maximum points of w, p, we know that Dw.(I'c) D Bs. Noting that

w, is semi-convex, there exists A. > 0 such that —\.J < D?w. < 0 on I';. Thus,

Byl n < [Dw.(T2)]en g/ | det D2w.(x, 1)] dzdt < |Tu| poer - AT

re

Then we obtain that |T'z|zn+1 > 0.
Since we(z,t) > w(x,s) for all (z,t) € I'c and s < ¢, then (w;); > 0 a.e. in ..

Moreover,
we(x,t) +p-h>w(x+ h,t) and we(x,t) —p-h>w(x— h,t)
for all (z,t) € I'. and all sufficiently small vectors h. So
2w (z,t) > we(x + h,t) + we(xz — h,t).

Since
ws(x + h7t) + ws(:c B h’t) — 2’(05(1’,15)

|2

converges weakly to h' D*w.(x,t)h as |h| — 0, which follows that D?w. < 0 a.e. in 'z (see
page 159 in [7]). Thus, we have

(2.5) D*uf < D*v7, (ul); > (v7); aec. inT..

€

Since uZ is a semi-convex function, it is twice differentiable almost everywhere in

(see Lemma A.2 in [4]), and at such point (z,t), we have, for (y,s), ({,7) € Q,

2

_ |2 _
uly, s) — € Ey\ L ES!
<uf(& )
= u;(x,t) + 8,51@(30 t(r—1t)+ Dwu:(x,t) (€ —x)
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o —yd[? _ Jt—sTP
9 9
+ 0 (z,1)(7 — t) + Dpuf (x,1) - (§ — 2)

+ 8+)

b3 (6~ ) D2 (e )(€ — 2) + ofl€ — P+ |7 — 1),

Taking £ =y —yF +a, 7 = s — sT +t, we obtain that

2.0 u(y, s) < u(yl, sh) + Owud (2, 8)(s — sI) + Doud (z,) - (y — y)
2.6 1
+ 5y =y Diud (2, )y — ud) + olly =y [* + |s — s2)).

By the definition of viscosity subsolutions, we know that

(2.7) —(uj)tSk(Dguj)(x,t) > B and /\(Dzuj(x,t)) cTy.
Hence, from ([2.5) and ({2.7)), for a.e. (z,t) € T,
(2.8) —(U;)tsk(DQU;)($,t) > and )\(DQ’UE_(CL',t)) eTy.

On the other hand, similarly as , we can also obtain that
v(y,s) 2 (Y, s2) + Opve (w,)(s — s2) + Do (2,8) - (y — y2)
45y =y D20z (a,0)(y — ) + olly — v P+ 15 — 521,
Therefore, by the definition of viscosity supersolutions, we have
—(v2)eSka(D2v; ), 1) < 1,
which is a contradiction to . O

To introduce the Perron method for parabolic equations, we first define weak viscosity

solutions which do not satisfy (semi) continuous properties.

Definition 2.6. Let  C R™"! be an open set in the parabolic sense. We say a function

u is a weak viscosity subsolution of
—utSk,l(DQu) =1 in €
if the USC envelope of u, namely,

u (z,t) =lim  sup  u(y,s)
70 (y,5)€B, (x,t)

is finite and a viscosity subsolution, where
By(z,t) == {(y,5) | |z —y|* + [t = s> <r?} C Q.

Similarly, one uses LSC envelope u, = —(—u)* for supersolutions. If u is a weak viscosity

sub- and supersolution, we call u a weak viscosity solution.



350 Ziwei Zhou

We can also define weak viscosity solutions of the problem ((1.1)), (1.2)) by giving the
boundary condition like Definition

From the result in [10], we have the two lemmas below.

Lemma 2.7. Let Q be an open set in R™1 in the parabolic sense. Let S denote any

nonempty set of weak viscosity subsolutions of
(2.9) —uSky(D*0) =1 in Q.

Set
u(z,t) = sup{v(z,t) |ve S} for (z,t) € Q.

