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A Non-Archimedean Second Main Theorem for Small Functions and

Applications

Ta Thi Hoai An and Nguyen Viet Phuong*

Abstract. We establish a slowly moving target second main theorem for meromorphic
functions on a non-Archimedean field, with counting functions truncated to level 1. As
an application, we show that two meromorphic functions on a non-Archimedean field
must coincide if they share ¢ (¢ > 5) distinct small functions, ignoring multiplicities.

Thus, our work improves the results in [2].

1. Introduction and main results

As a consequence of the Truncated Nevanlinna Second Main Theorem, R. Nevanlinna [5]
himself proved that for two distinct nonconstant meromorphic functions f and g on the
complex plane C, they cannot have the same inverse images for five distinct values. Then,
some authors (Yuhua and Jianyong [9], Yao [7], Thai and Tan [6], for example) have
generalized the result where distinct values are replaced by small functions. Here, a
meromorphic function a is called a small function with respect to f if T'(r,a) = o(T(r, f))
for r — oo, where T'(r, f) is the Nevanlinna characteristic function of f. In 2002, Yi [§]
extended the five values theorem to the case of sharing five distinct small functions. The
proofs of the above results are based straightforwardly on Cartan’s auxiliary functions. In
2004, Yamanoi gave a sharp moving targets second main theorem with truncated counting
functions, and as its direct consequence, one can obtain Yi’s result.

Nevanlinna theory in complex analysis is so beautiful that one would naturally be
interested in determining how such a theory would look in K, an algebraically closed field
of characteristic zero, complete with respect to a non-Archimedean absolute value | - |.
Adams and Straus [1] (see also [3]) proved the above Nevanlinna result about five distinct

values in the complex case can be replaced with four distinct values in the p-adic case. To
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date, we do not have a sharp non-Archimedean analog of the Yamanoi theorem. Therefore,
one question is created: what is the fewest number of shared slowly moving targets that
uniquely determines a non-constant non-Archimedean meromorphic function?

Recently, A. Escassut and C. C. Yang [2| gave a truncated slowly moving target second
main theorem for non-Archimedean meromorphic functions. Their proof makes use of
different techniques than the theorem of Yamanoi in complex analysis. As a consequence,
they showed that two non-constant non-Archimedean meromorphic functions sharing 7
slowly moving targets must be equal. However, the number 7 is not sharp.

In this work we are able to increase the coefficient ¢/3 in front of the characteristic
function in Theorem 2 in [2] to 2¢/5. This allows us to lower the number of slowly moving
targets in the uniqueness result from seven to five. The problem of whether a non-constant
non-Archimedean meromorphic function is determined by four slowly moving targets, as
is the case with constant values as in Adams and Straus’s work, remains open.

Our first result is as follows.

Theorem 1.1. Let f be a nonconstant meromorphic function on K. Let ai,...,aq be q

distinct small functions with respect to f. Then, we have

q
%T(r, < ;N (7‘, - ! ai) + S0 f).

Let k be a positive integer or co, we denote by FE(a, k, f) the set of distinct zeros of

f — a with multiplicities at most k, where a zero of f — co means a pole of f.

Remark 1.2. If k = oo, then the set E(a, o0, f) is just the set of distinct zeros of f —a
and was denoted by E(a, f) as usually.

Let f and g be nonconstant non-Archimedean meromorphic functions. Then, E(a, k, f)
= E(a, k, f) means that zg is a zero of f — a with multiplicity m < k if and only if it is a
zero of g — a with multiplicity n < k, where m is not necessarily equal to n, and if 2y is a
zero of f — a with multiplicity p > k then it does not need to be a zero of g — a.

In the special case k = oo, the condition E(a, f) = E(a,g) means f and g share the

function a, ignoring multiplicities, as usual.
As an application of Theorem [[.1| we get a uniqueness theorem for the meromorphic

functions sharing a few small functions as follows.