Suppose u*(x,t) < oo for (z,t) € Q, then u is a weak viscosity subsolution of (12.9)).
Lemma 2.8. Let g be a weak viscosity supersolution of (2.9). Let

Sy = {v | v is a weak viscosity subsolution of (2.9)) and v < g}

and

u(z,t) :=sup{v(z,t) | v € Sy}
If Sy is not empty, then u is a weak viscosity solution of .
In [1], the authors derived a formula of oy (A(M)) for matrices M of the form
(2.10) M = (pidij — B )nxn,
where p = (p1,p2,---,Pn), ¢ = (q1,92,-..,qn) and B € R.

Proposition 2.9 (Bao-Li-Li). If M is an n X n matriz of the form (2.10) for p =
(p1,02,---sPn), ¢ = (q1,92,-..,qn) and B € R, then we have

A (AM) = 0x(p) — B Por14(p),
i=1
where o_1;i(p) = ok—-1(p)[p;=0-

3. Construction of subsolutions

Denote

Ap g :={A: Ais areal n x n symmetric positive definite matrix and Sy ;(A4) = 1}.
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Lemma 3.1. Let n > 3, ¢ € C*(D) and A € Ay;. Then there exists some positive
constant ¢y depending only on n, HcpHcg(ﬁ), D, A, such that for any ¢ > cg, and (&, \) €
0,D, there exist Cy depending only on n, ||<p|]02(5), D, A, ¢, and T(&, \) € R™ satisfying

[Z(§, M| < Co  and  wea(x,t) < @(x,t) on 8D\ {(§ )},

where

wea(r,1) = 96 X) 2t~ N) + L (2~ T Alx —7) — L€ ~FVAE~F), (n,1) €RITL

Proof. Denote
I '={zeR"|Q(z) <0}.

Let ({,A) € 0,D. By the mean value theorem, for x € I, there exist &;,& € I such that

Qz) = Q&) + DQ(&1) - (x — &),

Q) = Q(E) + DQ(E) - (— ) + 3z — ) D*Q(E)(x — £).

Let

My = D

and M3 be the half of the minimum of the smallest eigenvalue of D?Q(x) over z € I. Then

we have

1Q(z) — Q(E)] < M|z —¢|,
Q(x) > Q&) + DQ(&) - (x — &) + Myl — &[>,

Again by the mean value theorem, for (x,t) € 9,D,
o(z,t)
=¢(&A) + Dapp(§, A) - ((2,8) — (&, 4)) + %((x,t) — (& N)' D2 (€, X)((2,1) = (£, )

> @(&,0) + Dap(&,A) - (2 = &) + (&Nt = X) = C(Jz — €7 + (£ = 1)?)
= (& X) + Dap(€,A) - (2 = €) + (&, N)(Q(2) = Q(€)) — C (|l — €7 + (Q(z) — Q€))?),

where (£,\) € D, and C = %(max§|D§7t<p\ + maxz [¢]).

Define
weA(r,1) = $(6,X) ~ 2t = N) + 5 (2 ~ T Alw —7) - S (€ TV AL -7, (21) € R,
where

T(6,A) = —AT Dyp(€,A) + € — (€ + @e(€, 1) A DQ(6).
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Then on 0,D,
wea(e,0) = pl€,X) — elt = N) + 5 (' Av — €'4€) — (z — £) AT
= $(6:X) ~ Q) ~ Q(E)) + 5 (¢ — €/ Alw — ) + Dapl&, V) - (¢~ €)
e+ @6 N)DQAE) - (2 - 8.

Thus for ¢ > maxp |¢,

(we x — @) (2,1)
< (== (& N)(Q(z) — Q(E)) + %(95 — &) Az — &) + C(lz — & + (Qx) — Q(€))?)
+ (€4 ¢i(&N))DQE) - (v — &)

Amax
< (2= @& )Mol — € + =T o — £ + C(lz — € + Mi|w — £*)