Theorem 1.3. Let f and g be two nonconstant meromorphic functions on K. Let
ai,...,aq (q > 5) be q distinct small functions with respect to f and g. Let ky,..., kq

be q positive integers or +o0 with

z"": L _2(q—4)
o ki +1 5(q +4) .
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If
E(ajakjaf): (ajakjug)7 j:17"')q7
then f =g.
In the case k1 = --- = k; = k, we can get the result with slightly smaller multiples as
follows.

Theorem 1.4. Let f and g be two monconstant meromorphic functions on K. Let

ai,...,aq (@ > 5) be q distinct small functions with respect to f and g. Let k be a
3(Q+4 If

positive integer or +oo with k >

(ajka) (ajvkg) j:17-~'7Q7
then f =g.

By Theorem we obtain the following corollary, which is a uniqueness theorem for

non-Archimedean meromorphic functions sharing 5 small functions ignoring multiplicities.

Corollary 1.5. Let f and g be two mnonconstant meromorphic functions on K. Let
ai,...,as be 5 distinct small functions with respect to f and g. If f and g share a;
ignoring multiplicities (j =1,...,5), then f = g.

Note that Corollaryimproves aresult of A. Escassut and C. C. Yang [2, Theorem 3],

where the number of small functions is reduced to 5.

2. Preliminary on Nevanlinna theory for non-Archimedean meromorphic functions

We recall the following definitions and results (cf. [4]). Let K be an algebraically closed
field of arbitrary characteristic, complete with respect to a non-Archimedean absolute
value | -|. Let f be a meromorphic function. We denote by n(r, %) the number of zeros of

fin {z | |z|] < r}, counting multiplicity. Define the counting function of f by

1y [ n(rg) —n(0,5) 1
N<r, f) _/0 " dt+n (0, f> log r,

where n((), %) is the order of zero of f at z = 0.

We denote by Nk)( f a) the counting function of zeros of f — a with multiplicities
at most k, by W(kﬂ( T a) the counting function of zeros of f — a with multiplicities at
least k + 1, where each multiple zero in these counting functions counted only once.

We define the compensation function by

m(r, f) = 10g+ | f|r = max{0, log | f|},
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and the characteristic function by

T(r,f)=m(r,f) + N(r, f).
The logarithmic derivative lemma can be stated as follows (see [4]).

Lemma 2.1 (Logarithmic derivative lemma). Let f be a non-constant meromorphic func-

tion on K. Then for any integer k > 0, we have
F)
m|r,— | =0(1
( 7 (1)

We state the first and second fundamental theorem in Nevanlinna theory (see e.g. [4]):

as r — oQ.

Theorem 2.2 (First main theorem). Let f(z) be a non-Archimedean meromorphic func-

tion and c € K. Then
1
T\,
(7

Theorem 2.3 (Second fundamental theorem). Let ai,...,aq be a set of distinct numbers

> =T(r, f)+O(1).

of K. Let f be a non-constant meromorphic function on K. Then, the inequality

I 1
(q—2)T(r, f) < ;N <7“, f—aj> —logr + O(1).

3. Proof of Theorem

We first consider the following lemma.

Lemma 3.1. Let f be a nonconstant meromorphic function on K. Let a1,...,a5 be

distinct small functions with respect to f. We have

5
2T(r, ) < 3N ( - ) )
i=1 v

Proof. By the transformation

f—ay a3—a

F=
f—a1 az—ay’

we just need to prove the theorem in the case that a1 = 00, a3 =0, a3 =1, aq,a5 Z 0, 1, 00,

ay # as. If one of aq4 and as is constant, then we need to prove nothing according to
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the second main theorem for constants. Thus, we may assume that both a4 and as are

nonconstant small functions of f. Set

L =1
(3'1) H = CL4(I£1 CLZL a4(a4—1) .

asaf ay as(as —1)
By a simple computation, we get
H = f(f — 1)&4((14 — 1)&5((15 — 1)
(32) (e e (L ek N (e b \(F_a
as  as f—1 a5—1 ag—1 as—1 f oas)|’

We claim that H # 0. Indeed, on the contrary, assume that H = 0. Since f is not constant
and ay4, a5 Z 0,1, it follows from (3.1)) that

ap _ag\ _f(_ay a5 \ [
a4 as f—l ag—1 CL5—1 f

_ (% a5\ a5 a a5\ as
o a4 as CL5—1 a4—1 a5—1 a5'

We now distinguish four cases

(3.3)

/ / ! / 7 / / /
a4y — 4y  — _9 L = % 4y - _9

Case 1. 3+ = 22 It follows from (3.3) that =7 = ;27 or FEa U oy =221
/

!
then a4 and as are constants, which contradicts our assumption. This means fT = Z—:

Hence, we get f = cas, where ¢ is a constant. This is a contradiction.
/ !