= |(F e M+ o A | o P

where Ay is the upper bound of A. Set ¢y = ﬁ(% +C(1+ M12)) + 2C, then for

c > ¢y,

Amax
(¢ = 1€ )Mo + = + C(1+ M}) <0,

and
(wex — @) (z,t) <0 on 9D\ {(§, )} O

By Lemma [3.1] for (£,)) € 8,D, there exist ¢o > 0 and (£, A) € R™, [Z(£,N)| < o0
such that

we A (z,t) < p(z,t) on dpD\ {(§ N}
where
= 1 =12 1 =12 n+1
w{,)\(xat> = (p(ga)‘) - C(t - )‘) + 5&’% - $| - 5&’1‘ - .f’ ) ({Eat) e R” )
and ¢ > max{1,cp}. Then
—(wfy)\)tSk,l(DQw&,\) =c2>1, (.T,t) c RCL—H.
Set

w(z,t) = max wey(z,t), (x,t) € R
(@) = s wea(wt), (@)

Then w is a locally Lipschitz function in R

(3.1) w(x,t) = p(x,t), (x,t) €D,
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and by Lemma [2.7]
(3.2) —w S (D*w) > 1,  (x,t) € R™M!

in the viscosity sense.
Let Dy = {(=,t) | 3a|z|> — H?> <t < 0}. Without loss of generality, we can assume

that Dy, CC D CC Dpy,, where Hy > Hy. For b >0, h = /-t + %a!x|2, define

h 1
u_(z,t) =U(h) = 2/ ("L o)1 ds + inf w, (z,t) € R

H2 DH2
and )
u(z,t) = —t + ia]ac]Z ¢, (x,t) e R™TL
We see that
Hy )
(3.3) u_(z,t) < 2/ (s" '+ b)F1ds + inf w < w(z,t) on d,D.
H2 Hy

Choose H3 = Hs + 1 and sufficiently large b, ¢ such that the following three inequalities

hold at the same time

Hg
u_(xz,t) = 2/ Cam b)ﬁ ds + inf w > w(x,t) on d,Dps,,
Ho

Dy
(3.4) u(x,t) = —t+ %a|x\2 +c>w(z,t) on d,Dps,,
(3.5) Uz, t) = Hf + ¢ > w(x,t) > u_(2,t) on d,Dg.
By simple computation, we have

U'(h) = 2015+ B)F U () = 20 b)Y

1 ar 2ah? — a?r?
he=—gps b= he = e
1
(us)e = =5 (W* 4 DT, (ul)y = (BF L by “TZ”
22 2 2,2
_ (pk—l “1;k—l-1 @7 k—1 1 2ah” —a®r
(u=dor = (R4 )T h oz + (T ) 253

Then we have

Sy (D?u_)
_ Cr]ffl((w)r)k + (u_)m O}
CLy (M) + (uo)

B <(u_>r>k—l Cﬁ_lg(ui)r;

r
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o, _
(hk—l +b) (g)k_l CE l(hk_l +b)F n T CS_%(u,)W
1
WOl (W bR 4 O ()
hkfl ) an k-l Cg_l(hk_l—{—b)—i—CS:% [hk:—l—l a;i —{—(hk l—{—b) 2h22;2m"2
= + )(ﬁ) CL_ (k=L 4 b) + CLY [ph—t-1 m«? + (k- l+b).2h";;g7“2
ity (2)* G D) Gy [ ¢ - )
h CL_ (W= 4 b) + CLZ4 [(RF=1 4 b) — 22
al 7’2
— (W 4 b) (g)k LR ) — G i
2
h CL(hF=1 +b) — CL4 2

Therefore,

ke lck(hk l—l—b) Cr —1abr?
_ 2 k—1 Lkl —12p7
(u-)eSia(D7u-) = h(h HOFT( +0) (h) Cl Rkt + b) — C) - 4
> () (4) LOn ) — Oy
(3.6) h Cn(hk by b)
a\ k=t Cp(h*! — 75)
B (E) Cl
Ck:
)
>a Cl =1
By simple computation, we have
h 1
U(h) = 2/ (s*7 4 b)*1 ds + inf w
Hé Ho
h 1
b k—1 9 9 .
:2/ 3[(1—}-]”) —1}ds+h — H5 + inf w
Hé s l)HQ

+o0
:h2+0(hl—k+2)+2/
Hy

as h tends to infinity. Then

b
1 -
3[( +3k—l

1

)

1—k+2

1 1 2
weont) = —t+ alol 4 u) + O e+ galal) )

as |z|* — t tends to infinity, where

u(b) :2/;

1

b k=1
1+ — —
o)

1] ds—HQZ—i—énf w.