Case 2. —%- = %5 By an argument similar to Case 1, we also get a contradiction.
ajl 1 / as 1 / /
Case 3. Z—;‘ — Z—g = % — a;lil £ 0. It follows from ({3.3]) that
o as as

which implies

-1 -1
fol_ o1
f as
where C' is a constant. Thus, we obtain
1 -1
—=1- C’a5 .
/ as

It follows that )
T(n0) =7 (.5 ) +01) = 500, ).

This is a contradiction.
al, al al, al a al a’ al .
Case 4. ﬁ e o 1 5y and % — % 1 5. Then, it follows from (3.3|)

Y ag—1 as aq as ag—1 - as—1"°

that the zeros of f —1 can only occur at the zeros or 1-points or the poles of a;, (j = 4,5),
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or the zeros of Z—‘* — % Similarly, the zeros of f can only occur at the zeros or 1-points
4 a5 / /
or the poles of aj, (j = 4,5), or the zeros of affl — a:il. Furthermore, from ({3.3]), we

can also see that the poles of f can only occur at the zeros or 1-points or the poles of a;,

(j =4,5), or the zeros of % — % — afél + a:/il. Therefore, we get
— — 1 — 1
(34) N(T,f)+N(T,f)+N(T,“>:S<T,f)

By (3.4) and applying the Second Main Theorem for f and 0, 1, co, we have

T(r,f) < N(r, /) + N <r, }) Iy <r, fi1> “logr +0(1) = S(r, ).

This is a contradiction again. Thus, we must have H # 0.

Given a real number 0 < r < co. Let
d(r) = min {1, laglr, las|r, |ag — 1|7, |as — 1], |ag — a5|r}.

Then, we have

ot L < lont {1 11 1 1 1 }
(0] — S 10 max 5 5 5 5 3
& 5m =" jaaly sl las — 1" Jas — 1], Jas — as|y
1 1 1 1 1
<log* <1+ + + + + )
|a4’r |a5|r |Cl4 - 1|r |a5 — llr |a4 — a5|r
1

las — 1],

<log™ + log™ + log™ + log™

lasl; |as |, lag — 1],

+log™

We first consider the case when
1
If = aj‘?“ > 55(7‘)
for all 2 < j < 5. In this case,

m<r1>+m<r1 >—|—m<r1 )+m<r L >
(35) ’f ,f_]- 7f—(I4 ,f_a5

<5log*t 5(17") +O(1) = S(r, f).
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Now let 7 (2 <1 < 5) be the index among {2, 3,4, 5} such that
1
7~ aily < 50(0).
Then for any j # 4, 2 < j < 5, we have
1
6(r) < lai — ajly < f = aily + |f — a5y < 55(7’) +1f = ajlr,

SO )
|f = ajlr > 55("”)-

Therefore, for j # i, we have

> 1 > 1 1

E mlr,——| = g logt ——— < 3logt —.
= < f —aj> = = fal 6(r)
i i

Combining (3.5) and the above inequality, we get

ZS:m(r’f—lcz) =5l

Jj=2
J#

On the other hand, for 2 < i <5, we can write

Ffr=(f —a)(f' = ai) + ai(f — ai) + ai(f — a}) + a;af,
f/:(f/_a;)—i_a;v
ff=1)=f2=f=(f—-a)*+ 2a; — 1)(f — a;) + a? — a;.

By substituting the above equalities into (3.1) and using the determinant’s properties, we

get
i f/ — a; h;
(3.6) H = |a4d) al as(ag — 1),
asaf ax as(as — 1)
where

gi=(f—a)(f' —aj) + aj(f — @) + ai(f' —aj), hi=(f—a)’+ (2a; — 1)(f — @)

for 2 <4 <5 (note that ag = 0, ag = 1). By the definition of §(r), we have d(r) < 14 |a;].

Hence,

log™ 8(r) <log™ (1 + |ail,) <log™ |as|, +log2 = m(r,a;) +log2 = S(r, f).
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Thus, it follows from (3.6 and the Logarithmic Derivative Lemma that

log™*

f—a;
f—a

T

< log* +log™ | f — ail,

T

+O(log™ |aily +log™ |ajl, + log™ |aslr + log™ |a}|, +log™ |as| +log™ |az]y)

<m ("}j) +log* 3(r) + S(r, )

:S(’I”,f).

(2

Hence, we get

+log™

1 1 H
m |, =logt ———— <log*
( f_ai) |f — ail, f—ai

1
S m <T7H) +S(Taf)
It follows from (3.5)), (3.6) and (3.7]) that in any case, we have

m(n}) +m<r,fi1> +m<r,f_1a4> +m<r,f_1a5> Sm(r,é) + S(r, f).

Hence, by the First Main Theorem, we get

. AT(r, f) <N <r, }) +N <7’, J;11> +N <r, f_1a4> +N (r, f_1%>
+T(r,H) =N (r, H) +S(r, f).

T T

(3.7)

On the other hand, suppose that zg is a zero of f —a;, (2 <i <5) of order s > 1 which is
not a pole of a4 or as. Then, it follows from (3.6 that zg is also a zero of H of order at
least s — 1. Hence, from (3.8]) and the above observations, we get

_ 1 — 1 — 1 — 1
ag o)) <N (ng) ¥ () ¥ ()7 ()
+T(r,H) + S(r, f).
From , we have

Hence, we get

(3.10) T(r,H) <2T(r,f)+ N(r, f) + S(r, ).
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Combining (3.9) and (3.10)), we obtain

_ 1 — 1 — 1 — 1
T ) <N (r, L +N<r,> —|—N<r,> —i—N(r,) S f).
(72 f) ( f> f-1 f—as f—as r.9)
This completes the proof of Lemma O

Proof of Theorem [L.1]. By Lemma for every subset {i1,...,i5} of {1,...,q} such that
1<ip < <15 < g, we have

(3.11) 2T (r, f) < iN (7“ 1) +S(r, f)
' [ BN .

It is easily seen that the number of such inequalities is C‘;’. Summing up of (3.11]) over all
subsets {i1,...,i5} of {1,...,q} as above, we get

QCZT(T, f)

. 1 — 1 — 1
(3.12) = 2 <N(r’f—%)+N<r’f—ai2)+N<T’f—ai3>

{llv 77’5}C{17 ’q}

1<i1<-<i5<q
_ 1 — 1
—l—N(r, )—i—N(r,))—i—S'r, .
f_ai4 f_ai5 ( f)

In (3.12)), for each index ik, the number of terms N(r, f—laik) is C;{l. Hence, from (3.12)),

we get

q
QCZT(’I", f) < Cg_l ZW <7‘, f—1a> + S(r, f).
i=1 v

It follows that

rf§§i:<

This completes the proof of Theorem O

) s

4. Proof of Theorem

To prove Theorem we need to prove the following lemma.

Lemma 4.1. Let f and g be nonconstant meromorphic functions on K and a1, ..., a4 be
q distinct small functions with respect to f and g. Let k1, ...k, be q positive integers or

+00. Suppose that
(aj’kj’f) (ajakjag), 7=1...,q.
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If f # g, then for every subset {i1,i2,13,i4} of {1,...,q}, we have

4
— 1 — 1 — 1
g Neylr,—) < E N, r,—— | + N, <’r,>>
k) < f= aj> =1 < (his +1 < - %) s 1\ g — s,

je{l,...,q}\{’i1,...,i4}
+5(r, )+ 5(r, 9)-

Proof. Without loss of generality, we just need to prove that

a 1 1 1 1
Ny, < N, T, + N T,
(4.1) z; kl)( f—ai> ;( (kﬁl( f—aj) (kﬁl( g—%))

+S(r, f)+S(r,g).