Hy

We can see that u(b) is continuous, strictly increasing in (0, +00), and

lim =
b——+o00

1(b)

—+00.

ds — Ha + inf w

Ho
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Then there exists ¢* large enough such that for any ¢ > c¢*, there exists b(c) satisfying
u(b(c)) = c. Therefore, as |x|? —t — +o0,

I—k+2

_ 1, 9 1 5\ °
(3.7) u_(z,t) =u(z,t) = —t+§a|a:| +c+O(| —t+ §a|:L‘| .
By (3.5), (3.6), (3.7) and Lemma we know that

(3.8) u_ <7T in R™"\ Dy,.

Now we want to show that u_ is k-convex. From the computation above, we have

) = ,hi _ ATy
(u_); =U U o
and
ad;i2h — ax; 22 a’;x; a a? 2
(u—)ij — U/ J 2 h U// 0 J U/2h519 <U/4hg - U//4h2> ZiTj.

By Proposition forany 1 <m <k -1,

w0 =7 (055" - (v -0 Yot (v)

'm—1 a™ myr/ m—1 R 87/
v QhW[C U=t <U2h2 U2h>| ’}
_U’m*1(2il)m [CﬁlU’JrC}{‘ fﬁ +Cm U” y \2]
>0

4. Proof of Theorem

For ¢ > ¢*, define

max{w(z,t),u_(z,t)}, (z,t) € Du, \ Dg,,

@(mvt) = +1
u_(z,t), (x,t) € R™"\ Dy

By (B.3), w € CO(R™™ \ Dy,). By (8.2), (3.6) and Lemma u satisfies
—(WeSky(D?u) > 1 in R\ D
in the viscosity sense. By (3.1) and (3.3]), we know that

(4.1) u=w=¢ ondyD.
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Then u is a subsolution of (1.1)) and (1.2). By (3.7)), as |z|?> —t — +oo0,
I—k+2

1 1
(4.2) U(:v,t):—t+2a|x|2+c+0<<—t+2a|x|2> ’ )

Furthermore, by (3.2), (3.4), (3.5) and Lemma
w<u in DH3 \DHl'
Then combining with ([3.8)),
u <7 in R\ Dy,.

Let S, denote the set of functions v which are weak viscosity subsolutions of (1.1)) and

(1.2) satisfying

v<u inR"™\ D.
By the arguments above, u € S.. So S, # (). Define
ue(z,t) = sup{v(z,t) :v € S.}, (x,t) € R\ D.

By the definition of u., we know that u < u. < @. Then by ([4.2)), as |z|?> — t — +oo0,

I—k+2

1 1 2
ue(z, t) :t+2a|$2+c+0<<t+2a|x|2> >

For any (£, 7) € 0,D, on the one hand, by (4.1)),

liminf wc(z,t) > liminf wu(x,t) = ,T).
(z,t)—= (&) (1) (zt)=(&7) (z.1) = (&, 7)

On the other hand, we have

liminf w.(x,t) < ,T).
Aminf (z,t) < @& 7)

Indeed, for every v € S., by the definition of viscosity solutions, v* satisfies
—(n)*+Av* >0 in Dy, \ D,
v < on 0,D,
v* < supy,p,, U=:B on OpD,.

Let v € C*Y(Dy, \ D) N C°(Dpy, \ D) be the solution of the problem [7]

—U+ AT =0 in Dy, \ D,
V= on 0,D,

U =supy,p, ©=:B on OpDp, .
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By the comparison principle for the heat conduction equation, which can be proved directly
by the definition of viscosity solutions, we have v < v* < ¥ on Dy, \5. So u. < v on
Dy, \ D, and

limsup uc(z,t) < limsup v(x,t) = p(§, 7).
(z,t)=(&7) (z,t)=(&7)

Thus, u. = ¢ on 9,D.
By the definition of u., and Lemma[2.8| we can prove that u, is a weak viscosity solution
of (1.1). Then by Lemma and the asymptotic behavior, u} < u... By the definition

of w} and uex, u) > Uex. Thus, u); = ue. Then u, is continuous and a viscosity solution.
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