It > . Wki)(r, ﬁ) = S(r, f) + S(r,g), then (4.1) obviously holds. Thus, in the

following we may assume that

q
(4.2) S ( ! )aés<r,f>+s<r,g>-

i=5 f—a

By using the transformation

L(w):w_al-ag_@

w—as az—ap
and considering two functions F' = L(f), G = L(g) if necessary, we may assume that
a1 =0, ap = 00, a3 = 1 and ay, ..., aq are distinct small functions with respect to f and
g,a; Z0,1,00 fori =4,...,q.

Set

(4.3) M = fllayg —asg)(f —g) g'(ayf —asf)(f —9g)

f(f = 1)g(g — aq) g(g =V f(f —as)

Then we have

(f —9)Q
fUfF=1)(f —as)g(g —1)(g — as)’

(4.4) M=

where
Q= f'(ahg — asg)(f —as)(g — 1) — ¢'(ayf — aaf')(g — as)(f — 1)
(4.5) =ayff'g’ —ayff'g—as(as — 1) ff'g — asayf' 9> + asalyf'g — ay fgd
+dyfag’ + as(as — 1) f' gg + asay f*q — asalfg'.
Suppose that M = 0. Then from (4.3) we have

(4.6) f(dg — asg)(f —9) _ g'(ayf —aaf)(f = 9)
f(f = 1)g(g — as) gg =D f(f —as)
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If a4 is a constant then f = ¢, which contradicts our assumption. Thus, a4 is not a
constant. It follows from (4.6 that

(f=(g—a1) | _ flahg—asg)

(6D —ar) | gldyf —aaf) "

which implies
(f —9)(A —as) _ ai[(f' —g)9—(f —9)d]

(9= D(f —aa) g'(a}f —asf’)

This yields that

f—g ayg(g—1)(f —as) g’
It follows from (4.2) that there exists a point zg that is a common zero of f —a; and g —aj,

(47) =g _ (1—adg'(ayf —asf’) n q

and it is not neither a zero nor a pole of a4, @}, a;,a; —1,a; — a4, for any 5 < j < ¢. Then,
zp must be a pole of the left-hand side of , and not be a pole of the right-hand side
of . This is a contradiction. Thus M # 0.

Suppose that 2z is a common zero of f —a; and g — a; and it is not neither a zero nor
a pole of as,a;,a; —1,a; — ag for 5 < j < . Then, 2 is a zero of f — g and is not a pole
of

Q
FUfF=D(f —as)g(g — 1)(g — as)’
which implies that z; is a zero of M. Since E(a;, kj, f) = E(aj, kj, g) for any j =1,...,4¢,
we have
q q
— 1 — 1
2N () <X (r23)

(4.8)

<N (g ) +8n)+ 5(00)
< m(r, M) + N(r, M)+ 5(r, ) + 5(r, 9).
We will estimate m(r, M). From (4.3) we get

_ [ aig—a4g’_< f! _f’)cz;g—aw’
f—19(g— as) g—ay

-1 f
g adyf —asf’ ( g 9’> ayf —asf’
g

g—1 f(f —a4) -1 g) f-a

_ (g (PN, 6
T f-1\g g-wm -1 )\ My —a

g (' F=d\ (9 gd\N(,  f—d
+g—1<f f—a4> (9—1 g><a4 a4f—a4)'

Combining (4.9) and lemma of the logarithmic derivative, we obtain

_l’_

(4.9)

(4.10) m(r, M) = S(r, f) + S(r,g).
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Next, we estimate the counting function N (r, M). It follows from that the poles
of M can only occur at the zeros of f — a;, and g — a; with ¢ = 1,2, 3,4 and the poles of
aly,as. Remind that a; = 0, ag = oo, ag = 1 and the zeros of f — co mean the poles of
1/f. We consider all the following possibilities.

Case 1. z is a pole of a) or ay. We have ordZZ(z) = ordg; (z) + 1, where ordg”(z)
denotes the order of a pole of a function a at z. From the formula of M in , we obtain

ordj;(z) < ordg; (2) +2 < 3ordg; (2).

Case 2. For each 7 = 1, 3 or 4, assume that z is a common zero of f —a; and g—a;, but it
is not a pole of as. Then z is a zero of f —g of order at least min { ordo_ai(z), ordg_ai(z)}.
From (4.5)), z is a zero of @ of order at least ordo_ai(z) + ordg_ai(z) — 1. From (4.4) we
have

ord}; () > min { ord?c_ai (2), ordg,ai(z)} +ord}_, () + ordgfai(z) -1
- (ordo_ai(z) + ordgfai(z))
> min { ord?c_ai (2), ordg_ai (z)} -1
> 0.

Hence, z is not a pole of M.

Case 3. z is a common pole of f and g but it is not a pole of a4. Then, from (4.5)), z is
a pole of @ of order at most 2ord°(2) +2ord;°(z) + 1. Then, 2 is a pole of f — g of order
max { ordj?o(z),ord;o(z)}. Hence, from we see that z is a pole of the numerator of
M of order at most 20rd?(z) +2ord°(z) + 1 + max { ord®(z), ord;°(z) } and it is a pole
of the denominator of M of order 3ord’(z) + 3ord;"(z). Since

20rd7(z) + 2 0rd°(2) + 1 + max { ord?(2), ord;°(z) } — (30rd¥(2) + 3ord;°(z))
=1+ max { ord}(z),0ord°(2) } — (ord?(z) 4 ordy°(z))
<0,
we see that z is not a pole of M.

Case 4. Assume that z is a zero only of either f —a; or g —a;, i =1,2,3 or 4 and z is

not a pole of ay. By the hypothesis

(ajakjaf) (a]7k]>g)7 jzlv"'v(L

all zeros order at most k of f — a; will be zeros of g — a;. Hence, in this case we may
assume z to be either a zero of f — a; or a zero of g — a; of order at least k + 1. The
formula (4.9) can be written in terms of

EICE =Y
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when a is either a4 or a)j. For each term of the form f; := (J}%‘Z’)/ we have

ord (2) = min {1, ord?_ai(z)} = @(}_ai(z),
which implies

00 —0 —0
ordf(z) < ingll?%&él {ordf_ai(z) +ordy_,, ()}

So, from the assumption and the above observations, we get

(4.11) N(r, M) < 24: (N(kj+1 (n f_laj> + N1 <r, g_la)) +S(r, f) + S(r, g).

j=1
By combining (4.8)), (4.10) and (4.11), we get (4.1). The proof of Lemma is
completed. 0

Proof of Theorem [1.3] Suppose that f # g. By Lemma for every subset {iy,...,i4}
of {1,...,q}, we have

2 725) B ()
<N(k 1 ( f_l ) + Ny 41 <r, g_lai)) + S(r, f) + S(r,g).

Taking summing up of (4.12) over all subsets {i1,...,i4} of {1,...,q}, we get

q
~ 1
CéZNk]) (T,f_a,) Z ZN]%S)< >
A ! {i1,eonyia}C{1,...,q} 5=1
1Si1<~--<i4<q

1 _ 1
< X S (Eun () e (7))

{#1,.. 04 }C{1,...,q} s=1
1<z1< <z4<q

+ S(r, f)+ S(r,g).

(4.12)

q
>
7=1

4
<X
s=1

1

—ay,

In the above inequality, for each index i, the number of terms N(r, 7
it follows that

2N (r725) 43 (Vo (725 + Mo (525

+S(r, )+ S(r,g).

) is Cg’fl. Hence,
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By a similar argument, we have

5 () o (s ) B )

+ S(r, )+ S(r,9g).

Hence, we get

q+4 Z (N(k +1 ( f—1a3> +N(/€j+1 <Tag_1a'>> +S(’I",f)+S(’I",g)

J

By Theorem we have

(4.14) 25(1( 1)1 9) JZ:( < —aj>+N<r’9—1aj>)

+S(r, f)+S(r,g).

Combining (4.13)) and ( -, we get

2‘1(‘15_4)(T(r, H+T(r.g)
s 03 (R (725 ) # Mo (r 20 ) ) + 500+ 50000,

—_

.

On the other hand, we have

— 1 — 1
N L. T, + N, T,
(Ve 7755) + Moo (0575,
1 1 1
Ny  — N, —_—
i1 (Yo (725 e (0575

(T(r, /) +T(r,9)).

M-

<
I

(4.16)

IN
1M
ol
+

INA
=
™
4+
—_

J
The inequalities (4.15)) and (4.16) imply
2q(q — 4 I
( e

Hence, when ¢ =1 T 4T +1 < (( ;14)), we have a contradiction. Thus, f = g. The proof of

Theorem [1.3] is completed O

<
Il
-

) r, )+ T(r,9)) <S(r, f)+5(r, 9)-
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5. Proof of Theorem

First, we prove the following lemma.

Lemma 5.1. Let f be a nonconstant meromorphic function on K. Let a1,...,aq be q

distinct small functions with respect to f. Let k be a positive integer or +00. Then

Z N onn ( ) <306 1)+ 500 5).

Proof. If k = +00, then N(kH( o 1

now, we may assume that k is finite.

) = 0. Therefore, the lemma is always true. From

For each 1 <4 < ¢, we have

_ 1 - 1 ~ 1 ~ 1
kN(k+1 <’l“, f—CLZ> + N (7“7 f_%> = (k + 1)N(/€+1 (T‘, f—a2> + Nk) <T’ f_az>

<No (ry2g ) + % ()
= (T’f—lai> <T(r, f)+ S8 f).

Hence, we get

kN (11 (r, f—la,> <T(r,f)— N (7", f—1az> + S(r, f).

Combining this and Theorem we obtain

q
EY Nt (n 2y ) < 2T+ S0.0),
i=1 ¢

This completes the proof of lemma. O

Proof of Theorem [1.4] Suppose that f # g. By arguments similar to the inequality (4.15))
in the proof of Theorem we get

2q(q — 4)
5

q
<g+n)Y) (N(M (
Jj=1

By Lemma we have

(T(r, ) +T(r,9))

(5.1) _1aj> + Nt <r,g_1aj)> +5(r, f) +5(r,9)-

(5.2)
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Combining (5.1)) and ([5.2)), we obtain

2 (2000 - 2D (100 + T0,0) < 500 1) + 500,0).

Thus, when £k > 32?58’ we have a contradiction. Hence, f = g. O

Proof of Corollary [1.5l Suppose that f # g. Applying Lemma [£.1] with k = oo, we show
that for every subset {i1,...,i4} of {1,...,5}, we have

¥ ( f_l) — S(r, f) + S(r,9)

for j € {1,...,5}\ {é1,...,i4}. Hence, we obtain

(5.3) Z:N(r, _a) ZN( _azs> S(r, f) + S(r, g).

Summing up of (5.3|) over all subsets {i1,...,is} of {1,...,5}, we get

ayN(n )% 2N< ) =560+ 5(rg)

{i1,..,ia}C{1,...,5} s=1
1<21< <Z4<5

In the above equality, for each index is, the number of terms N(r, fﬁlai ) is C3. Hence, it
follows that

ZN< — aJ) S(r, f) + S(r, g).

By a similar argument, we have

SN (r L) = st st

J=1

Hence, we get

(5.4) i( < _a]>+zv<r,g_1aj)>=s<r,f>+5<r,g>.

By Theorem we have

(5.5) 2(T(r, f) + T(r,q)) 25:( ( _aj>+N<r, ! A))%—S(r,f)%—S(r,g).

j=1 9=
Combining ([5.4)) and ., we get

2(T(r, f) +T(r,g9)) < S(r, f) + S(r,9).

Hence, we have a contradiction. Thus, f = g. The proof of Corollary [L.5]is completed. [
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